LUNDBERG-TYPE BOUNDS FOR THE JOINT
DISTRIBUTION OF SURPLUS IMMEDIATELY
BEFORE AND AT RUIN UNDER THE
SPARRE ANDERSEN MODEL

Andrew C. Y. Ng* and Hailiang Yang®

ABSTRACT

In this paper we consider the Sparre Andersen insurance risk model. Three cases are discussed:
the ordinary renewal risk process, stationary renewal risk process, and s-delayed renewal risk proc-
ess. In the first part of the paper we study the joint distribution of surplus immediately before and
at ruin under the renewal insurance risk model. By constructing an exponential martingale, we
obtain Lundberg-type upper bounds for the joint distribution. Consequently we obtain bounds
for the distribution of the deficit at ruin and ruin probability. In the second part of the paper, we
consider the special case of phase-type claims and rederive the closed-form expression for the
distribution of the severity of ruin, obtained by Drekic et al. (2003, 2004). Finally, we present
some numerical results to illustrate the tightness of the bounds obtained in this paper.

1. INTRODUCTION

Risk theory is one of the most important research areas in actuarial science. The Lundberg inequality
provides an upper bound for the ruin probability under the classical insurance risk model and is one
of the most celebrated results in risk theory. When considering a ruin model, the quantity of interest
is the amount of surplus. To describe the dynamics of surplus, we need to model the claim payments,
premiums collected, investment income, and expenses, along with any other items that impact the
cash flow of the insurance company. Ruin probability has been investigated extensively under the clas-
sical insurance risk model and various extended models. Nowadays preferred methods in ruin theory
are renewal theory and the martingale method. The former emerged from the work of Feller (1968,
1971), and the latter came from that of Gerber (1973, 1979).

Recently actuarial researchers have also started paying attention to the severity of ruin. The joint
distribution of the surplus immediately before and at ruin has been investigated by many authors.
Gerber, Goovaerts, and Kaas (1987) considered the distribution of the severity of ruin for the classical
compound Poisson risk model. In their paper they obtained an integral equation satisfied by the dis-
tribution of the severity of ruin. In the case of claim sizes following a mixture of exponential distri-
butions or a mixture of Gamma distributions, closed-form solutions were obtained. Later Dufresne and
Gerber (1988) investigated the distribution of the surplus immediately before ruin in the compound
Poisson model. Results similar to those in Gerber, Goovaerts, and Kaas (1987) were obtained in that
paper. Dickson (1992) used a different method to deal with the distribution of surplus immediately
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prior to ruin. Dickson and Dos Reis (1994) extended the method of Dickson (1992) by using dual
events to explain the relationship between the density of the surplus immediately prior to ruin, and
the joint density of the surplus immediately prior to ruin and the severity of ruin. Gerber and Shiu
(1997, 1998) examined the joint distribution of the time of ruin, the surplus immediately before ruin,
and the deficit at ruin. They showed that the expected discounted penalty, considered as a function of
the initial surplus, satisfies a renewal equation. They obtained explicit solutions for some special cases.
Yang and Zhang (2001) considered the joint distribution of surplus immediately before and at ruin
under the classical model with constant interest force.

For mathematical simplicity the classical model in risk theory is idealized. However, actuaries have
made some efforts to extend the classical model to more general and realistic models. Recently the
joint distribution of surplus immediately before and at ruin has been studied for more general insurance
risk models. Cheng and Tang (2003) considered this problem for the Erlang(2) risk process; see also
Gerber and Shiu (2003), Li (2003), and Lin (2003) for interesting discussions. Tsai and Sun (2004)
extended the results in Cheng and Tang (2003) for the Erlang(2) risk process to the case when there
is a positive discount factor. In the special cases of phase-type claims, Drekic et al. (2003, 2004)
obtained a closed-form expression for the distribution of severity of ruin. Dickson and Drekic (2004)
obtained expressions for the joint distribution of surplus immediately before and at ruin when the time
elapsed between successive claims is phase-type(2) distributed and when claims are phase-type and
time elapsed between successive claims is generalized Erlang (n) distributed. Gerber and Shiu (2005)
studied the expected discounted penalty at ruin in a Sparre Andersen model and obtained an integro-
differential equation; they gave the solution of this equation in terms of Laplace transforms. They
obtained a closed-form expression for the discounted joint distribution of surplus immediately before
and at ruin when the initial surplus is zero. Some other related recent papers are Li and Garrido (2004),
Willmot (2004), and Willmot and Dickson (2003).

In most of the above-mentioned papers the analyses were based on a renewal equation. In this paper
we use the method of Asmussen (2000) to construct an exponential martingale. We obtain Lundberg-
type bounds for the joint distribution of surplus immediately before and at ruin. To the best of our
knowledge, the upper bounds for the joint distribution of surplus process immediately before and at
ruin under the renewal insurance risk model have not been discussed in the literature. The purpose of
this paper is twofold: we provide new results on upper bounds for the joint distributions and demon-
strate the power of the martingale approach. We also present an alternative derivation of the distri-
bution of the severity of ruin first obtained by Drekic et al. (2003, 2004). Our derivation is very simple
and short. Finally, we perform numerical studies to examine the tightness of the upper bounds. The
numerical results show that our bounds are reasonable. The rest of the paper is organized as follows:
we first describe the Sparre Andersen model in Section 2; then we construct a martingale and illustrate
the idea of change of probability measure in Section 3. Section 4 deals with the main results of the
paper. We first obtain the upper bounds for the joint distribution of surplus immediately before and
at ruin; then, as corollaries, we provide bounds for the distribution of the deficit at ruin and bounds
for the ruin probability. In Section 5, for the special case of phase-type claims, we give an alternative
derivation of the distribution of the severity of ruin first obtained by Drekic et al. (2003, 2004). Section
6 provides some numerical studies. Finally, the Appendix provides proofs for some of the results stated
in Section 3.

2. THE SPARRE ANDERSEN Risk MODEL
Consider the Sparre Andersen risk model with surplus process {U(t) },-, defined by

N(t)

Ul) =u +ct — 0 X,
i=1

and aggregate loss process {W(t)},-, defined by
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N(0)

W) =u— U@ = Z X, — ct.

Here u = U(0) > 0 is the initial surplus, and ¢ > 0 is the constant premium rate. {N(¢)} is a renewal
process, and X,’s are independent and identically distributed claim random variables with distribution
B, moment-generating function B, and mean ;. {N(¢)} and {X,} are independent. Let T, denote the
time when the kth claim occurs; then V, = T,,V, =T, — T,,Vy, =T, — T,, . . . are independent random
variables. V,, V5, . . . are the interclaim times, that is, the time elapsed between successive claims, and
they have common distribution A, moment-generating function A, and mean w,.

In the case of an ordinary renewal risk process, V; follows distribution A. But unlike the case for the
compound Poisson risk model, the counting process of an ordinary renewal risk process does not have
the stationary increment property unless V; is exponential. To make sure that the distribution of the
number of claims in any time interval depends only on the length of the time interval, we have to let
V, follow distribution A, which is the equilibrium distribution of A, that is, Aj(x) = 1/, [5 (1 — A(v))
dv. When V, follows distribution A,, we have a stationary renewal risk process. Here we also consider
the s-delayed renewal risk process with V; = s deterministically to simplify some proofs. The ruin
probabilities in these three cases are denoted by §(u), ¥ (u), and U, (u), respectively, and we use such
notations throughout this paper.

For these three cases,
lim&t)zc_hm%w:c_@
= L —e= N() t Moo

with probability 1, and hence the condition of having a positive expected profit is

c— B> @2.1)
Mg

The reason behind equation (2.1) can be understood as follows: Since ., is the mean of the interclaim
time random variable, 1/, is the expected claim frequency. Thus the expected net profit of the com-
pany per unit time after the first claim occurs is ¢ — py/p,. But the time when the first claim occurs
has negligible effect in the long run, and thus ¢ — /., has to be positive to make sure that the ruin
is not a certain event.

For details on the Sparre Andersen risk model in general such as calculation of ruin probability, see,
for example, Grandell (1991), Rolski et al. (1999), Asmussen (2000), and Willmot and Lin (2001) and
references therein. For details on the Gerber-Shiu discounted penalty function of this model, see
Willmot and Dickson (2003) and Gerber and Shiu (2005). For closed-form expressions of the severity
of ruin and the joint distribution of surplus immediately before and at ruin in various special cases,
see, for example, Cheng and Tang (2003), Tsai and Sun (2004), and Drekic et al. (2003, 2004).

3. MARTINGALE AND CHANGE OF PROBABILITY MEASURE

Gerber (1973, 1979) pioneered the use of martingales in ruin theory. Through combination with a
change of probability measure, Lundberg bounds for the ruin probabilities for many insurance risk
models, including the classical model, Sparre Andersen model, Markov-modulated risk model, and pe-
riodic risk model, can be obtained. In this and the next section we use the martingale approach to
obtain Lundberg-type bounds for the joint distribution of surplus immediately before and at ruin and
the distribution of the deficit at ruin in a manner similar to that used in ruin probabilities. Asmussen
(2000) and Rolski et al. (1999) provided thorough discussion on likelihood ratios and change of prob-
ability measures. In this section we will discuss briefly how to use a martingale to construct a new
probability measure and the use of the new probability measure in ruin theory. Readers who are inter-
ested in how the martingale is constructed can refer to the Appendix.
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Let 1(Q) be the indicator function of event GG, which is equal to 1 if event G occurs and 0 otherwise.
The following lemma plays a central role in the next section. Refer to chapter 2 of Asmussen (2000)
for a proof.

Lemma 1

Let {M(t)},—, be a positive {F }-martingale such that E[M(0)] = 1. Then P defined by P(G) =
E[M(@)1(G)] for all G € %, is a probability measure. Also, for any stopping time T and event G € F_,
G C {7 < o}, we have

M(7) ]

Now suppose that we have constructed a positive martingale,

P(G) = E [L 1(G)

M(t) = eV +uO)

with E[M(0)] = 1, based on the aggregate loss process {W(t)}, an auxiliary stochastic process {J(t)},
some functions f and g, and some real number s. Then for any event G € %, where T = inf{t : W(t) >
u}y = inf{t : U(t) < 0} denotes the time of ruin with initial surplus u,

| SV e
P(G) = [M 1(g)] = | [esWOV@TUMI (G)].

By choosing a suitable s, one may be able to obtain a measure P such that ruin is certain, and then
bound P(G) by finding the upper and lower bounds for the expectation by writing it as an integral.
This, of course, requires the knowledge of the distribution of the counting process of the claim number
and the claim sizes under the measure P. This knowledge can be obtained by considering the moment-
generating function or the Laplace transform under D.

The reason to introduce the auxiliary process {J(t)} is that it may be hard to construct a martingale
as a function of {W(¢t)} (or equivalently {U(¢t)}) only because {W(t)} may not be Markov. For Markov
processes, we can construct a martingale easily (see chapter 11 of Rolski et al. 1999, for example). If
claims arrive according to a Poisson process, then the surplus process is Markov because the exponen-
tial distribution is memoryless and claims are independent. Using the martingale approach, many in-
teresting results can be obtained; refer to Gerber and Shiu (1998) for a thorough discussion. But the
surplus process of a renewal risk process is not Markov (unless {N(t)} is a Poisson process) because
the time since the last claim obviously provides information on the time until the next claim occurs.
Hence, the most natural choice is to let J(t) = Ty, — t be the time until the next claim occurs.
Then the process {Y(¢)} = {(J(t), W(t))} will be Markov.

In the rest of the paper we will use P, to denote the original probability measure when the surplus
process {U(t)} under consideration is s-delayed, that is, when V; = s. The subscript in E, carries the
same meaning. With the assumption that the equation B (x)A (—cx) = 1 has a positive solution R, that
is,

BMR)A(-cR) = 1, (3.1)
the process {M(t)} defined by
M(f) = VO-RUO-9)

is a positive martingale with E.[M(0)] = 1. R is the adjustment coefficient of the s-delayed renewal
risk process. Under the new probability measure in Lemma 1, we have the following results:
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—

. Ruin is certain.
2. The claims X;, X,, . . . and the interclaim times V,, V3, . . . are independent with distributions By
and Ay, where

By(x) = fo % dB() and A(0) = JO Ai_—cc;)dA(s). (3.2)

(When the density function exists, the notation dF(x) is the same as f(x) dx, where f is the derivative
of F.)
3. The moment-generating function of Ay, denoted by A, satisfies

Ap(cR) = B(R). (3.3)

Readers interested in the proof of these properties can refer to the Appendix.

4. LUNDBERG BOUNDS FOR THE JOINT DISTRIBUTION OF SURPLUS IMMEDIATELY
BEFORE AND AT RUIN
Now we derive exponential upper bounds for the joint distribution of surplus immediately before and

at ruin. Let
B +y) — B(v)
JZ e aB ()

aR, v, y) =

a, (R, %, y) = supp—=, a(R, v, y) and a (R, x,y) = inf.o, a(R, v, y).
For the s-delayed case (s > 0), let
Fy(u, x,y) = P(T <, U(T-) = «, [UT)| =)

be the joint distribution of surplus immediately before and at ruin; then we have the following result.

Theorem 1

Foru = 0, s > 0, we have
Fyu, x,y) = e *) B(R)a, (R, x, y).

PROOF

Let Py, be the measure constructed from P, by the martingale {M(¢)}. By Lemma 1, we can recover
the original probability measure P, from E,, the expectation under Py. Noting that W(T) = u + [U(T)|
and that ruin is certain under Py,

Fs(uv X, y) = Ee[l(T < @, IJ(T—) = X, |U(T)| Sy)]

1
= By [m LUT-) = x, [UM)] Sy)]

oCRUT) =)
= Exs | ey 1UT-) = %, (UM =)
= MR, [ IOIUT-) = &, [UM)] = 3)JAk(eR), (4.1)
where the last equality follows from J(T) = V, ., and L(u) is the number of claims leading to ruin,

which is independent of U(T—) and U(T).
Consider T = t and U(T—) = ©; the claim that causes ruin at time t has distribution
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Br(y) — Bg(®)
1 = Bi(v)

fory = o

under P, Hence

Eg, [e FVDUT-) = «,

U] =T =+¢, U(T-) =9l

dBg(2)

vty
=1 = x) f e RE—) 1= B,
v R

B e el dB(g)
= < Ro <
1@ = x)e 7 & dB(z)

= 1(® = ®)a(R, v, y).
Let H(x, t) = Py (T = t, U(T—) = x) be the joint distribution of the time of ruin and the surplus
immediately prior to ruin. Then by

B L OIUE-) =, U] =31 = || 160 = wa®. <. y) dHE, 0,

we have the following lower and upper bounds for the expectation:
a (R, %, Py (U(T—) = &) = By, [eMONUT-) = w, [UMD)] = )]
= a, (R, x, y)P (U(T—) = x). (4.2)

Applying the second half of expression (4.2) to (4.1) and using equation (3.3), we obtain the result.
(]

For the ordinary renewal risk process and the stationary renewal risk process, let
Fu, x,y) = P(T < o, UT-) = x, [UT)| =)
and
FO@, x,y) = PO(T < oo, U(T-) =, [UT)| =)

be the joint distribution of surplus immediately before and at ruin. Then we have the following corollary.

Corollary 1
For u = 0, the exponential upper bounds for F(u, x, y) and F© (u, x, y) are

F(u, x,y) = e ™a, (R, x,v)
and

B(R) - 1

FO@, x,y) = e ™
cRp,

a.(R, x,y).

ProoOF
From Theorem 1 and by letting s vary according to the interclaim distribution A,

oo

Flu, x,y) = fo F(u, x,y) dA(s) = e ™B(R)a. (R, x, y) * fo e dA(s).

Writing the integral as A(—cR) and applying equation (3.1), the first result is obtained. Similarly, by
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letting s vary according to the stationary distribution of the interclaim distribution defined by A, (x)
= Joll = A®)]/p, do,

F(O)(ua X, y) J;) Fs(u7 X, y) dAO(S)

1 — A(s) ds
Mo

With the integral being [1 — A(—cR)]/(cR,) and by applying equation (3.1), we obtain the second
result. []

We can also obtain two-sided Lundberg bounds for the deficit at ruin and severity of ruin for the
Sparre Andersen model in a similar manner. Let

= e ™ BR)a, (R, x, ) * JO e e

1 - B + )
JZ "™ B(dz)’

b,(R, y) = inf@zo b(R7 O, y) and b+(R7 y) = SUPy=g b(R, O, y)

bR, v, y) =

Corollary 2

The two-sided Lundberg bounds for F(u, y) and F© (u, y) defined as the distribution of the deficit at ruin
for the ordinary and stationary renewal risk processes are

e Ma_(R, »,y) = Fu,y) = e ™a, (R, =, ¥)
and

BR) — 1 BR) -1
B®) — 1 a (R, %, y) = FO®u, y) = ek ®)
cRp, cRu,

e —Ru

a+(R7 007 y)

The two-sided Lundberg bounds for the severity of ruin for the ordinary and stationary renewal risk
processes are

e M _(R,y) = P(T < =, [UMT)| >y) = e b, (R, y)
and
B(R) — 1 b (R, y) = POT < o, [UT)| > y) = ek BR) — 1

cRp, cRp,

e v b,(R,y).
PROOF

We can obtain the first set of results by letting x in expression (4.2) tend to infinity and proceed as
in Corollary 1. For the second set of results, consider the s-delayed renewal risk model,

P (T < o, [UT)| > y)
_ e—R(u+cs)B(R)ER'S[e—R|U(T)|1(|LT(T)| > y)]

= e RO+ (R) J J J e RGE—2) 1d—BR(j2 5 d*H (v, t)

A (" 1—-Br+ 5
e Rt B(R) JO fo IR eR<~”"E‘>B (5;) d°H(v, t)

and hence
e—R(zt+cs)B(R)b7(R, y) =P (T < o, |[UT)| >y) = e—R(u+cs)B(R)b+(R, V).

Using the same method as in the proof of Corollary 1, we obtain the second set of results. []
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Many authors have obtained two-sided Lundberg bounds for the ruin probabilities for the Sparre
Andersen model. See, for example, theorem 6.5.2 of Rolski et al. (1999) for the ordinary case and
equation (11.4.12) of Willmot and Lin (2001) for the stationary case. Here we use the bounds obtained
in Corollary 2 to obtain the results.

Corollary 3

Let Y (w), G(w), and ¥ (w) be the ruin probabilities with initial surplus u for the s-delayed, ordinary,
and stationary renewal risk processes; then

e RS BRYb_(R, 0) = P, (1) = e R IBR)b, (R, 0),
e Mb_(R, 0) = Y(w) = e Mb.(R, 0),
and

BR) — 1 b (R, 0) = 4O ) = e_RuB(R) -1
cRp, 7 cRp,

e—Ru

b.(R, 0).

Finally, we obtain the corresponding exponential upper bound and two-sided Lundberg bounds for
the joint distribution of surplus and the ruin probability for the compound Poisson model with claim
arrival rate \.

Corollary 4
For the compound Poisson model with claim arrival rate N, assume that the equation

ANB(x) — 1] = ex (4.3)
has a positive solution R. (If R exists, it is unique.) Then
F(u, x,y) = e ®a_ (R, x, y)
and
e b _(R,0) = Y(u) = e ™Mb, (R, 0).
ProOF
Note that equation (3.1) becomes

A
=1,
AN + cR

B®R)

hence R is the unique positive root of the equation B(x) = 1 + ex/\. [J

Of course, R here is the same as the adjustment coefficient in the classical model, and the bounds
for Ys(u) coincide with the results in Asmussen (2000) and Rolski et al. (1999). For readers familiar
with the Society of Actuaries textbook Bowers et al. (1997), equation (4.3) is the same as equation
(13.4.2) of Bowers et al. It is easy to see that

1 — B(v
b.(R, 0) = sup D)

————=1-B(0) = 1.
©=0 °§dB(z) ()

Hence the inequality can be written as {s(u) = e * which is equation (13.4.5) in Bowers et al.

5. CLOSED-FORM SOLUTION FOR THE SEVERITY OF RUIN WiTH PHASE-TYPE CLAIMS

A positive random variable is of phase-type if it is the absorption time of a continuous-time Markov
chain with finitely many states, one of which is absorbing and all others being transient. Neuts (1981)
first used the class of phase-type distributions intensively in a queuing theory context. In ruin theory
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it is the only class of claim size distributions for which we can obtain explicit results for the ruin
probability under the classical compound Poisson risk model. A phase-type distribution inherits their
special structure from the Markov property of the underlying continuous-time Markov chain, and it is
this unique property that makes many derivations possible. Another added advantage of phase-type
distributions is that all formulae can be written in a compact matrix form by extensive use of matrix
calculus and Kronecker products. Computations involved can thus be programmed easily using math-
ematical languages such as MATLAB and Mathematica.

Let {C(t)},~, be a continuous-time Markov chain with d + 1 states, one of which is absorbing. The
state space of {C(t)} is {1,2,...,d, 0} = E U {0} and the initial distribution is (a;, o, . . . , &, 0)
= (@, 0). The generator of {C(t)} has the structure

T t
0 oy

where the d X d matrix T = [t;] is a subintensity matrix, meaning that

1. t; =0 foranyi € E
2. t; =0 foranyi,j € E withi #j

3. Zigp ty = 0 for anyi € E.

Since each row of a generator has to sum up to 0, we have ¢t = (¢, t,, . . ., t;)’ = —Te, where e is
the d X 1 column vector of 1. By property (3), t; = —Z,cp t; = 0. It is obvious that state O is the
absorbing state. From this we can see that ¢ is the exit rate vector as t; represents the rate from state
i to enter the absorbing state. We also assume that at least one of the ¢, values is greater than zero
since otherwise the chain may never visit state 0.

The time for the chain to enter the absorbing state

{=inf{t =0:C(t) = 0}

is said to follow phase-type distribution PH(E, e, T). From the transition probability of a continuous-
time Markov chain, we can see that the distribution function and the density function of a phase-type
distribution are F(x) = P({ = x) = 1 — ae’e and f(x) = F'(x) = ae*’t. The mean of the distribution
is —aT 'e, which can be obtained by integrating the tail of the distribution function 1 — F(x). In
addition, a phase-type distribution has two important characteristics. First, it is closed under mixture
and convolution. Second, for any distribution F on the positive real line, a sequence of phase-type
distributions exists that converges in distribution to F.

The usefulness of the class of phase-type distributions is that if a problem can be solved in a particular
case of exponential distribution, then very often the problem also can be solved in the case of a phase-
type distribution numerically, and finally the problem with a general distribution can be approximated
by using a sequence of phase-type distributions that converges to the desired probability distribution.
Many methods to find a good approximating sequence have been proposed. Refer to, for example,
Schmickler (1992), using moment matching, and Asmussen, Nerman, and Olsson (1996), using an EM
algorithm.

Drekic et al. (2004) and Asmussen (2000) provided comprehensive and detailed descriptions of the
use of phase-type claims in ruin theory. Asmussen (2000) considered the calculation of ruin probabil-
ities for the ordinary renewal risk model and stationary renewal risk model in the case of phase-type
claims. Let B ~ PH(E, «, T). Define m,, as the phase state of the claim when {W(¢t)} first upcrosses x
for x = 0. Propositions VIII.4.1, 4.2, and 4.3 of Asmussen (2000) (with a scale change of time axis)
stated that {m_} _, is a terminating continuous-time Markov chain with generator Q, where

Q=T+ ta,

and a satisfies the nonlinear matrix equation
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o, = af ey (T+eas) dA(y)
(

0

Moreover, when the claim arrival process is an ordinary renewal process, the initial distribution of m,
is ., and when the claim arrival process is a stationary renewal process, the initial distribution of m,
is
(0) 1 -1
aV = —— aT™'. (5.1)
Clly

A method to compute «, was also given in proposition VIII.4.4 of Asmussen (2000), which stated that
«, is the unique solution of the nonlinear matrix equation

o, = ¢(a,) where o(a,) = aj e Trean) dA(y), (5.2)
0

and a, can be computed by iterating equation (5.2), that is, by
al) =0, a = (@), n=1,2,....
The sequence {a} converges to .
Drekic et al. (2003, 2004) obtained the closed-form expression of F(u, y) by first deriving the dis-
tribution of the deficit at ruin given that ruin occurs and then obtained F© (u, y). Here we adopt a

more direct approach without finding the distribution of the deficit at ruin. We condition on the phase
state of the claim when ruin occurs.

Proposition 1
The distributions of the severity of ruin in the ordinary and stationary renewal risk model with phase-
type claims are
F(u,y) = b(w) — a,e%ee,
F(O)(u, y) = l.lj(o)(u) — a(o)etheyTe'

PRrROOF
Let Bi(u, j) = P(T < o, m,, = j) and $©(u, j) = PO(T < %, m, = j). Then by the results above,
B, j) = aeCe; and YO (u,j) = a®e e,
where e, is the ith unit column vector. Summing over all j,
) = a,e®@e and YOw) = aVee.

To find the distribution of the deficit at ruin, consider the event that ruin occurs, and the deficit is
greater than y; that is, the overshoot of W(t) above level u is greater than y. This is the same as the
event that at time T, W(T) > u + vy (see Figure 1). To calculate the probability of this event, we further
partition this event into E disjoint events by considering the phase state of the claim when W(t) first
upcrosses level u as follows:

P(T < o, [U(T)| > )

P(T < o, W(T) >u + y)
> P(T <%, m, =j, W(T) >u +y)

JEE

= >, U, HPW(T) > u + ym, = j)

JjE€E

> a,cCeelee
iek o

— )T
= o, eCee,
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Figure 1
Ruin Occurring with m, = jand U(T) >y

W(1)

u+y

state = j

which is the same as the first assertion. Similarly,

PO(T < o, |UT)| > y) = a®eCee,

which yields the required result. []

6. NUMERICAL ILLUSTRATION

In this section we perform a simulation study to examine the tightness of the bounds obtained in
Section 4.

Consider an ordinary renewal risk process. The time elapsed between successive claims follows a
phase-type distribution with

-4/5 0 0
2
a=[%§0], T= 0o -1 1
0 0 -5/2
The moment-generating function of the arrival distribution is

3420 s
54-55 51-s5-25 X%%3

A(s) =

and p, = 131/100. The distribution is in fact a mixture of exponential and generalized Erlang(2)
distribution.

Claims follow an inverse Gaussian distribution 1G(8,15). Here we use the notation IG(w, 0) for an
inverse Gaussian distribution with density function

6 1 0
bx) = |5 55 exp{_2M2x (v — M)z}

and cumulative distribution function

- +
B(x) = ® <x = \/§> + 2D <_x B \/§> for x > 0,
W x I x

where @ is the distribution function of the standard normal random variable. The moment-generating
function of the claim size distribution is
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. 15 128s 15
= _— —_ —_ S < —_—
B(s) exp{ 3 [1 1 15 ]} for s 128
and p,; = 8.

We choose ¢ = 1,080/131 corresponding to a relative safety loading of 0.35. The unique positive
solution of equation (3.1) is R = 0.047368 (to six decimal places of accuracy).
It follows from a straightforward integration that
60.047368-1‘[3(@ + y) — B(‘U)]
60.4237319[1 — B(‘U)] ’

a(R,v,y) =

where B¥ is the distribution function of 1G(10.3643546,15).

To obtain the simulated values of F(u, x, y), we generate 100,000 sample paths for a finite time
horizon of 0 to 10,000 (large enough, but not infinite). The simulated F(u, x, y) could be slightly
smaller than the true one, but the experiment should indicate the tightness of the upper bound. We
show the simulated values of the joint distribution F(u, x, y) and the corresponding upper bound for
various combinations of u, x, and y in Table 1.

Except for small values of x, the ratios of the upper bound to the simulated joint distribution are
less than 4. The reason for the overestimation for small «x is that we use the inequality P, (U(T—) =
x) = 1 in expression (4.2) in the proof of Theorem 1. Numerical studies with other claim size distri-
butions and arrival processes show similar results. We can see that the upper bounds are reasonable
except for small values of x.

APPENDIX

In this Appendix we provide the detailed construction of the martingale based on Asmussen’s approach.
Asmussen (2000) constructed a positive martingale for the s-delayed renewal risk process by using a
forward Markovization technique and the theory of Markov additive process. For a general theory of a
Markov additive process, refer to Asmussen (2003). Let J(t) = Ty, — t be the time until the next
claim occurs; thus J(0) = T, = V; = s. Then the process {Y(©)} = {(J(t), W(t))} is a Markov additive
process with infinite state space on the positive real line. The condition for the stochastic process
{M(t)},~, defined by

Table 1
Simulated Values of F(u, x, y) and Corresponding Upper Bounds
u F(u, 10, 20) Upper Bound F(u, 30, 50) Upper Bound
4 0.3702 0.5848 0.5849 0.6036
8 0.2245 0.4839 0.4765 0.4994
16 0.1242 0.3312 0.3171 0.3419
32 0.0575 0.1552 0.1388 0.1602
64 0.0123 0.0341 0.0301 0.0352
X F(5, x, 20) Upper Bound F(20, x, 10) Upper Bound
4 0.0503 0.5569 0.0202 0.2358
8 0.2441 0.5577 0.0662 0.2365
16 0.4642 0.5577 0.1427 0.2365
32 0.5378 0.5577 0.2128 0.2365
y F(5, 10, y) Upper Bound F(20, 10, y) Upper Bound
4 0.1752 0.3001 0.0545 0.1475
8 0.2605 0.4417 0.0812 0.2170
16 0.3190 0.5413 0.1009 0.2660
32 0.3381 0.5730 0.1064 0.2816
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_hIO) vy
MO = haoy <

for some function h and constant k(«) (both depending on «) to be a martingale is
E, [e*"Oh(J ()] = e™®h(s).
[gnoring higher-order terms and assuming differentiability of h,
E, [e®V h(J(dt))] = h(s — dt)e ¥ = h(s) — [h(s)ca + h'(s)] dt
and
@4 p(s) = h(s) + k(a)h(s) dt.
Thus a choice of h which has derivatives of all orders is obtained by solving the differential equation

};L/((‘:)) = —k(a) — ca,

yielding
h(S) — e*[caJrK(a)]s‘
To find k(a), consider an ordinary renewal risk process. Since h(0) = 1,
E, [e*V h(J(dt))] = 1. (A.1)

For an ordinary renewal risk process, a claim has just occurred, and hence the left-hand side of equation
(A.1) is E[e**h(V)], where X follows distribution B, V follows distribution A, and X and V are indepen-
dent. By the choice of h, we get the condition

B(@A[—ca — k()] = 1, (A.2)
where B and A are the moment-generating functions of distributions B and A, respectively.
It suffices to consider a = 0. Rewrite condition (A.2) as

Al—ca — k()] = (A.3)

1
B(a)’
It is obvious that for each a = 0, a unique k() exists such that equation (A.3) holds by the monoton-
icity of the moment-generating function. This concludes the construction of the martingale. For an-
other approach to obtaining the martingale {M(¢)}, refer to Section 11.5 of Rolski et al. (1999).

The positive martingale

M(t) = exp{aW(t) — tk(a) — [ca + k()] (J() — 8)}

satisfies E.[M(0)] = 1 because J(0) = s, and thus, for each «, we can define a new probability measure
P, . by

P (@) = E; [MO1(G)]

for all events G € o({Y(v) }y=.=). In the notation P, the subscript a means that the new measure is
constructed by the martingale {M(t)} with parameter a. The expectation under P is denoted by
E.. Note that the filtration o({Y(v) }o=.~,) is different from the natural filtration c({U(v) }¢=.=,) gen-
erated by {U(t)} since {J(¢)} is not observable in reality for t = s under the probability measure P,.

Under this new probability measure, P (J(0) = s) = E[M(0)1(J(0) = s)] = 1. To find the
distribution of the claims and interclaim times, let
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n n+1
M@y, by, ... by 0008y 0o, Cpiy) = Ea;s[exp{E ;+ Z CV}:| n=2

be the joint moment -generating function of X, X,, . . .
X, X, . .., X,V V5, .00V,
V,.+1. Hence,

X,, V5, Vs, ..., V... The random variables
+1 are jointly measurable W1th respect to o({Y (V) }o=o=p,) since J(T,) =

n n+1
M(by, by, ... by CyCyy et Cyy) = Es[exp{z bX, + > ciVi}M(Tn)]. (A.4)
i=1 i=2

Because T, = 2, V, = s + 2", V., we can write the exponent of M(T,) as

<%§&—w—ciV)—mwG+ZVJ—wa+mmmm—@

3

n+1

—OLZX — [ea + k()] 2 V.
Thus, the right-hand side of equation (A.4) is

E, [exp{ﬁ: (b, + oc)Xl} exp{gz [c; — ca — K(OL)]Vi}:|

n+1

f[ B, + a) HA[c — ca — k(a)].

By condition (A.2), we can write the above as

B, + o) T Ale, — co — k(o n
1550 st e [T,
where
¥ gav ¢ e leatk@ls
B, (x) = f Bla )dB(v) and A (t) = foA[—ca @] dA(s). (A.5)
Consequently, under the changed measure, the claims X, X,, . . . and the interclaim times V,, V3, . ..

are independent with distributions B, and A, respectively. The distributions are, in fact, the Esscher
transforms of B and A. Therefore, we still have an s-delayed renewal risk process with changed inter-
claim time distribution A, and claim distribution B,. The premium rate remains ¢, since the set of
trajectories of {U(t)} is the same under P, and P.

Under P, the means of V and X are
A'[—ca — k()] B’ (o)
L= = d frd = ,
Pad = R Zca — k(@] ¢ P T B
respectively.

By the implicit function theorem, the function @ — k(o) is differentiable, and by differentiating
condition (A.2) with respect to «,

B'(@)A[—ca — k()] + B(®)A'[—ca — k(a)][—c — «'(a)] = 0.

Hence

— Bos _ _ K' (o). (A.6)

l'LOL,A
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Lemma 11.5.1 of Rolski et al. (1999) shows that the function a — k() is strictly convex assuming
that not both X; and V; are deterministic. This is a reasonable assumption, since otherwise {U(¢t) } would
be deterministic. By condition (A.2), k(0) = 0. By condition (2.1), we have «’(0) < 0, and a unique R
> 0 may exist such that k(R) = 0. Such R, if it exists, is the adjustment coefficient. By the convexity
of k(a), k'(R) > 0. By equation (A.6), the expected net profit is negative under P, . Hence ruin is
almost sure under Pp..

In the paper we assume that the adjustment coefficient R exists. With the choice a = R, we have

BR)A(—cR) =1 and  M(t) = fVO-RIO=9) (A7)
Also, by equations (A.5) and (A.7),

(o] © —cRz

C

Ap(cR) = f( ) e dAL(2) = fo e ————— dA(2)

1 ,
A(=cR) D TE s
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DISCUSSIONS

HANs U. GERBER* AND ELIAS S. W. SHiIUT

The authors are to be congratulated for their elegant method in bounding the joint distribution of the
surplus immediately before ruin and the deficit at ruin for a Sparre Andersen model. Their main results
are given in Section 4. A key step of their approach is to seck an “Esscher transform’” of the probability
measure, with respect to which ruin is certain. The Radon-Nikodym derivative for changing the measure
is the positive martingale {M(¢t)} defined necar the end of Section 3,

M(t) — eR{W(t)—c[.l(t)—S]}. (Dl)

Three useful properties are listed at the end of Section 3, with their proof given in the Appendix. The
focus of this discussion is on the last paragraph in Section 3 of this interesting paper.
Because

W) = X, + -+ + Xy, — cf,

J@) = Ty — ¢

and
s =T,
we have
W(e) —clJ(@t) —s] =X, + -+ Xy — c[Typ+1 — Til.
Since

TN(t)+1 Ty =V, + -+ VN(t)ﬂa

equation (D1) can be written as

*Hans U. Gerber, ASA, PhD is a Professor of Actuarial Science, Ecole des hautes études commerciales, Université de Lausanne, CH-1015
Lausanne, Switzerland, hgerber@unil.ch.

T Elias S. W. Shiu, ASA, PhD is the Principal Financial Group Foundation Professor of Actuarial Science, Department of Statistics and Actuarial
Science, University of lowa, lowa City, IA 52242-1409, and visiting Chair Professor of Actuarial and Investment Science, Department of Applied
Mathematics, Hong Kong Polytechnic University, Hung Hom, Hong Kong, eshiu@stat.uiowa.edu.
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N@®
M(0) = exp [R 2 - cvjﬂ)}, (D2)
=
with M(t) = 1 when N(t) = 0. Since X;, X,, . . . and V,, V;, . . . are two sequences of i.i.d. random

variables and they are also independent of each other, the condition for {M(t)} to be a martingale is
1= E[eR(X—cV)]

= E[e™]E[eC 0], (D3)
which is formula (3.1) of the paper and formula (1.8), with 8 = 0, of Gerber and Shiu (2005). Here X
is a representative random variable of X;, X,, . . ., and V is a representative of V,, V5, . . . It may be
instructive to compare the martingale defined by equation (D2) with the discrete process (1.7), for &
= 0, in Gerber and Shiu (2005), while noting that, in the present context, the random variable V,
which is the same as T}, is constant.

Property 1 at the end of Section 3 is that ruin is certain under the changed measure. This is the
case, if we can show that

1
lim " E*[U(t)] < 0,
—o0
where the asterisk signifies that the expectation is taken with respect to the changed probability mea-
sure. Thus, we now prove that
E*[eV — X] < 0. (D4)
Observe that

E[(cV — X)efEeV]

E*[eV — X] = E[eRO—<N]

= E[(cV — X)eD] (D5)

because of equation (D3). Let
4(0) = E[ex® Y] (D6)
be the moment-generating function of the random variable (X — ¢V). Then, equation (D5) is
E*[eV — X] = —¢g'(R). (D7)

The function g is strictly convex unless (X — ¢V) is zero. Also, g(0) = 1, and g(R) = 1 because of
equation (D3). With 0 < R, we must have g’ (R) > 0, and hence, by equation (D7), the inequality (D4)
is proved. A similar analysis can be found in Section 11 of Gerber and Shiu (1996); see also Morales
(2004, p. 84).

Property 2 at the end of Section 3 states that, under the changed measure, the random variables X},

X5, ..., V5, V5, ... remain independent; the common distribution of X, X,, . . . is the Esscher
transform of their original distribution with respect to parameter R; the common distribution of V7,
V,, . . . is the Esscher transform of their original distribution with respect to parameter —cR. This

property is a consequence of the following observation: Given two independent random variables Y and
Z, we have
E[ebY+cZea(Y+Z)] _ E[ebYan] E[ecZeaZ]
E[ext] Ele*] E[e¥] ’

which shows the factorization property of the joint moment-generating function under an Esscher
transform.
Property 3 at the end of Section 3 is the formula
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BleRe erV] 1
E [e—cRV] E [e—cRV]
The last equality is due to the martingale condition (D3).

= E[efY].
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X. SHELDON LIN* AND X1AOMING Liut

In recent years, there has been increasing interest in analyzing the Sparre Andersen insurance risk (or
aggregate claims) model, where the number of claims process follows a general renewal process. An
obvious motivation is that the classical compound Poisson risk model is too restrictive, assuming that
interclaim times are exponentially distributed. However, it is often very difficult to analyze the Sparre
Andersen model without any specific distributional assumption on interclaim times. Hence, most re-
search papers on the Sparre Andersen model, including this interesting paper by Mr. Ng and Dr. Yang,
either focus on certain quantitative aspects of the model or assume that the interclaim times and/or
the severity of claims are phase-type distributed as described in Section 5 of their paper. See Section
1, of this paper, Gerber and Shiu (2005), and the references therein.

A main advantage of using phase-type distributions for insurance risk models is that the model and
its related ruin problems become mathematically tractable. Very often closed-form expressions exist
for many quantities of interest, such as the distribution of the surplus before ruin and the deficit at
ruin, as well as their moments. See Asmussen (2000), Asmussen and Rolski (1992), Dickson and Drekic
(2004), Drekic et al. (2004), and the references therein. On the other hand, from a practical viewpoint
if we are to use the Sparre Andersen model to model claims arising from an insurance portfolio, the
interclaim time distribution and the claim severity distribution should be estimated from its claim
database. The resulting risk model is thus a general Sparre Andersen model and mathematically less
tractable. Hence, there is seemingly a gap between the practical use of the Sparre Andersen model and
the mathematical analysis on the model. However, this gap can be filled by approximating the interclaim
time distribution and/or the claim severity distribution with phase-type distributions. This is due to
the fact that a continuous positive distribution can be approximated by a phase-type distribution to a
given accuracy. See Asmussen (2000) and Tijms (1994).

The purpose of this discussion is to draw readers’ attention to a useful computer program called
EMpht. The program was developed by Professor Soren Asmussen and his collaborators; it enables us
to fit a phase-type distribution ecither to a data set or to a given positive continuous distribution. As a
result, we are able to compute ruin-related quantities for a general Sparre Andersen model. We also
wish to point out that the program can have other actuarial applications. For example, one may use it
for fitting a phase-type distribution to mortality data.

In the following we recall briefly the phase-type distribution and the EMpht program, and then
present some numerical examples.

* X. Sheldon Lin, ASA, PhD is a Professor of Actuarial Science in Department of Statistics at the University of Toronto, Toronto, ON M5S 3G3,
Canada, sheldon@utstat.utoronto.ca.

T Xiaoming Liu is a PhD candidate in Department of Statistics at University of Toronto, Toronto, ON M5S 3G3, Canada, xiaoming@
utstat.utoronto.ca.
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PHASE-TYPE DISTRIBUTION AND EMPHT PROGRAM

As described in Ng and Yang’s paper, a phase-type distribution of order p is the distribution of the
absorbing time Y of a continuous-time (p + 1)-state Markov chain J,, where the state O is absorbing
and the states 1, 2, . . ., p are transient. The Markov chain J, is characterized by its initial distribution
a (a p-dimensional row vector) and its p X p dimensional intensity matrix T. Fitting a phase-type
distribution involves the estimation of parameters in the phase-type representation («, T).

The EMpht program is based on the expectation maximization (EM) algorithm, which is a general
iteration-optimization method for maximum likelihood estimation for incomplete data (see Dempster,
Laird, and Rubin 1977). The claim data or the data generated from an underlying interclaim time
distribution or claim severity distribution are treated as the incomplete data of the Markov chain J,.
The details of the program description and its implementation can be found in Asmussen, Nerman,
and Olsson (1996) and Olsson (1998). A remarkable feature of using the EM algorithm is that the
structure of zeros in («, T) is preserved during iterations. Thus we can specify a special class of phase-
type distributions for fitting (mixtures of exponentials, mixtures of Erlangs, Coxian distributions, etc.).

NUMERICAL EXAMPLES

In Section 6 of Ng and Yang’s paper, a renewal risk process is considered with a relative security loading
0.35, where the interclaim times follow the phase-type distribution with

—-4/5 0 0
o« =1[3/52/50, T=| 0 -1 1 |
0 0 —5/2

and the claim severity follows the inverse Gaussian distribution IG(8, 15). In that case a closed-form
expression for the joint distribution of the surplus before ruin and the deficit at ruin is not available
and hence a simulation scheme is performed to obtain exact values. In the following we use a phase-
type distribution of order 2 to approximate the interclaim time distribution and a phase-type distri-
bution of order 3 to approximate the claim severity distribution using the EMpht program. As shown
in Dickson and Drekic (2004), a closed-form expression for the joint distribution of the surplus before
ruin and the deficit at ruin is now available. As a result, we obtain very good numerical approximations
for the joint distribution.

Running the EMpht program, we obtain the phase-type(2) approximation for the interclaim time
distribution with the following parameter values:

—0.883935  0.476023
«= Lo T= [ 0 —3.007728]'

Similarly, for the inverse Gaussian claim severity distribution, we obtain the following phase-type(3)

approximation with

—0.676866  0.676866 0
B=1[1,0,0], B= 0 —0.204189  0.204189
0 0 —0.676866

The densities and distribution functions of the approximating distributions as well as the original
distributions are given in Figures 1 and 2. As shown, these approximations are satisfactory.

We remark that for the claim severity, the approximation is not limited to a phase-type distribution
of order 3. A closed form expression for the joint distribution is available for any phase-type claim
severity, as shown in Dickson and Drekic (2004). One may use a phase-type distribution of higher order
for claim severity, as the higher the order is, the better its approximation is. In Figure 3 we use a
phase-type(6) to fit the same inverse Gaussian distribution, and the result is more satisfactory.
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Figure 1
Interclaim Distribution Fitted by a Phase-Type(2)
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Figure 2
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Fitted Density and distribution function for IG

1 T T T T P S
08r
0.8 — - Fitted PH(3) CDF
— IG CDF
— |G Density
0.7+ - — - Fitted PH(3) Density b

0.6

0.5

0.4

0.3

0.2

0.1

0 5 10 15 20 25



LUNDBERG-TYPE BOUNDS FOR THE JOINT DISTRIBUTION OF SURPLUS 105

Figure 3
Claim Severity Distribution Fitted by a Phase-Type(6)
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We now provide numerical approximations to the joint distribution F(u, &, y) of the surplus before
ruin and the deficit at ruin, where u is the initial surplus, x is the surplus before ruin, and y is deficit
at ruin. We compare these numerical values with those in Ng and Yang’s. Again, the results are based
on the closed-form expression obtained by Dickson and Drekic (2004). Tables 1 and 2 show numerical
approximations for various initial surplus values, while the values of the surplus before ruin and the
deficit at ruin are fixed. Similarly, in Tables 3 and 4 we fix the initial surplus and the deficit at ruin,
and in Tables 5 and 6 we fix the initial surplus and the surplus before ruin. Our numerical results show
that the phase-type approximating procedure is very effective and accurate.

Table 1
The Joint Distribution with x = 10 and y = 20

u F(u, 10, 20) Approximated F Upper Bound
4 0.3702 0.3871752853 0.5848
8 0.2245 0.2373902922 0.4839
16 0.1242 0.1360395714 0.3312
32 0.0575 0.0577635972 0.1552
64 0.0123 0.0104038485 0.0341
Table 2

The Joint Distribution with x = 30 and y = 50

u F(u, 30, 50) Approximated F Upper Bound
4 0.5849 0.5831989704 0.6036

8 0.4765 0.4707296353 0.4994

16 0.3171 0.3039737318 0.3419

32 0.1388 0.1257380808 0.1602

64 0.0301 0.0226500508 0.0352




106

NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 9, NUMBER 2

Table 3
The Joint Distribution with u = 5 and y = 20
X F(5, x, 20) Approximated F Upper Bound
4 0.0503 0.0498448734 0.5569
8 0.2441 0.2541730597 0.5577
16 0.4642 0.4862168267 0.5577
32 0.5378 0.5444350849 0.5577
Table 4
The Joint Distribution with u = 20 and y = 10
X F(20, x, 10) Approximated F Upper Bound
4 0.0202 0.0198965731 0.2358
8 0.0662 0.0697004049 0.2365
16 0.1427 0.1551401488 0.2365
32 0.2128 0.2119435305 0.2365
Table 5
The Joint Distribution with u = 5 and x = 10
y F(5, 10, y) Approximated F Upper Bound
4 0.1752 0.1833295043 0.3001
8 0.2605 0.2762428998 0.4417
16 0.3190 0.3374390078 0.5413
32 0.3381 0.3518030268 0.5730
Table 6
The Joint Distribution with u = 20 and x = 10
y F(20, 10, y) Approximated F Upper Bound
4 0.0545 0.05744478976 0.1475
8 0.0812 0.08733128107 0.2170
16 0.1009 0.1071506044 0.2660
32 0.1064 0.1118084625 0.2816
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