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ABSTRACT

As investment plays an increasingly important role in the insurance business, ruin analysis in the
presence of stochastic interest (or stochastic return on investments) has become a key issue in
modern risk theory, and the related results should be of interest to actuaries. Although the study
of insurance risk models with stochastic interest has attracted a fair amount of attention in recent
years, many significant ruin problems associated with these models remain to be investigated. In
this paper we consider a risk process with stochastic interest in which the basic risk process is the
classical risk process and the stochastic interest process (or the stochastic return-on-investment-
generating process) is a compound Poisson process with positive drift. Within this framework, we
first derive an integro-differential equation for the Gerber-Shiu expected discounted penalty func-
tion, and then obtain an exact solution to the equation. We also obtain closed-form expressions
for the expected discounted penalty function in some special cases. Finally, we examine a lower
bound for the ruin probability of the risk process.

1. INTRODUCTION

In practice, insurance companies often have a huge amount of assets to manage. For various reasons,
an insurer may invest part of its assets in a portfolio with investment risk. However, poor performance
of risky investments together with an unexpected large amount of claims could put a company into a
very adverse financial situation, if not insolvency. In view of this, the impact of risky investments on
the insurance business needs to be examined carefully. In fact, a fair amount of attention has been
paid to risk models with stochastic interest (or stochastic return on investments) in recent years. Since
most of the existing results for these models mainly focus on ruin probability, much research on other
important and informative quantities of ruin such as the surplus immediately before ruin and the deficit
at ruin remains to be carried out.

Paulsen (1993) proposed a general risk process with stochastic return on investments, taking account
of three factors, namely, insurance risk, investment risk, and inflation. He used semimartingales to
model the three factors and obtained an integro-differential equation and an analytical expression for
ruin probability under certain conditions. Since then, various models ignoring the factor of inflation
have been established within the framework of his model. These models usually assume that a basic
risk process describes the underlying insurance risk and that the basic risk process is invested in a
stochastic interest process (or a stochastic return-on-investment-generating process) with investment
risk.

Paulsen and Gjessing (1997) derived integro-differential equations for the probability of ultimate
ruin and the Laplace transform of the time of ruin when the basic risk process and the stochastic
return-on-investment-generating process are compound Poisson processes perturbed by diffusion. Wang
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and Wu (2001) discussed the probability of ruin, surplus distribution at the time of ruin, and supremum
distribution of the surplus before ruin for the basic risk process being the classical one and the sto-
chastic return on investments following a Brownian motion with positive drift. In the case that the
total claim and the stochastic return on investments are both Lévy processes, Kalashikov and Norberg
(2002) constructed lower and upper bounds for the probability of ruin, while Paulsen (2002) studied
the asymptotic ruin probability. Assuming that the basic risk process is the classical risk process and
the return-on-investment-generating process is a compound Poisson process plus a Brownian motion
with positive drift, Yuen, Wang, and Ng (2004) used the martingale approach and the Markov property
to derive an integral equation and a lower bound for the ruin probability. For a compound Poisson risk
process, Cai (2004) derived lower and upper bounds for the ultimate ruin probability with a stochastic
interest process being a Lévy process and studied the Gerber-Shiu expected discounted penalty function
with the stochastic interest process being a Brownian motion with drift.

Let (Q, I, P) be a complete probability space containing all the variables defined in this paper. Here
the basic risk process is a compound Poisson process given by

Ns.¢

S,=u+ct— 2 Yy, t=0, (1.1)
k=1

where w is the initial surplus, ¢ > 0 is the rate of premium, N, is the number of claims occurring in
(0, t] following a Poisson process with intensity Ay, and Yy, are independent and identically distributed
(i.i.d.) claim amounts having common distribution Fy with Fq(0) = 0.

Suppose that the insurer is allowed to invest in an asset or investment portfolio. The stochastic
return-on-investment-generating process is assumed to be another compound Poisson process

Nie

L=rt+ 2 Y, t=0, (1.2)

k=1

where r > 0 is the fixed interest rate, N, is a Poisson process with intensity A, and Y, are i.i.d. random
variables with common distribution F;. The compound Poisson process, 2, Y;,, may be interpreted as
the total amount of big stochastic additional changes in interest at some stochastic times up to time
t. Due to the ever-changing economic environment, reassessment of the investment portfolio and re-
allocation of the surplus may be necessary from time to time. When these happen, Y}, can be used to
represent the change in the asset price or to reflect the change in interest in some way. Note that if
a risky assct is invested, such an asset may bear negative interest, that is, P(Y,, < 0) > 0.

Assume that S, and I, are independent. Suppose that the initial surplus, premium payments, and
claims are deposited into or drawn from the investment portfolio. Then the current surplus of the
insurer at time t, R,, is the solution of the following linear stochastic differential equation:

t
R, =S, + f R dI.. (1.3)
0
By Theorem 32 of Protter (1992, p. 238), the solution for equation (1.3) is
“1
R, =T, <u + j — dSs>, (1.4)
o Us-

where U, = e IL%, (1 + Y;,). Furthermore, risk process (1.4) is a homogeneous strong Markov process.
Denote by {Tg,, n = 1} and {T},, n = 1} the sequences of the jump times of the Poisson processes
Ny, and Nj,, respectively.

If A, = 0, then risk process (1.4) is reduced to

t Ng ¢
R, =¢" <u +c f e ™ds — 2 e'T***’Cng). (1.5)
0 k ’

=1
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Process (1.5) is known as the classical risk process with constant interest rate. The ruin problems for
risk process (1.5) have been extensively studied. For example, see Gerber (1971), Harrison (1977),
Delbaen and Haezendonck (1987), Sundt and Teugels (1995, 1997), and Cai and Dickson (2002).

The time T, of ruin for risk process (1.4) is defined by T,, = inf{t : R, < 0}. f R, = 0 for all t = 0,
then T, = . The ruin probability of risk process (1.4) is defined as

V() =P (inf R, < OR, = u) = P(T, < ).
=0
Let w = w(x,, &,) be a measurable function on [0, @) X [0, ®). Define

cDa(u) = E [w(RTJJ |R'1‘u|)eiaTuI(Tu < OO)]

>

E [w(RT,;’ |RT“

Je TI(T, < )R, = ul, (1.6)

with I(A) being the indicator function of set A. Suppose that w = 1 and o = 0. Then, from equation
(1.6), we get ®_(u) = ¥(u). The function P (u) is known as the Gerber-Shiu expected discounted
penalty function introduced by Gerber and Shiu (1998). It is obvious that the penalty function w
depends on the surplus immediately prior to ruin as well as the deficit at ruin.

In Section 2 we study an integro-differential equation for ®_ (u), and in Section 3 we derive an explicit
expression for @ (u). In Section 4 we present two examples in which closed-form solutions for the
expected discounted penalty function are derived. In Section 5 we give some remarks on a lower bound
for ¥(u).

2. INTEGRO-DIFFERENTIAL EQUATION

Let ug = E[Yg,]. We assume throughout this paper that pg < %, ¢ — Agpg > 0, and F;(—1) = 0 so
that ¥(u) < 1 for u = 0, and V() = lim,_. ¥(u) = 0.
We now derive an integro-differential equation for ®_(u). For u = 0, we have

®, (u) = E* [wo(R;, ‘RTul)e_OLT“I(Tu < ) (Ts; < Tpy)]

+ E* [w(R;., [Ry,

u

)efuTuI(Tu < OO)I(T[’:[ < TS,I)]

AR, + E,. 2.1)

Since risk process (1.4) has the strong Markov property, the risk process will be restarted at any finite
stopping time T from R;. Therefore, arguments of Sundt and Teugels (1995) can be used to derive an
integral equation for ® (u). If Tg, =t < T, withYg, =xandx = e" (u + ¢ [ e ds) 2 &(u, t),
then ruin does not occur, else (x > ¢(u, t)) ruin occurs. Thus, from the independence of Ty, and T,
we get

E; = E" [w(Ry,, [Ry,

Ye (T, < o)(Tg; < Ty,)]

= f f B [w(Ry. Ry,
[0) [0)
X P(Tg, €dt, Y, € dx, Tg; <T;,)

Ye M I(T, < °°)|TS,1 =t Yg, =, Tgy <Tyl

- f )‘Se)\StJ E* [w(Ry,, |RTM|)37°‘T"I(Tu < o)Tgy =t, Yo, =, Tg, < T,,]e MdFg(x)dt
0 0 : ' ' '

* bu,0)
= f Age Qsthtor J D, (b(u, t) — x) dFy(x)dt
0

0

+ f(x Nge~ Qsthrtor Jw w(d(u, t), x — d(u, t)) dFg(x)dt. (2.2)

) bu.0)
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On the other hand, if T}, = t < Ty, with Y}, = x, ruin does not occur. Therefore,

E, = B* [w(Ry,, [Ry e T I(T, < ®)I(T}; < Ts;)]

- f Ne M f g [‘w(RT,;, |RT.¢)3_OLT"I(Tu < OO)|TI.] =tY,=x T, < Ts4] e MUdF (x)dt
( . : ,

0

= f: e~ Osthrro f: D (1 + x) b, £)) dF,(x)de. (2.3)

From equations (2.1)—(2.3), we get the following integral equation for ®_(u):

o 0
D () = J; Nge (wrhrre L D, (p(u, 1) — x) dFg(x)de

+ f Nge~ Qsthrrax f w(P(u, t), x — du, t)) dFg(x)dt (2.4)
0 bu,t)

+ f )\,e("b'“’“‘)tf d ((1 + x)db(u, t)) dF,(x)dt.
0 -1

Substituting y = &(u, t) in equation (2.4) yields

D, () = Ng(ru + ¢) st f (ry + ¢) Qsthtaria
'y

J (I)ot(y - x)dFs(x)dy + )\S(m + C)O\S‘H\[-%—(x)r—]
0

| v+ oo [Ty v - yardy (25)

+ N\(u + C)()\s+)\1+(x)rlf (ry + C)f()\s+)\1+u)r*171
u

fwl D (1 + x)y)dF,(x)dy.

Denote by fs and f; the density of Fq and F,, respectively. We assume throughout the paper that fq
and f; are continuous. From equation (2.5), we can verify the following lemma.

Lemma 2.1

Assume that the penalty function w is bounded. Then ®(u) is continuously differentiable in u on [0, ).
Differentiating equation (2.5) with respect to u, we obtain the integro-differential equation for ®_(u):

d s T Q s !
) = T g ) — R < | @~ i) + A(u))
- WLJ’FC f] D (1 + 2w dF,(x), (2.6)
where
Au) = fm w(u, x — w)dFy(x) (2.7)

is a known function. Assume that w is bounded. By equation (1.6) and the dominated convergence
theorem, we get
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lim ®_(u) = 0. (2.8)

U—©

3. EXACT SOLUTION

In this section we derive an exact solution to the integral equation (2.5) or the integro-differential
equation (2.6).

We first examine some properties of risk process (1.4). Recall U, given in risk process (1.4). For ¢t =
s, it is easy to check that U, and U,U;! are independent and that UU,! and U,_, have the same
distribution. Set 1g, = T, — T, forn = 1. Then {71y, n = 1} is a sequence of i.i.d. random variables
with common exponential distribution with parameter \g. Put Y = Yg1, Y, =Y, and 74 = 14 ,. Consider
the embedded discrete time process {L,, n = 1} defined by L, = Ry, . For stopping times S < T, we
have

U U,
R, = LR+ J —=ds
T US ( S S Ut7 t>’
from which we obtain
Ln = gnLnfl + T]n’ (31)

forn = 1 with L, = u, where {(§,, m,), n = 1} is a sequence of i.i.d. pairs of random variables distributed
as (& m) defined by

Niqg

g=U,=e™[] (1 +71, 3.2)
k=1
TS 1
m=cn, — Y5 & CUTgJ —dt = Y. (3.3)
SJo U,

t

By convention, II)_,(1 + Y;,) = 1. These properties can also be found in Kalashnikov and Norberg
(2002) and Yuen, Wang, and Ng (2004).
Put X, = 1 + Y, for k = 1. Assume that ¢;, > 0 for k = 0. Define

H,=P (ao +aX, + XX, +-+aq []| X, € dx).
k=1

For x > a,, straightforward calculations give

H, = h,(a,, a;, . . ., a,, x)dx, (3.4)
where
(x—ap)ag! ((x—ap)/z1—ar)a; !
hn(a07 al? L 7an7 OC) = fo f](zl - l)dzl fo f](z2 - l)dzZ e
(((x=a0)/ (15n—2)) = (@1/ (5250 —2)) == (tn-3/Fn—2) —an—-2)a, 4
j f](znfl - 1)
0
X — G a4 ay—»
Xf[(( R ¢ Y| -1
&3 Zp-1 R Zp-1 Tp-1 n
1
X dz, 4
zl : zn*lan

Let
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B [e I (R,. € dx)] = B [e-m I (L <u +e f U dt> € dx)] = B, (u, x)dx.
: : 0

For & > u = 0, one can show that

(m + c)()\s+)\1+(x)r’1
(,rx + C)'l+()xs+)\[+(x)r7

B, (u, x) = T AI(u < x < )

+ 21 L Nge~ AsThFrieas g L dt, Jt dey - -+ 3.5
n= 1

f Nh, (¢b, ., cb,, . .., cby, c(b, + u), xe™™) dt,,
t

-1V (s—r L In(1+ (e Hx))

where a \/ b = max{a, b}, b, = [ e ™ds(k=n+1),t,=0,and ¢, =s.

Letu=0,x,>y,>0fork=1,...,n—1,x, >y, and x, > 0. Similar to Wu, Wang, and Zhang
(2003), we consider

G, = E* [eTsn [ (Rpg, € dxy, Ry, € dyy, . . ., Ry, € dx,, Ry, € dy,)].
Using equation (3.5), we can rewrite G, as
Gy = [ Bl ) fi o = 30) dovidyy =+ - oy, (3.6)

forn = 1, where y, = u and B, is given in equation (3.5).

The proofs of equations (3.5) and (3.6) are given in the Appendix. The form of G, in equation (3.6)
is crucial to the derivation of Theorem 3.1, which provides an explicit expression for @ (u) and hence
an exact solution to equation (2.5) or (2.6).

Theorem 3.1

For u = 0, we have

© 159 N1 o X2 %0 0
q)tx(u) = z f dxl f dyl f de j dy2 e f dxn J' w(‘xn7 _yn)
n=1 Y0 0 0 0 0 —o0

X ,lj] B (V15 %) fs(@, = ¥y, (3.7)

PROOF

Note that ruin happens only at times T, for n = 1. Following the technique of Wu, Wang, and Zhang
(2005), we can decompose {T, < %} into U;_{T, = Tg,}. It follows that

n=1

I
Ms

) = 3 B [0(Br,, Ry, eI, = T,
A Zl % (w). (3.8)
Since {T, = Ts,,} = {Rpg, > 0, Ry, > 0,...,Rp;, >0, Ry, < 0}, we have
dr(u) = E" [w(Ryg,, IRy De ™ I(Ryg, > 0, Ry, >0, ..., Ry, >0, Ry < 0)].

Then, using equation (3.6) together with the fact that R;. may take any value in (0, ), we get
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o X1 o0 X2 =3 0
ssao = [ ][ [ B ke, Ry e
0 0 0 0 0 —o
X I(Rpg, € dxy, Ry, E dyy, . . ., Ry, € d,, Ry € dy,)]
o] x1 fe’e} X2 o (0]
(LT ] e Bt oy, € d,
0 0 0 0 0 —o >
RTsy] € dy]? LR} RT§_n S d‘x’m RTS.,, € dyn)]
0 N1 9 £ g 0
= J' d‘xl f dylf d‘x2 f dyQ t .j d‘xnf w(xn’ _yn)
0 0 0 0 0 —oo
X kljl By (Vi-1, ) fs(x, = y)dy,,. (3.9)
Therefore, equation (3.7) holds. L]

From equation (3.8), we see that the n-th term in the summation of equation (3.7) represents the
expected discounted penalty generated from the n-th claim. In other words, it indicates the contribu-
tion of the n-th claim to ®_(u). Thus, equation (3.7) states that ®_(u) can be viewed as an aggregate
expected discounted penalty comprising ecach individual claim’s contribution. Moreover, it is easy to
see that ¢%(u) of equation (3.9) satisties the recursive formula

dr(w) = fo dx; L] B, (u, x))fs(xy = y)dn_ (y)dy,

= fx B, (u, x,)fs * dn_y(x;)doxy, (3.10)

0

for n = 2 with

% 0
di(w) = Jo dx, J_x B, (u, x,)fs(x; — y)w(x;, —y)dyy, (3.11)

where fg * ¢2_; stands for the convolution of fy and &¢_;. Hence, ®_(u) of equation (3.7) is completely
determined by equations (3.10) and (3.11).

In the case of constant interest (that is, \; = 0 in eq. [1.4]), we write the expected discounted
penalty function as ®°(u).

Corollary 3.1
For u = 0, we get

0 £ X1 o X2 s 0
Do) = 21 L do, fo dy, J;] dox, L dy, * -+ Jv . dwx,, fm W (%, ~V)

n 4+ As+a)yr—1
x k_Hl (" P fs(oo, — yk)> dy,. (3.12)

S (Txk + C)1+()\S+0L)r’1

Similar to equations (3.10) and (3.11), one can derive a recursive formula associated with equation
(3.12) for calculating ®°(u).

REMARK 3.1

Equation (2.8) of Cai and Dickson (2002) provides another solution expression for ®°(u) that is rather
different from equation (3.12). However, their expression for ®?(u) involves an unknown factor, namely,
®°(0). As was mentioned in their paper, if ®(0) is available, then one can find the form of solution
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for ®%(u) and can approximate ®Y(u) recursively. Cai and Dickson were able to find an exact solution
for ®)(0), but ®?(0) remains unsolved unfortunately. In this paper the result of Theorem 3.1 provides
an exact solution for a more general problem, and ®2(0) of equation (3.12) is simply a special case of
equation (3.7). Suppose that Fq has a continuous density. Then the solution to the Volterra integral
equation (2.7) of Cai and Dickson is unique. This means that ®°(u) of equation (3.12) is equivalent
to that of equation (2.8) of Cai and Dickson. L]

Assume that w(x,, x,) = 1. In this case, @ (u) is the Laplace transform of the time of ruin T,, and

equation (2.7) becomes A(u) = 1 — Fy(u). From equations (2.6) and (2.8), we see that ®_ (u) is the
solution to

d Nt Nt g f B
du D, (w) = T ruto @, (u) N D, (u — x)dFg(x)
N

As
S (1 - Fy),

J: @, (1 + x)u)dF,(x) —

ru + c

with lim,_. ®_ (u) = 0. By Theorem 3.1, we have the following corollary.

Corollary 3.2

Let u = 0. Assume that w(x,, x,) = 1. Then we have the following results.

1. The expected discounted penalty function takes the form
w0 = 3 [ s, [Cav o s, [T B 06 - sody,

2. If a = 0, then the explicit expression for the ruin probability W (u) = ®,(w) of risk process (1.4) is
weo = 3 [Cav v [ [T B0 s - oas,

—® k=1

3. Ifa = 0 and \; = 0, then the explicit expression for the ruin probability ¥ (u) = ®(u) of risk process
(1.5) is

V() = }_}J dox, fo dyl---fvl dx,

Let w(xy, x,) = I(x; = x)I(x, =y) and a = 0. Then
H(u, x,v) & dyw) = PRy, =, [Ry| =9, T, <= Ry = )

0

ﬁ <)\ (rykﬂ + C))‘Sr’l (Xk B yk)) dyn.

—o i\ (rxg, )t

is the joint distribution of the surplus immediately before ruin and the deficit at ruin when ruin occurs.
The function A(u) of equation (2.7) becomes

A = [ e — Ry ) = 100= 0 Fy + )~ Fyw).

Again, equations (2.6) and (2.8) imply that H(u, x, v) is the solution to the following problem:

d Ag T A A u
_H(u7 xsy) = =3 IH(uv x7y) - A j H(u_z7 xry)dFS(z)
du ru + ¢ ru + ¢ Jo
N, *
H((l + z)u7 X, y) dFI(z)
ru + ¢ J-1

- g = )yt ) ~ F@),

with lim,_., H(u, x, v) = 0. Applying Theorem 3.1 yields the following corollary.
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Corollary 3.3
Let u = 0 and o = 0. Then

H(u, x,y) = Z:l jo dx, fo dy, - - fo dx, A H Bo(e-1, ) fs(x, — y)dy,.

It is clear that the exact expressions for the distribution of the deficit at ruin and that of the surplus
immediately prior to ruin are given by H(u, %, v) and H(u, x, ®), respectively. For details of these
distributions, see, for example, Gerber, Goovaerts, and Kaas (1987), Dickson (1992), Wang and Wu
(2001), and Yang and Zhang (2001).

4. EXAMPLES

In this section we present two examples in which closed-form expressions for ®°(u) are obtained by
solving equations (2.6) and (2.8) under certain assumptions.

Example 4.1
Letu=0,a =X\, =0, and Fg(x) = 1 — ¢ P with B > 0. Assume that A’ (u) is continuous on [0, ).
Then, from equations (2.6) and (2.8), we conclude that ®)(u) is the solution to the following problem:

D" (w) + fP (W) = g, (4.1)
with
lim ®)(w) = 0 and Py (0) = N\DH(0) — AGA(0), 4.2)
where
fap = BEEEDET TN gy - APAR MA@
Solving equations (4.1) and (4.2), we obtain
Do) = —L Do) <b (20) 2 (‘D ©0) - A(O))> (4.3)

with

AsA(0)e™" [5 by (w)dxe — [ by(x)by ! (x)dx
1+ Nge ! 5 by (x)dx ’

where b,(x) = e/o/®% and b,(x) = [ b,(2)g(2)dx.

Let w(x,, x,) = e 2 with & > 0. Then we have A(0) = B + B) ! and g(u) = 0. From equations
(4.3) and (4.4), one can show that the exact expression for the Laplace transform of the deficit at ruin
has the form

5(0) =

(4.4)

)

E*[e"? (T, < )]

:ﬁ< B 5B I by (@) dx ) J 1

- d
c\6+B cB®+B) 1+ Ne ! [Zb (wydx) Ju i)

Example 4.2
Letu=0,\ =0, a >0, w(,x) =e > and Fg(x) = 1 — ¢ P with § > 0 and B > 0. Again, from
equations (2.6) and (2.8), we conclude that ®%(u) is the solution to the following problem:
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(ru + )W) + BOu +c) +r —Ag — )PV W) — afP(u) = 0, (4.5)
with

lim ®w) = 0 and c®'(0) = (\g + )D2(0) — AA(0), (4.6)

U—0

where A(0) = BB + B) L.

Put
(atAg)/r
+
£, () = e P <u + 9) U (1 PRI T\ (u + 9)) 4.7)
r r r r
(at+Ng)/r
+
£(w) = e B <u + 9) 2 (1 P <u + 9)) (4.8)
r r r r
where
I'(b) f a1 boa-1
— UL 4L _ h—a > > >
F(a, b, u) T — al@ Jo et (1 — o) dt, b>a>0,u=0,

is the standard confluent hypergeometric function, and its second form is

1 oo
U(a, b, u) = @ Jo e (1 + ot ldt, a>0,u=0.

For details of confluent hypergeometric functions, see Slater (1960, p. 5). From Example 2.1 of Paulsen
and Gjessing (1997), we see that the general solution of equation (4.5) is of the form

(I)g(u) = & (W) + 6. (4.9)

Using equations (10.01) and (10.07) of Olver (1974, pp. 256-57), one can show that lim,_,, & (u) =
0 and lim,_,., &(u) = o. It follows from the boundary condition (4.6) that

¢, =0 (4.10)
and
(oH—)xs)r*l
. + ,
o =M (T Uf1+% 1+ 3 A cB
c(®+ B) \c r r r
re+ ar) a a+ Ng B)) !
+—Ul2+—-2+—= — . 4.11
ra-+ ah ( r’ r or ( )

Finally, equations (4.7)—(4.11) give the exact expression for E* [e™®Te dRn[(T, < «)].

5. CONCLUDING REMARKS

Yuen, Wang, and Ng (2004) studied a more complex risk process in which the stochastic return follows
a compound Poisson process plus a Brownian motion with positive drift. They extended the result of
Kalashnikov and Norberg (2002) to the risk process and came up with a lower bound for the ruin
probability. With assumptions slightly different from those in Yuen, Wang, and Ng, one can also derive
a similar lower bound for the ruin probability of risk process (1.4).

Recall & of equation (3.2) and m of equation (3.3). To establish the main result of this section, we
need to assume that 0 < Fy(g) < 1 and F,(s — 1) > 0 for any & > 0. Then it can be shown that

PE<1)>0 and P(m=uf) >0 forall —o <u < w, (5.1)
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The two inequalities in expression (5.1) imply that interest may be negative and the loss from the
investments may take place. Hence, risk process (1.4) involves not only the traditional liability risk
related to the insurance portfolio (insurance risk), but also the asset risk related to the investment
portfolio (financial risk). Also, expression (5.1) implies that there exist 0 <& < 1 and 7} > 0 such that
. =p F2 = = _ﬁ
o =PE=&Em=m)>0 and I} =P(n= .- > 0.
The following theorem shows that the lower bound for the ruin probability W(u) can be expressed in
terms of these probabilities.

Theorem 5.1

For u = 0, we have

AuB u> G,
Y(u) = {Fn 0=u=q, (5.2)
where
B
M In T M
= = B = = ) A = F F = . '3
C‘YO 1 — E, In g? and 01 <1 _ g) (S )

The proof of expression (5.1) is similar to that of expression (3.5) of Yuen, Wang, and Ng (2004).
Theorem 5.1 is analogous to Theorem 3.1 of Yuen, Wang, and Ng and Theorem 1 of Kalashnikov and
Norberg (2002). It should be pointed out that the parameters in expression (5.2) are very difficult to
compute.

ACKNOWLEDGMENTS

The authors would like to thank Prof. Virginia J. Young, an associate editor, and two anonymous
referees for their comments and suggestions to improve the earlier version of the paper. The authors
would also like to thank Prof. Rong Wu for helpful discussions. The authors acknowledge support for
Kam-Chuen Yuen from a grant from the Research Grants Council of the Hong Kong Special Adminis-
trative Region, China (Project No. HKU 7054/04P), and a grant from the University Research Com-
mittee of the University of Hong Kong, and support for Guojing Wang from the NNSF (Grant No.
10271087) of China.

APPENDIX
In this Appendix we prove that equations (3.5) and (3.6) hold true.

PROOF OF EQUATION (3.5)
By the law of total probability, we obtain

E [e“‘TSI (Um (u +ec f 1 dt) € dx)]
‘ o U,
’ s - n>:|

Il
1M
=
1
o
~
PR
js
VRS
<
+
(@)
S
S=
j
~
S~
m
Q
<
=

>
M s
L

(A1)

It can be shown that
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TS 1
Q,=E [e‘”“l (UTS (u + cf Edt> € dx, N}, = O)]
0 t

(m + C)()\3+)\1+a)r_l
- (rx + C)1+()\S+)\1+u)r_1

Nl oo (x0)dix. (A.2)

Moreover, from the independence assumption, we get

- As)" 1
Q, = f Nge (stes (nl—? e M p <US <u + ¢ j — dt) Edx|N,, = n) ds
0 . '

o U,
A f age— tsrarnas RS 5 o (A.3)
0 n!
forn = 1.
Given N;; = n = 1, we have (1) the joint distribution of (T}, . . ., T;,) is the same as that of the
order statistics of n unlformlv distributed random variables on (0, 9] Q) I X, = I} X, for t €
[Ty, Ty andk = 1,. .. ,n+ 1;and 3) [§ = =, [7*  + J%,,- Then (1)-(3) 1mply that

Jn=P<“HX<u+cE ]jl

k=1 Y Trk—1

L
X,

S 1
+cf ”n—dt)edx| ,g=n>

l

' n n
f de, f de, - f —,;P <(u +cb) [1 X, + eb, [] X,
i=1 i=2
+---+chb X, +cb,,, € ersdx>dtn. (A4)

Note that if xe™ < ¢b, ., that is, t, <s — r ' In(1 + (re”")x), then the probability in the integrand
on the right-hand side of equation (A.4) equals zero. Since (X;, . .., X,) and (X,, . . ., X;) have the
same distribution, we obtain from equations (3.4) and (A.4) that

S S S n'
J,=dx | dt, | dt,--- —e
0 t1 th—1\/(s—r L In(1+ (e Hx)) S

h,(ch,.., cb,, . .., ch,, c(b, + u), xe¥)dt,. (A.5)

Hence, equations (A.1)—(A.5) vield equation (3.5). This completes the proof. L]
To prove equation (3.6), we need the following lemma.

Lemma A.1

Let 7]2 = My + YS,n' Then; (§n+17 T]nJrl) and (grﬁrl’ n2+1) are lndependent Of Lk and R'I‘ik fOT k = 17 L]
n.

PROOF

The lemma can be easily proved by induction and equation (3.1). L]

PROOF OF EQUATION (3.6)

Rewrite G,, as
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G, = E* [E" [e"Ts" Ry, € dxy, ..., Ry, | € dy, )

X e oIS TsnD[(Ry o € d,, Ry, € dy,)|Ts, -1, Rpg,s - - 5 Ry, 11

= f e P(Ts, , €Eds, Ry, €Edxy, ..., R € dy,_ IR, = u)
o : s

Tsn—1

X E* [e7a(TS.n7TS.n7])I(§ryn71 + "‘]2 S d‘x YS,n S Xy — dyn)|TS,n71 =S,

n?’

RT§_1 = xl’ e 5RT5,7171 = ynfl]'

Lemma A.1 together with the independence assumption imply that the expectation in the integrand
on the right-hand side of the above equality equals

B [e Mt (€, + my € dov,, Yy, € x, = dy,)]
= E\’n*l [e_(ﬂsl(l?"mT E dxn) I(YvS E xn - dyn)]

It follows that

G, = J e P(Tg, , €Eds, Ry, €Edxy, ... R € dy, IR, = u)

0 T51 Tsn-1
X E¥t [enSI(R ; € dx,) I(Yg € x, — dy,)]

= EB" [eTs» 1 (Ryg, € dxy, . .., Ry, | € dy,_y)]
X Bt [e*SI(R ;. € dx,)I(Yg € %, — dy,)].

Then, by induction, we get

n

G, =[] B [e*SIR,, € dx;) I(Ys € x, — dyy)]. (A.6)

k=1

By independence and equations (A.6) and (3.5), we obtain
G, = [T Bulyis, x0fsan = voddy.
This ends the proof. L]
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