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ABSTRACT

A new family of contaminated exponential dispersion loss models is defined and some of its
properties are examined. These models offer a wider family of loss distributions, allowing the
modeling of extreme claims. Their usefulness is illustrated with real data.

1. INTRODUCTION

In this paper, we introduce a new statistical model,
the contaminated exponential dispersion loss
model (CEDLM), which is especially designed to
handle both ordinary and extremely large losses.
The CEDLM is represented as a mixture of two
types of loss distributions, where both are assumed
to belong to the same exponential dispersion
model (EDM), having an identical canonical param-
eter and different dispersion parameters. Thus, the
CEDLM essentially generalizes the Tukey model
(Tukey 1960), in which a scale mixture of two nor-
mal distributions with identical means and different
variances was considered (see also Lindsay 1995).

The introduction of scale mixture of normal
distributions left a significant impact on the de-
velopment of statistical inference, as it allowed
the consideration of robustness (see Huber 1981,
Chap. 1). It is believed that the CEDLM will offer
additional and considerable flexibility in repre-
senting fat-tailed" distributions, as encountered
in the context of insurance and finance.

Tukey referred to the model as a contaminated
model, in which a “core” distribution was mixed
with a “contaminant.” It must be emphasized
that, while we keep this terminology of “core” and
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! “Fat-tail” here is synonymous with “thick-tail,” which is defined, for
example, in Kaas et al. (2001, Sect. 10.3).

“contaminant” distributions, unlike in the robust
approach, we regard claims of both types as rel-
evant for our analysis. While the skewness and
kurtosis of a single EDM are determined by the
mean, variance function, and dispersion parame-
ter, the CEDLM is flexible enough to possess any
degree of skewness and kurtosis. This makes the
latter more suitable for fitting models where some
of the probability mass is shifted either to the
center or to the tails of the distribution.

The aim of this paper is to introduce contami-
nated exponential dispersion loss models and
specify their components. This is done in Section
2. In Section 3, a method for estimating the mod-
el’s parameters is discussed and the properties
skewness and kurtosis of the CEDLM are proved.
Section 4 compares the CEDLM to the EDM with
respect to the limited expected value (LEV). In
Section 5, the model is illustrated with real data,
and the impact of contamination on LEV, with
respect to retention level, is demonstrated.

2. THE CONTAMINATED EXPONENTIAL
DisPersioN Loss MoODEL
We define CEDLM as a family of densities

fe(x[0, N, B) = (1 — &) exp{A[6x — k(6)J}q(x)
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+ & exp{AB[Ox — k(6)]igya(),

x €S CR, 1)

where € € (0, 1) is a contamination parameter,
0 € O is a canonical parameter, A > 0 is a dis-
persion parameter, 3 > 0 is a dispersion coeffi-
cient, and S is a support of the family.
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As a special case of the CEDLM, we find that,
when B = 1,

fe(x[0, N, 1) = f(x|6, N)
= exp{A[bx — k(8)[ig\(x), (2)

which is the EDM. Here, q,(x) = dQ,/dx = 0 is
the Radon-Nikodym derivative of the measure Q,,
which generates EDM, and k(6) is the cumulant
function, which plays an important role in vari-
ance structure of the model. EDM was considered
in Tweedie (1984), Nelder and Wedderburn
(1972), Nelder and Verrall (1997), and Jorgensen
(1986, 1987, 1992, and 1997). Current interest in
the EDM is due to Jorgensen, who outlines the
EDM as one of the main classes of dispersion mod-
els, which includes most standard distribution fam-
ilies.

In Landsman and Makov (1998; 1999a,b; and
2000), the insurance (credibility) aspects of the
EDMs were discussed, and the intrinsic relation-
ship between linear Bayes estimators and sto-
chastic approximation was established.

The EDM has certain analogies with location
and scale models, where location is expressed by
the population mean

EX =k'(0) = . (3)

The role of the scale parameter is played by the
so-called dispersion parameter o> = 1/\. It fol-
lows from Equation (2) that the population vari-
ance is given by

VarX = R"(0)/\ = V(w)/\, (4)

where V() is called the variance function.

The variance function plays an important role
in the classification of the EDM. Morris (1982 and
1983) studied exponential families with quadratic
variance functions. Cubic variance functions
were discussed by Mora (1986) and Letac and
Mora (1990). Power variance functions outline
Tweedie’s exponential dispersion class (Tweedie
1984, Bar-Lev and Enis 1986, and Bar-Lev et al.
1992). In Table 1, we give some examples of the
EDM.

At the root of the CEDLM is the assumption
that [(1 — €)100%] of the claims or losses follow
the core loss distribution f(x|0, \). A percentage
of the losses (€100%) does not follow the core
distribution, constituting very large losses unac-
counted for by this distribution, mainly due to the
fact that its tail is not sufficiently thick.

The distribution of these losses is given by
f(x]0, A\B). The resulting four-parameter (0, \, B,
€) loss distribution is very rich and can allow the
modeling of fat-tailed loss data, as will be shown
in Section 3. Both densities in the CEDLM have a
common canonical parameter 6 and cumulant
function k(6) and different dispersion parame-
ters; therefore, from Equations (3) and (4), it
follows that they have a common expectation and
different variances. The variance ratio of the con-
taminant to the core density is 1/B.

Note that the CEDLM is a mixture, with respect
to the variance parameter, of two exponen-
tial dispersion distributions, and, therefore, is es-
sentially different from the traditional mixtures
suggested for the exponential family, where the
mixing, in a Bayesian fashion, is done with

Table 1
Examples of the EDM

Distributions Variance Function V() Class k()
Normal 1 Morris, Tweedie %62
Poisson n Morris, Tweedie exp(6)
Compound Poisson ph, 1 < p < 2 Tweedie 1 LAY 8<0

2-p\1-p)~’

Bernoulli (1 — W) Morris In(1 + exp(6))
Negative Binomial w1+ W) Morris —In(1 — exp(6))
Gamma u? Morris, Tweedie —In(—6),6 <0
Hyperbolic sectant 1+ pu? Morris —In(cos(0)), 0| <g
Inverse Gauss w3 Tweedie, Letac -V-=20,6=0
Hyperbolic (1 + p?)3*2 Letac -V1-0%18 =1
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respect to the canonical parameter (see, e.g.,
Lindsay 1995).

The mixture model proposed here has a univer-
sal population mean for both components. In cer-
tain actuarial contexts, such a situation arises
naturally, that is, two subpopulations character-
ized by the same mean and different degree of
variability.?

3. Some ProrerTies oF THE CEDLM

In this section, we investigate the proposed
CEDLM. In particular, it is shown that, by varying
the parameter B, the model’s skewness and kur-
tosis can be fine-tuned and increased (or de-
creased) as required by the loss data. The struc-
ture of Equation (1) implies that moments of the
loss X are a mixture of moments of the EDM. This
simplifies the evaluation of moments of the
CEDLM. It is straightforward to verify that the
second and third moments around the mean of
Equation (1) are, respectively,

1
M) = Vo) = Vi1 - e+ 5

M,X) = Ep,,)\,S,B(X - Pv)3

1 , €
=)\2V(M)V(M)(1 —8+Bz>, (5)

where prime indicates a first derivative.

A crucial parameter in modeling losses is the
degree of skewness, which indicates the ability of
the model to account for large claims or losses.
We now establish the skewness of the CEDLM and
the impact of the variance ratio, B, on it.

Theorem 1

For any degree of contamination € € (0, 1), the
skewness of the core EDM can be increased as
much as desired.

2 Our study is confined to mixing EDMs having a common mean.
When the constraint on a common mean is removed, which is a
possibility, the number of parameters in the model increases. In
general, one may consider a mixture of distributions not belonging
to the EDM, like the lognormal. Such generalizations, which essen-
tially complicate the model, will not be discussed here.

Proor

Recalling that the degree of skewness, vy, is de-
fined as M,(X)/[M>(X)]*?, we obtain from Equa-

tion (5)
€
(1 — €&+ BZ)
vi(N, €, B) = vi(N) e\32> (6)
(1 — &+ B)

where vy,(\, €, B) is the skewness of the CEDLM
and

1 V(W)

N = s
' \J‘K V/V(M)

is the skewness of the “core” EDM with dispersion
parameter . As the derivative of the function

€
(1 — & +2)
o(B) = 883/2 (7)
(1 — &+ B)

is equal to

Lo 38 (1—¢)p®—4/3(1 —¢)p — &/3
¢ (B) = 284 (g/B + (1 — 8))5/2 ’

B+0

and reduces to 0 only at points

(2/3)(1 — {1+ (3/4)e/(1 — ¥)),

and

(2/3)(1 + |1 + (3/4)e/(1 — ¢)),
one can see that, for any €, the interval

(0, 1]

f PRIV L =) AR LA
SlzltT 11-¢)3 11—¢)p

and so ¢'(B) < 0 if B € (0, 1]. Hence, o(B)
decreases monotonically in (0, 1]. As to the end
points, they are ¢(0) = o, (1) = 1. ]

Remark 1

This result is quite intuitive. As B decreases, the
variance of the contaminated loss distribution
increases relative to the variance of the core loss
distribution. This allows for losses bigger than
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those accounted for by the core distribution and,
hence, a more skewed model. Note that, from
Equations (6) and (7), it follows that the function-
multiplier ¢(B), which increases the skewness of
the core distribution, depends only on € and B
and does not depend on the characteristics of the
EDM; that is, ¢(B) is model-free and is the same
for all members of the EDM. For example, let € =
0.2 and suppose that one wishes to triple the
skewness of the core. One should simply solve the
equation ¢(B) = 3 and obtain (numerically) that
B = 0.156. In Figure 1, we show the graph of the
core gamma distribution and a contaminated
gamma whose skewness is tripled.

The following theorem establishes the impact
of the variance ratio B on the Kkurtosis of the
CEDLM, which can have bearing on the concen-
tration of probability mass in the tails.

Theorem 2

For any degree of contamination ¢ € (0, 1), the
kurtosis of the core EDM,

1 |4
'YZ()\) = X (V”(M) + V((}il‘))> + 37

can be increased as much as desired, with B de-
creased from 1 to 0.

Proor

Straightforward calculation provides the fourth
central moment:

M4(X) = Ew,s,B(X - P«)4

1 3
= ()\3 V() (V' (V) + V' (w)?) + 2 V()

><(1—3+B€3), 8)

which, together with the formula for the second
central moment M,(X) (see Equation 5), results
in an expression for the kurtosis

. MX)
v>(\, €, B) = LR~ Y2 (MB(B),  (9)

where

1 %4
200 = 1 (V"w * V((:: ))) +3

is the kurtosis of the “core” EDM with a disper-
sion parameter A and

roee)
€ BS

U(B) = > (10)
(1 cer s)

Figure 1
Gamma (Dotted Line) and Contaminated Gamma Distribution
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The derivative of {(B) is equal to
U'(B) = e(2(1 —e)B°(1 — &+ &/B)°) " (B),

where

€

3
UiB) =B~ 5B 57

It follows, by simple analysis, that the function
;(B) has only one extremal point on the line
[0, ), which is the minimum point

5
Bmin = ?7 ('Pl(Bmin)

3 £

3 8 2(1-—¢)

and, further, {;(0) = —(¢/2(1 — €)) < 0 and
U (1) = —(1/2) — (e/2(1 — ¢)) < 0. We, therefore,
conclude that the function {5, (B) and the function
'(B) are both negative on the whole interval
[0, 1]. This implies that {s(B) decreases monoton-
ically in (0, 1]. As to the end points, they are
P(0) = o and (1) = 1. ]

<0, (11)

Remark 2

The function-multiplier $s(B), which increases the
kurtosis of the core distribution (see Equation

10), depends only on € and B and does not depend
on the characteristics of the EDM; that is, $(B),
like in the skewness case, is model-free. For ex-
ample, let € = 0.2 and suppose that one wishes to
triple the kurtosis of the core. One should simply
solve the equation yi() = 3 and obtain (numer-
ically) that B = 0.3436.

Remark 3

The interpretation of kurtosis has been discussed
by several authors. Finecan (1964) and Moors
(1986) showed that kurtosis may be interpreted
as measuring the shift of probability mass away
from p * o toward either the middle of the dis-
tribution or the tails, the latter case giving rise to
fat-tailed distributions (see also Balanda and
MacGillivray 1988 for a useful discussion). More-
over, the kurtosis vy,(F) maintains a stochastic
ordering of distribution in the sense that F < G if
Y>(F) = v,(G). From Theorem 2 it follows that
CEDLM with fixed € and B | 0 can be considered
an ordered set of densities directed to probability
mass shifting. Decreasing 8 to 0 could result in a
more fat-tailed distribution, regardless of whether
the distribution is symmetrical or not.

In Figure 2, we give the graph of the core nor-
mal distribution (dotted line) and contaminated

Figure 2
Normal (Dotted Line) and Contaminated Normal Densities
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normal (solid line) with € = 0.2, having zero
skewness and tripled kurtosis; that is, B = 0.3436
(see Remark 2).

Figure 3 shows the graph of the core inverse
Gaussian model and contaminated inverse Gauss-
ian model (CIGM), whose density function is

fe(x]6, N, B) = (1 —¢)
X exp(N(x0 + \/(—Te))qh(x)
+ & exp(\B(x0 + (—20))qyp(x), (12)
where
0 € (=, 0], g\(x) = M2mx’) exp(—NM(2x)),

and x € (0, ©), with the same parameters of
contamination (¢ = 0.2, B = 0.3436) as in the
normal case.

Remark 4

Values of B, B = B, > 1, can also increase the
kurtosis of the “core” y>(\) up to 1/(1 — €) times
v>(N). As shown below, if, without loss of gener-
ality, € € (0, 0.5], then B, can be chosen to be
2.5469. In fact, Equation (11) indicates that {s;(B)
has only one positive root, and, if 0 < & =< 0.5; that
is, 0 < ¢€/(1 —¢) =1, then

Ui(B) =B —3p—1=0,

if B = B,, where B, is a positive solution of the
cubic equation B — (3/2)B — 1/2 = 0. This im-
plies that {s(B) increases for B = B; and, more-
over, U(B) T 1/(1 — ¢)if B T <. One can show
straightforwardly that condition (B) = 1 is
equivalent to B° — 2B% — (e/(1 —e))p + 1 = 0. If
€/(1 — €) = 1. Therefore, one can have

B’ - 2p°

€ 3 2
G- gPt1=B 28 -p+1=0,
which holds if B8 = B,, where B, is the positive
root of equation B> — 28 — B + 1 = 0. Then one
can take B, = max(B;, B,). Numerical study
shows that B; = 1.36603 and B, = 2.5469, so one
can chose B, = 2.5469.

Fitting the CEDLM requires estimating the
model’s parameters. We now discuss several mo-
ment estimators. As the “core” and “contami-
nant” have the same expectation, p, the sample
mean, X = 1/n 27", x;, is a consistent estimator of
. When all three parameters €, N and B are
unknown, estimation of the mixture parameters
often becomes extremely tedious. The formula for
the fourth central moment (8) together with
Equation (5) allows the following system of equa-
tions:

Figure 3
Inverse Gauss (Dotted Line) and Contaminated Inverse Gauss Densities
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1 € 5
AV(N)(I —8+B) =8
1 e €
N2 V(x)V (x)(l —e+ Bz) =m;
1 3
()\3 V(x)(V'(2)V(%) + V' (X)) + N2 VZ(&?))
€

X(1—8+B3)=m4 (13)

Here, s° = (Im) 2y (x; — x)? and m; = (1/n)
2", (x; —&x),j = 3,4 are third and fourth central
sample moments, respectively. When \ is as-
sumed known, the first two equations in Equation
(13) give explicit simple moment estimators for
the CEDLM with non-Gaussian “core” distribu-
tion. For the case where \ is unknown, the third
equation in Equation (13) is required and a solu-
tion to the system of equations can be obtained
by iteration procedures. Such an extension, as
well as the application of iterative maximum like-
lihood techniques, will not be discussed.

Theorem 3

Suppose V() # 0, and \ is known, then the
moment estimators of parameters w, 3, and € are

A

o

> = Rl

1
V’(o?:)(sz - V(o‘c))

W™
|

my = V'(x)s?

(32 - )1\ V(a‘c))2

1 1
m; — 2 X V'(x)s® + N V' (%)V(&)

V'(x)
Vi)’

o>

where s and m; are, respectively, the sample
variance and sample third central moment. In
addition, & € [0, 1] if

my - V’(&?)
st T V(R)

(14)

ProoF

From Equation (5), after replacing w, M,(X) and
M,(X) with &, s, and m,, respectively, and solv-
ing this system with respect to B and €, one ob-
tains that

_ 1 - )\D]
~ ND, — \D,)’

o>

(1 - )\Dl)z
(1 = \D,)?>+ N*(D, — D7)’

& = (15)
where

82

T V(x)’

D,

Dy=
2V(R))VI(R)

Condition (14) follows immediately from Equa-
tion (15). ]

4. ComprARIsON oF THE CEDLM AND THE
EDM wiTtH RESPECT TO THE LIMITED
ExPECTED VALUE

We compare the contaminated distribution with
its “core” with respect to the limited expected
value (LEV), which is essential when considering
reinsurance and deductible discounts.

LEV at level R > 0 of loss value X having dis-
tribution function F(x) is defined as

LEVR(R) = Emin(X, R)) = J (1 — F(x)) dx.

In excess of loss reinsurance with retention
level M, LEV (M) represents the expected amount
of claims paid by the insurance company if all
claims above M are dealt with by the reinsurance
company. In deductible discounts, LEV (%) —
LEV (D) represents the expected amount of pay-
ment made by an insurance company if the in-
sured bears a deductible cost D. In this context,
the deductible discount coefficient (DDC) is de-
fined as

LEV,(D)

DDCI,(D) =1- W

(16)
(For further details, see Klugman et al. 1998 and
Daykin et al. 1994).

Note that the distribution function of the con-
taminated observation follows the same mixture
structure of the CEDLM; that is,

Ferp(x) =(1 —e)F\(x) + eFyp(x), x ER, (17)
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where F, (x) is an EDM with dispersion parameter
\. Consequently, the LEV for the CEDLM takes
the form

LEVy,, (M) = (1 — € LEVy, (M) + eLEV,, (M).  (18)

To compare the contaminated model with its

“core,” we suggest calculating the ratio of their

LEVs and DDCs; that is,
LEV;,,,(M)

LEV,,,(M)
RiM) = LEV, (M) (1- T (A

+e LEV,, (M) (19)
and

DDCy,, (D)
)= ppey, o)

= LEVF,\(;(D)

=(1—-¢)+¢ w— LEV, (D) °

(20)

In the next section, we fit our model to real data
and show that the coefficients R{(M) and R,(D)
can differ from 1 considerably. The implications
of this also are discussed.

5. ILLusTRATION UsING ReaL DATA

5.1 Data Modeling with CEDLM

We illustrate the model by using the data in Table
2 of U.K. fire losses, provided by Klugman et al.
(1998). We fit a CEDLM to the data and compare
the fit to that of other common models. This
section aims to provide an illustration only and is
not intended as a comparative numerical study of
various models. The particular data we analyzed
exhibit two characteristics often found in loss
data, namely, a large peak at the low end of the

Table 3
Minimal Value of x?

Model X2
Gamma 12,645
Inverse Gaussian 908
Lognormal 95
Transformed beta 41.57

distribution and an extended tail due to ex-
tremely large claims.

As the losses are given in grouped form, we
choose to minimize the x> distance for fitting an
appropriate model. Table 3 compares the good-
ness of fit of the gamma, inverse Gaussian, log-
normal, and transformed beta models, as ob-
tained by minimizing the x> distance.

One can see that none of the models consid-
ered can adequately fit this data. We propose,
instead, to consider a CEDLM and, in particular,
the CIGM, whose density function was given in
Section 3 (see Equation 12). It transpires that this
model gives a dramatically better result. The best
fit of the CIGM with p = 7008, N\ = 46.95 ¢ =
0.487, and B = 13.236 resulted in x° = 21.27,
which testifies to the quality of the fit. (This is
supported by P, .. = 0.4353). The advantage of
the CIGM is indicated not only by the reduced
value of x°, but also through the use of Q-Q plots
(see Figures 4-6). These plots illustrate the su-
perior fit of the CIGM to the U.K. fire loss data as
compared to that of the transformed beta or log-
normal models.

The graph of the histogram of the data and the
fitted density of the CIGM are given in Figure 7.
Here, the dotted line corresponds to the “core”

Table 2
U.K. Fire Losses
Upper Limit Number Upper Limit Number Upper Limit Number
100 4,319 2,260 805 51,200 136
140 795 3,200 694 72,410 108
200 910 4,530 602 102,400 88
280 962 6,400 480 250,000 117
400 1,097 9,050 382 500,000 47
570 1,121 12,800 329 750,000 12
800 1,046 18,100 273 1,000,000 4
1,130 969 25,600 214 2,000,000 8
1,600 843 36,200 172 3,000,000 3

Source: Klugman et al. (1998).
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Figure 4
Lognormal Q-Q Plot for U.K. Fire Losses
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Figure 5
Transformed Beta Q-Q Plot for U.K. Fire Losses
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Figure 6
Contaminated Inverse Gauss Q-Q Plot for U.K. Fire Losses
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Figure 7
Histogram of U.K. Fire Losses. Best Fitted CIGM and Its Core (Dotted Line)
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inverse Gaussian distribution (namely, € = 0 or
B = 1), and the solid line corresponds to the
CIGM.

5.2 Impact of Contamination
on LEV and DDC

In Figures 3 and 7, we can see that the graphs of
the contaminated and “core” inverse Gaussian
distributions are not dramatically different. How-
ever, their LEV for retention levels common in
reinsurance, and their DDC for deductible values
acceptable in insurance are significantly differ-
ent. To show this, let us calculate the ratios R,
and R, considered in the previous section. From
Equation (19) and the expression for LEV for
inverse Gaussian distribution given in Klugman et
al. (1998, A.3.2), we write

RiM) =(1~—¢)

1— (1= wM)P(M/p. — 1) (MM)V2BY?)—
1— (1 — WwM®(M/p. — HINM)7?)—

— (1 + wM) exp(2/MB)D(—(M/p. + 1)(MM)V2BV?)
— (1 + wM) expCNM)D(—(M/p. + 1)(WM)7?)

R,(D) can be calculated from Equation (20) and
the previous formula.

In Figures 8 and 9, we show the graphs of
R,(M), where M increases from £100,000 to
£1,000,000, and of R,(D), where D increases up to
7,000. In both cases, we use the estimated values

+ €

Figure 8
Changing R,(M) with Reinsurence Level M
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Figure 9
Changing R,(D) with Deductable Level D
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of the parameters of the CIGM. Both of these
fisures clearly demonstrate the benefits of using
the CEDLM when it fits the data well.

For retention level M = £400,000, R, is approx-
imately 1.33. This implies that the use of an EDM
would underestimate the correct expected losses
per claimant by about 25%. This is very damaging
indeed for an insurance company.

As for deductible discounts, suppose D =
£1,000. R, is approximately equal to 0.947 and,
hence, the expected losses of the insurance com-
pany are actually smaller than those calculated
using the EDM. This reduction can justify a re-
duction in premiums and, hence, an increase in
competitiveness.

6. SUMMARY

Whatever the underlying model, large claims
are likely to disrupt the modeling process. This
is also true for the EDM which offers a rich
family of distributions. By modeling a contam-
inated version of this family, as proposed here,
very large observations can be accommodated
in the model and, hence, reliable statistical in-
ference is also possible for fat-tailed losses. The
benefits from using the CEDLM are obvious. A
better fit to the data allows the insurance com-
pany to evaluate its premiums more accurately.
This clearly has an impact on its cash flow and
competitiveness.
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