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SKEWNESS AND STOCK OPTION PRICES
Hans U. Gerber* and Bruno Landry†

ABSTRACT

In the classical Black-Scholes model, the logarithm of the stock price has a normal distribution,
which excludes skewness. In this paper we consider models that allow for skewness. We propose
an option-pricing formula that contains a linear adjustment to the Black-Scholes formula. This
approximation is derived in the shifted Poisson model, which is a complete market model in
which the exact option price has some undesirable features. The same formula is obtained in
some incomplete market models in which it is assumed that the price of an option is defined by
the Esscher method. For a European call option, the adjustment for skewness can be positive or
negative, depending on the strike price.

1. INTRODUCTION

We consider the problem of pricing a European op-
tion. Black and Scholes (1973) found an answer under
the classical assumption that the stock price process
is a geometric Brownian motion. Here we discuss an-
swers under more general assumptions.

Let S(t) be the price of a non-dividend-paying stock
at time t. Often it is useful to reason in terms of X(t),
the accumulated rate of return, defined by the relation

X(t)S(t) 5 S(0)e , t ≥ 0.

Throughout the paper we assume that {X(t)} is a pro-
cess with stationary and independent increments.

Mathematically, a European option is defined by a
payoff function P(s)≥0 and a maturity date t. At time
t, the holder of the option will receive P(S(t)). Accord-
ing to the fundamental theorem of asset pricing, the im-
possibility of arbitrage is essentially equivalent to the
existence of a martingale measure having the same null
sets as the original probability measure, so that the
price of a contingent payment is calculated as the ex-
pected discounted payoff with respect to this measure.
In the following we assume a constant risk-free force of
interest, r. Thus the price of the option at time t is

2r(t2t)e E*[P(S(t))|S(t)], 0 ≤ t , t. (1)

The superscript asterisk indicates that the expecta-
tion is taken with respect to the equivalent martingale
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measure. This measure must be such that the pricing
formula (1) is compatible with the observed price of
the stock; that is, we require that

2r(t2t)S(t) 5 e E*[S(t)|S(t)], 0 ≤ t , t. (2)

We consider only martingale measures under which
the process {X(t)} remains a process with stationary
and independent increments. In this case, condition
(2) is equivalent to the simpler condition that

2r X(1)e E*[e ] 5 1; (3)

see Gerber and Shiu (1994). For notational simplicity,
but without loss of generality, we consider an option
with t51 and compute its price at time t50.

Let M(z,t)5E[ez X(t)] denote the moment generating
function of X(t). We assume that {X(t)} is a process
with stationary and independent increments such
that

tM(z,t) 5 M(z) , t . 0,

where M(z)5M(z, 1). Furthermore let µ, s2, and g de-
note the first three cumulants per unit time of the
process {X(t)}. Thus

E[X(t)] 5 µt,

2Var[X(t)] 5 s t (4)

and

3E[(X(t) 2 µt) ] 5 gt. (5)

In the classical model, {X(t)} is a Wiener process; that
is, for given t.0, the random variable X(t) has a nor-
mal distribution with mean µt, variance s2t, and of
course, g50. We are interested in alternative models
in which g≠0. A first idea is to consider a complete
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market model, in which the equivalent martingale
measure and hence the price of the option are unique.
Unfortunately, this price has some undesirable prop-
erties; therefore we propose to replace it by a linear
approximation, which consists of the Black-Scholes
price plus an adjustment that is proportional to g.

Another approach is to examine some incomplete
market models. Then, as in Gerber and Shiu (1994),
we calculate a price of the option by the method of
Esscher transforms. Finally, for small values of g, we
examine again the linear approximation for the price
of an option.

The idea is as follows: let {Y(t)} be a process with
stationary and independent increments that is stan-
dardized in the sense that

E[Y(t)] 5 0,

Var[Y(t)] 5 t

and

3E[Y(t) ] 5 t.

Thus

zY(t) tc(z)E[e ] 5 e

where

1 1
2 3 . . .c(z) 5 z 1 z 1 . (6)

2 6

Then we construct a three-parameter family of pro-
cesses by defining

X(t) 5 kY (lt) 1 µt, t ≥ 0. (7)

For given µ, s2 and g, we set

6g s
k 5 , l 5 , (8)

2 2s g

so that (4) and (5) are satisfied. We note that

kzY(lt) µ t zM(z,t) 5 E[e ] e

5 exp [ltc(kz) 1 µtz] (9)

1 1
2 2 3 . . .5 exp (µz 1 s z 1 gz 1 ). (10)

2 6

The classical model is obtained as the limit g→0 for
fixed values of µ and s2. Thus, the classical model is
embedded in the richer family of models given by (7).
We analyze the effect of the deviation from the clas-
sical model by expanding the option price in powers
of g. Our approach differs from the method of Jarrow
and Rudd (1982); their idea is to match moments up

to a certain order and to use a generalized Edgeworth
expansion.

2. EXACT SOLUTION IN THE COMPLETE
MARKET MODEL

As in Gerber and Shiu (1994) and in Chapter 10 of
Boyle et al. (1997), we consider the shifted Poisson
model. Here

X(t) 5 kN(lt) 2 ct,

where k and c are constants and {N(t)} is a Poisson
process with parameter 1. To exclude arbitrage op-
portunities, we assume that r1c and k have the same
sign. For given µ, s2, and g, we choose k and l as in
(8) and set

4s
c 5 kl 2 µ 5 2 µ.

g

In this model the equivalent martingale measure is
unique. Under the martingale measure, the process
{X(t)} is of the same type, with unchanged values of
k and c, but with l replaced by l*, which is chosen
such that (3) is satisfied. Thus l* is the solution of

kexp [2r 1 l* (e 2 1) 2 c] 5 1

which yields

r 1 c
l* 5 .

ke 2 1

Consider an option with maturity date t51. Ac-
cording to (1), its price at time 0 is

` jl*
2r 2r 2l* k j2ce E*[P(S(1))] 5 e e P (S(0)e ). (11)Σ

j50 j!

As an example, we consider a European call option
with exercise price K. Here P(s)5(s2K)1, where x1

denotes the positive part of x; that is, x15x if x.0
and x150 if x≤0. Then the current price of the option
is

` jl*
2r 2l* k j2ce e (S(0)e 2 K) . (12)Σ 1

j50 j!

For a numerical illustration, we set S(0)5100, and as-
sume that r50.1, µ50.1, and s50.2. The resulting op-
tion prices are displayed for different values of K in
Table 1 (under the heading ‘‘shifted Poisson’’) for
g50.008, which corresponds to a coefficient of skew-
ness of 1. The exact option prices in this table are the
same as in Tables 1 to 4 of Gerber and Shiu (1994),
which also include prices for other maturities.



52 NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 1, NUMBER 3

TABLE 1
CALL OPTION PRICES WITH S 5 100, m 5 0.1, s 5 0.2, g 5 0.008, AND r 5 0.1

Exercise

Price

(K)

Black-

Scholes

Rate of

Change

at g 5 0

Linear

Approxi-

mation

Shifted

Poisson

Shifted

Gamma

Shifted

Inverse

Gaussian

80 27.993 261.638 27.500 27.613 27.624 27.640
85 23.864 280.451 23.220 23.089 23.237 23.274
90 19.989 290.464 19.265 18.565 19.174 19.214
95 16.439 287.137 15.742 15.696 15.591 15.613

100 13.270 269.422 12.714 13.005 12.547 12.544
105 10.515 239.948 10.196 10.315 10.031 10.005
110 8.183 23.868 8.152 7.624 7.989 7.949
115 6.258 32.886 6.522 6.418 6.352 6.306
120 4.708 65.177 5.230 5.383 5.050 5.006

TABLE 2
CALL OPTION PRICES WITH S 5 100, m 5 0.1, s 5 0.2, g 5 0.001, AND r 5 0.1

Exercise

Price

(K)

Black-

Scholes

Rate of

Change

at g 5 0

Linear

Approxi-

mation

Shifted

Poisson

Shifted

Gamma

Shifted

Inverse

Gaussian

80 27.993 261.638 27.931 27.929 27.932 27.933
85 23.864 280.451 23.783 23.784 23.782 23.784
90 19.989 290.464 19.898 19.896 19.896 19.898
95 16.439 287.137 16.352 16.344 16.349 16.351

100 13.270 269.422 13.200 13.190 13.198 13.200
105 10.515 239.948 10.475 10.468 10.473 10.475
110 8.183 23.868 8.179 8.178 8.177 8.179
115 6.258 32.886 6.291 6.296 6.289 6.291
120 4.708 65.177 4.773 4.775 4.771 4.773

TABLE 3
CALL OPTION PRICES WITH S 5 100, m 5 0.1, s 5 0.2, g 5 0.008, AND r 5 0.05

Exercise

Price

(K)

Black-

Scholes

Rate of

Change

at g 5 0

Linear

Approxi-

mation

Shifted

Poisson

Shifted

Gamma

Shifted

Inverse

Gaussian

80 24.589 2120.130 23.628 23.902 23.920 23.947
85 20.469 2153.284 19.243 19.145 19.375 19.438
90 16.699 2172.800 15.317 14.389 15.294 15.366
95 13.346 2173.773 11.956 11.815 11.846 11.899

100 10.451 2156.350 9.200 9.475 9.061 9.085
105 8.021 2124.970 7.022 7.134 6.878 6.877
110 6.040 286.317 5.350 4.793 5.200 5.183
115 4.467 247.111 4.090 3.920 3.927 3.902
120 3.247 212.549 3.147 3.216 2.967 2.940
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TABLE 4
CALL OPTION PRICES WITH S 5 100, m 5 0.1, s 5 0.2, g 5 0.001, AND r 5 0.05

Exercise

Price

(K)

Black-

Scholes

Rate of

Change

at g 5 0

Linear

Approxi-

mation

Shifted

Poisson

Shifted

Gamma

Shifted

Inverse

Gaussian

80 24.589 2120.130 24.439 24.467 24.471 24.473
85 20.469 2153.284 20.316 20.317 20.317 20.319
90 16.699 2172.800 16.527 16.524 16.526 16.528
95 13.346 2173.773 13.173 13.164 13.171 13.174

100 10.451 2156.350 10.294 10.282 10.292 10.295
105 8.021 2124.970 7.896 7.888 7.894 7.897
110 6.040 286.317 5.954 5.952 5.951 5.954
115 4.467 247.111 4.419 4.423 4.417 4.419
120 3.247 212.549 3.235 3.234 3.232 3.234

Similarly, Table 2 shows the prices for g50.001.
Tables 3 and 4 are analogous, except that here
r50.05.

Figure 1, which shows the option price for K5100
as a function of g reveals a surprise: this function is
not monotone and its derivative with respect to g has
numerous discontinuities. A glance at (12) shows that
these discontinuities occur whenever

k j2cS(0)e 2 K 5 0 for some j.

In Figure 1, S(0)5K5100. Hence the discontinuities
occur at values of g for which kj2c50 for some j.
Substituting

4g s
k 5 , c 5 2 µ

2s g

we see that the critical values of g are obtained as the
solution of the quadratic equations

j
2 4g 1 µg 2 s 5 0.

2s

Hence, the discontinuities occur at the points

2 2=2µ 1 µ 1 4js
g 5 , j 5 1, 2, . . . .j 22j/s

We note that this is a monotone sequence that
converges to 0.

All this shows that the exact solution has some un-
attractive properties. Furthermore, computational dif-
ficulties arise when g is too close to 0. For these
reasons, we propose a linear approximation to the op-
tion price, which is more appealing and can be used
if g is close to 0.

FIGURE 1
CALL OPTION PRICE AS A FUNCTION OF g FOR S 5 100, K 5 100,

m 5 0.1, s 5 0.2, AND r 5 0.1

3. LINEAR APPROXIMATION IN THE
COMPLETE MARKET MODEL

3.1 Maclaurin Expansion of the
Martingale Measure

The general idea is to expand the exact option price
(11) in powers of g (or, equivalently, in powers of k)
and to replace it by a Maclaurin polynomial of a suit-
able degree; here we settle for the first-degree approx-
imation. Instead of trying to do this directly, we first
expand the martingale measure. Then we replace the
martingale measure in (11) by its expansion to get the
corresponding expansion of the price of the option.

It suffices to analyze the distribution of X(1). Its
cumulant generation function is

zX(1) kzln E* [e ] 5 l* (e 2 1) 2 cz
kze 2 1

5 (r 1 c) 2 cz.
ke 2 1
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Noting that

1 1 . . .2 2 3z 1 kz 1 k z 1
kze 2 1 2 6

5
ke 2 1 1 1 . . .21 1 k 1 k 1

2 6

1 1 1 1. . . . . .2 2 3 25 z 1 kz 1 k z 1 1 2 k 1 k 1~ ! ~ !2 6 2 12

1 1 1 1 1 . . .2 2 2 2 2 35 z 2 kz 1 kz 1 k z 2 k z 1 k z 1
2 2 12 4 6

we see that

1 1
zX(1) 2 . . .ln E*[e ] 5 r z 2 kz 1 kz 1~ !2 2

1 1 1
2 21 c 2 kz 1 kz 1 k z~ 2 2 12

1 1
2 2 2 3 . . .2 k z 1 k z 1 .!4 6

Substituting c5s2/k2µ, we find that

1
zX(1) 2 2 . . .ln E*[e ] 5 µ*z 1 s z 1 kP (z) 1 (13)

2

where

1
2µ* 5 r 2 s (14)

2

and

1
2P(z) 5 (r 2 µ) (z 2 z)

2

1 1 1
2 2 31 s z 2 z 1 z . (15)~ !12 4 6

Exponentiating (13), we obtain the expansion of the
moment generating function of X(1):

1
zX(1) 2 2E*[e ] 5 exp [µ*z 1 s z ]

2

. . .(1 1 kP (z) 1 ). (16)

Now the problem is to invert this formula to find the
corresponding approximation for the distribution of
X(1). First, we note that the leading term is the mo-
ment generating function of the normal distribution
with mean µ* and variance s2. Hence

`1 1 x 2 µ*
2 2 zxexp[µ*z 1 s z ] 5 * e f dx,~ !2`2 s s

where f(z) denotes the standard normal probability
density function. If we multiply this equation by z,

observe that zezx 5 (ezx)' and perform the obvious
integration by parts, we find that

`1 1 x 2 µ*
2 2 zxz exp[µ*z 1 s z ] 5 2 * e f' dx.~ !2`22 s s

Repeating this, we see that

1
n 2 2z exp [µ*z 1 s z ]

2
`1 x 2 µ*

n zx (n)5 (21) * e f dx,~ !2`n11s s

for n 5 0, 1, 2, . . . .

This shows that

1
n 2 2z exp [µ*z 1 s z ]

2

is the transform of the function

1 x 2 µ* 1 x 2 µ*
n (n) n(21) f 5 (2D) f ,~ ! ~ !n11s s s s

where D is the differentiation operator with respect
to x. Now we are prepared to invert (16) term by
term. The resulting expansion for the density of X(1)
is

. . .f (x) 1 kf (x) 1 (17)0 1

with

1 x 2 µ*
f (x) 5 f (18)0 ~ !s s

and

1 x 2 µ*
f (x) 5 P (2D) f .1 ~ !s s

Not surprisingly, f0(x) is the martingale density of
X(1) in the classical Black-Scholes model. By substi-
tuting (15) we find that

1 1 x 2 µ* 1 x 2 µ*
f (x) 5 (r 2 µ) f" 1 f'1 @ ~ ! ~ !#3 22 s s s s

1 x 2 µ* 1 x 2 µ* 1 x 2 µ*
2 f' 2 f" 2 f"' .~ ! ~ ! ~ !212 s 4s s 6s s (19)

Note that the exact distribution of X(1), which is dis-
crete, is approximated by a continuous distribution
with density (17). Although this is not a probability
density in the proper sense (it takes on negative val-
ues), it can be used successfully to approximate cer-
tain expectations.
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3.2 Linear Approximation of the Option
Price

The price of the European option is the discounted
expectation of the payoff. If we replace the exact dis-
tribution of X(1) by the linear approximation devel-
oped in the preceding section, we obtain the formula

`

2r X(1) 2r xe E*[P(S(0)e )] . e * P(S(0)e ) f (x)dx02`

`

2r x1 ke * P(S(0)e ) f (x)dx.12`

Here k5g/s2, and f0(x) and f1(x) are given by (18) and
(19). Note that

`2re
x* P(S(0)e ) f (x)dx12`2s

can be interpreted as the rate of change of the option
price with respect to g at g50.

In general, these integrals have to be evaluated by
numerical integration. In exceptional cases, closed-
form solutions are available. Let us again consider the
European call option with exercise price K. The linear
approximation for its price is given by the expression

`

2r xe * (S(0)e 2 K) f (x)dx0k

`

2r x1 ke * (S(0)e 2 K) f (x)dx (20)1k

where k5ln (K/S(0)). To evaluate the first integral, we
observe that

2x 2 µ* x 2 µ* 2 s
x 2e f 5 exp [s /2 1 µ*] f ,~ ! ~ !s s

from which it follows that

`1 x 2 µ*
x* e f dx~ !ks s

2k 2 µ* 2 s
25 exp [s /2 1 µ*] 1 2 F@ ~ !#s

2k 2 r 2 s /2
r5 e 1 2 F , (21)@ ~ !#s

where F(z) denotes the cumulative standard normal
distribution function. Hence the leading term of (20)
is

2k 2 r 2 s /2
2rS(0) 1 2 F 2 e K@ ~ !#s

2k 2 r 1 s /2
1 2 F .@ ~ !#s

This is of course the celebrated Black-Scholes for-
mula. Thus the linear approximation (20) is the
Black-Scholes price (first term) combined with a
first-order adjustment for skewness (second term). To
compute the latter, we have to evaluate integrals of
the form

`1 x 2 µ*
x (n)I 5 * e f dx.n ~ !ks s

Applying integration by parts, we obtain the recursive
formula

k 2 µ*
k (n21)I 5 2e f 2sI , for n 5 1, 2, 3, ....n ~ ! n21s

Note that I0 is given by (21).
A numerical illustration is given in Tables 1–4, in

which the linear approximations of the option prices
are calculated according to Formula (20). The first-
order effect of the skewness on the price of a call op-
tion is indicated in the third column of Tables 1–4
and documented more completely in Figures 2 and 3;
they show by how much the Black-Scholes price must
be adjusted per g. We note that this adjustment can
be positive or negative, depending on the exercise
price K.

FIGURE 2
ADJUSTMENT OF THE CALL OPTION PRICE PER g (r 5 0.10)
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FIGURE 3
ADJUSTMENT OF THE CALL OPTION PRICE PER g (r 5 0.05)

4. EXACT SOLUTIONS IN INCOMPLETE
MARKET MODELS

In an incomplete market model, the equivalent mar-
tingale measure is not unique, and a priori, it is not
clear which martingale measure should be chosen to
calculate the price of an option. Gerber and Shiu
(1994) proposed that, to obtain a unique answer, the
choice of the equivalent martingale measure could be
limited to the family of Esscher transforms.

Under the Esscher transform corresponding to
parameter h, {X(t)} is defined as a process with sta-
tionary and independent increments whereby the
new moment generating function of X(1) is

M(z 1 h)
zX(1)E [e ; h] 5 . (22)

M(h)

The price of an option is then defined to be the dis-
counted expectation of the payoff whereby the expec-
tation is taken according to the Esscher transform of
parameter h*, where h5h* is determined so that (3)
is satisfied; that is, it is the solution of

2r X(1)e E [e ; h*] 5 1. (23)

For a more thorough discussion of this method, refer
to Gerber and Shiu (1994, 1996). In the following, we
assume that the price of an option in an incomplete
market model is determined by this method.

For a numerical illustration, we look at two exam-
ples. For both the process {X(t)} is such that

X(t) 5 Z(t) 2 ct

where {Z(t)} is a process with stationary and
independent increments.

Example 1: The Shifted Gamma Process

Here it is assumed that {Z(t)} is a gamma process with
shape parameter a and scale parameter b. Then the
moment generating function of X(1) is

a
b

2czM(z) 5 e , z , b. (24)~ !b 2 z

For given values of µ, s, and g, the three parameters
are chosen so that (5) is satisfied; that is, we set

6 2 44s 2s 2s
a 5 , b 5 , c 5 2 µ.

2g g g

From (22) and (24), it can be seen that the Esscher
transform of {X(t)} is again a shifted gamma process
with unchanged values of a and c but b replaced by
b2h. The martingale measure is obtained for

21
c 1 r

b 2 h* 5 1 2 exp 2 .@ #~ !a

Example 2: The Shifted Inverse Gaussian Process

Here {Z(t)} is an inverse Gaussian process, say with
parameters a and b, so that the moment generating
function of X(1) is

= =M(z) 5 exp [a( b 2 b 2 z) 2 cz], z , b. (25)

For given values of µ, s, and g, the three parameters
are chosen so that (5) is satisfied; that is, we set

10 2 46s 3s 3s
a 5 3 , b 5 , c 5 2 µ.= 3g 2g g

From (22) and (25), it can be seen that the Esscher
transform of {X(t)} is again a shifted inverse Gaussian
process with unchanged values of a and c but b re-
placed by b2h. The martingale measure is obtained for

2 2 2 2(a 1 c 1 r 1 2rc)
b 2 h* 5 .

2 24a (r 1 c)

Both processes can be written in the standard form
(7). For example, we can define the shifted gamma
process by setting

Y(t) 5 G(t) 2 E[G(t)],

where {G(t)} is a gamma process with shape param-
eter a54 and scale parameter b52. Tables 1–4 con-
tain the option prices that result from the two models.
Figures 4 and 5 show that the option prices as func-
tions of g, unlike in the shifted Poisson model, are
almost linear in both cases. As in the complete market
model, computational difficulties arise when g is too
close to 0.
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FIGURE 4
CALL OPTION PRICE FOR THE GAMMA PROCESS

WITH S 5 100, K 5 100, m 5 0.1, s 5 0.2, and r 5 0.1

FIGURE 5
CALL OPTION PRICE FOR THE INVERSE GAUSSIAN PROCESS

WITH S 5 100, K 5 100, m 5 0.1, s 5 0.2, and r 5 0.1

The choice of the model is somewhat arbitrary, and
one might wonder whether this choice has a signifi-
cant impact on the price of the option. Looking at
Tables 2 and 4, we get the impression that it is not
the case for small values of g. In the next section, we
provide a mathematical explanation for this.

5. LINEAR APPROXIMATION IN
INCOMPLETE MARKET MODELS

There is an infinite number of incomplete market mod-
els, and of course, the exact option price, calculated
by the Esscher method, depends on the choice of the
model. However, we show that in any given incom-
plete market model the linear approximation for the
price of the option is identical to the approximation

found in Section 3.2. Hence, this linear approxima-
tion is independent of the model chosen.

For the proof, we assume that the process {X(t)} is
of the form (7) with k and l given by (8). According
to (22) and (9), the cumulant generating function of
X(1) with respect to the Esscher transform of param-
eter h is

zX(1)ln E [e ; h] 5 ln M(z 1 h) 2 ln M(h)

5 l [c (k(z 1 h)) 2 c(kh)] 1 µz.

Substituting (6) we get the expansion

1
zX(1) 2 2ln E[e ; h] 5 s (z 1 2hz) 1 µz

2

k
2 3 2 2 . . .1 s (z 1 3hz 1 3h z) 1 . (26)

6

According to (23), h5h* is the solution of

1
2s (1 1 2h*) 1 µ

2

k
2 2 . . .1 s (1 1 3h* 1 3h* ) 1 2 r 5 0. (27)

6

We expand h* in powers of k and set h*5a1kb1. . ..
We substitute this in (27) and compare the coeffi-
cients of the powers of k. Comparison of the constant
terms gives the equation

1
2 2s 1 s a 1 µ 2 r 5 0,

2

from which it follows that

r 2 µ 1
a 5 2 . (28)

2s 2

Comparing the coefficients of k leads to

1
2 2 2s b 1 s (1 1 3a 1 3a ) 5 0,

6

or

1
2b 5 2 (1 1 3a 1 3a ). (29)

6

Replacing h by h*5a1kb1. . . in (26), we obtain the
expansion of the cumulant generating function of X(1)
under the martingale measure:

1
zX(1) 2 2 2 2ln E [e ; h*] 5 s z 1 s az 1 µz 1 ks bz

2

k
2 3 2 2 . . .1 s (z 1 3az 1 3a z) 1 .

6
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We note that because of (28) and (14), the coefficient
of z in the leading term simplifies to µ*. Furthermore,
substituting for b according to (29) yields

1 k k
zX(1) 2 2 2 3 2 2ln E[e ; h*] 5 µ*z 1 s z 1 s z 1 s az

2 6 2

k 1
2 . . .2 s a 1 z 1 . (30)~ !2 3

Substituting for a according to (28), we see that (30)
is identical to (13). This implies that the linear ap-
proximation for the option price is indeed identical to
the one found in Section 3.2.

6. CONCLUSION

To examine the effect of skewness, we propose a lin-
ear approximation for the price of a European option.
For example, we see that skewness can have a positive
or negative effect on the price of a European call op-
tion, depending on the exercise price. The approxi-
mation consists of the Black-Scholes price combined
with an adjustment for skewness. It is remarkable that
the approximation formula does not depend on the
underlying model, as long as option prices are calcu-
lated by the Esscher method. By using the approxi-
mation, we can avoid computational difficulties that
can arise when a model is close to the Black-Scholes
model. Furthermore, the exact option price in the
complete market model has some undesirable fea-
tures that disappear when the linear approximation is
used.
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Discussions

TERENCE CHAN*
I congratulate the authors on a fine paper that pro-

vides an interesting new perspective on stock option
prices when the price of the underlying security is not
lognormal.

I wish to emphasize that the paper is primarily con-
cerned with corrections to the Black-Scholes price
arising from perturbations of a Wiener process, rather
than perturbations of a symmetric process by a
skewed one; the skewness as measured by the third
cumulant, g, is merely a means of developing a suit-
able asymptotic expansion. To see this, consider the
process Y in (7): since l→` as g→0, the central limit
theorem says that

Y(lt)
⇒ N(0, 1)

=lt

as g→0. Since

Y(lt) kY(lt)
5 ,

= =lt s t

we see that kY(lz)⇒sB(z) as g→0, where B is a stan-
dard Brownian motion. Therefore, processes of the
form (7) are implicitly perturbations of Brownian mo-
tion with drift. Indeed, skewness need not enter into
the discussion at all: let Y be any process with sta-
tionary independent increments satisfying E[Y (t)]50
and E[Y (t)2]5t. If we take

22X(t) 5 sεY (ε t) 1 µt,

then the same procedure as used by the authors will
result in exactly the same asymptotic expansions in
ε. Because Y has stationary independent increments,
the third cumulant of X is necessarily a linear func-
tion of ε, but there is no reason for Y to be skewed:
the third cumulant of Y and hence X could be 0 (al-
though in this case, the asymptotic expansions will
not be the same as those obtained by the authors, but
their method will still work).

It is also not so surprising that the leading term in
the asymptotic expansions is the same whatever the

*Terence Chan is in the Department of Actuarial Mathematics and
Statistics, Heriot-Watt University, Edinburgh EH14 4AS U.K.
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distribution of Y. This is essentially because the
coefficient of g in the expansion of the logarithmic
moment generating function of Y depends only on the
third moment of Y1 (which has been fixed at 1). If Y
is taken to be a different process, the differences will
emerge when one examines the higher-order correc-
tions in g.

Given that the asymptotic expansions studied in
the paper arise from perturbations of Brownian mo-
tion of a certain form, it is natural to consider more
explicit perturbations of the Wiener process in the
classical Black-Scholes model. In the case of complete
markets, the choice of processes that can be used as
the logarithm of the stock price is severely restricted:
the only possible candidates are those that have al-
ready been studied by the authors, namely, a Wiener
process or a Poisson process. In incomplete markets,
the range of possibilities is far wider. As an example,
consider as the log stock price a process of the form

X(t) 5 sB(t) 1 εY(t) 1 µt,

where Y is any process with stationary independent
increments (necessarily discontinuous if it is not Wie-
ner process) that has finite exponential moments, and
B is a standard Brownian motion independent of Y.
We might as well take E[Y (t)]50. Write the moment
generating function of Y as

zY (t) t c (z)YE[e ] 5 e

where
`2 2 js z k zY jc (z) 5 1 .ΣY

j532 j!

(Of course, and kj are the higher-order2 2s 5E[Y ]Y 1

cumulants of Y1.) Then as is shown by the authors,
the Esscher transform parameter h* associated with
the equivalent Esscher martingale measure is the
solution to

2s
(1 1 2h) 1 µ 2 r 1 c [ε(1 1 h)] 2 c (εh) 5 0.Y Y2

Expanding h* in powers of ε, writing aiεi, and`h*5Σi50

equating coefficients, we can obtain the following
equations up to third order:

2s
(1 1 2a ) 1 µ 2 r 5 0,02

2s a 5 0,1

2sY2s a 1 (1 1 2a ) 5 0,2 02

k32 2 2s a 1 s a 1 (1 1 3a 1 3a ) 5 0.3 Y 1 0 06

Under the Esscher martingale measure, the logarith-
mic moment generating function of X is given by

2s
2c*(z) 5 (z 1 2h*z) 1 µz

2

1 c [ε(z 1 h*)] 2 c (εh*)Y Y

and substituting the expansion for h* into the above,
we obtain

1
2 2 2 2 3 . . .c*(z) 5 s z 1 µ*z 1 P (z)s ε 1 P (z)k ε 1 ,2 Y 3 32

where µ*5r2s2/2 is the same µ* as defined in the
paper and

2z 2 z
P (z) 5 ,2 2

3z r 2 b 1 r 2 b 1
2P (z) 5 1 2 z 2 2 z.3 ~ ! ~ !2 26 2s 4 2s 12

The asymptotic expansion for the density of X1 is then

21 2 2 3s f((x 2 µ*)/s) 1 ε s f (x) 1 ε k f (x),Y 2 3 3

where fn(x)5s21Pn(2d/dx)f((x2µ*)/s). Note that
and ε3k3 are the contributions to the variance and2 2ε sY

the 3rd cumulant of X, respectively, as a result of
perturbing B by a process Y.

MICHEL JACQUES*
The authors consider the pricing of options when the
underlying price process does not follow the usual ge-
ometric Brownian motion process. They consider the
case in which the underlying accumulated rate of re-
turn exhibits skewness. For a broad range of models,
they provide an exact price formula that is numeri-
cally unstable for some values of the parameters.
They then proceed to develop a clever approximation
for the price formula that is usable for all values of
the parameters. The authors should be congratulated
for that nice piece of work.

The authors mention that the exact price formula
(12) for the shifted Poisson model presents numerical
difficulties when the skewness parameter g is close to
0. I tried to use Formula (12) when the volatility
parameter s is larger than in the numerical examples
of the paper. It seems that the formula is just as del-
icate to use for large volatilities as it is for small skew-
ness. This point is important because option prices
for large volatilities often behave similarly to option

*Michel Jacques, A.S.A., is at the Ecole d’actuariat, Pavillon Vachon,
Universite Laval, Quebec, Canada G1K 7P4.
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prices for long maturities. The latter are relevant to
actuaries because the options embedded in insurance
contracts are usually long-lived.

The approximation developed by the authors is
based on an expansion in k5g/s2. Hence, increasing
s has the same effect on k as decreasing g. The ques-
tion is then: Is the linear approximation price For-
mula (20) a good approximation for the exact price
when volatility is large?

If the exact price formula is not computationally
usable, we cannot directly test for the error contained
in the approximation. The essence of arbitrage-free
pricing in a complete market is the existence of the
replicating strategy. The option price is not the whole
story; one also has to be able to hedge the risk. I think
a nice way of studying the quality of the approxima-
tion would be to generate a large number of trajec-
tories of the underlying price process. Then by using
the replicating strategy, it could be checked at ma-
turity if the strategy built from the approximate for-
mula indeed replicates the intrinsic value of the
option for most of the trajectories. It is not obvious
to me what the replicating strategy is for the shifted
Poisson model. However, although {S(t)} is a discrete
state process, in the limit where g is small or s large,
the jumps are small and it makes sense to test for the
derivative. This usual delta could then be used as a
benchmark.

It is easy to compute the (approximate) delta of the
option by simply differentiating the approximation
Formula (20) with respect to S(0). Due to algebraic
simplifications, the delta turns out to be, using the
authors notations for the linear approximation:

2r 1 0.5s 2 k r 2 µ s
2rF 1 ke 2 I~ ! @~ ! 1s 2s 12

r 2 µ 1 1
1 2 I 2 I ,~ ! 2 3#22s 4 6s

whereas the exact value of the delta is
` jl*

2r 2l* kj2ce e e 1 .kj2cΣ {S(0)e 2K.0}
j50 j!

For the numerical values given in Table 1 of the paper
(p. 52), the relative error between the approximate
price and the exact price (columns 4 and 5) and the
relative error between the approximate delta and the
exact delta are given in the following table.

TABLE 1
RELATIVE ERRORS ON

LINEAR APPROXIMATION

K Price Delta

80 0.004 0.021
85 0.006 0.064
90 0.038 0.132
95 0.003 0.169

100 0.022 0.020
105 0.012 0.133
110 0.069 0.277
115 0.016 0.318
120 0.028 0.084

The table shows that the relative error on the prices
is of the order of a few percents at worse, whereas the
error on the delta can be as high as 30%. The conclu-
sion is that the linear approximation should be used
carefully if one is interested in hedging.

HEINZ H. MÜLLER*
The authors analyze the pricing of an European op-
tion on a non-dividend-paying stock. The price of the
stock at the time t is given by

X(t)S(t) 5 S(0)e , t ≥ 0

As in the Black-Scholes (1973) model, the increments
of the process {X(t)} are stationary and independent.
However, in contrast to Black-Scholes, where the in-
crements of {X(t)} are normally distributed, the au-
thors want to admit skewed distributions as well.
They show that for any µ, s2, and g, there exists a
shifted Poisson model such that

E[X(t)] 5 µt,
2Var [X(t)] 5 s t, (1)

3E[(X(t) 2 µt) ] 5 gt.

Due to market completeness, the option prices are
unique. The authors derive an explicit pricing for-
mula. This result is a very nice generalization of the
Black-Scholes model.

Nevertheless, the authors are worried by the fact
that the option price is neither monotone nor differ-
entiable in the skewness parameter g. Therefore, they
derive an approximate option-pricing formula, which

*Heinz H. Müller, Ph.D., is Professor of Mathematics and Statistics
at the University of St. Gallen, Bodanstrasse 4, CH-9000 St. Gallen,
Switzerland.
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is linear in g. To be more specific, the formula is of
the type

c(g) 5 c 1 gzconst., (2)BS

where cBS denotes the Black-Scholes option price.
This formula looks very nice and is definitely useful
for many purposes. However, as the authors point out,
the corresponding risk-neutral probability density for
X(t) takes on negative values. Therefore the risk-neu-
tral probability density f(S, t) for S(t) takes on nega-
tive values as well. This leads to arbitrage opportuni-
ties, and the option-pricing formula is no longer
convex in the strike price. To see this, look at the
price c(K, t) of an European option with strike price
K expiring in t. Then under general conditions (Bree-
den and Litzenberger 1978), the risk-neutral proba-
bility density is given by

2]
f(S, t) 5 const. z c(K, t)| , (3)K5S2]K

and it becomes obvious that c(K, t) is convex in K if
and only if f(S, t)≥0∀S. Of course for g50, one ob-
tains the Black-Scholes model, and these drawbacks
disappear. However, for large values of g, the phenom-
enon may be disturbing.

Finally, the authors look at incomplete market
models with the Esscher transform as an exact pricing
method. It is shown that the approximate option-pricing
formula developed for complete market models can
still be used.

To summarize, the article contains a highly inter-
esting exact pricing method and a very useful approx-
imate method for options on stocks with skewed
logarithmic returns. Especially for small values of the
skewness parameter g, both methods can be consid-
ered as very appropriate extensions of the Black-
Scholes formula.

Perhaps it is of some interest to compare the Ger-
ber and Landry approach with other models admitting
skewness. Shimko (1993) and Rubinstein (1994) infer
the risk-neutral probability from simultaneously ob-
served market prices for European options with the
same expiration date but different strike prices.
Whereas Rubinstein uses binomial trees, Shimko’s
method is essentially based on Formula (3). Given ob-
served market prices for liquid European calls with
strike prices K1, K2, ..., Kn ∈ [K, K], Shimko proposes
to use an interpolation method to calculate

c(K, t), K ∈ [K, K].

Afterwards Formula (3) is used for the calculation of
the risk-neutral density

f(S, t), S ∈ [K, K].

For the tails S , K, respectively, S . K, a matching
technique with lognormal distributions is applied.
Such a method is very powerful if there are liquid
European options for a wide range of strike prices. In
these cases Shimko’s method admits skewness and
other deviations from the Black-Scholes model. For
less liquid markets, however, the Gerber and Landry
approach is obviously more appropriate.
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GÉRARD PAFUMI*
The authors are to be congratulated for their paper,
which generalizes the Black-Scholes formula to the
case in which the logarithm of the stock price has a
skewed distribution.

From a practical point of view, the only parameter
in the Black-Scholes formula that cannot be observed
directly is the volatility. By using the historical stan-
dard deviation to estimate the volatility, we assume
that the past variability of the stock’s returns is in-
variant through time. It is not obvious that volatility
is constant for long periods of time and that the his-
torical volatility is independent of the time series
from which it is calculated. It is therefore difficult to
measure directly the volatility in practice.

However, option prices are quoted in the market.
An alternative concept, implied volatility, consists of
estimating the volatility of stock returns implicitly re-
flected in current option prices. A call option price
increases monotonically with volatility, so there is a
one-to-one correspondence between the volatility and
the option price. The idea is to invert the Black-
Scholes formula from the currently observed price of
a call option. In this way we obtain the market’s opin-
ion of the value of the volatility over the remaining
life of the option. This method was originally proposed

*Gérard Pafumi is a doctoral student at the Ecole des HEC (Business
School), University of Lausanne, CH-1015 Lausanne, Switzerland.
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by Latané and Rendleman (1976). The implied vola-
tility derived from several options written on the same
stock will generally not be equal.

Now the problem is to take a suitable weighted av-
erage of the individual implied volatilities. One can
think about taking the arithmetic average or even
weighting each option’s implied volatility according to
its degree of price elasticity with respect to the vola-
tility. Here we mention Beckers’ empirical study
(1981) of stock returns’ future variability estimates.
He suggests the use of only one call option price, the
one whose price is most sensitive to s. We measure
the sensitivity of an option with respect to s by the
partial derivative of its price with respect to s, that is,

1 2 2(rT 1 ln(S(0)/K) 1 s T)]C T 1 2
5 S(0) exp 2 .= ~ !2]s 2p 2 s T

This expression is maximal for

1
2K̃ 5 S(0) exp rT 1 s T .@ #2

Hence the call option whose strike price is the nearest

to will be chosen.K̃
The parameters in the linear approximation given

by Formula (20) in the authors’ paper that cannot be
observed directly are the first three cumulants per
unit time of the stock price. Now the idea is to invert
this approximation formula by observing the current
call option’s price. In this way we obtain the market’s
opinion of the value for the drift, the volatility, and
the third cumulant per unit time over the remaining
life of the option. To do this, we apply the following
algorithm. Choose arbitrary initial values for µ and g,
say µ0 and g0 (a good idea is to choose historical es-
timates). Then compute s1, the value of s that makes
the approximation formula meet exactly the last ob-
served price. Now use s1 and g0 to compute µ1, the
value of µ that makes the approximation formula
meet exactly the last observed price. Repeat these
steps to obtain g1, s2, µ2, g2, s3, µ3, g3, ... until con-
vergence is observed.

In practice, for both formulas and for a particular
choice of S(0) and T, the largest difference is obtained
for the more out-of-the-money call option. Both for
the Black-Scholes formula and the linear approxima-
tion, we remark that the mean absolute spread de-
creases significantly when implied parameters are
used. The following table shows the prices obtained
for a call option on stocks of the Swiss Bank Corpo-
ration on August 18, 1994, using implied parameters.
We found an annual implied s of 0.29321 for the

Black-Scholes formula. For the linear approximation
formula, we obtained the following implied annual
parameters: µ520.18889, s50.29122, g50.00043496.

More details and examples can be found in Pafumi
(1997).

CALL OPTION (ON SWISS BANK CORPORATION) PRICES

WITH S(0) 5 374, T 5 64 DAYS ON AUGUST 18, 1994

Exercise

Price (K )

Observed

Settlement

Prices

Black-Scholes

Prices, Using

Implied s

Linear Approxi-

mation, Using

Implied m, s and g

350 33.00 33.963 33.903
360 26.50 27.381 27.339
370 21.00 21.649 21.633
380 15.00 16.783 16.794
390 11.50 12.756 12.793
400 8.50 9.506 9.565
425 3.40 4.191 4.273
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ELIAS S.W. SHIU* AND
SERENA TIONG†

Dr. Gerber and Mr. Landry are to be congratulated for
this elegant paper. It is observed in Section 5 that, if
option prices are calculated by the Esscher method,
the linear approximation in incomplete market mod-
els does not depend on the model (and hence is the
same as in the complete market model). This is prob-
ably not true in general; in this sense the Esscher
method is quite special.

In the paper there are two results derived by re-
peated applications of integration by parts. Here we

*Elias S.W. Shiu, A.S.A., Ph.D., is Principal Financial Group Founda-
tion Professor of Actuarial Science at the University of Iowa, Iowa
City, Iowa 52242.
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present an operational calculus proof for them. First,
we derive the formula

1
2 2P(z)exp(µz 1 s z )

2
`1 x 2 µ

zx5 * e P(2D )f dx, (D.1)x ~ !2`s s

which is used to invert (16) in the paper. Here, Dx is
the differentiation operator with respect to x; in the
paper, Dx is simply denoted as D. Consider the mo-
ment generating function formula for the normal dis-
tribution:

`1 1 x 2 µ
2 2 zxexp µz 1 s z 5 * e f dx. (D.2)~ ! ~ !2`2 s s

Let Dµ be the differentiation operator with respect to
µ; then

x 2 µ x 2 µ
D f 5 2D f .µ ~ ! x ~ !s s

Differentiating both sides of (D.2) n times with re-
spect to µ, we have

`1 1 x 2 µnn 2 2 zxz exp µz 1 s z 5 * e D f dx~ ! µ ~ !2`2 s s

`1 x 2 µnzx5 * e (2D ) f dx,x ~ !2`s s

from which (D.1) follows.
Second, we derive a formula for

`1 x 2 µ
x (n)I (µ) 5 * e f dx. (D.3)n ~ !ks s

Obviously,
nI (µ) 5 (2sD ) I (µ).n µ 0

By (21) of the paper,

21 k 2 µ 2 s
2I (µ) 5 exp µ 1 s 1 2 F . (D.4)0 ~ ! @ ~ !#2 s

Applying (2sDµ)n to both sides of (D.4) and using the
exponential shift formula

zµ zµp(D )[e f(µ)] 5 e p(z 1 D ) f(µ), (D.5)µ µ

we have

1 n n2I (µ) 5 exp µ 1 s (2s) (1 1 D )n ~ ! µ2
2k 2 µ 2 s

1 2 F (D.6)@ ~ !#s

1 n25 exp µ 1 s (2s)~ !2

n 2k 2 µ 2 sn kD 1 2 FΣ ~ ! µ @ ~ !#kk50 s

21 k 2 µ 2 sn25 exp µ 1 s (2s) 1 2 F~ ! @ ~ !#$2 s

n 2k 2 µ 2 sn n2k (k21)2 (2s) f . (D.7)Σ ~ ! ~ !%kk51 s

To obtain the recursion formula in Section 3.2, we
substitute the identity

n21

n k(1 1 D ) 5 1 1 (1 1 D ) DΣµ µ µ
k50

in (D.6) to obtain

1n n21 2I (µ) 5 (2s) I (µ) 2 (2s) exp µ 1 sn 0 ~ !2
n21 2k 2 µ 2 sk(1 1 D ) f . (D.8)Σ µ ~ !
k50 s

It follows from the exponential shift formula that

21 k 2 µ 2 sk2exp µ 1 s (1 1 D ) f~ ! µ ~ !2 s

21 k 2 µ 2 sk 25 D exp µ 1 s f@ #µ ~ ! ~ !2 s

k 2 µk k5 D e f@ #µ ~ !s

k 2 µ2k k (k)5 (2s) e f .~ !s

Hence
nI (µ) 5 (2s) I (µ)n 0

n21
k 2 µn212kk (k)2 e (2s) f , (D.9)Σ ~ !

k50 s

which is simpler than (D.7). Finally, it follows from
(D.9) that

k 2 µk (n21)I (µ) 5 2 e f 1 s I (µ) ,@ #n ~ ! n21s

which is the recursion formula given in Section 3.2.
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Authors’ Reply

HANS U. GERBER AND BRUNO LANDRY

Dr. Chan points out two alternative expansions in
terms of power of ε. The second model is particularly
interesting because it also provides very transparent
results. Perhaps an advantage of our model is that g
can be interpreted more easily than ε.

Dr. Jacques proposes an interesting simulation
method to monitor the quality of the linear approxi-
mation in the complete market model. Replicating
strategies for the shifted Poisson model are discussed
in Gerber and Shiu (1996) and Chapter 10 of Boyle
et al. (1997).

We agree with Dr. Müller’s remark that the linear
approximation cannot be used universally because it
would imply negative probability masses, which in
turn would lead to arbitrage opportunities. However,
one merit of the linear approximation is that it shows
the first-order effect of skewness on an option price.

Formula (3) in Dr. Müller’s discussion, which is the
basis of Shimko’s technique, is known to actuaries in
a different form. The second derivative of the stop-
loss premium with respect to the deductible is the
probability density function of the aggregate claims
random variable. See exercises 14.10 and 14.11 of
Bowers et al. (1997).

Mr. Pafumi addresses an issue of great practical im-
portance. Instead of estimating the parameters from
historical data, it might be indeed better to use only
recent option prices from which the underlying im-
plied parameter values are determined. Mr. Pafumi
shows how this can be done when three parameters
have to be estimated.

Dr. Shiu and Ms. Tiong provide a clever and intrigu-
ing application of operational calculus. At the begin-
ning of their discussion, they conjecture that in an
imcomplete market model the linear approximation
depends on the choice of the method for determining
an equivalent martingale measure. This is in fact true
and can be illustrated by means of an example. We
suppose that g . 0 and that

X(t) 5 Z(t) 2 ct

where {Z(t)} is a compound Poisson process, with
Poisson parameter l and exponential jump amount
distribution with mean 1/b. For given values of µ, s2,
and g, we determine l, b, and c so that Equation (5)
of the paper is satisfied. This leads to

6 2 49 s s 3 s
l 5 , b 5 3 , and c 5 2 µ.

22 g g 2 g

An equivalent martingale measure can now be con-
structed as follows: we replace l and b by l*.0 and
b*.0, such that condition (3) of the paper is satisfied,
that is

l*
5 c 1 r. (R1)

b* 2 1

There is an infinite number of possibilities, but three
seem to be particularly ‘‘natural.’’

Method 1

The Esscher method, where both l and b are replaced
by new values l* and b*, as described in Section 4 of
the paper.

Method 2

Let b*5b (unchanged) and l* according to (R1), that
is, set

l* 5 (b 2 1)(c 1 r).

Method 3

Let l*5l (unchanged) and b* according to (R1), that
is, we set

l
b* 5 1 1 .

c 1 r

In all three cases, ln E*[ezX(1)] can be calculated and
expanded explicitly. Each time we obtain a linear ap-
proximation of the form (13), where the polynomial
P(z) varies from method to method. In Method 1 it is
of course given by Formula (15) of the paper, which
can also be written as

2 21 s 1 s
2 3P(z) 5 (µ 2 r) 1 z 1 (µ* 2 µ)z 1 z .@ #2 12 2 6

For Method 2, we find that

21 1 s
2 3P(z) 5 (µ 2 r)z 1 (µ* 2 µ)z 1 z ,

3 3 6

and for Method 3 the result is that

2 22 s 2 s
2 3P(z) 5 (µ 2 r) 1 z 1 (µ* 2 µ)z 1 z .@ #3 6 3 6

We note that the three polynomials follow a similar
pattern, but only Method 1 produces a linear approx-
imation that is identical to the one found in the com-
plete market model.

We are grateful to the discussants for their com-
ments. They provide valuable additional insight and
may very well stimulate further research.
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cepted until January 1, 1998. The authors reserve the
right to reply to any discussion. See the Table of Con-
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