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ABSTRACT

We fit a linear mixed model and a Bayesian hierarchical model to data provided by an insurance
company located in the Midwest. We used models fit to the 1994 data to predict health insurance
claims costs for 1995. We implemented the linear mixed model in SAS and used two different
prediction methods to predict 1995 costs. In the linear mixed model we assumed a normal likelihood.
In the hierarchical Bayes model, we used Markov chain Monte Carlo methods to obtain posterior
distributions of the parameters, as well as predictive distributions of the next year’s costs. We assumed
the likelihood for this model to be a mixture of a gamma distribution for the nonzero costs, with a point
mass for the zero costs. All prediction methods use credibility-type estimators that use relevant
information from related experience. The linear mixed model was heavily influenced by the skewed
nature of the data. The assumed gamma likelihood of the full Bayesian analysis appeared to underes-
timate the tails of the distributions. All prediction models underestimated costs for 1995.

1. BACKGROUND

One of the goals of the Society of Actuaries’ Cred-
ibility for Health Coverages Task Force organized
several years ago was to investigate the utility of
credibility theory as a practical method of esti-
mating and updating premium calculations for
health insurance products. In connection with
the work of this task force, a major health insur-
ance provider provided a database summarizing
recent claims experience for select health insur-
ance coverages in Illinois and Wisconsin. These
data were made available to the authors to illus-
trate the calculations and utility of credibility
methods.

Credibility methods are actuarial techniques of
using data from insurance claims (experience) to
estimate claims in the future. Some of these

methods are ad hoc, while others are founded on
statistical principles. Both empirical Bayes and
full Bayesian methods would be identified by the
practicing actuary under the rubric of “credibil-
ity” methods. Although credibility methods have
been used for years in the casualty insurance
area, only recently have these methods been ap-
plied to health insurance data. This new applica-
tion also brings with it a more complex problem
in two ways. First, the assumptions associated
with the analysis may be more complicated than
those of the linear mixed model, which assumes
normal data and normal random effects. Second,
health measures, risk factors, and type of care
show a high level of variety, eventually mandating
that credibility be viewed with models containing
many covariates and possibly multivariate re-
sponse profiles. This paper illustrates the use of
currently available statistical techniques to initi-
ate solutions to this more difficult application of
credibility methods.

2. INTRODUCTION

The purpose of this paper is to use both a linear
mixed model (LMM) as implemented in SAS (Lit-
tell et al. 1996) and a Bayesian hierarchical model
(BHM) to estimate health care costs with an eye
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to predicting expected costs for the coming year.
These models could be used in premium calcula-
tions for small groups, and in premium calcula-
tions for blocks of business in new areas, as well
as to calculate experience-based refunds. As
methods for health finance improve, the need for
a full Bayesian treatment of the problems faced by
the industry is expected to grow.

One of the underlying principles of these meth-
ods is improvement of the process of estimating,
say, the pure premium for a block of business, by
“borrowing strength” from related experience.
For example, if the exposure for a block is small
enough, the experience for the previous years
may be limited. In this case estimates of future
costs may be based on a combination of previous
experience with other, related experience in an
effort to mitigate the effects of random variation
on the estimation process. Also, the thoughtful
use of expert opinion along with current experi-
ence in other market areas could be used to im-
prove prediction of expected experience in new
markets.

Various paradigms for estimating expected ex-
perience have been presented in detail by several
authors (see, e.g., Herzog 1999; Klugman 1992).
Although these presentations provide the essen-
tials for involved problems, even in these simpler
paradigms the examples are restricted to smaller,
textbook-type problems. Several authors (Morris
and Van Slyke 1978; Venter 1996; Tolley, Niel-
sen, and Bachelor 1999) have provided computa-
tional shortcuts for more involved models.

Two key papers that synthesize several credi-
bility models are Frees et al. (1999) and Frees et
al. (2001). In these papers the authors make ex-
plicit the relationship between credibility proce-
dures and the parametric statistical methods used
for longitudinal and panel data analysis.

An implementation of a full Bayesian approach
has been possible only for a limited class of mod-

els until the advent of Markov chain Monte Carlo
(MCMC) numerical methods. Scollnik (2001)
shows how to implement Bayesian methods in
actuarial models using currently available soft-
ware. The data set we use for illustration is fairly
large and requires estimation of nearly 3,600 pa-
rameters. The size of the data set mitigates the
necessity of eliciting precise prior information.
However, the methods would clearly generalize to
smaller problems, where more precise prior infor-
mation would be useful.

3. THE DATA

The data set is from a major medical plan, cover-
ing a block of medium-sized groups in Illinois and
Wisconsin for 1994 and 1995. Each policyholder
was part of a group plan. The groups consisted of
from 1 to 280 employees with a median size of 24
and an average size of 35.2 in 1994. We have
claims information on 40,631 policyholders from
1,177 groups. Policies were of three basic types:
(1) employee only (employee), (2) employee plus
one individual (spouse), and (3) employee plus
multiple individuals (family). Table 1 gives the
number of employees and summary information
about costs per day for the different policy types.
Although the data are dated from a business per-
spective, they provide the ability to examine a full
Bayesian analysis without divulging proprietary
information. Only data from 1994 are used for
building the model; 46,691 observations from
1995 are used to validate model predictions.

Data consist of claims costs by policyholder.
While age and gender of policyholder were
known, age and gender of the claimant were
known only when the claimant was the policy-
holder.

Costs were assigned to each policyholder on a
yearly basis and not assigned by episode of care
or by medical incident. The costs were total costs,

Table 1
Costs per Day in Dollars for 1994 Summarized by Policy Type

Policy Type n Mean Std. Dev. Median Maximum
Proportion
Zero Claims

Employee 22,618 2.77 12.74 0 823.45 0.574
Spouse 8,921 6.79 21.01 1.11 643.02 0.315
Family 9,092 7.97 14.81 2.44 277.64 0.211
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with deductible and copayments added back in.
The total yearly costs were then divided by the
number of days of exposure. As per the policy of
the company providing the data, all policies with
annual claims costs exceeding $25,000 were ex-
cluded from all analyses, including the 1995 pre-
diction set. Large daily costs are still possible if
the number of days of exposure were small
enough that total costs did not exceed $25,000.

4. THE MODELS

4.1 The Linear Mixed Model
The data set did contain some covariate informa-
tion about the insureds on which to base pre-
mium estimates; however, these data were lim-
ited. For example, although we knew both the
policy type and group for each policy, we did not
know the individual identification of any claimant
from the policy. Thus, we did not have access to
information on gender or age of claimant, or if
multiple claims were made on the policy by the
same individual or different individuals covered
by the policy during the year. Whether or not the
policy covered the same people from year to year
was not known. Consequently we will use only
policy type and group as predictors of cost to
illustrate and compare the mixed-model methods
with the Bayesian methods of estimating future
costs. Knowledge and use of additional policy and
claimant-specific data would improve prediction.
However, such information would also make the
presentation more difficult to follow with the ad-
ditional detail. We use the data available to
present an expository illustration. The methods
are readily extended to more involved data sets.

In the classical terminology associated with
mixed models (see, e.g., Littell et al. 1996), pa-
rameters associated with policy type would be
considered “fixed.” This means that our predic-
tions are to be based on the same set of three
policy types considered here. On the other hand,
groups are “random,” meaning that predictions of
costs will not be restricted to only a fixed set of
insured groups. In essence, we consider the risk
characteristics of a group of policies to be a ran-
dom draw from a pool of risks. This draw is a
one-time event, meaning that whatever risk char-
acteristics were drawn from the pool for a specific
group remain the same over time. Thus, experi-

ence gained on a specific group in one year can be
used to predict outcomes in future years.

The general form of the linear mixed model
(see Frees et al. 1999, 2001) is as follows:

Y � X� � Zu � e, (4.1)

where Y is an n � 1 vector representing the
observed data (in this example n is 40,631), X is
an n � p design matrix of known constants (p is
the number of fixed effects, in this case three
policy types), � is a p � 1 vector representing the
fixed effects of the policy types, Z is an n � q
design matrix of known constants (q is the num-
ber of random effects, in this case 1,177 groups),
u is a q � 1 vector representing random effects of
the groups, and e is an n � 1 vector representing
the errors. The distributional assumptions are
that u and e are independent multivariate normal
(MVN) random variables with u � MVN(0, G), e �
MVN(0, R). The vector � is a vector of fixed
regression parameters to be estimated.

Equation (4.1) provides the basis for predicting
future costs. Heuristically we can envision the
estimation process as follows. We assume values
for G and R, whether known or estimated, and
estimates of the vector � obtained from previous
data. For any policy type we will know the set of
X values. The group to which the policy belongs
will specify the Z values. We predict the costs of
any such policy by plugging into equation (4.1)
the estimates of �, the appropriate X and Z val-
ues, and then drawing a random vector of u values
and solving. Any temporal effects on costs, such
as medical inflation costs or changes in utilization
patterns, would be included in the X values to
have an estimate adjustment in the vector �. In
this paper we made no such temporal judgment
and therefore expect a downward bias in our pre-
dictions due to medical inflation.

Concerning the draw of the random vector u,
one of two conditions obtain. In the first case the
group is the same group on which experience
already exists (the classical credibility problem).
In this case a new draw of risk characteristics is
unnecessary since risk characteristics have al-
ready been “drawn,” and the effect of these char-
acteristics for the group can be estimated from
this experience. In the second case the group is a
new group for which no previous experience is
available. In this case we simulate the costs by
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repeatedly drawing realizations of u and plugging
them into equation (4.1). The resulting set of
costs will be an estimate of the distribution of
costs one might expect for this group. In actual-
ity, of course, we need not formally make all the
draws, but rather substitute for u its expected
value and calculate the predicted costs directly.
In either case the estimate of future costs is a
linear equation in the � and u parameters. Equa-
tions for making these estimates are given below.

It follows from the distributional assumptions
that Y � MVN(X�, V) where V � ZGZ� � R. If V
were known, the best linear unbiased estimate
(the maximum likelihood estimate) of � would be
the generalized least squares estimate given as

�̂ � �X�V�1X��X�V�1Y. (4.2)

When V is unknown, G and R are usually esti-
mated using either the full likelihood (ML) or a
restricted form of the likelihood (REML), and
then � is estimated using generalized least
squares with V replaced by V̂. Since this approx-
imation procedure is well established and pro-
grammed in some statistical packages, we will use
the notation and representation of estimates
common in statistical literature. Note that using
the generalized least squares approach assumes
that we can get consistent estimates of G and R
and then use these to form estimates of � and u.
The assumption of normality in u and e is used to
form an estimation procedure. One might gener-
alize this to an m-estimate in future work. Here
we proceed without concern about this assump-
tion. One might try to appeal to the Central Limit
Theorem to reduce the effect of many zero values
in the data. However, even with this fairly large
data set, the sample sizes within groups are lim-
ited. Alternatively, one might try a conditional
analysis conditioned on a positive claim amount.
In summary, there is need for caution in forming
estimates of G and R using likelihood methods
where many responses are zero.

Using the mixed model shown in equation
(4.1), a linear combination L of the parameters
(e.g., for estimates of future costs) is estimated as

L��̂
û�, (4.3)

where û � ĜZ�V̂�1(Y � X�̂) and where �̂ is as in
equation (4.2) with V replaced by its estimate V̂.
Standard errors of these estimates are computed as

�LĈL�, (4.4)

where

See McLean and Sanders (1988) for more details.
To make predictions of future cost, we must

specify the X values signifying the type of policy
and an indicator Z for the group. These make up
the L in equation (4.3). Letting Xm denote the
policy type, and Zm the group, then equation
(4.3) reduces to

Ŷ � Xm�̂ � ĈmV̂�1�Y � X�̂�, (4.6)

where Ĉm � ZmĜZ�.
Equation (4.6) resembles the classical credibility

formula where the overall experience of the block,
estimated by the first term on the right-hand side of
equation (4.6), is adjusted for the experience of the
group, the second term on the right-hand side of
equation (4.6). In statistical terminology the esti-
mates produced by equation (4.6) are called empir-
ical best linear unbiased predictions (EBLUPs) for
costs. In the case where the policy of interest is
from a new group, the indicator vector, Zm, will
contain only zeros. In this case Cm will be null, and
the second term will be zero. This indicates that
there is no credibility adjustment for past experi-
ence as there is no past experience.

To quantify the improvement in estimation, we
examine the variance of the estimate given by equa-
tion (4.6), where the variance of predicted costs is

V̂m � ĈmV̂�1Ĉ�m � 	Xm � ĈmV̂�1X


� �X�V̂�1X��1	Xm � ĈmV̂�1X
�, (4.7)

where V̂m is the model-based variance matrix of Y.
We note that the value of V̂m depends on the gen-

eral sampling model. In the case we consider, V̂m �
�̂error

2 � �̂group
2 . The two improvements on using a

mixed-model credibility estimate are the adjustment

Ĉ � � �X�V̂�1X��

�ĜZ�V̂�1X�X�V̂�1X��

��X�V̂�1X��X�V̂�1ZĜ�

�Z�R̂�1Z � Ĝ�1��1 � ĜZ�V̂�1X�X�V̂�1X��X�V̂�1ZĜ�. (4.5)
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for group-specific experience in equation (4.6) and the
reduction of the variance of predicted costs as given
by the second term in equation (4.7).

SAS’s approach in Proc Mixed is the one men-
tioned previously, where the variance components
G and R are estimated using either the full likeli-
hood (ML) or a restricted or residual form of the
likelihood (REML) (Littell et al. 1996). Using V̂ in-
stead of V in equation (4.2) gives estimated gener-
alized least squares estimates of the �’s. REML is
the default method of Proc Mixed and is used in our
analysis.

There are at least two different methods of calcu-
lating the predictions given by equation (4.6) using
SAS. SAS will automatically produce predicted val-
ues for any new group that has only the indepen-
dent (or covariate) terms entered and no dependent
variable. The first method is to use the random
command. In this case SAS will automatically de-
termine the EBLUPs using equation (4.6). However,
the variance quoted by SAS is the variance of the
estimate (the third term in equation [4.7]). The V̂m

term, �̂error
2 � �̂group

2 , must be added to this esti-
mate, and the second term, �̂group

2 , subtracted.
The second SAS method is the repeated op-

tion. Since the covariance structure in the prob-
lem is compound symmetric (�error

2 � �group
2 on

the diagonal, �group
2 off the diagonal of the covari-

ance matrix), identical estimates of the variance
components (and by extension of �̂) are available
by using the repeated statement in SAS, where
groups are treated as the factor of repetition.
Using this approach, no random effects are esti-
mated, but EBLUPs are still available.

Theoretically the two procedures will yield
identical values for the EBLUPs. However, the
computational algorithms are not the same, and
thus the estimates often do not agree in every
decimal place. Also, the degree to which the vari-
ance terms are adjusted by SAS for V̂m as noted
above is different, although the variance of the
estimates will be the same once the adjustment is
made. We note here that the repeated command
in SAS appears to adjust out incorrectly �̂group

2 (the
second term in equation [4.7]) when the policy
predictions are for policies from a new group. In this
case ĈmV̂�1C�m would be 0, not �̂group

2 .
Estimates were computed using both formula-

tions and compared to each observed data point
in 1995. We will make reference to this model as
LMM when the formulations yield identical re-

sults. However, when referring to predicted val-
ues, these two formulations will be called LMM
(random) and LMM (repeated).

4.2 The Hierarchical Bayes Model
In the Bayesian framework the model consists of
the likelihood of the data given the parameters,
multiplied by probability densities for each of the
parameters. The densities on the parameters are
called the “prior” probabilities as they are formu-
lated prior to the collection of the data. Based on
Bayes theorem, posterior densities for the param-
eters given the data then are available from the
scaled product of the likelihood and the priors.
(For a review of Bayesian methods in general see,
e.g., Gelman et al. 1998, Klugman 1992, Scollnik
2001, or Makov 2001.) We call this model hierar-
chical since subjects are considered to be a ran-
dom draw of all possible subjects within a group,
and each group is considered to be a random draw
from all possible groups. It is this sequential nest-
ing that gives the model its hierarchical structure.

Two things must be considered when thinking
about the form of the likelihood. Propensity, the
probability that a claim is made, differs from group
to group and in our data is around 0.60. Thus, about
40% of the data are zeros, representing no claims.
We chose to deal with this by having a likelihood
with a point mass at zero with probability �gi

for
group i. The parameter �gi

depends on the group
membership. It would also be reasonable to include
a parameter for propensity based on the policy type,
and such a parameterization should be pursued in
future analyses. Severity, the cost of a claim given
that a claim is paid, is positively skewed. We chose
a gamma density for this portion of the likelihood
with parameters r and 
. Since we desire to estimate
both policy type and group effects for this portion of
the likelihood, we write r as rpj

� rgi
and 
 as 
pj

�

gi

. Thus we estimate a component of the r param-
eter for each group (rgi

) and each policy type (rpj
)

and a component of the 
 parameter for each group
(
gi

) and each policy type (
pj
). Implicit in this for-

mulation is the assumption that policy type and
group effect parameters are additive. This is not the
same as assuming additivity in an analysis of vari-
ance model, or in assuming that the effect is the
sum of random variables. Rather, this additivity
assumption is a simple method of generating a prior
for r and 
 by component realizations of hyperpriors.
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Although the components have gamma distribu-
tions, their sums, in general, will not. While other
formulations are clearly possible, this likelihood
seems to us to be reasonable. The likelihood follows
using a compound distribution argument:

�
i�1

1,177 �
j�1

3 �
k�1

j�i� ��gi	 yijk�0
 � �1 � �gi�

� � 1

�
pj � 
gi�
�rpj�rgi���rpj � rgi�

� yijk
rpj�rgi�1e	�yijk/�
pj�
gi�
�

	 yijk�0


� , (4.8)

where

i indexes the group number
j indexes the policy type
k indexes the observation within a specific group

and policy type
j(i) is the number of observations of policy type j

within group i
�gi

is the propensity parameter for group i

pj

and rpj
are the severity parameters for policy

type j

gi

and rgi
are the severity parameters for group i

and
yijk is the cost per day of exposure for each policy-

holder.

Thus, we have a point mass probability for yijk �
0, and a gamma likelihood for yijk � 0.

The assignment of prior distributions could be a
critical part of an analysis where data are limited.
One of the strengths of the full Bayesian approach is
the ability that the analyst has to incorporate infor-
mation from other sources. In this case we had
40,631 data points for 1,177 groups, so the likeli-
hood will dominate the analysis whatever prior in-
formation is used. We chose priors that seemed to
us to be reasonable, but knowing they have only
modest influence on the result.

We assigned each parameter a prior distribu-
tion as follows:


pj
� Gamma(2, 2)

rpj
� Gamma(2, 2)

�gi
� Beta(cg, dg)


gi
� Gamma(ag, bg)

rgi
� Gamma(eg, fg).

The parameters associated with each group, in
classical parlance the random factors, have an-
other set of parameters in their prior distribu-
tions. In the BHM it is the depth of the hierarchi-
cal structure that is used to distinguish between
what are known as fixed and random factors in
the LMM (see, e.g., Brophy and Joseph 2000;
Stangl and Berry 2000). These parameters,
known as hyperparameters, also need a prior
structure. These priors are called hyperpriors.
Since, as we have already noted, the prior distri-
butions will have minimal impact on the posteri-
ors in this case (and by extension of that argu-
ment, the hyperpriors will have an even smaller
effect), we assigned the same hyperprior to each
of the parameters ag, bg, cg, dg, eg, and fg. We
assumed each was distributed as an Exponen-
tial(1). We note that while the choice of hyper-
parameters should not materially affect posterior
distributions, choices for hyperparameters can
affect dramatically convergence in a model of this
size if the hyperprior distributions are too steep.
We ran the same model with hyperprior distribu-
tions of Exponential(0.1) with no change in pos-
teriors. However, steeper hyperprior distributions
led to MCMC runs that clearly had not converged,
even after runs on the order of 80,000 iterations.

This formulation yields a full posterior propor-
tional to

e�age�bge�cge�dge�ege�fg� �
j�1

3


pje
��
pj/ 2�rpje

��rpj/ 2��
� � �

i�1

1,177 bg
�ag

��ag�

gi

ag�1e��
gi/bg�
��cg � dg�

��cg� � ��dg�
�gi

cg�1

� �1 � �gi�
dg�1

fg
�eg

��eg�
rgi

eg�1e��rgi/fg��
� � �

i�1

1,177 �
j�1

3 �
k�1

j�i� ��gi	 yijk�0
 � �1 � �gi�

� � 1

�
pj � 
gi�
�rpj�rgi���rpj � rgi�

� yijk
rpj�rgi�1e��yijk/
pj�
gi��

	 yijk�0


�� . (4.9)
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Posterior distributions for such a complicated
model are not available in closed form. Current
methods to analyze such a model include MCMC
implementation to produce samples from the pos-
terior distributions, which can then be evaluated
(Gilks, Richardson, and Spiegelhalter 1995).
MCMC is essentially Monte Carlo integration us-
ing Markov chains. Monte Carlo integration draws
samples from the required distribution and then
forms sample averages to approximate expecta-
tions. MCMC draws these samples by running a
cleverly constructed Markov chain for a long
time. There are many ways of constructing these
chains, but all of them are special cases of the
general framework of Metropolis et al. (1953) and
Hastings (1970). Loosely speaking, the MCMC
process draws samples from the posterior distri-
butions by sampling throughout the appropriate
support in the correct proportions. This is done
using a Markov chain with the posterior as its
stationary distribution.

More precisely, we first formulated the poste-
rior distribution of each parameter, conditional
on the other parameters and assigned an initial
value to each parameter. Then a new value is
drawn from a “proposal” distribution. The ratio of
the values of the complete conditionals computed
using the proposed value and the old value of the
parameters is computed and compared to a ran-
dom uniform variate. If the ratio exceeds the
random uniform, the proposed value is kept; oth-
erwise the old value is kept. Using this method on
each parameter, and cycling through the param-
eters, yields a distribution that converges to the
appropriate posterior for each parameter. For a
more complete exposition of this methodology,
see Scollnik (2001).

5. RESULTS

5.1 The Groups
Besides predicting outcomes for all individuals in
1995, we also chose three groups to model in
more detail. We selected group 115 primarily be-
cause it contained the largest data point, $823.45
per day, although in other respects it was quite
similar to the other groups. Group 980 was in-
cluded because of high propensity and because it
was a small group. Group 1,034 was chosen pri-
marily because the severity data were heavily
right skewed, especially in the spouse policy type,
and because it was one of the larger groups. In
Table 2 we show summary statistics for the raw
data in these three groups in 1994.

5.2 The Chain
The MCMC procedures of the BHM involve sam-
pling from the posterior distributions of the pa-
rameters of interest, as well as from the predictive
distributions. Although we know that our meth-
odology guarantees convergence to the appropri-
ate distributions, we do not know with certainty
that any particular chain of sampled values has
converged to the appropriate place. With a model
of this many parameters, convergence may not
happen quickly. To maximize the probability of
the chains converging, we proceeded as follows.

We ran 70,000 burn-in iterations followed by
10,000 iterations sampled every second one for
5,000 samples from the posterior distributions of
the parameters. We saved all 5,000 samples for
the policy-type severity parameters but com-
puted only means and standard deviations for the
1,177 group severity and propensity parameters.

Table 2
Raw Data Summary Information for Three Selected Groups, 115, 980, and 1,034, for 1994

Group Policy Type N Mean Std. Dev. Minimum Maximum

115 Individual 26 35.81 161.04 0.00 823.45
115 Spouse 2 29.75 18.20 16.89 42.62
115 Family 4 11.84 13.31 2.43 21.25
980 Individual 4 7.19 12.72 0.08 26.23
980 Spouse 2 33.77 41.82 4.20 63.34
980 Family 6 9.68 8.88 2.31 25.33

1,034 Individual 41 14.56 42.46 0.00 193.58
1,034 Spouse 85 56.92 115.01 0.00 556.41
1,034 Family 13 2.31 3.29 0.00 12.32
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We also took 5,000 draws from the predictive
distributions for groups 115, 980, and 1,034, as
well as 5,000 draws from a predictive distribution
for a new group.

We used the gibbsit program described by
Raftery and Lewis (1995) and the Bayesian Out-
put Analysis Program (Smith 2001) to check for
sequence convergence. All diagnostic procedures
were indicative of convergent chains.

5.3 The Parameters
The LMM estimates for the variance components
were Ĝ � 5.44I1177 and R̂ � 230.0I40631. Group
variability is quite small relative to residual vari-
ance. Estimates for the fixed effects in this model
are expected mean costs for a subject averaged
across groups. Estimates � estimated standard
errors were $2.82 per day � $0.13 for employee
only, $6.76 per day � $0.18 for spouse, and $8.04
per day � $0.18 for family. The LMM (random)
model estimates of the random effects for groups
115, 980, and 1,034 are shown in Table 3.

These random effects are reflective of the large
claim costs in groups 115 and 1,034. Many of the
groups had random effects more like that of group
980, showing little need to take the group effect
into account in predicting next year’s values. The
large random effects of groups 115 and 1,034 are
reflected in the predicted values we see for these
groups (see Section 5.4).

In Table 4 we display some summary informa-
tion for the six policy parameters from the BHM.
These parameters describe the underlying likeli-
hoods for the nonzero costs for the three policy
types. It is interesting to note that the expected
values for these distributions (equal to rpj


pj
, ig-

noring group effects) increase as policy types
change from employee only to employee plus
spouse to employee plus family as we would ex-

pect. However, the variances of the distributions
(equal to rpj


pj

2 , ignoring group effects) are largest
for employee plus spouse.

In Table 5 we show some information on the
group parameters for the three groups (115, 980,
and 1,034) that we chose to examine in more
detail.

Bayesian estimators borrow strength from all
the data (Gelman et al. 1998). This can perhaps
most easily be seen in the mean value of the
posterior of �g980

, which is 0.15 despite the fact
that there are no zero values in this group, which
would mean the maximum likelihood estimator
for these data would be zero. Thus, the Bayesian
estimate has borrowed strength from the other
data in producing the posterior that is not cen-
tered over zero. It certainly appears from Table 5
that the inclusion of group parameters rgi

and 
gi

was an unnecessary addition to the likelihood.
These parameters converged to virtually the same
(small) values in each group. Estimating the pro-
pensity parameters (�gi

) for each group, however,
appears to be of reasonable importance in de-
scribing the data.

5.4 Predicted Values
Generating predicted values using the LMM (ei-
ther random or repeated) can be done automati-
cally using SAS. Proc Mixed will produce a pre-
dicted value for any data point with covariate
information but no value for the dependent
variable.

Generating predicted values for future observa-
tions is quite straightforward using the BHM par-
adigm. At each iteration, take the current draws
of the parameters for each group and policy type
and use these to make a draw from the likelihood
(these draws will include both zero and nonzero
values). Using this procedure, 5,000 predicted ob-
servations were made for all three policy types in
groups 115, 980, and 1,034. To get predicted
observations for groups not found in 1994, draw
group parameters from the distributions defined
for the current draws of the hyperparameters,
and use these parameters in the likelihood to
draw observations. This technique was used to
produce 5,000 draws for each policy type in a
“new” group. This method essentially integrates
over all sources of uncertainty to produce pre-

Table 3
Estimates of Random Effects (û) and Their
Standard Errors for Groups 115, 980, and

1,034 for 1994 Using LMM (random)

Group Random Effect Standard Error

115 12.64 1.79
980 1.50 2.06

1,034 25.79 1.13
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dicted values that display appropriate levels of
variability.

In Table 6 we show the actual mean costs and
standard deviations using the 1995 data for the
three selected groups and for a “new” group. The
“new” group consists of all groups that were rep-
resented in the data in 1995 that were not repre-
sented in 1994. Eighty-five groups are actually
represented in the “new” group. In Table 7 we
show model predicted mean costs and estimated
standard deviations of the predicted values for
both the LMM (random) and the LMM (repeated).
Also in Table 7 we display the actual predicted
density mean and standard deviation for the BHM
for the three selected groups as well as the “new”
group.

Again, the point estimates for LMM (random)
and LMM (repeated) are theoretically equivalent,
yet will sometimes differ only because of compu-
tational issues. However, the standard deviations
are computed differently. As described in Section
4.1, the variance terms for the LMM (random)
does not include the first two terms in equation
(4.7). The first term in equation (4.7) is �̂error

2 �
�̂group

2 � 230.0 � 5.44. The second term for all
groups seen in 1994 is �̂group

2 � 5.44. For a group
not seen in 1994, the second term is 0. Hence, the
standard deviation for LMM (repeated) for groups
seen in 1994 is obtained by squaring the entry in

column 4 of Table 7 (the standard deviation for
LMM (random)), and adding 230.0 � 5.44 � 5.44
and then taking the square root. The answer cor-
responds to that given in column 6. So for group
115, the LMM (repeated) standard deviation is
�1.792 � 230.0 � 5.44 � 5.44 � 15.27. For a new
group, SAS computes the standard deviation of
LMM (repeated) as �2.342 � 230.0 � 5.44 � 5.44
� 15.34. This is incorrect. The appropriate standard
deviation should be �2.342 � 230.0 � 5.44 � 0.00 �
15.52.

It is obvious that both the LMM methods are
quite sensitive to the outliers. The predicted val-
ues for groups 115 and 1,034 are quite large, and
some of the data for these two groups are extreme
(from Table 2 the largest value in group 115 is
4.89 standard deviations larger than the mean,
and the largest value in group 1,034 is 4.34 stan-
dard deviations larger than the mean). These
large estimates are reflective of the large random
effects for these groups we noted in Table 3. In
group 980, the group without many extreme val-
ues, the standard deviations of LMM (random)
reflect the actual data reasonably well.

The LMM predicted values for the “new” group
are functions of the fixed effects only. There is no
random effect from the previous years (or shrink-
age based on the other estimated groups) to move
the predicted values higher. Again, the standard

Table 5
Means and Standard Deviations for Posterior Distributions from the BHM of Severity Parameters

(�gi
and rgi

) and Propensity Parameter (�gi
) for Three Selected Groups

Group Mean(�gi
) SD(�gi

) Mean(rgi
) SD(rgi

) Mean(�gi
) SD(�gi

)

115 0.102 0.019 0.00009 0.00008 0.49 0.06
980 0.101 0.018 0.00009 0.00008 0.15 0.08

1,034 0.104 0.019 0.00009 0.00008 0.50 0.05

Table 4
Means, Standard Deviations, and Selected Quantiles of Posterior Distributions

from the BHM of Policy Parameters �pj
and rpj

Parameter Mean Std. Dev. 0.025 0.50 0.975

Employee 
p1
13.3 0.26 12.8 13.3 13.8

Employee rp1
0.49 0.006 0.47 0.49 0.50

Spouse 
p2
18.4 0.45 17.5 18.4 19.2

Spouse rp2
0.53 0.009 0.52 0.53 0.55

Family 
p3
15.3 0.34 14.7 15.3 16.0

Family rp3
0.65 0.010 0.63 0.65 0.67
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deviations of LMM (random) are too small, while
those for LMM (repeated) are closer to the actual
data.

While the LMM estimates for the groups with
highly skewed data are in general too large, the
BHM estimates for these same groups tend to be
too small. This is reflective of the convergence of
the group severity parameters to essentially zero.
Thus, the BHM is not effectively using the previ-
ous year’s data for the estimation of the predicted
values in the groups with highly skewed data. The
BHM does estimate different propensity parame-

ters for the groups. This is shown in the larger
estimates for costs in group 980, a group with
high propensity to have claims. The BHM point
estimates for the “new” group also seem to be
very reasonable. However, the BHM predictive
density standard deviations are consistently too
small relative to the actual variability in the data.

Since we computed a predicted value for all the
46,691 observations in 1995, we also computed
both total error (computed as actual minus pre-
dicted), and total error as a percentage of total
daily costs for the year. These results are shown
in Table 8. Both formulations of the LMM, and the
BHM, underestimate actual costs accrued in
1995, although the LMM outperforms the BHM.

6. DISCUSSION

We believe these methods offer the actuary effec-
tive tools to predict costs when covariate data are
limited. All the models have “credibility”-type
estimators. While the LMM may be derived in a
classical framework (see, e.g., Harville 1977),
Laird and Ware (1982) show how the LMM (ran-
dom) estimators may also be thought of as empir-
ical Bayes. The LMM (repeated) estimators are
also shrinkage-type estimators. The BHM is a full
Bayesian approach.

It appears that the normal likelihood assump-
tion of the LMM may be too sensitive to the
outliers often seen in health care insurance costs.

Table 6
1995 Raw Data Summary Information for

Three Selected Groups, 115, 980,
and 1,034, and a “New Group”

Group Policy Type N
Data
Mean

Data Std.
Dev.

115 Individual 27 6.21 12.54
115 Spouse 3 12.51 10.96
115 Family 2 15.62 18.34
980 Individual 4 0.63 0.74
980 Spouse 2 6.99 0.70
980 Family 4 10.08 6.21

1,034 Individual 57 4.16 12.03
1,034 Spouse 91 7.69 12.98
1,034 Family 10 15.50 21.49
New Individual 1,318 2.68 12.48
New Spouse 428 6.15 16.54
New Family 592 8.65 18.48

Note: Raw data for the “new” group include all groups that existed in
1995 that did not exist in 1994.

Table 7
1995 Predicted Values and Standard Deviations from LMM (random), LMM (repeated),

and Predicted Density Summary Information from the BHM for
Three Selected Groups, 115, 980, and 1,034, and a “New Group”

Group
Policy
Type

LMM
(random)
Predicted

Value

LMM
(random)
Predicted
Std. Dev.

LMM
(repeated)
Predicted

Value

LMM
(repeated)
Predicted
Std. Dev.

BHM
Predicted
Density
Mean

BHM
Predicted
Density

Std. Dev.

115 Individual 15.46 1.79 15.44 15.27 3.49 7.61
115 Spouse 19.40 1.79 19.38 15.27 4.92 10.53
115 Family 20.68 1.79 20.66 15.27 5.26 10.41
980 Individual 4.33 2.06 4.33 15.30 5.60 8.95
980 Spouse 8.26 2.07 8.26 15.30 8.26 12.92
980 Family 9.54 2.07 9.54 15.30 8.40 11.88

1,034 Individual 28.61 1.13 28.59 15.21 3.16 7.23
1,034 Spouse 32.55 1.13 32.53 15.21 4.98 10.79
1,034 Family 33.83 1.14 33.81 15.21 5.05 10.20
New Individual 2.82 2.34 2.82 15.34 4.12 8.02
New Spouse 6.76 2.34 6.76 15.34 6.98 11.81
New Family 8.04 2.34 8.04 15.34 7.78 11.77
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The predictive estimates for groups with outliers
tend to be too large. Since group variability is
small relative to residual error, the estimates are
not “shrunk” back to the mean at the level that
appears to be necessary. On the other hand, es-
timators from groups with small group effects
tend to underestimate costs.

The BHM, while computationally more in-
tense, gives the actuary the ability to specify a
likelihood structure that may be more realistic
for this type of data. However, appropriate de-
termination of the likelihood seems to us to be
key. In our example we believe that the gamma
likelihood for the severity data is not rich
enough to capture the extreme variability
present in this type of data. We are currently
exploring the generalized beta (McDonald and
Xu 1995) density as a possibility. While this
five-parameter density may be too rich, leading
to difficulties with convergence, it is likely that
stepping back from this general form will lead to
a more appropriate choice. Also, based on our
experience, the inclusion of group parameters
in the severity portion of the likelihood seems
to complicate the model unduly and is not nec-
essary for the likelihood we used. However, use
of group severity parameters might be neces-
sary when the likelihood is more appropriately
specified. Inclusion of group parameters for
propensity seems to be appropriate.

The Bayesian hierarchical model, used with
MCMC technology, allows for the fitting of the
kinds of general models necessary to predict
costs in the highly volatile health insurance
industry. We believe this general framework
has great potential for wide applicability in
insurance.
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