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INTRODUCTION TO ACTUARIAL MODELING
James C. Hickman*

1. MODELS

Because of differences in our education and experi-
ences, each of us probably conjures up a somewhat
different concept when models are mentioned. Not
only do we define models differently, but also in prac-
tice we use different methods for constructing models
and for testing their degree of realism. Despite these
differences in definition and applications, a strong
case can be made that the selection, estimation, and
verification of models is the essence of science. Mod-
els are essential tools of thought and our principal ve-
hicles for scientific communication.

Jewell (1980) wrote the most comprehensive re-
view of models in insurance. In his remarkable essay,
Jewell starts with a definition:

A model is a set of verifiable mathematical relation-
ships or logical procedures which is used to repre-
sent observed, measurable real-world phenomena,
to communicate alternative hypotheses about the
cause of the phenomena, and to predict future be-
havior of the phenomena for the purpose of decision
making.

Using Jewell’s definition, the conference sponsored
by the Society of Actuaries with the title ‘‘Actuarial
and Financial Modeling: Toward a New Science,’’ held
at Georgia State University on December 16 and 17,
1996, was directed at the core of actuarial science.
The only discontinuity between the conference title
and Jewell’s definition is the phrase ‘‘Toward a New
Science,’’ because, according to the definition, mod-
eling has been at the center of actuarial science and,
indeed, of all the sciences from the beginning. Per-
haps ‘‘New Classes of Models’’ or ‘‘A Broader Domain
for Models’’ would have been a less dramatic but more
realistic subtitle.

Models are approximations to reality. We can use
them for play or for learning, as in model airplanes,
trains, and dollhouses. We can use them for adult pur-
poses, for example, in the case of model airplanes
used in wind tunnels to study flight characteristics or
model bridges used to test the safety of a planned
structure. The models used by actuaries are typically
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expressed as systems of equations and logical state-
ments rather than diminutive structures, but they are
approximations nonetheless.

Actuaries, along with other scientists, face the same
threat as Pygmalion. In Greek mythology the sculptor
Pygmalion fell in love with his statue. The econome-
trician Henri Thiel said, ‘‘Models are to be used but
never believed.’’ There will always remain a distinc-
tion between a model and the reality it represents. A
scientist who becomes emotionally attached to the
model will miss deeper insights into reality.

The distinctions between reality and models can be
sharpened by introducing additional examples. Mod-
els are used to represent systems. The best example
is the solar system and the long history of models that
have been used to represent it. The astonishing suc-
cess of celestial mechanics in predicting the behavior
of the solar system has set a standard of predictability
that is impossible for models of more open systems to
attain. Our standards for models might not be so high
if the center of the solar system were twin stars rather
than a single dominant sun.

At the other extreme in size is the atom and the
model for it, under constant revision, constructed in
physics. For much of physics, no one would consider
an atom a closed system, and all of chemistry is de-
voted to the development of models for the inter-
actions among atoms.

The systems that most scientists study are open; that
is, forces from outside can alter the system. The uni-
verse can be described as the singular closed system.
Actuaries should not grieve that their models are incom-
plete because the systems that they model are open.

Jewell’s definition of a model seems to limit the
scope of models to ‘‘mathematical relationships on
logical procedures.’’ The previous examples of model
airplanes, trains, and bridges demonstrate that phys-
ical or analogue models can be useful. Physical mod-
els are not common in actuarial science, although the
plumbing diagram used by Trowbridge and Farr
(1976) to explain pension funding could have been
constructed.

2. THE PROCESS

There is no standard process for conducting science,
and consequently there is no standard process for
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modeling. Nevertheless, to provide a framework for
our discussion we need a model of modeling. We will
adopt a modeling process chart used by Box and Jen-
kins (1970) to establish a systematic process for con-
structing time series and other statistical models (see
Figure 1). In applied statistics, the general class of
models in this interactive approach might be the class
of autoregressive integrated moving average time se-
ries models or the class of linear regression models.
In mechanics, the general class might be linear dif-
ferential equations.

FIGURE 1
STAGES IN THE ITERATIVE APPROACH TO MODEL BUILDING

A model is tentatively identified by using a priori
information or data analysis with emphasis on graph-
ical displays. Statistical models are estimated by using
data and methods such as least squares or maximum
likelihood. Differential equation models also require
the estimation of parameters. For example, the grav-
itational constant must be estimated from data in sim-
ple models for falling bodies.

Models are checked by examining deviations be-
tween observed results and model predictions. It is
most informative if the checking can be done with
data not used in the estimation stage. Checking is the
key step in the process and can lead to the tentative

acceptance and use of the model or a return to the
identification stage. Model checking is also the stage
in which new hypotheses and classes of models are
born. One enormous advantage of statistical models
is the battery of tests of model deviations or residuals
that are available and the existence of probability in-
dices for measuring the importance of apparently
large residuals.

In the checking stage, there is the option of apply-
ing the precept that terms, concepts, and assumptions
should not be multiplied beyond necessity. This pre-
cept is called Occum’s razor, for the 14th-century phi-
losopher. The operation of the razor is quite explicit
in statistical modeling, in which the modeler starts
with a simple model and adds parameters, assump-
tions, and concepts as needed. The process stops
when checking indicates that deviations behave like
independent random phenomena and do not contain
additional modeling information. To continue model-
ing is to risk building on sand.

In statistics Occum’s razor is called the principle of
parsimony.

When studying a modeling process, our iterative ap-
proach requires answers to four questions:
1. What is the general class of models? No one can

master the class of all models.
2. How is a particular member of the general class

identified? Revelation can shortcut the identifica-
tion stage, but its use should be acknowledged.

3. How are the model parameters estimated? If the
parameters are not based on data, that fact should
be acknowledged.

4. How is the model checked with reality? The next
stage in the process is determined by information
revealed by the answer to this question.

3. ACTUARIAL MODELS

Several of the models presented at the conference can
be classified as natural extensions of the individual
risk theory model that has been under development
for three centuries. It is instructive to list the com-
ponents that have entered individual risk models in
approximately the time order, from earliest to most
recent, that they entered:
(a) Mortality
(b) Interest
(c) Expenses
(d) Withdrawals
(e) New entrants
(f) Mid-course correction such as dividends, premium

adjustments, or capital infusions
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(g) Exhibiting distributions of results rather than a
single point value

(h) Asset cash flows
(i) Interrelationships among the variables
(j) Placing the model within a macro-model that re-

lates to interest rates, expenses, and new entrants.
This path of development has resulted in ever more

comprehensive and realistic models for life insurance
or pension operations, but in no sense has the path
led to an ultimate self-contained model. Within this
historic view, we are not compelled to use all the com-
ponents in every model. For example, benefit reserves
use only components (a) and (b), though benefit re-
serves remain useful even if not completely realistic.

Progress in building comprehensive models within
the general class of individual risk models was faster
than is sometimes assumed. For example, a paper by
Dow (1975) described the work of the mathematician
Colin Maclaurin in connection with the organization
of the Scottish Ministers’ Widows’ Fund in 1743. Ma-
claurin’s projection model required assumptions
about mortality, interest, new entrants, marriage rate,
and the number of children.

Rather than extending the list of components in-
corporated into a model, at times it may be necessary
to start again. The collective risk model arose from
dissatisfaction with the static nature of the earlier in-
dividual risk model.

4. NEW CLASSES OF MODELS

Instead of summarizing the papers presented at the
conference, it seems preferable initially to comment
on the general classes of models that were used and
that, at least at this time, are somewhat novel in ac-
tuarial science.

4.1 Nonlinear Dynamics

Nonlinear dynamical models are not new. The chaotic
behavior of nonlinear systems was well-known to
Poincare (1854–1912) and his students. Nevertheless,
in recent years the study of nonlinear dynamical sys-
tems has accelerated both within mathematics and
the empirical sciences. The appeal of the popular title
‘‘chaos theory’’ has encouraged the trend. Tilley (1989)
provided an introduction to the topic, and Craighead
(1994) supplied a case study of applying the tech-
niques of nonlinear dynamics to an economic time se-
ries of interest to actuaries. Craighead’s approach
replicated the stages in the model-building process de-
scribed in Section 2. This is true despite the fact that

the class of models and the tools for identification, es-
timation, and checking are different from those used
in applied statistics.

Richard H. Day presents an example of deductive
model-building that culminates in a nonlinear dynam-
ical model (‘‘Complex Dynamics Market Mediation
and Stock Price Behavior,’’ p. 6). He starts with a sim-
ple and appealing model for a market in which me-
diators, or go-betweens, facilitate the operation of the
market by supplying demanders from their invento-
ries at announced prices and then replenish their in-
ventories by purchasing from suppliers again at
announced prices. Day then specializes the model to
approximate a market for equities. Plausible param-
eter values are selected, and the model is used to sim-
ulate the operations of an equity market. The
resulting series of simulated market prices has many
of the observed characteristics of real equity markets.
Roberts (1959) used a similar demonstration to sup-
port a random walk model of equity prices. Roberts’
demonstration used realizations of independent and
normally distributed random variables to produce se-
ries that had characteristics that are used in technical
stock market analysis.

Day leads the reader through an example of the
classical deductive or mathematical approach to
model-building. He starts with plausible assumptions
and rather simple functions as building blocks. The
result is a nonlinear dynamical model that produces
time series of deterministically generated equity
prices that appear realistic. The final diagnostic
checking of the process that I described in Section 2
is not done.

The ability of both Roberts, using random methods
in 1959, and Day, using a deterministic nonlinear dy-
namical system in 1996, to produce simulated time
series of equity prices that appear realistic is a warn-
ing signal to modelers. It indicates our incomplete un-
derstanding of the words ‘‘deterministic’’ and
‘‘probabilistic’’ and the crude nature of our identifi-
cation tools.

4.2 Neural Networks

Paul Gorman presented a comprehensive case study
at the conference that employed a very general class
of models and a variety of identification and estima-
tion tools. The objective of his study was to develop
a model to assist in the selection of credit card appli-
cants so that management can balance profitability
and risk. The usual objective of credit risk studies has
been to minimize the probability of default.
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Gorman’s paper is not contained in this collection,
but at least one of the classes of new models that he
adopted has appeared in the actuarial and insurance
literature. Therefore, neural networks deserve a place
on a list of new classes of actuarial models.

Neural networks have received a great deal of at-
tention in recent years in applications in which clas-
sification is the objective. Fitting neural networks is
very computer-intensive. The algorithm that con-
structs and fits the model is designed to mimic the
operation of the human brain. Brockett et al. (1994)
provided an insurance application of neural networks
in which the objective was to generate early warnings
of insurance company insolvencies.

There are important connections between neural
networks and statistical regression models. These
connections, and a valuable reference list, were pro-
vided by Warner and Misra (1996). They indicated
quite clearly the advantages and disadvantages of
each class of models.

Regression models require the selection of a func-
tional form of the response function but yield a re-
ward by permitting statistical tests of individual
coefficients. Neural networks require fewer restric-
tions on the functional relations among the variables,
but exact a price for this freedom by concealing the
exact estimated functional relationship and by a pau-
city of checking tools.

The overriding question in this comparison is, What
is the role of Occum’s razor, the principle of parsi-
mony, in a computer age? Maybe it is no longer de-
sirable to be parsimonious.

4.3 Asymptotic Order Statistics

In his discussion (p. 21) of Day’s paper Irwin Vander-
hoof provides an articulate criticism of the use of sta-
tionary (unchanging over time) statistical models in
modeling financial data. He presents powerful criti-
cisms based on large deviations between observations
and predicted results. Papers by Becker (1991) and
Klein (1993) provided data analysis that support Van-
derhoof’s criticisms.

Vanderhoof also mentions the possible use of the
three distributions that arise in studying the distri-
butions of the largest- and smallest-order statistics de-
rived from a random sample as the sample size
increases. These three distributions have appeared in
actuarial literature when the application is mortality
measurement. The motivation for their use in mor-
tality studies is the idea that a structure or organism
is composed of a large number of systems, each of

which has a time-until-failure random variable. Fur-
thermore, these several random variables are mutu-
ally independent. Only the smallest of the realizations
of these several random variables can be observed. A
paper by Brillinger (1961) and its discussions pro-
vided an introduction to these ideas.

5. IMPLEMENTATION

Angus Macdonald describes the history and current
state of modeling activity in insurance in his paper
(‘‘Current Actuarial Modeling Practice and Related Is-
sues and Question,’’ p. 24). The paper contains an
outline of a comprehensive insurance company model
that he has developed. The model is appropriately de-
noted MO for model office.

Macdonald makes the superb point that the im-
provement of insurance models does not necessarily
come by adding detail within the existing structure.
Real progress may require a new set of general mod-
els. The incorporation of new classes of models will
require that actuaries cut through the barriers that
have separated actuarial thought from developments
in related fields. The most persuasive current example
is provided by the necessity of incorporating ideas
from financial economics into actuarial models.

Stephen Strommen, in his discussion (p. 35) of
Macdonald’s paper and in his individual contribution
(‘‘An Object-Oriented Design for Dynamic Simulation
Models,’’ p. 38), discusses a number of model imple-
mentation issues. He argues that computation tools
are not just minor technicalities but in fact are at the
heart of the implementation problem. First there is a
business problem; then a theoretical framework for
considering the problem; and then computation tools
for using the resulting model to examine the problem.

The complexity of current models has created new
professional responsibility issues for actuaries. Strom-
men and Macdonald both examine these issues. The
discussions center on communication issues in de-
scribing complex models to users and the responsi-
bility of producers of models to their customers. The
resolution of these issues includes the traditional re-
sponse to most challenges—education—and the pos-
sibility of professional standards for models and
organized peer review of models.

Strommen goes further and illustrates a method
called object-oriented design as a means for organiz-
ing a company’s dynamic simulation modeling pro-
cess. The resulting model is traditional, but the steps
required to build the logical structure and to create a
computer program follow a systematic design.
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Modelers in the 1990s can continue to profit by
reading the report by Wooddy et al. (1981). The re-
port describes the development of a very comprehen-
sive life insurance company model designed to assist
in the determination of contingency margins for re-
serve calculations for financial accounting purposes.

6. SUMMARY

The current state of modeling in insurance was ex-
amined at the conference. Several new general classes
of models were illustrated. The conclusion was
reached that progress will come not by refining exist-
ing models, but by breaking barriers and incorporat-
ing new classes of models and their associated
estimation and checking methods. Some of these new
classes were identified.
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