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ABSTRACT

The authors propose a general individual catastrophe risk model that allows damage ratios to be
random functions of the catastrophe intensity. They derive some distributional properties of the
insured risks and of the aggregate catastrophic loss under this model. Through the model and ruin
probability calculations, they formally illustrate the well-known fact that the catastrophe risk cannot
be diversified through premium collection alone, as is the case with the usual “day-to-day” risk,
even for an arbitrary large portfolio. They also derive some risk orderings between different
catastrophe portfolios and show that the risk level of a realistic portfolio falls between that of a
portfolio of comonotonic risks and that of a portfolio of independent risks. Finally, the authors
illustrate their findings with a numerical example inspired from earthquake insurance.

1. INTRODUCTION

Earthquakes, droughts, floods, hurricanes, winter
storms, and tornado outbreaks are among the
natural catastrophes that can produce large
amounts of losses. For instance, the National Cli-
matic Data Center (NCDC 2001) reported that
the United States sustained 49 weather-related
disasters from 1980-2001 in which overall dam-
ages/costs reached or exceeded $1 billion. Of these
49 disasters, 42 occurred during 1988-2001, with
total damages/costs exceeding $185 billion.

An important proportion of these losses are
insured losses, and this tendency should persist
as there are more items at risk in the catastrophe-
prone areas, a larger proportion of these risks are
getting insured, and the value of the items insured
increases. In health insurance, the rise of health
care-related costs and of the density of popula-
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tions in urban areas increase the potential for a
costly epidemic.

Unfortunately, the evaluation of the probability
distribution of the losses following from such
disasters can be quite difficult, and simple actu-
arial models and methods are usually not appro-
priate for such calculations. One key element
missing in the more traditional models is the
intrinsic dependency between the risks exposed.
For example, one hurricane will cause several
correlated claims at the same time, and risks that
are geographically close to each other are likely to
produce highly correlated claim amounts.

In this paper, we aim to fulfill several objec-
tives. Our first goal is to propose individual catas-
trophe risk models that will be general and real-
istic, yet tractable. We do so by generalizing the
classical individual risk model through a mathe-
matical formalization of the catastrophe com-
puter simulation models that can be found in the
actuarial literature. We proceed in three steps: we
(i) add catastrophic loss random variables to the
individual risk model, (ii) add dependence be-
tween the catastrophic claim amounts by making
them deterministic functions of the catastrophe
intensity, and (iii) make the model more realistic
by letting the catastrophic loss amounts be ran-
dom functions of the catastrophe intensity.

Our second objective is to examine the behav-
ior of the aggregate catastrophic loss for a portfo-
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lio under these three individual catastrophe mod-
els, and to model the impact of the presence of
catastrophes on an insurance portfolio. We tackle
this problem by calculating ruin probabilities and
by deriving stochastic orderings under the three
catastrophe models. Interesting consequences of
these calculations are that the usual methods of
evaluation of the distribution of the aggregate
claim amounts used in risk theory still apply in
the context of catastrophe models, and we are
able to illustrate in a formal manner the well-
known fact that the catastrophic risk cannot be
diversified through premium collection alone, as
is the case with a portfolio of independent risks.

The paper is organized as follows. Section 2
presents a review of the current developments in
the research areas related to catastrophe insur-
ance. The three sections that follow Section 2
contain the main contributions of the paper. We
construct a general and realistic individual catas-
trophe risk model in three steps in Section 3.
Ruin probability calculations and results on the
nondiversifiability of the catastrophe risk are ob-
tained in Section 4. Section 5 compares the risk
portfolios from Section 3 through risk measures
and stochastic ordering. In Section 6, a numerical
example based on earthquake insurance is given
to illustrate the models, methods, and results pre-
sented in Sections 3 to 5. We conclude with a
discussion in Section 7.

2. Review ofF CURRENT DEVELOPMENTS IN
THE AREA

Since the 1990s, various papers have considered
dependency between risks. Among them, Dhaene
and Goovaerts (1996) and Biuerle and Miiller
(1998) study different orderings between two
portfolios of dependent risks in the individual risk
model. Based on the concept of comonotonicity
(Dhaene et al. 2002a,b), Wang and Dhaene (1998)
find the riskiest stop-loss premiums. Denuit et al.
(1999) construct stochastic bounds on sums of
dependent risks. Wang (1998) (see also the dis-
cussion by Meyers 1999) suggests a set of tools for
modeling and combining correlated risk portfo-
lios. Most methods proposed by Wang (1998) are
also applicable to the collective risk model.
Another approach to the impact of catastro-
phes on insurance business is through extreme
value theory. See Beirlant and Teugels (1992),

Beirlant et al. (1996), Embrechts et al. (1997),
McNeil (1997), Rootzén and Tajvidi (1997), Reiss
and Thomas (1997), and Resnick (1997). Their
approach is mainly concerned with the effect of
possible catastrophes on the probability distribu-
tion of the aggregate loss random variable.

Finally, a third approach considers modeling
the loss portfolio at the individual risk level. This
includes stochastic modeling, such as Brillinger
(1993), who examined the development of appro-
priate premium rates in the case of a natural
disaster, such as an earthquake, through tempo-
ral and spatial stochastic modeling of the fre-
quency and intensity of earthquakes in a given
region. Modeling is also done by directly simulat-
ing the effect of catastrophes on a portfolio with
computer-based models. As a matter of fact,
earthquake and hurricane simulation models
have been the tools of choice for actuaries who
wanted to adapt their ratemaking methods to take
the risk of catastrophes into account. Because of
the importance of losses due to natural catastro-
phes in the last decade (particularly hurricanes),
there has already been a good amount of work
done in the actuarial literature, and the Forums of
the Casualty Actuarial Society on ratemaking
have produced some very interesting proposals
(Clark 1986, Burger et al. 1996, Walters and
Morin 1996, and Chernick 1998). Basically, these
papers propose methods to assess the effect of
catastrophes on an insurance portfolio through
simulation methods based on recent meteorolog-
ical or geological models. These methods repre-
sent a great improvement over the more tradi-
tional methods based on short-term loss data, as
they are a better reflection of the mechanism that
causes the claims, and they make better use of the
recent meteorological, demographic, and engineer-
ing developments and data. Moreover, their imple-
mentation is relatively straightforward with the easy
access to computational power available today.

In this paper, we propose a mathematical for-
malization of the computer-based models. We
propose models that are suitable for several types
of catastrophe insurance (natural catastrophes,
epidemics, etc.) and that can be interpreted un-
der both a macro- and a micro-perspective. (By
macro-perspective we refer to approaches used in
pricing catastrophe bonds, i.e., that we have in-
formation on the number of catastrophes and the
total amount of losses by catastrophe, while the
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micro-perspective refers to modeling risks at the
individual loss level.) The methods proposed in
this paper can, thus, be viewed as a “compro-
mise” between the stochastic approach of Bril-
linger (1993) and the computer-based approach
from the Forums of the Casualty Actuarial Soci-
ety. Whereas the latter two approaches use catas-
trophe models especially for premium calcula-
tions, we further use them to make formal
statements on risk diversifiability and risk order-

ing.

3. MoDELING CATASTROPHE Risks

In this section, we consider a group of n insur-
ance contracts in a specific geographic area. We
assume that these contracts are exposed to one
specific catastrophe risk, such as hurricanes,
earthquakes, or floods. Our approach consists of
modeling the risks individually; this can be re-
lated to the so-called individual risk model, which
is presented in Panjer and Willmot (1992), Klug-
man et al. (1998), or Rolski et al. (1999), for
example. We define the models over a short pe-
riod of time (say, one, three, six, or twelve
months). We first give a general formulation of
the portfolio of insured risks, then we consider
three different models for the financial losses
caused by catastrophes. While the general portfo-
lio representation and the first two models for the
catastrophic losses are not new, the third model
for catastrophic losses is; we present all three
models to better illustrate the financial impact of
the risk of catastrophes later on.

3.1 Building a Portfolio of Risks

The total losses over a given fixed period (e.g.,
one year) for the i-th contract are represented by
the r.v. X/°7 with

Xror — xUR 4 xCAT 4 =1,2, ..., n.

The r.v. X&4T corresponds to the losses due to the
catastrophe risk, and the r.v. X“¥ represents all
other losses due to “usual risks.” We define the
r.v.s X'® and X947 as

l\/[i
E Bi,ka M'L >0
k=1 ’

0, M, =0

X?R —

and
Mo
Xt = El Co M0>O, i=1,...,n,
0, M,=0
where

e M; is the number of “usual risk” losses for the
contract i over one period.

e M, is the number of catastrophes in the specific
area over one period.

e B, is the k-th “usual risk” claim amount for
contract 1.

e C;) is the k-th catastrophe loss amount for
contract 1.

We make the following assumptions:

1. For a given contract i, X" and X“* are inde-
pendent.

2. For a given contract i, B, 1, B, » . . . are inde-
pendent and identically distributed (i.i.d.) and
independent of M,.

3. For a given contract i, C; ;, C,,, . . . are i.i.d.
and independent of M,,.

4. XU® and XU® are independent, i # i’

For the “usual risk” part of the portfolio, the
model proposed above amounts to the traditional
individual risk model. For the catastrophic part of
the portfolio, however, we get a more flexible
model. Clearly, the r.v.s X{7 ... X7 are not
independent since they are all a function of M,
the number of occurrences of the catastrophe
over one period. Moreover, for a given catastro-
phe, Cyp, . . ., G, are not necessarily indepen-
dent. It follows that X;°7, ..., X'°" are not in-
dependent either.

We define the total (aggregate) financial losses
for the whole portfolio of n contracts as

n n n
SIOT = 3 XTOT = 3 xUR 4 3 XCAT — QUR | gCAT

i=1 i=1 i=1

In this paper, our focus will be on the aggregate
amount of the catastrophic claims, S, and
modeling of SY® will not be addressed. We, thus,

consider models for

SSAT :X%'AT +X5}AT + . _"_X,(;V/\T' (1)
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We can rewrite equation (1) as follows

Mo
SCAT_ E Cf:?eT++Cr€j}\eTa MO:l 2
n T ) k=1 ( )
0, M, = 0.
An equivalent representation of SG*7 is given by
Mo
CAT -
ar _ 2D M, =1
S;A — = n (3)
0, M, =0,
where DS?QT = C?j‘f + -+ ngZT represents the

total amount of losses due to a catastrophe. The
representation in equations (2) and (3) clearly
shows that SS7 can be seen as a single risk; that
is, if at least one catastrophe occurs, then one
large financial loss for the company occurs.

We, therefore, have two different perspec-
tives in which to approach the modeling of
SGAT The first, given by equation (1) is a “mi-
cro-perspective.” In the pricing of individual
insurance contracts, we need to use this micro-
perspective approach, as we have to model the
distribution of the individual catastrophic loss
rv.s C¢4T C’SAT, for a given catastrophe.
This is the approach used when one simulates
the effect of catastrophes on insurance portfo-
lios using computer catastrophe models (e.g.,
Walters and Morin 1996 or Chernick 1998).

The second scale, given by equation (3), is a
“macro-perspective” scale. When this macro-
perspective approach is used, the distribution
of the r.v. DT for a given catastrophe is di-
rectly modeled. Such an approach is taken
when the data on total losses by catastrophe
(such as Property Claim Services (PCS) index,
etc.) are available. In the pricing of catastrophe
bonds or other financial catastrophe insurance
derivatives, we are interested in directly mod-
eling the distribution of M, and D57 (see, e.g.,
Schmock 1999, Harrington and Niehaus 1999,
Christensen and Schmidli 2000, and Cox and
Pedersen 2000).

Basic properties of the distribution of S*7 can
be derived. From equation (1), we deduce

BISET] = BIXT + X674+ X37)

= 3 EIX%]

i=1

n

= 2 E[M,JE[CF].

i=1
According to equations (2) and (3), we also have
B[] = EMO[E[SSATW()]] = Ey,[M X E[D{]]
= E[M,JE[D;"']
= E[M(JE[CT* + - - - + CT

= E[M,] E E[CiCAT]‘

i=1

From equation (1), the variance of S is given
by

Var(S{*T) = > Var(Xi*") + X "2'1 Cov(X{T) X¢AT).

. . 1=
i=1 =1 jryg

We can also deduce the variance of SG*7 from
equations (2) and (3)
Var(S547) = E[M,] Var(D$'") + Var(M,)E[DSAT]?
= E[M,] Var(C?T + . . . + 5T
+ Var(M)E[CST + . . . + CGAT2,
The cumulative distribution function of S$*7 i

obtained from equation (3):

st”(x) = Pr(M, = 0)

S

+ X Pr(M, = k) Fperry iper(x), 2= 0.
k=1

The stop-loss premium, which is defined to be
msen(d) = E[(ST — d).],

where (u), = max(u, 0), is the pure premium for
a stop-loss reinsurance contract with a given re-
tention level d = 0. Finally, from equation (3), the
moment-generating function (m.g.f.) of SS47 is
given by

dserr(t) = by {In(dbper()}. (4)

3.2 Models for the Individual
Catastrophic Claims

We will consider three different models for the
financial losses due a catastrophe. As we shall see,
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the third approach is the more realistic one; it is
a mathematical formalization of some of the com-
puter simulation models used for catastrophe in-
surance pricing (e.g., Walters and Morin 1996 or
Chernick 1998). The first two approaches can be
considered as opposite extremes with respect to
the level of dependence between the catastrophic
claim amounts: The first approach assumes inde-
pendence between these amounts, while the sec-
ond approach assumes complete dependence. In
order to simplify the presentation, we assume
that only one catastrophe can occur in a specific
area over a year. The models can be easily
adapted to the case where more than one catas-
trophe can occur, but in most practical applica-
tions, the probability of more than one catastro-
phe in a region in a year is negligible.

In each model j (j = 1, 2, 3), the r.v. X&4TW
represents the costs related to the catastrophe
protection, which is defined by

CiCAT(j), M,=1

CAT(j) _
X {0, M, =0,

where M, is a Bernoulli r.v. with mean ¢, and
CEATW represents the financial losses for the con-
tract i if a catastrophe occurs. We assume that the
financial loss C#47% is expressed as a proportion
of the property value; that is,

Cl(FAT(j) — UI(JAT(J') X bi,

where b, is the value of the property i and U7
€ [0, 1] is called the loss proportion or the dam-
age ratio. (In subsections 3.2.1 to 3.2.3, we give a
different formulation of U*"Y for each model j
(j = 1, 2, 3).) We can, thus, write XF4T0) ag
XOATG) = | x YOATW) ith

Uit M, =1

JAT(j) —
Y;E {O, M() =0

The expectation and the variance of X*7) are
ELX{"7] = E[MJE[C{*TY] = b,E[M,JE[UF"],
and
Var(X¢TW) = E[M,] Var(C&T)
+ Var(M,)E[CFT0T?
= b; X {E[M,] Var(U*"7)
+ Var(My)E[UFVFY,

fori =1,2,...,n. The m.gf. of XZ7W js given
by

dyari(t) = by, (Infbeari(e)}),

where &,, denotes the m.g.f. of M,,. We also have
that

Cov(XATW)  YGAT)) — FXCATUXCAT()]
— E[XCAT(j)]E[XQAT(j)]
fori # i € ({1, 2,...,n}. First,
E[X?AT(J))QQAT(J)] = EM()[E[ iAT(j)){iqATU)W()]],
with
E[X?AT(j)XlQAT(j)WO — 1] — E[Ci(JAT(j)CiqAT(j)]
= b b, E[USTIUETO)
and
E[XgAT(j)){CJAT(j)WO _ O] —0.
Then,
E[XCAT(I))(QATU)] — EA/I [M() % E[CCAT(”C(;AT(])]]
= b,b, E[M,|E[UCATOUGAT0,
It follows that

CoVXE™, XET) = by b, (M, JE[UETUET
~ E[M,PE[UE T TB[UST,

fori #1' € {1,2,...,n}. A
Note that, under this specification of X7
the stop-loss premium for S*7“) becomes

d
VCAT(j) _ ,
( " bTOT)+:|

where b, = b, + - -+ + b, corresponds to the
total exposure in insured property value of an
insurance company in a given area and

mgeari(d) = qgbrorE

- o D1 b
VSAI(J) — U%AI(J) 4.+ USM ("
TOT TOT

can be seen as an aggregate measure of the dam-
age ratio for the whole portfolio.
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3.2.1 Model with Independent Damage Ratios

In the first model (j = 1), the r.v.s USTW 4 =
1, ..., n that represent the damage ratios

are assumed independent. This implies that
Cov(USATW yGAT@y = 0 and

COV(cEAT(j)’ CEAT”)) — bibi, COV(U?AT@, UIQAT(J')) =0

fori #1i' € {1, 2,...,n}. It follows that

BIXCATOXGATD] = b b, E[M, JE[UATOIR[UGATO]
and
Cov(XPATG) | xGAT()
= b,;b,{E[M,]JE[UATIUGATI]
— E[M,PE[UATOIE[UATI]}
= b,b,{E[M,JE[UATWE[UGATD]
_ E[M()]ZE[U?AT(J‘)]E[U?AT(J‘)]}
= bibi,E[UchTm]E[UlQAT(j)] (E[M,] — E[MO]Z},

fori #i’' € {1,2,...,n}. Also, DGATMH = ¢¢ATM
+ -+ GG corresponds to a sum of indepen-
dent r.v.s. Therefore, the m.g f. of S¢*7™ in equa-
tion (4) becomes

dseara(t) = by {In(dper())}

= ¢M'>[IH(H d)cic“”“(t))]

= d)Mn[ E ln(d)cf‘”“)(t))}

Obviously, this model is not completely realistic,
since by assuming that the damage ratios are
independent, they are not influenced by the in-
tensity of a catastrophe. In the following subsec-
tion, a first attempt is made to take the intensity
of the catastrophe into account.

3.2.2 Damage Ratios as Deterministic
Functions of Catastrophe Intensity

In this second model (j = 2), the damage ratio
USAT() is a deterministic function of a r.v. I that
represents the intensity of the catastrophe felt in
the specific geographic area of the n insured risks
of the portfolio; that is, UT® = y.(I), where

P, - QO — [0, 1], with Q being the range of I. We
suppose that the r.v. I has c.d.f. F; and is inde-
pendent of M. In reality, the intensity may be a
function of several random factors relating to a
catastrophe. The definition of {;(-) depends on
the characteristics of the covered property i (e.g.,
type of building structure), but usually {5, is a
positive, increasing function of the catastrophe
intensity. This implies that, if two properties i and
i" have the same characteristics, then ; = {;,,
and thus, P[UT®)(x) = USATE(x)|I = x] = 1.

We have that E[UF* U] = B[4, ()]
fori #1i' € {1, 2,...,n}. It follows that

COV(CICAT(Z), CIQAT(Z))

= bibi'E[Mo]{E1[¢i(I)¢i'(I)] - EI[llh(I)]EJ[llfl(l)]}

The c.d.f. of SG47 is

FS:AT(z)(‘X?) =Pr(M,=0)+ Pr(M, = l)FD;:AT(Z)(x)

=(1—q) + qF,(y(x)),

where Y(x) = {y: 2, b(y) = x}. It follows
that the m.g.f. of ST is

dsra(t) = b {In(bpere())}

= ¢y,iln E[[etEI'l:lbilbi(I)]}

=1-q)+q J (et O)dF,(6) .

Q

This model is still not quite realistic, as two prop-
erties with the same characteristics are unlikely
to incur the exact same damage ratio upon occur-
rence of a catastrophe.

3.2.3 Damage Ratios as Random Functions of
Catastrophe Intensity

For the third approach (j = 3), the proportion
USAT®) s not a deterministic function of the ca-
tastrophe intensity anymore, but rather an r.v.
whose distribution is conditional on the intensity
of the catastrophe. Of course, this conditional
distribution will also depend on the characteris-
tics of the risk insured. For example, the ATC-13
report (Applied Technology Council 1985) gives
probability mass functions for the damage ratios
as a function of building type and earthquake
intensity on the modified Mercali scale. Mathe-
matically, this can be written as
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P[U,f:AT(S) = ul] == OC] = piuaw

u

u€{uy, ..., ug,

We let p,,,.. depend on i to make explicit the fact
that these probabilities will depend on the char-
acteristics (e.g., building type, age) of the i-th
risk. Note that the conditional distribution of
USAT) need not be discrete; Cossette et al.
(2002) give a similar model with a continuous
conditional beta distribution for the damage ra-
tios caused by wind. Obviously, two properties
with the same characteristics will not necessarily
incur the same damage ratio, i.e., P[U7®)(x) =
USATO)(x)|I = x] is not necessarily equal to 1 for
two properties i and i" with identical characteris-
tics, as was the case with the second model.

We make the assumption that conditional on I,

Ugare) o UST®) are independent. We then
have

E[USATOUEATON = B [E[UATOUHATO]]
= E[BLUSTE[US O],

fori #1i' € {1, 2,...,n}. It follows that
COV(CICAT(‘}), CﬁAT(S))

= bb; EIMJE[E[U|E[UF|T]]

— b;by E[M FPE[UATVIE[UF™],
fori #1i' € {1,2,...,n}. The c.d.f. of ST s
FS:IJAT(B)(x)
= Pr(M, = 0) + Pr(M, = 1) Fpere(x)

= (1—q) + qF g como()

=(1- 0[) +4q j Fc‘]’”‘”+, . .+(,:f;‘”‘3’\1:e(x)dF1(e)-
Q

It follows that the m.g.f. of ST is

(‘bsf;‘AT(.%)(t) = d)M(){ln(d)D;mT(s)(t))}

= d)M()[ln E; H d)cﬁ"‘m’l(t)”
=1 —q) +gin J [l ey (e) |dF(0) .
o \i=1

The third model is the most realistic of the
three models introduced in this section. Under
this model, the damage ratio is influenced by the
intensity of the catastrophe (which was not the
case with the first model), but is still allowed to
fluctuate from property to property even if these
properties share the same characteristics (which
was not the case with the second model). Now
that we can model the catastrophe risk, we can
evaluate its impact on the financial risk posed by
an insurance portfolio.

4. PortrFoLI0 Risk MANAGEMENT

We consider the global risk of a portfolio of an
insurance company. An approach based on risk
measures will be presented in Section 5. In this
section, we first argue that looking at individual
premiums will not detect the risk induced by
catastrophes in a portfolio. We then examine the
behavior of the aggregate financial losses as the
number of contracts within the portfolio in-
creases, and illustrate how the catastrophe risk
cannot be diversified by increasing the size of the
portfolio.

4.1 Individual Premiums and Ruin
Probability
Let w70 = m(XEAT@) denote the loaded pre-

1
mium associated to catastrophe coverages of con-
tract ¢ under model j (j = 1, 2, 3). We exclude
expenses and profit components from the pre-
mium calculations. We assume that the w¢&7¢)s
are computed under separate premium princi-
ples. (For a survey of the premium calculation
principles, see, e.g., Gerber 1979, Daykin et al.
1994, or Rolski et al. 1999.) Generally, premium
calculations are presented in the context of cov-
erages excluding catastrophe risks (see Casualty
Actuarial Society 1996 for a survey on the com-
putation of such premiums). In this section, we
apply these principles to the computation of
mCATG),

The simplest principle is the pure premium
principle where w&4TW = EB[XGATD] for § = 1,
2, ..., n. More generally, the loaded premium is
greater than the pure premium and the difference
is called the safety margin (or safety loading):
NCATW) = qCATG) _ RXCATD] where yCATD are

assumed positive. The relative safety margin
N&ATE@ s defined by



NORTH AMERICAN ACTUARIAL JoURNAL, VoLUME 7, NUMBER 4

Among the premium calculation principles, we

find

o The expected value principle: &7 = (1 +
o«CATD)B[XEATO] with ol > 0

e The variance principle: 7470 = EXEAT@] +
oGO Var[XATO]  with o470 > 0

o The standard deviation principle: w&4T@ =

E[XPATD] + oFATONVar[XEATD] | with of > 0.

It is worth pointing out that any of these pre-
mium principles will yield identical premiums for
each of the three risk models considered in Sec-
tion 3. This is due to the fact that the difference
between the risk models is not in the marginal
distributions of each insured risk, but in their
joint distribution. Hence, the above premium
principles fail to detect the difference between
the three models. We must, therefore, consider
the stochastic behavior of the aggregate financial
losses. We do so through ruin probability calcu-
lations, which formally illustrates the well-known
fact that independent risks are diversifiable,
whereas catastrophic risks are not.

In this paper, by ruin probability we mean the
probability that the insurance company does not
meet its financial commitments over a fixed pe-
riod of time (e.g., the next year). Note that we do
not take into account any risk reserve or special
allocation from the surplus (or capital) in our
definition of the ruin probability.

One question of interest is the behavior of the
ruin probability as the number of insured con-
tracts within the portfolio of the insurance com-
pany increases. We assume that the first two mo-
ments of any claim amount random variables X;
are finite and strictly positive. These assumptions
are reasonable in practice, since amounts insured
on individual contracts are finite. To simplify the
presentation, we also assume that the relative
safety margins in the premiums are equal for all
contracts of the portfolio.

4.2 Diversification under Independent
Risks

We show in Proposition 1 that, if the relative

safety loading v is positive, the probability of not

having enough money to cover the total claims

tends to 0 as the number of risks tends to infinity,
whereas Proposition 2 shows that this same prob-
ability converges to 1 when the safety loading is
negative. In both propositions, we consider a se-
quence of positive independent individual con-
tract loss amount random variables Y, ..., Y,.
We assume that the first two moments are finite
and strictly positive; that is, there exist real num-
bers a4, a,, by, b, such that 0 < a; = E[Y;] = a,
and 0 < b; = Var(Y;) = b,. Let T,, be the aggre-
gate financial loss random variable, defined as
T,=Y,+---+Y, with

E[T,] = X E[Y] S

i=1

n

Var(T,) = > Var(Y)). (6)

i=1

Define the ruin probability ¢, for the portfolio of n
contracts as

where m = E[(1 + m)Y,] is the premium for the
i-th contract.

Proposition 1

If the safety margin vy > 0, then the ruin proba-
bility {,, goes to O when n — .

Proposition 2

If the safety margin ) < 0, then the ruin proba-
bility {,, goes to 1 when n — oo,

The previous two propositions confirm the
common knowledge that independent risks are
diversifiable, as long as the number of risks is
large and the premium charged for each risk is
superior to its expected value. The proofs of all
the propositions of Section 4 are relegated to the
Appendix.

4.3 Diversification under Catastrophic
Risks

In the next three propositions, we consider a
sequence of positive catastrophic individual con-
tract loss amount random variables X¢47@
XCAT@ i = 1,2, 3. We assume that the first two
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moments are finite and strictly positive, i.e., there
exist real numbers a,, a,, by, b, such that 0 <
a, = BXT9D] =g, and 0 < b, = Var(X747W)) =
b,. Let SG47W be the aggregate financial loss ran-
dom variable, defined as SGATW = X{ATW)
Tt SCATD) yich

n
E[S;" 7] = 2 E[X{TY).
i=1
CAT(j)
"

Define the ruin probability { for the portfolio

of n contracts as

n
CAT(j) _ CAT(j CAT(j
¢ () — Pr Sn ) ~ E et (1) ,

i=1

where &9 = (1 + q)E[XEATD] s the premium
for the catastrophe coverage for the i-th contract.
In the remainder of Section 4.3, we examine the
behavior of {$47¢ for the catastrophe models
with independent damage ratios (j = 1), with
damage ratios as deterministic functions of catas-
trophe intensity (j = 2), and with damage ratios
as random functions of catastrophe intensity (j =
3). This will provide a formal argument to support
the fact that catastrophe risk cannot be diversi-
fied in the same fashion as the risk of usual “day-
to-day” business. Indeed, we will prove that an
insurance or reinsurance company cannot diver-
sify the financial risk caused by catastrophes
through premium income alone, even with an
arbitrary large portfolio of insured risks.

4.3.1 Independent Damage Ratios

In the following proposition, we demonstrate
that, under the model with independent damage
ratios, the ruin probability tends to ¢, the proba-
bility that a catastrophe occurs:

Proposition 3

If

E[C'CAT(‘I)] 1
O<T]<E[ ']AT(l)]_ 1 :5_ 1,
1
then the ruin probability 547" tends, when n —
o, to the probability that at least one catastrophe
occurs; that is,

lim (4™ =1 — Pr(M, = 0) = gq.

n—w

Notice that the upper bound

[CCAT(I)]

1

on the relative safety margin m corresponds to
the case where the premium w7 is equal to
E[CFATM] | the expected individual catastrophic
loss given a catastrophe happens. This is a rea-
sonable bound as it is hard to imagine an insur-
ance company charging a premium greater than
E[CETM]. Within the context of this simple
model, we have shown that the catastrophe risk
cannot be fully diversified like the noncatastro-

phe risks can.

4.3.2 Damage Ratios as Deterministic
Functions of Catastrophe Intensity

Recall that the damage ratio r.v.s U473
USAT() are positive increasing functions s; of an
r.v. I, the intensity of the catastrophe. We now
show in this case that the ruin probability is
greater than a strictly positive fraction of the
probability that a catastrophe occurs.

Proposition 4

If
E[C{ATe] 1
0<ﬂ<E[X(_:AT(2)] - 1= Z’ - 1,

there exists a strictly positive real number ¢ with
0 <c =1, such that

lim (47 =g X ¢ > 0.

n—w

To illustrate the result of the previous proposi-
tion, consider a portfolio of property insurance
where b, = b and the damage ratio r.v.s U*72)
are identically distributed

UiCAT(z) " UCAT(Z),

which means that §,(I) = {(I) fori = 1,2, ... n.
Then, for any n,

n
CATQ) — py| g0AT@) - E OAT()
n n 1

i=1

=q Pr(nby(I) > (1 +m) X g X nbE[W(D)])
=q Pr(y(l) > (1 +m) X g X E[y(D)]).
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For the positive and increasing function {s(u),
define () as its inverse. It leads to

(7 = q Pr(p() > (1 +m) X g X E[y(D]), Vn

=q Pr(I >4 (1 +m) X g X E[$()]), Vn,

where (1 + m) X g X E[W(I)] < E[y(I)] by as-
sumption and Pr(I > ¢~ '((1 + m) X g X E[W(I)]))
is strictly positive. Then, we obtain the ruin prob-
ability

(547 = g Pr(1 > ¢ (1 + m) X g X E[6(D)]), Vn
=qc, Vn,

wherec = Pr(I > ¢ '((1 + m) X g X E[Y(I)])) can
be computed given the function .

4.3.3 Damage Ratios as Random Functions of
Catastrophe Intensity

Recall that the damage ratio r.v.s U{*T)
UGATS) are positive random functions U; of an r.v.
I, the intensity of the catastrophe. We now show
in this case that the ruin probability tends to a
strictly positive fraction of the probability that a
catastrophe occurs.

Proposition 5
If

E[C{ATO] 1
0<T]<E[XCAT(3)] - 1= a 1,
there exists a strictly positive real number ¢ with
0 < ¢ = 1, such that

lim (%70 = ¢ X e > 0.

n—x

4.3.4 lllustration

The results of Propositions 4 and 5 may feel coun-
terintuitive at first, since the ruin probability un-
der Model 2 is lower than the probability of ruin
under Model 3. The following example helps to
understand the meaning of these propositions
better.

For simplicity, suppose that the catastrophe
intensity is a discrete random variable that may
take on one of seven distinct values. The damage
ratios are assumed discrete on {1/5, 2/5, . . ., 5/5}
(respective probabilities 0.26, 0.33, 0.24, 0.13,
0.04). Using the results from Appendix A, we can
compute the c.d.f.s of ST j = 1,2 3. These

c.d.f.s are plotted for a portfolio of 150 risks, each
of insured value 10, with a probability of catas-
trophe in the year equal to 0.1 in Figure 1. The
model is such that E[S$"Y] = 70.6 and
E[DGATD) = 706, = 1, 2, 3.

The most obvious characteristic of the distri-
bution of SG47@ is that it has a probability mass
of 0.9 at 0, since the probability of no catastrophe
is 0.9. In the independent damage ratio case, we
see that the distribution of S7*"™ given a catas-
trophe occurs, is concentrated around E[SGATV],
as the law of large numbers would suggest. In the
case of deterministic damage ratios, when a ca-
tastrophe occurs, all damage ratios take on the
same value and we get a c.d.f. for S¢7® with a
staircase appearance. For instance, if the damage
ratios all take on the value 1/5, the expected value
of SG4T3) is 300, the point of the first jump in the
staircase c.d.f. Note that, given a catastrophe oc-
curs, the distribution of S$47 is a lot more
spread out around E[DS*"] = 706 than is the case
with independent damage ratios. For random
damage ratios, we see that the c.d.f. of SG4T™),
given a catastrophe occurs, is concentrated around
seven points, each point corresponding to a possible
value of the catastrophe intensity. This makes sense
as, given a catastrophe of a specific intensity,
SGATG) amounts to a sum of independent random

Figure 1
Cumulative Distribution Function of the
Aggregate Catastrophic Loss for the
Three Models
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Note: Solid line: independent damage ratios (j = 1), dotted line: damage

ratios deterministic (j = 2), dashed line: damage ratios random (j = 3).
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variables. For example, for the smallest of the seven
values of the catastrophe intensity, the conditional
value of ST is 480, the center point of the first
climb of the c.d.f. of S, Notice that the spread
around the distribution of S77®) about E[DS*T],
given a catastrophe, is intermediate between that of
the distributions of ST and SGAT),

From the c.d.f.s, we can calculate ruin proba-
bilities for various values of the risk loading .
When n = 200%, all three ruin probabilities
(GATG) = 0.10,j = 1, 2, 3. When n = 400%, (547
= 0.074, while {§*"7%) = 0.10,j = 1, 3. When m =
600%, [GATS) 0.076, [(5AT™ 0.074, and
(GATM = 0.10. Hence, despite very large safety
margins, the ruin probabilities remain positive.

The results derived in Section 4.3 strongly sug-
gest that companies selling protection against the
risk of catastrophes seek protection themselves,
either through reinsurance or insurance deriva-
tives (see, e.g., Schmock 1999, Harrington and
Niehaus 1999, Christensen and Schmidli 2000,
Cox and Pedersen 2000, and Cox, Fairchild, and
Pedersen 2000). However, ruin probabilities alone
cannot be used to assess the dangerousness of a
portfolio. Indeed, the portfolio with deterministic
damage ratios seems to be more risky, given the
spread of its c.d.f. in Figure 1, but its ruin probabil-
ity is the lowest. In Section 5, we quantify the effect
of the spread in the c.d.fs of S in terms of
measures of the risk level of the portfolios.

5. COMPARISON BETWEEN THE
CATASTROPHE MODELS

We now want to assess the riskiness of a portfolio
when catastrophes are possible. We will do so by
comparing the risk level of the realistic catastro-
phe model (third model), proposed in Section 3,
to the risk level of portfolios based on the other
two more extreme models (first model and second
model) of Section 3. We will rank the risk levels of
these portfolios using risk measures, to be re-
viewed in Section 5.1 for completeness. To make
sure that the portfolios are comparable, we will
construct the portfolios so that the n risks insured
against catastrophes have the same marginal dis-
tributions in all three portfolios in Section 5.2.
We use existing theory on risk ordering to derive
theoretical orderings between the three portfolios
in Section 5.3. We illustrate these orderings with
numerical examples in Section 6.

5.1 Risk Measures

In this section, we look at means of assessing the
effect of potential catastrophes on the riskiness of
a portfolio. A risk measure is a system that allows
us to quantify or compare risks (Wirch 1999). To
compare the risk levels of our catastrophe mod-
els, we will consider three risk measures used in
risk management: the stop-loss premium, the
value at risk (VAR) and the conditional value at
risk (CVAR) (also called the conditional tail ex-
pected loss).

5.1.1 Coherent Risk Measures

Several different measures of riskiness have been
proposed in the literature. Since different mea-
sures may lead to different risk orderings, it is
preferable to restrict our class of potential risk
measures to a set of risk measures that satisfies
minimal requirements. Artzner et al. (1998,
1999) and Wirch (1999) give five properties that
are desirable for risk measures. They call risk
measures that satisfy these properties coherent
risk measures.

DeriNiTiON 1

A coherent risk measure has the following prop-
erties:

e Property 1: The risk measure must be limited
above by the maximum possible net loss.

e Property 2: The risk measure must be subaddi-
tive.

e Property 3: The risk measure must be multipli-
cative by a scalar.

e Property 4: The risk measure must be indepen-
dent of the size of possible gains.

e Property 5: The risk measure must be scalar
additive.

We examine separately three risk measures.
While the CVAR is coherent, the stop-loss pre-
mium and the VAR are not; we consider them,
nonetheless, as they are widely used risk mea-
sures in practice.

5.1.2 Stop-Loss Premium

The stop-loss premium, defined as mg(d) =
E[(S — d).], is the pure premium for a stop-loss
reinsurance contract with a given retention level
d=0.
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5.1.3 Value at Risk

The VAR is a popular risk measure in risk man-
agement and actuarial science. In the actuarial
literature, it is also referred to as the maximal
probable loss.

DEFINITION 2

The VAR with a confidence level a associated to
the r.v. S is defined by

VAR,(S) = inf{x ER : Fg(x) = o},

where 0 = a = 1.

The VAR is a popular risk measure, even
though it is not a coherent risk measure. The
properties 2 and 3 (Wirch 1999) stated above are
not satisfied by this risk measure. For further
information on the VAR see, for example, Em-
brechts et al. (2002) and Hiirlimann (2003).

5.1.4 Conditional Value at Risk

The CVAR, also called the conditional tail expec-
tation, is a coherent risk measure proposed by
Artzner et al. (1998, 1999) as an alternative to the
VAR (see, e.g., Wirch 1999 and Hiirlimann 2001).

DEFINITION 3

Let 0 = a = 1. The CVAR_(S), with a confidence
level a associated to the r.v. S, is defined by

CVAR,(S) = E[S|S > VAR,(S)].

As mentioned, for example, in Hiirlimann
(2001), we have

i) ::’ARH(S) sdF(s)
Pr(S > VAR,(S))

CVAR,(S) = E[S|S > VAR(S)] =

e
=~ f {1 — Fy(s)lds + VAR,(S).
VAR(S)

A popular measure of the risk of death of an
individual in demography and life actuarial sci-
ence is the residual life expectancy

(o)

egs(x) = E[S — x|S >x] = m

(see, e.g., Klugman et al. (1998) or Bowers et al.
1997). The CVAR can be expressed as a function
of the residual life expectancy and VAR

CVAR,(S) = e5,(VAR(S)) + VAR.(S),

or, equivalently,

ms(VAR(S))
1 = F5(VAR,(S))

_ ms(VARL(S))

CVAR,(S) = + VAR,(S)

+ VAR,(S).

5.2 Construction of Three Comparable
Portfolios

We now construct three portfolios of risks, one
portfolio coming from each of the three models
presented in Section 3. To make the comparisons
meaningful, we have to construct the portfolios so
that the n random variables representing the
damage ratios, UST, ..., UST have the same
marginal distributions in each portfolio.

The portfolios have the same structure, where

we model the catastrophic claim amount for the
i-th risk, X7 by

bUA, M, =1

CAT _
X _{O, M, =0,

where M, is a Bernoulli(q) random variable that
takes on value 1 if, and only if, there is a catas-
trophe affecting the portfolio in the period of
interest. We will construct the portfolios so that
the joint distribution of U§ATW UGATW will
be different for each portfolio. We present the
portfolios in reverse order (j = 3, 2, 1), as it is
simpler to construct portfolios with identical mar-
ginal distributions for the U7 this way.

5.2.1 Realistic Portfolio

We start by constructing a portfolio that is a
relatively realistic representation of a group of
risks subject to potential catastrophes. This con-
struction is based on the third model (j = 3) from
Section 3.2.3. We first suppose that there is at
most one catastrophe affecting the portfolio in the
year with probability g. The indicator of such a
catastrophe is a random variable M, having a
Bernoulli distribution with mean ¢. Given a ca-
tastrophe, its intensity, I, has a distribution with
c.d.f. F; on the positive real line. Conditional on an
observed intensity I = x, we suppose that the dam-
age ratios UiCAT(3), i = 1,..., n are independent
random variables, with US7®) having conditional
c.df at u given by Fyeroy(ulx). Thus, given M,,
UsaT® - UGATD) are dependent random vari-
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ables with marginal c.d.f.s Fyewo, ... Fyeo where
Fyeno@) = [§ Fyemop(ulx)dF(x),i = 1,...,n.

5.2.2 Portfolio Based on Comonotonic Damage
Ratios

We now construct a portfolio based on the second
model (j = 2) of Section 3.2.2. We first define the
property of comonotonicity (see, e.g., Wang and
Dhaene 1998, Wang 1998, Biurle and Miiller
1998, and Denuit et al. 2002).

DEerINITION 4

A vector of r.v.s, denoted Z“" = (Z9™", ..., Zy"),
with marginal c.d.f. F, is said to be comonotonic
if one of the three following conditions is fulfilled:

1. The c.d.f. of Z°™ is given by
cmm(&) = min(le(xl), cee 7FZ,l(xn))’

2. We have
L = (Fz,(U), ..., F£(U)),
where U ~ Unif(0, 1);
3. There exists an r.v. V and increasing functions

fi, -« f, such that Z;™ = f(V) for i = 1,
2,...,n.

x ERY

We make our construction so that the damage
ratios have the same marginal distributions as in
the realistic portfolio, but are comonotonic; that

is, Ut USAT(z) can be written as
Uy(D), ..., P,(I) for some r.v. [ and increasing

functions s, . . ., ¥,,. To do so, we simply let

UAT = Fuona(F(x)), i=1,...,n, (7)

where F;,l{ixr(s)(U) = inf{y : Fl/ﬁmm)(y) = u} is the in-
verse of the c.d.f. of U™ and F, is the c.d.f. of
I, the catastrophe intensity. It is then easy to
verify that under these assumptions, U7 |
UGAT®) and U™ USAT3) are vectors of
random variables with identical marginal distri-
butions but with a different joint distribution. It is
also obvious that the damage ratios as defined in
equation (7) satisfy the definition of comonotonic
random variables.

This portfolio with comonotonic proportions
will be shown to be the riskiest of our portfolios.
It is also a portfolio that leads to relatively simple
calculations. It will, therefore, be a convenient up-
per bound for stop-loss premiums and other quan-
tities of interest for realistic portfolios. Moreover, we

will see in the numerical example of Section 6 that
this upper bound is surprisingly tight.

5.2.3 Portfolio with Independent Damage
Ratios

We now construct a portfolio based on the first
model (j = 1) of Section 3.2.1. In this construc-
tion, the damage ratios again have the same mar-
ginal distributions as in the realistic portfolio, but
this time we let these damage ratios be indepen-
dent. This is simply done by letting V,, ..., V, be
independent uniform random variables on [0, 1],
then by setting

UeAT) = F;fim)(Vi), i=1,...,n.

Again, one easily sees that we have independent
random variables U™ ST with mar-
inal c.d.f.s given by Fyero, . . . | Fyero, respectively.

AR . P Yy

5.3 Ordering of Risks

We compare the three portfolios on the basis of
stochastic orders and dependence orders. Ordering
of risks is often applied, for example, in the estab-
lishment of stochastic bounds, and can also be used
to rank portfolios according to their dangerousness.

5.3.1 Basic Results

We first present two definitions of stochastic or-
ders between univariate r.v.s, which are often
used in actuarial science (for details, see, e.g.,
Béurle and Miiller 1998, Rolski et al. 1999, and
Kaas et al. 2001).

DEFINITION 5

Let X and X' be two r.v.s such that E[X] < o and
E[X'] < oo. Then, X precedes X' under stochastic
dominance order, denoted X =_; X', if Fy(x) =
Fy.(x), for all x € R.

DEFINITION 6

Let X and X' be two r.v.s such that E[X] < o and
E[X'] < . Then, X precedes X' under stop-loss
order, denoted X =, X' if E[(X — d),] = E[X' —
d).], for alld € R.

Consider now two vectors of r.v.s X = (X,, . . .,
X,) and X' = (X}, ..., X)) where, for each i, X;
and X have the same marginal distribution (i.e.,
X, ~X/fori=1,2,...,n). Define also S = X,
+---+X,and S’ = X] + - +X],. Because of
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the assumptions on X and X', we have E[S] =
E[S'].

When we want to compare X and X', we use
dependence orders (see, e.g., Shaked and Shanti-
kumar 1994 and Joe 1997 for details on depen-
dence orders). Then, based on a given relation
between X and X', we can compare S and S’. If we
want to establish that S precedes S’ under stop-
loss order, we first need to show that X precedes
X' under the so-called supermodular order. The
supermodular order is a dependence order which
was introduced in the actuarial context by Miiller
(1997) and Baurle and Miiller (1998), then exam-
ined by Denuit et al. (2002), for example. It allows
the comparison of random vectors with the same
marginals. We first need to define a supermodular
function.

DEFINITION 7

A function g: R™ — R is said supermodular if

S(xoy, ... 0t e, oL 00, L, Xy
—8(xy, ... 0t E X, L, Xy)
=g(0y, ..., 0 ..., 0T 0, .., Xy,)
=gy, o Xy Xy, L, Xy)

is true forallx = (¢, ...,x,,) ER", 1=i=j=

m and all €, 8 > 0.
This definition is an extension to the notion of

convexity for a function d : R — R.

Proposition 6

If g is twice differentiable, then g is supermodu-
lar, if and only if,

2

=
axiaxjg(x) =0,

foralx ER"and 1 =i =j=m.

Proor

See, for example, Marshall and Olkin (1998) or
Biurle and Miiller (1998). [
For example, the functions g(x4, . . ., x,,) = 2",

xi7g(x17 s 7x1n) = ;11 (xz - d)2 andg(xla LR
x,,) = (2%, &, — d), are supermodular.

Let us define the supermodular order as pre-
sented in Biurle and Miiller (1998):

DEeriNITION 8

Let X and X' be two vectors of rv.s X = (X, . . .,
X,) and X' = (X3, ..., X)) where, for each i, X;
and X/ have the same marginal distributions (i.e.,
X, ~X/fori=1,2,...,n). Then, X precedes X’
under the supermodular order, denoted X =, X',
if E[g(X)] = E[g(X")] for all supermodular func-
tions g, provided their expectations exist.

We point out that the supermodular order can
be applied when we compare two vectors of r.v.s
with the same marginals. The supermodular or-
dering is used when we want to compare r.v.s
with different degrees of dependence. The rela-
tionship between supermodular ordering and
comonotonicity is explored in Baurle and Miiller
(1998) and Goovaerts and Dhaene (1999). We
now state the following important result:

Proposition 7
fX=,, X, thenS =, 8.

Proor

See, for example, Biurle and Miiller (1998). [
The following proposition corresponds to
Lorentz’s inequality.

Lemma 8

Let X and X" be vectors of r.v.s given by X =
X4, ..., X,) and X" = X9, ..., X;") where,
for each i, X; and X{™ have the same marginal
distributions (X; ~ X, fori = 1,2, ..., n), and
where X7, ..., X;" are comonotonic. Then, X

precedes X" under the supermodular order, de-
noted X =, X“".

PRrooF

See, for example, Biurle and Miiller (1998). [

According to Lemma 8, the comonotonicity cor-
responds to the strongest dependence relation un-
der supermodular ordering.

Lemma 9

Let X and X be vectors of r.v.s given by X =
X,,...,X,)and X' = (XM X™P) where,
for each i, X, and X have the same marginal
distributions (X; ~ X'™P fori =1,2,...,n) and
the components of X" are independent. We as-
sume that the components of X are positively
correlated. Then, X precedes X under the su-
permodular order, denoted X =_ X.

sm
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Proor
See, for example, Miiller (1997) and Dhaene and
Goovaerts (1996). ]

5.3.2 Application to Our Context

We now apply the above results on the stochastic
orders and the dependence orders to compare the
catastrophe models.

Proposition 10
CAT(1 CAT(3 JAT(2
We have U“ATDH < peaT® < oAt

PRrooF

Clearly, the components of
UOAT®) = ([GAT@) [jGAT@)  [jCATR)y

are comonotonic, since they are deterministic
functions of the intensity of the catastrophe. The
components of U“‘T® are defined by common
mixture which implies that they are positively
correlated. Then, we have U“™™ < 4T
and U™ < U3 from lemmas 8 and 9. [

Proposition 11
We have

§CAT(D) =, SCATR) =, §CATR).

Proor

First, we have BT < = BUATO) < BEAT(2)
since BEATW = p UCATW and because the super-
modular order is preserved under scalar multipli-
cation (see Bdurle and Miiller 1998). Then, it
follows that

from Proposition 10. From Kaas et al. (2001,
Chap. 10), equation (8) leads to S“4TH <
SCATR) <  GEAT(), 0
In the last proposition, we show that the third
model for catastrophe risks, the more realistic
one, is bounded below by the first model and
bounded above by the second model. This implies
that, for any retention level d = 0, we have

'TrSCAT(l)(d) = '1TS(:AT(3)(d) = TrSCAT(Z)(d). (9)

Hiirlimann (2003) shows that this further implies
that

CVARQ(SCAT(D) = CVARO‘(SCAT(CS)) = CVARQ(SCAT(z))’
(10)

for 0 < a < 1. The relations (9) and (10) are
illustrated in the numerical example of Section 6.
These relations are useful when one wants to
establish stochastic bounds for the distribution of
the third model.

Unfortunately, we cannot conclude that
FSCAT(I)(QC) = st:m'r(s)(x) = FSCAT(E)(DC) for all x = O,
which would have implied that VAR (S“T)) =
VAR (SEATP)) = VAR _(S“TP) for 0 < o < 1.
Stochastic bounds on VAR_(S“"®) can still be
obtained, as is explained in Denuit et al. (1999).

6. NUMERICAL ILLUSTRATION OF THE
THREE Risk MoDELs

We keep the construction of the three portfolios

as described in Section 5. We consider a portfolio

of 300 insured risks divided into three classes of

100 risks each, with all the risks in a given class

DEAT) = DT < DEATR) (8)  having the same characteristics (say, same build-
Table 1
Conditional Probabilities of Damage Ratios for Building Type 1

0, 0, 05 0, 05
u P1,91(U) P1,92(U) P1,93(U) P1,e4(u) P1,95(U)
0.1 0.2 0 0 0 0
0.2 0.4 0.05 0 0 0
0.3 0.2 0.25 0 0 0
0.4 0.1 0.20 0.05 0 0
0.5 0.1 0.15 0.25 0.05 0
0.6 0 0.10 0.25 0.25 0
0.7 0 0 0.20 0.25 0.1
0.8 0 0 0.15 0.20 0.2
0.9 0 0 0.10 0.15 0.4
1.0 0 0 0 0.10 0.3
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Table 2
Conditional Probabilities of Damage Ratios for Building Type 2

01 02 03 04 05
u P2,0,(U) P2,0,(U) P2,0,(U) P2,0,(U) P2,0,(U)
0.1 0.3 0 0 0 0
0.2 0.5 0 0 0 0
0.3 0.2 0 0 0 0
0.4 0 0.3 0 0 0
0.5 0 0.4 0.3 0 0
0.6 0 0.2 0.4 0 0
0.7 0 0.1 0.2 0.1 0
0.8 0 0 0.1 0.2 0.1
0.9 0 0 0 0.4 0.5
1.0 0 0 0 0.3 0.4

ing type). Each class contains 25 risks of insured
value 1, 25 risks of insured value 2, 25 risks of
insured value 3, and 25 risks of insured value 4
(here one unit could represent, say, $100,000).
Thus, the total insured value of this portfolio is
bror = 750. The catastrophe occurrence indica-
tor M, is a Bernoulli random variable with mean
g = 0.2 (this value seems somewhat excessive,
but it is convenient for illustrative purposes).

Within the framework of the third model, we
assume that, given a catastrophe occurs, the r.v.
I, representing the catastrophe intensity, takes on
a value in {04, 0,, 05, 0,, 65} with a mass proba-
bility function given by Pr(I = 6,) = 0.2, Pr(I =
0,) =04, Pr(I = 65) = 0.2, Pr(I = 0,) = 0.15 and
Pr(I = 65) = 0.05.

The conditional mass probability of the damage
ratio r.v.s given I = 0, are provided in Tables 1, 2,
and 3. These conditional mass probabilities are
inspired from the ATC-13 report (Applied Tech-
nology Council 1985), which uses earthquake

data from California to model the distribution of
the damage ratios as a function of earthquake
intensity. If the property covered by the insur-
ance contract i belongs to building type [, we let

Pr(UiC ATC) = U|I = 0) = Pl,ek(u),
ue{0.1,0.2,...,1.0}, k=1,2,...,5.

We derive the mass probability function (see Ta-
ble 4) for USAT) and, consequently, of UFTM
and US4 for the three types of buildings. In
Table 5, we provide the expectation and the stan-
dard deviation of the damage ratios U“TW) (j = 1,
2, 3) for the three types of building. In the context
of the three models, the expected aggregate finan-
cial losses for the whole portfolio is 80.05; that is,
E[SCAT(I)] — E[SCAT(Z)] — E[SCAT(3)] = 80.05
and, given that a catastrophe occurs, the ex-
pected aggregate financial losses for the whole
portfolio is 400.25; that is,

Table 3
Conditional Probabilities of Damage Ratios for Building Type 3

0, 0, 05 0, 05
u P3,0,(U) P3,0,(U) P3,05(U) P3,0,(u) P3,0,(U)
0.1 0.1 0 0 0 0
0.2 0.2 0 0 0 0
0.3 0.4 0.1 0 0 0
0.4 0.2 0.2 0.1 0 0
0.5 0.1 0.4 0.2 0 0
0.6 0 0.2 0.4 0.1 0
0.7 0 0.1 0.2 0.2 0.15
0.8 0 0 0.1 0.4 0.20
0.9 0 0 0 0.2 0.40
1.0 0 0 0 0.1 0.25
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Table 4 Table 6
Mass Probability Function for U7 The c.d.f. Faro, Fsara and Fgare) at Different
forj=1,23 Values x
Building Type 1 | Building Type 2 | Building Type 3 X Model 1 Model 2 Model 3

u Pr(UAT® = ) | PUATD = u) | Pr(UATD = y) 0 0.8 0.8 0.8

0.1 0.0400 0.060 0.0200 50 0.8 0.8 0.8

0.2 0.1000 0.100 0.0400 100 0.8 0.808 0.8

0.3 0.1400 0.040 0.1200 150 0.8 0.812 0.8
0.4 0.1300 0.120 0.1400 200 0.8 0.832 0.840
0.5 0.1575 0.220 0.2200 250 0.8 0.840 0.840
0.6 0.1475 0.160 0.1750 300 0.8 0.864 0.840
0.7 0.1225 0.095 0.1175 350 0.8 0.882 0.840
0.8 0.0700 0.055 0.0900 360 0.8 0.882 0.860
0.9 0.0625 0.085 0.0500 370 0.8 0.882 0.910
1.0 0.0300 0.065 0.0275 380 0.806 0.908 0.920
390 0.834 0.908 0.920
400 0.899 0.908 0.920
450 1 0.940 0.920
500 1 0.943 0.960
E[SCATG) = 11 = E[DCATD] = E[DCATE) 550 1 0.967 0.960
[ My = 1] = E[ 1=E[ ] 600 1 0.970 0.962
— RINCATA) — 650 1 0.985 0.990

E[D ]=400.25. 700 1 0.994 1
L 7 1 1 1
For each model, the standard deviations of the 50

aggregate financial losses for the whole portfolio
are VVar(S¢AT) = 160.17, VVar(S¢AT?) =
176.75, and V' Var(S¢AT®)) = 172.66, and we also
have VVar(DATM) = 358.11, VVar(DCAT(?) =
395.19 and VVar(DAT®) = 386.04.

For the three models, in Tables 6-9 we have
provided the c.d.f., the stop-loss premiums, the
VAR and the CVAR, respectively, of the total
amount of financial losses for the portfolio. As
shown in Section 5, we observe in Tables 7 and 8
that

Tgeara(d) = mwgerrn(d) = wgerra(d),
for d € [0, 750], and
CVARQ(SCAT(D) = CVAR(X SCAT(3)) = CVARQ(SCAT(Z)),

for @ = 0.80, 0.85, 0.90, 0.95, 0.99. These order-
ings are not observed for the c¢.d.f. and the VAR.
However, it seems that after a given point, the
c.d.f. and the VAR are ordered in the same way.

Suppose that the insurance company requires
for each contract a loaded premium equal to 125%

Table 5
Expectation and Standard Deviation of U“T()

Building Building Building
Type 1 Type 2 Type 3
E[UATD] 0.51325 0.54400 0.54375
VVar[UATD] 0.31573 0.24426 0.20127

of the expectation of eventual losses covered by
the contract. Then, the insurance company has a
total amount of 100.04 that can be applied to
finance the losses due to a catastrophe. This
amount is far below the conditional expectation
of the aggregate financial losses for the whole
portfolio, given that a catastrophe occurs, which
is 400.25. In the context of the more realistic
Model 3, the probability that the company will
not have enough money to pay the losses is 20%,

Table 7
Stop-Loss Premium for the Three Models and
for Different Values of Retention d

d Model 1 Model 2 Model 3
0 80.0300 80.0300 80.0300
50 70.0300 70.0300 70.0300
100 60.0300 60.1308 60.0300
150 50.0300 50.6312 50.0300
200 40.0300 41.6312 40.6341
250 30.0300 33.3340 32.6340
300 20.0300 25.7364 24.6340
350 10.0300 18.9382 16.6349
400 0.8684 13.6908 11.5420
450 0 9.2315 7.5424
500 0 6.3068 4.9960
550 0 3.8592 2.9960
600 0 2.2095 1.0001
650 0 0.9985 0.2365
700 0 0.2869 0
750 0 0 0
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Table 8
Value at Risk for the Three Models and for
Different Values of o

@ Model 1 Model 2 Model 3
0.8 318.8 75.0 149.4
0.85 393.1 275.0 357.5
0.90 400.3 375.0 367.6
0.95 407.6 525.0 467.6
0.99 418.0 700.0 645.9

which is the assumed probability that a catastro-
phe occurs over the next year.

Let us also mention that the values given in the
Tables 6-9 are exact and that no simulation
methods have been used. It is also interesting to
notice that the stop-loss premiums and the con-
ditional values at risk obtained with Model 2 are
safe (conservative) and close upper bounds to
those calculated with the more realistic Model 3.
The computation of stop-loss premiums and con-
ditional VAR of a sum of comonotonic r.v.s is
relatively straightforward compared to the same
computations under Model 3. The computation of
stop-loss premiums for sums of comonotonic r.v.s
is treated in detail in, for example, Dhaene et al.
(2002a,b) and Kaas et al. (2001).

7. CONCLUSION

We have proposed a realistic individual catastro-
phe risk model. While realistic enough to include
random dependence of damage ratios on catastro-
phe intensities, the model is sufficiently tractable
to allow calculations of quantities such as premi-
ums or limiting ruin probabilities, and the deri-
vation of stochastic orderings. Furthermore, the
model is flexible and general and can be applied
to other types of insurance where “catastrophes”

Table 9
Conditional Value at Risk for the Three Models
and for Different Values of o

« Model 1 Model 2 Model 3
0.8 400.2500 400.2500 400.2500
0.85 404.7880 478.8194 460.7416
0.90 408.7942 548.9134 510.2741
0.95 413.9292 644.2073 594.7062
0.99 422.4290 747.9167 673.7500

are possible (e.g., epidemics in health insurance
and other natural catastrophes). We also derived
some interesting results from this model, such as
a formal illustration of the nondiversifiability of
the catastrophic risk.

Future work can be done in this area. In this
paper we have modeled the risk over a single fixed
time period. It would be interesting to extend the
model proposed to a dynamic model in continu-
ous time. To our knowledge, a survey of the spe-
cific forms of the functions { that link the catas-
trophe intensities to the damage ratios for the
main types of catastrophes does not exist in a
form ready to be used by actuaries. Such a survey
would benefit both practitioners and researchers
in actuarial science.

APPENDIX

PRoOFs OF RESULTS FROM SECTION 4

Most of the proofs below require the use of Che-
bychev’s inequality:

Lemma 12

(Chebychev’s inequality) Let U be an r.v. with
mean E(U) and variance Var(U). Then Vk > 0, we
have

1
P(|U — E[U]| > k\Nar(U)) =52

A.1 Proor of ProrosiTioN 1
We have

L= Pr(Tn > i 1+ ”fl)E[Yi])
= Pr(T, > (1 + m)E[T,])
= Pr(T, — E[T,] > nE[T,])
= Pr(|Tn - E[Tn]| > nE[Tn])- (Al)

Applying the Chebychev inequality, equation
(A1) becomes

gn = Pr(|Tn - E[Tn]| > nE[Tn])

=Pr||T, — E[T,] > ———=
r| n [ n]| \/Var[Tn] \
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_ (y Var[T,])?

T (E[T)?
From equations (5) and (6), we have
- (\fvar[Tn])z _ 17'1:1 Var[yvl]
"7 ME[T.)? T (n EL B[V

=1 b2 n X b,
= = _
(M 2y a)® (mXnXa)’

Hence,

n X b,

('T]anal)z — O,

lim {, < lim

n—0 n—w

implying that the ruin probability {, goes to 0
when n — o, 0

A.2 Proofr oF PROPOSITION 2
Let £ = |n| = —m. We have
Lo = Pr(T,, > (1 + m)E[T,])
= Pr(T, — E[T,] > —&€E[T.,])
=1 — Pr(T, — E[T,] < —£E[T,)]
=1 — Pr(IT, — E[T,]| > £E[T.,). (A2)

Applying the Chebychev inequality, equation
(A2) becomes

=1 = Pr(T, — E[T,]| > €E[T,,])

—1- Pr( T, — E[T,]

EE[T, ] Varf Tl
> W \ ar[T,J)

o (VarlT,]p?
=T @B

Substituting equations (5) and (6) into equation
(A3) we get

(A3)

{n= (EE[T,])? (£ 21, E[Y,])?
= 21 by n X b,
=1- ES a)’ 1- (EXnXa)?

Then,

li =1 —Ii n xb; 1
m g, =1 hm o Xy

n—o

implying that the probability {, goes to 1 when
n — o, |

A.3 Proor oF ProrosITION 3

When we condition on M, the ruin probability
(GATM can be written as follows

gCAT(l)
n

= Pr

n
CAT(1 CAT(1
Sn w > z ;i ( ))
i=1

1
= > Pr(M, = k) Pr<SSAT(1) >3 ,ITI(IAT(I)

k=0 i=1

n

M() = k)

=q Pr

n
DSAT(I) = 2 ,n_lCAT(l))'
i=1

Then, we get

lim (™™ = ¢ lim Pr

n—o n—o0

n
CAT(1 CAT(1
Dn ()>21Ti ())
i=1

Following Proposition 3, we have

lim Pr

n—o

n
D'(;‘AT(l) - Z ,_n_iCAT(l)> -1
i=1

and, consequently,

Iim{,=gX1=g=1-PrM=0),

n—w

which is the desired result. O

A.4 Proor ofF PrRoOPOSITION 4
We have

CAT(2)
n

n
_ Pr<S§A7‘(2) = E TrchT(z))

i=1

! n
= > Pr(M, = k)pr(ssAT(z) > 3 AT

k=0 i=1

=



20

NORTH AMERICAN ACTUARIAL JoURNAL, VoLUME 7, NUMBER 4

n
SgAT(z) = E ,n_iCAT(Z)
i=1

=q Pr

=

=qM<2@w”®>a+mXEWd

i=1

i=1

X Z bl»E[U?AT(Z)])

i=1

=q Pr( i ba(I) > (1 + m) X E[M]

X 2 biE[(I )])-

i=1

Since, under our assumptions on m, (1 + m)E[M,]
< 1, it is clear that

1+ Tl) X E[Mo] X Z biE[ljJi(I)] < Z blE[l‘l}l(I):l

i=1 i=1

There exists a strictly positive number ¢ such that

Pr E bai(I) > (1 + m) X E[M,] X E blE[lhl(I)])

i=1 i=1

>c >0,

for all n > 0. Then equation (A4) becomes q =
(CAT@) = ¢ X ¢ 0

A.5 Proor ofF PROPOSITION 5
We have

CAT(3)
n

n
— Pr(sgAT(S) > 2 TriCAT(B))

i=1
1 n
= 2 Pr(M, = kR)Pr| ST > 3w T\M, = k
k=0 i=1
=q Pr DCAT(S) > E qTCAT(S))_
i=1

Then, we condition on the intensity of the catas-
trophe.

CAT(3)
n

=q Pr

n
DSAT(\}) > E W?AT(S))
i=1

n

n
_ AT(3 CAT(3
—QJ Pr(EbiUiu()>E’“'i ©
=)

i=1 i=1

I= e)dF,(e)

=q J Pr<2 b UM > (1 + m) X E[M,]
e

i=1

X 2 bE[UF]

i=1

I= e)dFI(G).

There exists a 6, € () such that

n

(1 +m) X E[My] X X bE[UAT]

i=1

< 2 bE[UF = 6],

i=1

for all 8 = 0,. We recall that (US|l = 9) are
independent by assumption. From Propositions 2
and 3, we have

n—x i=1

lim Pr(E b,UT® > (1 + m) X E[M,]

X 3 bE[UHTY]

i=1

1= 6) — 0,
for 6 < 6, and

lim Pr(z b UM > (1 4+ m) X E[M,]

n—e i=1

n

X 2 bE[U]

i=1

Ize) — 1,

for 6 = 6, Then, the dominated convergence
theorem allows us to pass the limit inside the
integral, which gives
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lim ¢GAT0

n—w

n
- lim {270 pr| 3 bUATo)

n— i=1

oer

> (1+m) X E[M] X % bE[UFI = 6] | 1dFy(6)

i=1

=q(1 — F(0,))

and, letting ¢ = 1 — F,(0,)), we obtain the desired
result. 0
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