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Sample P
Assets:

$50 0 million$50.0 million,
$25.0 million,

Liabilities:
$100 0 million$100.0 million

Portfolio

9% 10 Year Bond, 9%, 10 Year Bond
, 6 Month CP

n 5 Year GICn, 5 Year GIC
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Valuation YieldValuation Yield
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Traditional PricTraditional Pric
(Parallel shift appro

Yield curve shift:
(.060, .068, .072)          (.0

Price function:
P(i)P(i)

Modified duration:Modified duration:
D = - P’(0) / P(0)

ce Function Modelce Function Model
oach)

060 + i, .068 + i, .072 + i)
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Portfolio
(On Initial cur

MV
Assets $80.69
Liabilities 71.39
Surplus $9.29

Surplus Ratio
Surplus Ratio Duration

o Valuation
rve using 10 bp shocks)

Dur
9 4.93
9 4.88
9 5.31

11.5%
n .05



A i i MApproximating M

General:
P(i) ~ P(0) (1- Di)

Example:
S(i) ~ 9.29 (1 - 5.31
R(i) ~ .115 (1 - .05i)

M k V lMarket Values

i)
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S l R ti VSurplus Ratio V

 Initial P

Assets $80 69Assets $80.69

Liabs -71.39

Surplus $9.29

Surplus 
Ratio 

11.5%
 

 

V l tilitVolatility

Parallel Steepen Invert

82 72 77 03 84 4282.72 77.03
 

84.42

-73.16 -69.55 -73.49

9.56 7.48 10.94

11.6% 9.7% 13.0%



Non ParallelNon-Parallel 

Surplus Ratio is
Dollar surplus is
i liimplies
Conclusions:

P di i biPredictive abi
Need a more 

Q tiQuestions:
How to model
H tHow to manag

Shift ProblemsShift Problems

s not immunized
s more volatile than duration 

li f d i i li i dlity of duration is limited
general duration model

l general risk? 
l i k?ge general risk?



General PrGeneral Pr
(Non-parallel sh

Yield Curve Shift:Yield Curve Shift:
(.060, .068, .072)      

Price Function:
P(i j k)P(i,j,k)

Partial Durations (Partial Durations (
D1 = D0.5 = -P1 (0,0,0
D2 = D5.0 = -P2 (0,0,02 5.0 2 (
D3 = D10.0 = -P3 (0,0,0

rice Function Modelrice Function Model
hift approach)

 (.060+i, .068+j, .072+k)

(PDs):(PDs):
0) / P(0,0,0)
0) / P(0,0,0)) ( )
0) / P(0,0,0)



ApproximatingApproximating 
Example

7 4%

7 0%

7.2%

7.4%

6 6%

6.8%

7.0%

6 2%

6.4%

6.6%

D

6.0%

6.2%

0 50.5

Partial Durations -Partial Durations -

P(0,i,0)P(0,i,0)
P(0,0,0)
P(0,-i,0)

)000(2
)0,,0()0,,0(

2 iP
iPiPD −−

−≅

5 10

)0,0,0(22 iP

5 10
Maturity



Portfolio Partial DPortfolio Partial D
(Initial curve using 5 bp sh

Assets 

D1 0 53D1 0.53

D2 0.23

D3 6.56

Total 4.93

DurationsDurations 
hocks)

Liabs Surplus 

-0 33 4 030.33 4.03

5.20 -38.56

0.00 39.84

4.88 5.31



Approximating MaApproximating Ma
(Non-parallel shift approa

General:
P(i,j,k) ~ P(0,0,0) (1- D1

Example: 
S(i,j,k) ~ 9.29 (1 - 4.03i ( ,j, ) (
Let (i,j,k) = (-2 bp, 19 bp

(.0598, .069

MV Approx. = $10
MV Actual = $10MV Actual   = $10

arket Valuesarket Values
ach)

1i  - D2j - D3k)

+ 38.56j - 39.84k)j )
p, -20 bp)
99, .0700)

0.72 million,  +15.39%
0 72 million +15 39%0.72 million,  +15.39%



E i l t PEquivalent Para

Which Parallel Shift, iE, is
(i, j, k)?

General: 

Example: iE = .76i - 7.26
= -290 bp

How large can iE become

ll l Shiftallel Shift

s durationally equivalent to 

D
kDjDiDiE 321 ++

=

6j + 7.50k

e? 



Wh i iE l iWhen is iE relativ

When (i,j,k) ~ (D1,D2,

For example:
(-.0002, .0019, -.0020) =  -.00005

How likely is this to o

l ?vely extreme?

D3)

5 x (4.03, -38.56, 39.84) 

ccur?



G Di ibGenerate Distribu

Historical monthly Tre

C l l lCalculate quarterly ra
Or changes over oth

Estimate change in s
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Actual Distribution oActual Distribution o
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“Alternative” Standard

Create Treasury covarian
Based on M, Q, or Annual
Can model absolute or relCan model absolute or rel

Standard deviation:

σ ~ S(0) [D K DT]0.5

Here D = vector of Partia
Is the result too high? MIs the result too high?  M

d Deviation Calculation

nce matrix (“K”)
 rate changes
ative rate changesative rate changes

al Durations
Manage it!Manage it!



Stochastic ImmStochastic Imm
(Minimize risk subject to 

Define risk toleranceDefine risk tolerance
Determine variance
using constrained qusing constrained q
Possible constraints

Trade size (volumeTrade size (volume
Available assets/d
Cash neutrality inCash-neutrality in 
Duration-type cons
Expected return taExpected return ta

munizationmunization
practical constraints)

e ( % f )e (e.g., 95% confidence)

e-minimizing trade(s)   
uadratic optimizationuadratic optimization

s:
e)e)
erivatives
cash marketscash markets
straints
argetarget



SExample: Stochast

Risk minimizing tradeRisk minimizing trade
Trading set: (1, 5, & 
Optimal swap trade:Optimal swap trade:

1 yr swap   = $ +43.5
5 yr swap   = $  -83.5
10 yr swap = $ +48.4

Adjusted surplus par
(4.03, -38.56, 39.84)   

i i itic Immunization

e with no constraintse with no constraints
10 year swaps)

5 million
5 million 
4 million 

rtial durations:
    (0.00, 0.00, 0.00)
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P ti l C idPractical Consid

Data integrity 

Standardized valuaStandardized valua

Counterparty expo

FAS 133 effects on

Unrealistic expecta
Some assets may 
Time delay in data 

d tiderations

ation process(es)ation process(es)
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Immunization R
A. Variance

Relative Risk Functio
P(i+Δi)/P(i)≅ R(Δi

Var[R(Δi)]=DKDT

where: 
R(Δi) 1 D ΔiR(Δi) ≡ 1- D·Δi
K = Covarianc
D = Total Dura

Risk

on:
i)

ii
ce Matrix
ation Vector



Immunization R
B. Outlier Risk

Using Cauchy-Schwa
2)]([)( iREiR ΔΔ

Where:                      

)]([)( iREiR Δ−Δ

DIDD =2

IdentI ≡

Risk

arz:
22 )( iEiD ΔΔ≤

  

)( iEiD Δ−Δ≤

TID

trixtityMa



Immunization R
C. General Risk Me

Combining Risk Mea

RM )(
Where:

wRM =)(

wKKw +≡

0 ≤≤ w

Risk
easure Model
asures:

TDDK T
wDDK

Iw)1( −

1



Immunization CImmunization C

A. Expected Yield Cu
For:    E[R(Δi)] = 1 +

’Need:       D•E = - r’
Where: E ≡ E(Δi)

B Di ti l D tiB. Directional Duratio
For:         DN = r N

N d D NNeed:   D•N = r N

Where: N = directio

ConstraintsConstraints

urve Return
+ r’

C t i ton Constraints

on vector(s) of interest



Immunization ConImmunization Con
C. Asset Trading Set

Given:   n  Assets
With PD Vectors:  D 1

Constraints for Cash
D•N k = D(i)k

where D(i) = initial T
and where {N k} spa{ k} p
Space of AT: 

nstraintsnstraints

1, D 2 ,….D n

h Neutral Trade: 
)•N k ≡ rkk k

Total Duration vector
n Null 
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Stochastic ImmuStochastic Immu

The Problem StatThe Problem Stat

Minimize:   D K D T

Subject to:   D•N k = rk

Constraints In Matrix 
D B =

Where:   B = ( N 1, N
r = ( r1, r2,…r  ( r1, r2,…

unizationunization

tementtement

r k ,  k=1, …,pk

Form: 
 r T                          

2,….,N p )
…..,rp )…..,rp )



Stochastic Immuni

The Solution
Total Duration Vector: D

Risk: RM

A t T d AAsset Trade:     A

ization

D0
T  =  Kw

-1B (BT Kw
-1 B) -1r

M0(w) = D0KwD0
T

T (BT K 1 B) 1= rT (BT Kw
-1 B) -1r

A ’ P(i) [D D(i)]TA a’ = P(i) [D0 – D(i)]T,               
a’ = (a1, …..an-1)
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