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ABSTRACT

If one assumes that the surplus of an insurer follows a jump-diffusion process and the insurer
would invest its surplus in a risky asset, whose prices are modeled by a geometric Brownian
motion, the resulting surplus for the insurer is called a jump-diffusion surplus process compounded
by a geometric Brownian motion. In this resulting surplus process, ruin may be caused by a claim
or oscillation. We decompose the ruin probability in the resulting surplus process into the sum of
two ruin probabilities: the probability that ruin is caused by a claim, and the probability that ruin
is caused by oscillation. Integro-differential equations for these ruin probabilities are derived. When
claim sizes are exponentially distributed, asymptotical formulas of the ruin probabilities are derived
from the integro-differential equations, and it is shown that all three ruin probabilities are asymp-
totical power functions with the same orders and that the orders of the power functions are
determined by the drift and volatility parameters of the geometric Brownian motion. It is known
that the ruin probability for a jump-diffusion surplus process is an asymptotical exponential func-
tion when claim sizes are exponentially distributed. The results of this paper further confirm that
risky investments for an insurer are dangerous in the sense that either ruin is certain or the ruin
probabilities are asymptotical power functions, not asymptotical exponential functions, when
claim sizes are exponentially distributed.

1. INTRODUCTION
Consider the surplus of an insurer follows the jump-diffusion process

N()
I =u+ct— D Z, +aoW, =0, (1.1)
k=1

which is also called a compound Poisson surplus process perturbed by a diffusion. Here u = 0 is the
initial surplus, ¢ > 0 is the rate of premiums, {Z,, k = 1, 2, . . .} is a sequence of independent and
identically distributed (i.i.d.) nonnegative random variables, denoting claim sizes, {N(t), t = 0} is a
Poisson process with rate N > 0, representing the number of claims up to time ¢, {W,, t = 0} is a
standard Brownian motion, and o > 0 is a constant, representing the diffusion volatility. In addition,
Z,k=1,2,...5 AN(@), t = 0}, and {W,, t = 0} are independent. Ruin in this perturbed compound
Poisson surplus process has been studied extensively in the literature: see, for example, Dufresne and
Gerber (1991), Schlegel (1998), and Yang and Zhang (2001) and references therein.
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Now, suppose that the insurer would invest its surplus in a risky asset, whose prices are given by a
geometric Brownian motion {e*" = "™ ¢ = 0}, where 8 > 0 and r are constants, and {B,, t = 0} is
a standard Brownian motion independent of {U,, t = 0}. Thus, one unit invested at time 0 will accu-
mulate to e’ at time t. Recall that a classical model for stock prices or equity mutual funds is the
geometric Brownian motion model.

Let X, denote the surplus of the insurer at time ¢t under this investment assumption. Thus,

t
X, = et <u + fo e 4s dUs> , t=0,X,=u (1.2)
This resulting surplus process {X,} is called a jump-diffusion surplus process compounded by a geo-
metric Brownian motion.

In this surplus process (1.2), ruin may occur in two different situations: when ruin is caused by a
claim, and when ruin is caused by oscillation. We denote the ruin time of the surplus process (1.2) by
T, that is, T = inf{t : X, < 0} and = » if X, = 0 for all ¢t = 0. We denote the ruin probability with the
initial surplus u = 0 by {s(u), namely, $(u) = Pr{T < »|X, = u} = Pr{X, < 0 for some t = 0|X, = u}.

Furthermore, we denote T, = inf{t : X, < 0, X, > 0,0 <h <t} and > if X, = O for all ¢ > 0; namely,
T, is the ruin time at which ruin is caused by a claim. We also denote T, = inf{t : X, = 0, X}, > 0,
0 <h <t}and »if X, = 0 for all t = 0; namely, T, is the ruin time at which ruin is caused by oscillation.
Then T = min{T,, T,}. Morcover, we denote ruin probabilities in the two situations, respectively, by

U, (w) = Pr{T, < »|X, = u}

and
lljd(u) = PI‘{Td < °°|X0 = uj.

It is obvious that the ruin probability {s(u) can be decomposed as

b)) = ) + P, w), u=0. (1.3)
In addition, it follows from the oscillating nature of the sample paths of {X,} that
P,(0) = ¥(0) =1 and §,0) = 0. (1.4)

See Dufresne and Gerber (1991) for a detailed discussion of equations (1.3) and (1.4) in the perturbed
compound Poisson surplus process (1.1) model.

The surplus process (1.2) can be viewed as a special case of the surplus process (2.4) of Paulsen and
Gjessing (1997), who studied ruin probability for a jump-diffusion surplus process compounded by
another jump-diffusion process. When o = 0, the surplus process (1.2) is a compound Poisson surplus
process compounded by a geometric Brownian motion, and Frolova, Kabanov, and Pergamenshchikoc
(2002) showed that the ruin probability {s(u) in this case is an asymptotical power function. This surplus
process also was discussed in Cai (2004), Wang and Wu (2001), and others. When o > 0, the integro-
differential equation for the ruin probability {s(w) can be found in Paulsen and Gjessing. However, they
did not consider the ruin probabilities ¥ (w) and U, (u). Furthermore, the methods used in Paulsen and
Gjessing (1997) do not apply to ¥ (u) and ¥, ().

In this paper, we first derive integro-differential equations for the ruin probabilities ¥ (u) and U, (w)
using a differential argument and then obtain the corresponding equation for () using equation
(1.3). A lower bound for {s(u) is given based on the ruin probability in the pure diffusion risk model,
that is, A = 0 in equation (1.2). When claim sizes are exponentially distributed, we show that all the
three ruin probabilities yi(u), P (u), and J,(u) are asymptotical power functions with the same orders
using the lower bound and Bellman’s theorem for the second-order linear differential equation. Fur-
thermore, the orders of the power functions are determined by the drift 8 and volatility parameter r
of the geometric Brownian motion and are the same as those in Frolova et al. (2002). These results
further confirm that risky investments are dangerous for an insurer in the sense that the ruin proba-
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bilities are asymptotical power functions, not asymptotical exponential functions, when claim sizes are
exponentially distributed.

2. INTEGRO-DIFFERENTIAL EQUATIONS FOR RUIN PROBABILITIES
In this section we first derive integro-differential equations for {,(u) and {,(u) using a differential
argument, and then the integro-differential equation for s(u) follows from equation (1.3). The differ-
ential argument is a common method in risk theory. See Grandell (1991) for the method used in the
compound Poisson surplus process and Dufresne and Gerber (1991) for that used in the perturbed
compound Poisson risk process.

Throughout this paper, we denote the distribution function of Z; by F with F(0) = 0 and the tail of
a distribution function B by B(x) = 1 — B(x) and assume that F has a finite expectation. Furthermore,
we define

2

a=8+% 2.1)

and note that
2a > r3. (2.2)

The condition (2.2) guarantees that $y(u) < 1 for u = 0; see, for example, Paulsen (1993).

Theorem 2.1

Assume that { (w) is continuous on [0, ®) and twice continuously differentiable on (0, »). Then, for
any u > 0, ¥ (u) satisfies the integro-differential equation

Yo+ PN + (W) AW = A - A @ AP @) @3)

and the following boundary conditions:

P (+o0) = 0,
s 2.4
{%(0) - 0. 4
PROOF
Let
t t
Y, = uett + cet! J e 28 ds + oett f e A dw,, Y, =u (2.5)
0 0

Consider the risk process {X,} defined by equation (1.2) in an infinitesimal time interval (0, ¢]. Note
that {X,} is a strong Markov process. Furthermore, because {N(¢) } is a Poisson process, there are three
possible cases in (0, t]:

1. There are no claims in (0, ¢], thus X, = Y,.
2. There is exactly one claim in (0, t]:
a. The amount of the claim y <'Y,, that is, ruin does not occur, and thus X, =Y, — y
b. The amount of the claim y > Y,, that is, ruin occurs due to the claim
¢. The amount of the claim y = Y,, that is, ruin occurs due to oscillation (observe that the proba-
bility that this case occurs is zero).
3. There is more than one claim in (O, ¢].

Thus, considering the three cases above and noticing that in case 2(b), ¥,(Y, — v) = 1 becausey >Y,,
we have
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Puw) = (1 = NOB[U,(1)] + NE [ [~y ar (y)] + NE [ | 0, -y ar (y)] +0(0)

=1 = ME[, )] + ME [LY[ ¥, (Y, — ) dF (y)] + ME [F(Y)] + 0(0),
or equivalently,

ME[P,(Y)] = E[Y,(Y)] — ¥,@) + ME UO b (Y, — ) dFF (y)} + ME[F(Y)] +0().  (2.6)

Let A be the infinitesimal generator for Y,. Similar to formula (2.6) of Paulsen and Gjessing (1997),
we have

AY,(w) = lim B[, () ]t AW
t—0

= (¢ + aw)Pl(w) + 3(o? + rAu)P’(w). 2.7

Therefore, by dividing ¢ on both sides of equation (2.6), letting ¢t — 0, using equation (2.7), we
obtain

M) = (e + D) + 3@ + ) ) [ - ) dF () + M,

which implies equation (2.3).
In addition, the boundary condition {,(+%) = 0 follows from { (u) = ¥(u) and Y(+*) = 0; the
boundary condition {5,(0) = O follows from equations (1.3) and (1.4).

Theorem 2.2

Assume that {s,(u) is continuous on [0, ®) and twice continuously differentiable on (0, ). Then, for
any u > 0, {y,(u) satisfies the integro-differential equation

3(0? + ru)bi) + (au + o)) = M) — N L Pa(u — y) dF (y) (2.8)
and the following boundary conditions:
"bd(_f—oo) = O? 29
{%(O) -1 =9
ProoOF
The proof of Theorem 2.2 is similar to that of Theorem 2.1 and hence is omitted. L]

Theorem 2.3

Under the assumptions of Theorems 2.1 and 2.2, for any u > 0, {s(u) satisfies the integro-differential
equation

L(@? + r2?)P"(w) + (au + )P’ (u) + NF(uw) = Np(u) — A J::t Y(u — y) dF (y) (2.10)

and the following boundary conditions:

e
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PROOF

It follows from equation (1.3) that ¢'(u) = ¥, (w) + ¥,(w) and $"(w) = $7(u) + ¥j(w). Hence, equation
(2.10) follows from adding both sides of equation (2.3) to the corresponding sides of equation (2.8).
L]
We point out that Theorem 2.3 also can be obtained from Theorem 2.1 of Paulsen and Gjessing
(1997). Furthermore, Cai and Yang (2005) derived the conditions under which {(u) is twice continu-
ously differentiable. However, as pointed out by Cai and Yang, their methods are not applicable for
Y. (u) and ¥, (u). We do not know under what conditions i (w) and §s,(u) are twice continuously differ-
entiable. Also, Cai and Yang and Wang (2001) have considered the decomposition of the ruin proba-
bility in the jump-diffusion surplus process under a constant interest force.

3. RuUIN wWiTH EXPONENTIAL CLAIM SIZES

In this section we derive asymptotical solutions of yi(u), ¥ (u), and ¥,(u) when claim sizes are expo-
nentially distributed. It is easy to derive the following corollary, which gives third-order differential
equations satisfied by the ruin probabilities.

Corollary 3.1

Under the assumptions of Theorems 2.1-2.3, if F is an exponential distribution, with
F(x) =1 —¢e ™ x>0, >0, then, for any u > 0, ys(u), ¥ (u), and s, (u) satisfy the same third-order
differential equation:

h"(w) + p@)h”(w) + gw)h'(w) = 0, 3.1)
where h(u) is any of {(u), ¥,(u), and ¥, (uw),

2(a + rdHu 2¢

u - + + )
p(w) g r2u? + o2 rd + o2
and

) CBa)u 2(Bc — N+ a)
u) = + .
q r2u + o2 rd + o2

The boundary conditions of {s(w), J,(u), and {,(u) are given in Theorems 2.1-2.3 and the following
equations:

(02/2)WL(07) + c(07) = =N,
(02/2)h5(07) + cly(07) = A, (3.2)
(02/2)4"(07) + e’ (07) = 0.

PROOF

The proof comes from Theorems 2.1-2.3 by setting F(u) = 1 — e P« L]
The third-order differential equations in Corollary 3.1, together with the boundary conditions, enable
us to obtain asymptotical formulas for the ruin probabilities. To do so, we first give a lower bound for
i(u) and then recall some results about linear differential equations.
Let N = 0, then the risk model (1.2) reduces to a pure diffusion risk model, in which the surplus
follows a Brownian motion with drift and the asset price follows a geometric Brownian motion. Denote
the ruin probability in this pure diffusion risk model by {s,(w). Then it is obvious that

v = Pw),  u=0. (3.3)

However, equation (2.10) implies that {s,(u) satisfies the second-order differential equation
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3(0? + rud)diw) + (au + )Pyw) = 0 (3-4)
and the following boundary conditions:
ll';()(_|_<x)) = 07
3.5
{%(O) - 1. :9)
It is easy to solve the second-order differential equation (3.4) and obtain
* 2 2c
Yo(w) = C, f (r’x* + o02)"“" exp {— € arctan <7ﬁ>} dx, 3.6)
u ro (6)
where
- > 2
Cyt = f (r’x* + o°)7v"" exp {——C arctan (r_x)} dx. 3.7
0 ro o
It follows from L’Hospital’s rule and exp {—2¢/(ro) arctan (rx/o)} — exp {—cm/(ro)} as x — o that
1!"0(“) ~ Goe—cw/(m) f (7,.2‘%/,2)—“/;'2 dx = Koul—(Za/rz), u =0, (38)
where
C e—C’n'/(ro-)T—2a/r2
K, = =2 > 0
0 Qa/r® — 1)

is a constant.
Equations (3.3) and (3.8) will be used to derive the asymptotical formulas of Js(w), U, (u), and ¢, (w).
For this purpose, let

wu) = P'(Ww).
Then the third-order differential equation for {s(u) is reduced to the second-order differential equation
" + pu)w' + gu)w = 0. (3.9)

Further, it follows from Lemma 4 of Bellman (1953, p. 109) that the substitutions

w(u) — e*(l/Z)f{ip(x) dx y(u)

and
y(u) = s(x) with x = gu
reduce equation (3.9) to
g — (1 + f(x))s = 0, (3.10)
where
f) = 4r? xljlf o’p? - 4r2 xZB-Qi- o’p? - (412 xZBf o’p?)? - (412 sz-: o’p?)?’

and

B, = 8(r° — a)

B, = 8\ — 4a — 4Bc + 4a?/r?

B, = 16Bac

B, = 4B%c® + 4p%r3c® — 4B%d’c?/r2.

By integrating f(x), we obtain
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x 2,2 4 5232\ V"
f f(¢) de = In <4”C—"B) + K arctan <@> +e() + L, (3.11)
0 o B o

where K and L are constant and g(x) — 0 as x — .
It follows from [(f(x))? dx < o and Bellman’s theorem (Bellman 1953, Theorem 12) that there
exist

€,(x) 0 and E&,(x) — 0

as x — o so that two fundamental solutions g, and s, for g in equation (3.10) are given by

%(x) = exp {x + 1 f:f(t) dt + ?:1(90)}, x =0,

and

%,(x) = exp {—(x + 1 f:f(t) dt) + Ez(x)}, x = 0.

Furthermore, by equation (3.11), arctan (2xr/(of)) — m/2, and €(x) — 0 as x — %, we know that the
two independent solutions s, and %,, apart from constant factors, satisfy

41‘2‘9(72 + 0_2[32>(1a/r2)/2
55 X
)

=0
0'282 )

3(x) = exp{x + €,(x)} <

and

_ 4 2.0 + 202 *(1*(4/7'2)/2
5,(x0) = exp{—x + E,(x)} <”‘72—[f‘3> . x=0.
o232

In addition, we have

P22 + o2 —(A+a/r2)/2 c ru
e  WALpOdt = o=Pu/2 | —— —— exp { —| — | arctan | —
o ro o

and exp {—(c¢/(ro)) arctan (ru/o)} — expi—cm/(2ro)} as u — oo,
Thus, two fundamental solutions for @ in equation (3.9), apart from some constant factors, satisfy

2.0 2 —(t/r2
ru + o
wl(u) = esl(u) <72> , u = O,
(o2
and
2,2 2\ 1
ru + o
w,(u) = e (7 ) L u=z0,
o2
where
Si(u) = éz(Bu/2)7 l = 1, 2,
and

gw) — 0

asu— o fori =1, 2.

Observe that {i(u), U (u), §,(u) satisty the same equation only with different boundary conditions.
Hence, there exist constants C,, C,, C5, G5, C{, and C¢ so that the general solutions of s(w), U, (u),
Y, (u) are given by
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b)) = G L w;(x) dx + C, . W, (x) dx
” 2 + 02\ * r2x? + o2\ !
= C1f ea1® | ——— dx + Cgf e Pt [ — — — dx,
u g° u (O
o 2.2 2\ —a/r? o 2.2 2\ 1
") = C8 f . <% dx + C3 j . <'M> s,
u g u (02
o 2,2 4 52\ V" oc 22 4 52\ !
U,(u) = C‘fL e ™ <r xo_’_) = ) dx + C4 L e Prre ) <r—x p g ) dx.
It follows from L’Hospital’s rule and ¢5®™ — 1 as u — o that
00 2.2 2 *(1/1'2
J e (Wj(f) "
u (0}
£s 5 o\ —a/r? - 14
L)
and
® 2.2 2\ 1
J e Bre®) <T X 2+ g ) dx
u g
3 0.
w [ 2.2\ "W
f <r D,C ) dx
u (0
Therefore,
lim——W g =0, (3.12)
uU—© rex-
L < o ) dx
lim LA (3.13)
w—oe [* (12502 a/r 1
fu < 0'2 ) dx
lim LZ1C) (3.14)
u—oe [* r2x2 a/r !
[OE)
u (O
Since Y(u) = P, () + P, (u), we have C, = G5 + C4.
Now we show that
c, >0, cs >0, c4>0. (3.15)
First, if C; = 0, then C, > 0 and
® 2,2 4+ g2\ 7!
V() = G, J e Prte® <u> dx = Ce P~ u > u, (3.16)
u g

for some constant C > 0 and some suffcient large constant w, > 0. However, the inequality (3.16)

does not hold because of equations (3.3) and (3.8). Hence, we conclude that C,; > 0.
Second, if C¢ = 0, then C, = C$ > 0. Thus, it follows from
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0 2,,2 + 2\ 1
[ ermees <u> dx > 0. (3.17)
=

0

$(0) = 1, ¢, (0) = 0, and C, = Cf that C, = C35. Hence, ¢(u) = P (u), which cannot be true, since the
second and the third boundary conditions for {;(u) and s, (u) are different. Thus, we have C{ > 0.
Finally, if C5 = 0, then G, = C¢ > 0 and

I!Js(u) = CSJ e_Bx""éz(x) (

which, together with expression (3.17) and {,(0) = 0 in equation (2.4), implies that C§ = 0. Thus,
Y, (w) = 0 and hence §(u) = Y, (w), which is not true. Therefore, we obtain C§ > 0.
Then, by summarizing the arguments above and using the formula

o 5 o\ —a/r? —2a/r?
roxX r 2a
- — | = = _ 1-2a/r?
f > dx > 1)u ,
u (02 (02 r

we obtain the following theorem for the asymptotical behaviors of {s(w), s (u), and ¥, (w).

rex® + o?

—1
- > dx, u=0, (3.18)

Theorem 3.1

Under the assumptions of Corollary 3.1, there exist constants C > 0, C, > 0 and C,; > 0 so that
C=0C,+ C,and as u — »,

(u) ~ Cu' 27 (3.19)
b (w) ~ Cu! 27, (3.20)
baw) ~ Cau' =2, (3.21)

Note that the condition (2.2) implies that the order 1 — 2a/r? in functions (3.19)—(3.21) is negative.
Indeed, if the condition (2.2) does not hold, the ruin probability y(u) = 1 for u = 0. We also point
out that the orders of the power functions (3.19)-(3.21) are the same and are determined by the drift
parameter a and volatility parameter r of the geometric Brownian motion. However, the drift/premium
parameter ¢ and volatility parameter o, together with the parameters N and B, in the surplus process
influence the ruin probabilities only through the constants C, C, and C,. Furthermore, we point out
that the order is the same as that in Frolova et al. (2002).
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DiSCUSSION

HAILIANG YANG*

Professors Cai and Xu are to be congratulated for this interesting paper on ruin theory. This paper
presents an insurance risk model in which 100% of the surplus is invested in a risky asset. In practice
it is more reasonable to assume that the surplus can be invested in both risky and risk-free assets. In
this discussion, I present an alternative model.

Assume that the surplus process is the same as given in equation (1.1) of the paper, and the surplus
can be invested in a risk-free bond or a risky asset. The price of risk-free bond follows

dR(t) = r R(t)dt,

where R(¢t) is the price of the risk-free bond at time ¢, r, is the risk-free interest rate (r, = 0). The
price of the risky asset follows

dS@) = uS@)dt + o,S@)dB,

where B, is a standard Brownian motion independent of W, and the claim process. Note that this is the
same as in the paper. I assume that W, and B, are correlated with dW,dB, = pdt.

Assume that the insurance company invests a fixed proportion a of its surplus in the risky asset.
That is, the insurance company will rebalance its portfolio continuously to maintain the proportion. If
W, and B, are independent, this model can be reduced to the model in the paper by considering a new
risky asset that is a mixture of the old risky asset and the risk-free asset, always according the propor-
tion @ and 1 — «. The problem becomes diffcult if we use some kind of an optimal strategy rather than
a fixed proportion. Let X(t) denote the surplus of the insurer under this investment strategy; then we
have

dS(t) dR(t)

dX(6) = aX(6) S0 " 1 - X o " dU(e),

or, more clearly,
dX() = [ap + (1 — )] X(@©)dt + cdt + ac, X(t)dB, + adW, — dL(t),
X(0) = u. (D.1)

Here L(t) = 29 Z, is the aggregate claim process, a is the proportion invested in the risky asset,
1 — «a is the proportion invested in the risk-free asset, and all other notation is the same as in the
paper. Note that this model reduces to the model in the paper if « = 1 (w here is 8 + 12/2 in the
paper).

Now we can define the time of ruin as T = inf{t : X, < 0} and = » if X, > 0 for all ¢t = 0, and the
ruin probability is defined as {s(u) = P{T < *|X, = u}. We also can define the ruin probability caused

* Hailiang Yang, ASA, PhD, is an Associate Professor of Actuarial Science in the Department of Statistics and Actuarial Science, University of
Hong Kong, Pokfulam Road, Hong Kong, hlyang@hkusua.hku.hk.
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by claim and the ruin probability caused by oscillation, respectively, in the same way as in the paper.
In Frolova et al. (2002) and in this paper by Cai and Xu, if the risky asset is too risky as determined
by whether 1 < 2p/07 or not, then ruin is certain. In the classical ruin model, if the net-profit condition
is not satisfied, then ruin is certain. The condition 1 < 2p/o7 is like the net-profit condition. This is
not necessarily the case in our model, because the company does not need to invest all the funds in
the risky asset.

To obtain the integro-differential equation satistied by the ruin probability, we introduce an auxiliary
problem. We assume that the insurance company pays dividends continuously at rate of 8(X;(t)) at
time t. Then the dynamics of the surplus process X;(t) is given by

dXs(t) = {[ap + (1 — )1 ]Xs(0©) + ¢ — 3 X)) Ydt + ao X5()dB, + adW, — dL(t),
X,(0) = w. (D.2)
As before, the ruin probability associated with the risk process (D.2) is defined as
Us(u) = Pr{Xs(t) < 0 for some t = 0|X;(0) = u}. (D.3)

The objective of the insurance company is to minimize the ruin probability yi;(w) by choosing the
optimal dividend strategy. By the dynamic programming principle, the value function s;(u) satisties
the following Hamilton-Jacobi-Bellman (HJB) equation

Slﬁlp{?\ENJa(u = Z) — b)) + [apu + (1 = Jrou + ¢ = 3w (w)

+ $(0? + 2pacou + Coud)Pi(w)} = 0. (D.4)

Of course, the optimal dividend policy that minimizes the ruin probability is that the insurance
company pays no dividends, that is, & = 0. Note that yi,(u) = y(u). By the verification theorem, the
HJB equation (D.4) becomes

AE[Y(u — Z) — v@)] + [apu + (1 — )rgu + ]’ (w)
+ 1(0? + 2paco,u + Cou)P"(w) = 0, u=0, (D.5)
with the boundary conditions
P(») =0,
$(0) = 1.

Equation (D.5) is the equation satisfied by the ruin probability, which reduces to equation (2.10) in
the paper by Cai and Xu if « = 1 and p = 0.
If A = 0, that is, if the surplus is given by a Brownian motion with drift, then equation (D.5) becomes

[apu + (1 — )rou + c]¥’ (w) + 1(o? + 2paco,u + 2ou)P"(u) = 0, u=0. (D.6)

The solution of this equation is given by

W)
P(u) =1 —
g’
where
y ap+(1-a)r, 2cao;—p(ap+(1—a)ryo aretan ao,x+po
g(v) = | (dPoix® + 2pacox + 02) @i e woVig o eVice dx.
0

This result reduces to equation (3.6) of the paper if « = 1 and p = 0. Note that it is clear
from equation (3.6) of the paper that y(u) = 1, for all u, if 2u/07 < 1. For our model,
Yw) = 1if 2[ap + (1 — a)ry]/(a’07) < 1 (forry, < pand 0 < a < 1, this condition is more restrictive).
That is, ¥(u) < 1, for a < «,, where « is the positive solution of
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oia? — 2(p — ro)a — 2r, = 0.

For example, if o = 3%, r, = 1% and o, = 30%, then {(u) = 1 if we always invest 100% in the risky
asset. However, if we always invest less than 74% in the risky asset, then {s(u) < 1.

AUTHORS' REPLY

We are very grateful to Professor Yang for his discussion, which provides a new model for further
research in which a fixed proportion of the current surplus is invested in a risky asset and the rest in
a risk-free asset. The main point of the model is to allow the two Brownian motions in the underlying
surplus process and the risky asset to be correlated. Thus, the model can describe the dependence
between insurance risks and finance risks.

Professor Yang points out that our model (1.2) “presents an insurance risk model in which 100% of
the surplus is invested in a risky asset.” Indeed, we interpret the model (1.2) by assuming that an
insurer invests all its surplus in the stock market. However, we point out that the model (1.2) also can
model the case in which an insurer earns interest at stochastic interest forces or makes its investments
with stochastic returns. In fact, as shown in the discussion, when the two Brownian motions are in-
dependent, the model of the discussion is reduced to the model (1.2) of the paper. The model (1.2)
and its analogs have attracted a lot of attention in the literature. See, for example, the references in
the paper and references therein. These models and the corresponding results show the effects of risky
investments or stochastic interest forces on ruin probabilities and reveal how dangerous it can be if an
insurer invests in risky assets.

As pointed out by Professor Yang, the ruin probability in his model still can be decomposed into two
ruin probabilities, caused by a claim and oscillation, respectively. However, the HIB arguments used
in the discussion do not apply to the two ruin probabilities. We hope that by using the arguments of
the paper it is possible to derive the integro-differential equations for the two ruin probabilities.

It is very interesting to consider the combination of a risky investment and a risk-free investment.
The investment strategy proposed by Professor Yang is easy to implement in practice. When the two
Brownian motions are independent, such a fixed proportion investment strategy has appeared in the
literature. In general, such a strategy is not an optimal one that minimizes ruin probability. However,
for a few special models and under some conditions, a fixed proportion strategy is asymptotically
optimal.

For example, when the underlying surplus risk process is the classical surplus risk process or o = 0
in equation (1.1) of the paper, the two Brownian motions are independent, and an insurer has large
claim sizes, then the asymptotically optimal strategy is to hold a fixed proportion of the current surplus
in the risky asset when the current surplus goes to infinity. See equation (28) of Gaier and Grandits
(2004), which implies that when a company is rich and has larger claim sizes, it should invest more in
the risky asset. This seems to be consistent with the analysis of Griffn and Boomgaardt (1999, p. 52)
that “P&C insurers should use riskier assets than life companies because their liabilities are riskier.”
An interesting discussion of this statement was given in Shiu (2000). However, the story is different
when an insurer has small claim sizes. In this case, the asymptotically optimal strategy is to hold a
fixed amount in the risky asset when the current surplus goes to infinity. See equation (59) of Gaier,
Grandits, and Schachermayer (2003) or Theorem 9 of Hipp and Schmidli (2004). It means that when
a company is rich and has small claim sizes, the company should invest less in the risky asset.

Finally, we wish to emphasize that in the papers about optimal investment strategies such as Gaier
and Grandits (2004), Gaier, Grandits, and Schachermayer (2003), and Hipp and Schmidli (2004), the
investment portfolio is continuously rebalanced: that is, the amounts in risk and risk-free assets are
adjusted at each moment of time.
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