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‘‘On a Classical Risk Model with a Constant Dividend Barrier,’’
Xiaowen Zhou, October 2005

BEDA CHAN,* HANS U. GERBER,† AND ELIAS S. W. SHIU‡

Professor Zhou is to be congratulated for this elegant paper on a classical risk theory problem. In
particular, we thank him for highlighting the safety loading condition. This discussion focuses on the
solutions of the homogeneous integro-differential equation (1.15)

x

ch�(x) � (� � �)h(x) � � � h(x � y)p( y)dy � 0, x � 0.
0

Because the Laplace transform of h is

ch(0)
ĥ(�) � , (D.1)

c� � �[ p̂(�) � 1] � �

we see that, apart from a multiplicative constant, all solutions of equation (1.15) are the same. Pro-
fessor Zhou points out that, under the positive safety loading assumption, the solutions of equation
(1.15) are proportional to the function

�xe � � (x), (D.2)�

where � is the nonnegative solution of Lundberg’s Fundamental Equation (1.6)

c� � �[ p̂(�) � 1] � � � 0.

In the paper, � is denoted as �(�). Note from equation (D.1) that � is the nonnegative pole of ĥ(�).
It turns out that there are three forms for the function ��. The first form is the definition given in

the paper

��T��UT� (u) � E[e 1(T � �)�U � u]. (D.3)� 0

In terms of the notation for the expected discounted penalty function in the paper,

� (u) � m (u), (D.4)� �,w

with

��yw(x, y) � e . (D.5)

It follows from formulas (2.16) and (2.17) in Gerber and Shiu (1998) that

u �
��( y�u)c��(u) � (� � �)� (u) � � � � (u � y)p( y) dy � � � e p( y) dy � 0. (D.6)� � �

0 u

Because � is a solution of Lundberg’s Fundamental Equation (1.6), we readily can verify that the
function
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�xh(x) � e � � (x) (D.7)�

satisfies the integro-differential equation (1.15). We note that we have not used any assumption on
the sign of the safety loading, because the integro-differential equation (2.16) in Gerber and Shiu can
be derived without any assumption on the safety loading.

The second form is

��T0� (u) � E[e 1(T � �)�U � u], (D.8)� 0

where T0 is the first time when the surplus reaches zero after ruin. We call the stopping time T0 the
time of recovery. Thus, �� is the expected present value of a payment of 1 made at the time of recovery,
if ruin and subsequent recovery take place. A proof that (D.3) and (D.8) are the same can be found in
formulas (6.8)–(6.10) of Gerber and Shiu (1998). That (D.3) and (D.8) are equivalent also does not
depend on the sign of the safety loading.

To obtain the third form for ��(u), we consider

��u�(u) � e � (u). (D.9)�

It follows from equation (D.6) that

u �
��y ��yc��(u) � (� � � � c�)�(u) � � � �(u � y)e p( y) dy � � � e p( y) dy � 0. (D.10)

0 u

Because � is a solution of Lundberg’s Fundamental Equation (1.6), the coefficient of �(u) in equation
(D.10) can be replaced by Now, define the Esscher-transformed density function�p̂(�).

��yp( y) � e p( y)/p̂(�), y � 0. (D.11)˜
Then, dividing equation (D.10) by yieldsp̂(�)

u �

c��(u) � ��(u) � � � �(u � y)p( y) dy � � � p( y) dy � 0, u � 0, (D.12)˜ ˜ ˜
0 u

where � c/ Equation (D.12) is an equation for the ruin probability. Thus the third form forc p̂(�).˜
��(u) is

�u� (u) � e �(u), (D.13)�

where �(u) is the ruin probability for a surplus process with unchanged Poisson parameter �, changed
premium rate and Esscher-transformed claim density function That the functionc , p( y).˜ ˜

�xh(x) � [1 � �(x)]e (D.14)

satisfies the integro-differential equation (1.15) has been pointed out in Bühlmann (1970, Section
6.4.9); see also Lin, Willmot, and Drekic (2003, Section 4). Gerber (1972, Section 9) has extended
the Esscher-transform technique for obtaining a ruin probability equation to the case where the surplus
process is perturbed by a diffusion.

It is obvious from (D.3) or (D.8) that the quantity ��(u) is less than 1. This is not the case for
equation (D.13). On the other hand, equation (D.13) shows that

� (0) � �(0) � �[�p̂�(�)]/c, (D.15)�

which seems to be a result not immediately obvious from (D.3) or (D.8).
We should check that the modified surplus process always has a positive safety loading. Otherwise,

we would have �(u) � 1, and hence h(x) � 0 by (D.14). Upon examining Figure 2 in Gerber and Shiu
(1998), we see that, at the intersection point � � �, the slope of the straight line has to be more
negative than that of the curve, regardless of any safety loading condition; that is,
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�c � �p̂�(�). (D.16)

It follows from inequality (D.16) that the safety loading for the modified surplus process is always
positive.

The results in Section 4 of Gerber and Shiu (1998) can be used to provide an asymptotic formula
for ��(u). It follows from (D.3) above and (4.10) in Gerber and Shiu that

�Ru� (u) � Ke for u → �, (D.17)�

where K is a constant, and R is the generalized ‘‘adjustment coefficient’’ (assuming that it exists). The
number �R, which is denoted as in the paper, is the negative root of Lundberg’s Fundamental�(�)˜
Equation (1.6). To determine K, we replace w(x, y) by e�y in the double integral in equation (4.10) of
Gerber and Shiu and perform the double integration.

Alternatively, we can use (D.13) and the Cramér-Lundberg asymptotic formula for the probability of
ruin (see, e.g., Gerber and Shiu 1998, formula 4.15). In applying (4.15) of Gerber and Shiu to obtain
an asymptotic formula for �(u), the ruin probability for the modified surplus process, we replace c in
(4.15) by � c/ p1 by / R by R � �, and by / Then,c p̂(�), [�p̂�(�)] p̂(�), p̂�(�R) p̂�(�R) p̂(�).˜

c � �p̂�(�)
�u �Ru� (u) � e �(u) � e for u → �. (D.18)� �[�p̂�(�R)] � c

Again, � and �R are solutions of Lundberg’s Fundamental Equation (1.6). (If p(x) is an exponential
density function as in Section 4 of Professor Zhou’s paper, then the asymptotic formula (D.18) becomes
an equation valid for all u � 0.) If we write L(�) for the denominator of equation (D.1) (so that
Lundberg’s Fundamental Equation is L(�) � 0), then formula (D.18) becomes

L�(�) �Ru� (u) � e for u → �. (D.19)� �L�(�R)

Thus, it follows from equation (D.7) that, apart from a multiplicative constant,

1 1
�u �Ruh(u) � e � e for u → �, (D.20)

L�(�) L�(�R)

which is a formula symmetric with respect to the two solutions of Lundberg’s Fundamental Equation
(1.6).

To see that the adjustment coefficient, R, in (4.15) of Gerber and Shiu (1998) is to be replaced by
R � �, we note that, for the modified surplus process, Lundberg’s equation is

c p̂(� � �)
� � � � 1 � 0,� �p̂(�) p̂(�)

or

�p̂(� � �) � �p̂(�)
�c � . (D.21)

(� � �) � �

Then, by examining Figure 2 in Gerber and Shiu, we see that the adjustment coefficient for the modified
surplus process is indeed R � �; this result is the same as equation (4.8) in Lin, Willmot, and Drekic
(2003). With this, we also find that the derivative in (4.15) of Gerber and Shiu is to be replacedp̂�(�R)
by

p̂�(� � (R � �)) p̂�(�R)
� .

p̂(�) p̂(�)

As a quick check, we observe that the denominator in formula (D.18) is the same as the denominator
in the asymptotic formula (4.10) in Gerber and Shiu.
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By examining Figure 2 in Gerber and Shiu (1998) one can see that, if the safety loading is positive,

lim � � 0, (D.22)
�↓0

lim R � 0; (D.23)
�↓0

and if the safety loading is negative,

lim � � 0, (D.24)
�↓0

lim R � 0. (D.25)
�↓0

With (D.22), we see that, in the positive loading case, formula (D.18) generalizes the Cramer-Lundberg
asymptotic formula.

We now give an explicit formula for h(x) when the claim amount distribution is a mixture of expo-
nential distributions, say, with probability density function

m
�	 xip(x) � A 	 e , x � 0, (D.26)� i i

i�1

where 0 � 	1 � 	2 � � � � � 	m and Ai’s are m positive numbers that add up to 1. Thus,
m A 	i ip̂(�) � , Re � � �	 . (D.27)� 1� � 	i�1 i

Although does not exist for Re � 
 �	1, Lundberg’s Fundamental Equation (1.6) can be analyticallyp̂(�)
extended as

m A 	i ic� � � � 1 � � � 0 (D.28)�� �� � 	i�1 i

for � in the complex plane with the points �	1, �	2, . . . , �	m removed. Because the left-hand side
of equation (D.28) is a polynomial of degree m � 1 divided by the product (� � 	i), equationm�i�1

(D.28) has m � 1 roots, which will be denoted as �0, �1, . . . , �m. We assume � � 0, as � � 0 can be
treated as a limiting case. The m � 1 roots are real and satisfy the following interweaving condition:

�	 � � � �	 � � � � � � � �	 � � � �	 � � � 0 � � . (D.29)m m m�1 m�1 2 2 1 1 0

Figure 13.6.2 of Bowers et al. (1997) can be helpful in visualizing inequalities (D.29). In particular, �0

is � above (and is denoted as �(�) in the paper), and �1 is �R above (and is denoted as in the�(�)˜
paper). Because the left-hand side of equation (D.28) is

mmc (� � � ) (� � 	 ),� ��j�0 j i�1 i

equation (D.1) becomes

m mĥ(�) � h(0) (� � 	 ) (� � � ), (D.30)� ��i�1 i j�0 j

which is a proper rational function. Since �0, �1, . . . , �m are distinct, applying Heaviside’s expansion
formula (Spiegel 1965, p. 46, eq. [14]; p. 61, #29) to equation (D.30) yields the desired formula
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mm (� � 	 )�i�1 k i
� xkh(x) � h(0) e . (D.31)� m (� � � )k�0 � j�0, j�k k j

Using the interweaving condition (D.29), we can determine the sign of the coefficient of each of the
(m � 1) exponential functions in formula (D.31). The coefficient of is� x0e

m mh(0) (� � 	 ) (� � � ). (D.32)� ��i�1 0 i j�1 0 j

It has the same sign as that of h(0) because each factor in the two products is positive. A similar
examination shows that the other m coefficients have a sign opposite to that of h(0).

As a check for formula (D.31), we note that, for m � 2, the formula matches with the result at the
end of Section 6 of Lin, Willmot, and Drekic (2003). Also, with x � 0, formula (D.31) becomes

mm (� � 	 )�i�1 k i
1 � , (D.33)� m (� � � )k�0 � j�0, j�k k j

which is true because the right-hand side of (D.33) is the m-th divided difference of the m-th degree
monic polynomial (� � 	i) with respect to the collocation points �0, �1, . . . , �m. Our final checkm�i�1

is to use formulas (5.34), (5.21), and (5.35) in Gerber and Shiu (2005), which state that, with
w(x, y) � e�ry where r � �	1, the expected discounted penalty function is

m m m� � r 	 � �j i k � xkm (x) � e (D.34)� � �	 
	 
�,w � � � 	 � rk�1 j�1, j�k i�1j k i

under the assumption of a positive safety loading. By dividing expression (D.32), the coefficient of
into equation (D.31), we obtain� x0e ,

mm m(� � � ) (� � 	 )� �j�1 0 j i�1 k i
� x � x � x0 0 ke � � (x) � e � e . (D.35)�� m m(� � 	 ) (� � � )k�1� �i�1 0 i j�0, j�k k j

Because ��(x) � m�,w(x) if w(�, y) � we see that (D.35) follows from (D.34). We note that the�� y0e ,
results in Gerber and Shiu (2005) are for the more general case where the distribution of the time
between claims is that of a sum of n independent exponential random variables. For r � 0 and � � 0,
(D.34) is a formula for the probability of ruin with p(x) being a mixture of exponential densities; this
formula was probably first given by Täcklind (1942); see also Chan (1990).

Let
m�xg(�) � e (� � 	 ). (D.36)�i�1 i

Then, formula (D.31) can be written as

h(x) � h(0)g[� , � , . . . , � ], (D.37)0 1 m

where g[�0, �1, . . . , �m] is the m-th divided difference of the function g with respect to the collocation
points �0, �1, . . . , �m. An alternative way to derive equation (D.37) is to use Bromwich’s integral
formula for inverting Laplace transforms (Spiegel 1965, p. 201):

r�i�1
�xˆh(x) � � h(�) e d�, (D.38)

r�i�2�i

where i � and the path of integration is parallel to the imaginary axis in the complex plane,��1,
with the real number r being chosen so that all the singularities of the integrand lie to the left of the
line of integration. Because is a proper rational function, the integral in (D.38) is equivalent to aĥ(�)
contour integral (Spiegel 1965, p. 212, #15; p. 203, #2),
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1
�xˆh(x) � � h(�) e d�, (D.39)

C2�i

where C is a contour containing in its interior all poles of namely, �0, �1, . . . , �m. Applying (D.30)ĥ(�),
and (D.36) to (D.39) yields

h(0) g(�)
h(x) � � d�. (D.40)

C2�i (� � � )(� � � ) � � � (� � � )0 1 m

Now, by the Cauchy integral formula,

1 g(�)
g(� ) � � d�, j � 0, 1, 2, . . . , m. (D.41)j

C2�i � � �j

It thus follows from

1 1 1 1
� �	 
� � � � � � � � � (� � � )(� � � )j k j k j k

that we have the first divided difference formula

1 g(�)
g[� , � ] � � d�.j k

C2�i (� � � )(� � � )j k

By induction, we have the m-th divided difference formula

1 g(�)
g[� , � , . . . , � ] � � d�. (D.42)0 1 m

C2�i (� � � )(� � � ) � � � (� � � )0 1 m

Applying (D.42) to (D.40) yields formula (D.37).
The results in the last paragraph can be generalized to the case where is a rational function.p̂(�)

For example, the claim amount distribution can be a combination of exponential distributions: that is,
some of the coefficients {Ai} in equation (D.26) can be negative, but the sum of all coefficients is 1
and p(x) � 0 for all x � 0. Since is the Laplace transform of a density function, it is a properp̂(�)
rational function. Let �	1, �	2, . . . , �	m be the poles, repeated according to multiplicities. Then
the function

L(�) � c� � �[p̂(�) � 1] � �

is a polynomial of degree m � 1 (with leading coefficient c) divided by the product (� � 	i). Letm�i�1

�0, �1, . . . , �m be the zeros of the polynomial, repeated according to multiplicities, and g be the
function defined by equation (D.36). Then, formula (D.40) remains valid. However, without the inter-
weaving condition (D.29), the zeros �0, �1, . . . , �m are not necessarily distinct. Let us illustrate the
evaluation of formula (D.40), or equivalently, the evaluation of equation (D.37), by an example. Con-
sider m � 6, and that the zeros are �0, �1, a, a, a, b, b. Because

2
 
 1 2! 	 1!
� ,2 3 2
a 
b (� � a)(� � b) (� � a) (� � b)

we have
21 1 
 


h(x) � h(0)g[� , � , a, a, a, b, b, c] � h(0) g[� , � , a, b, c].0 1 0 12(3 � 1)! (2 � 1)! 
a 
b

An alternative approach for determining h(x) is to use Heaviside’s expansion formula (Spiegel 1965,
p. 73, #105).

Finally, we would point out that a very recent paper discussing the solutions of equation (1.15) with
a diffusion component added is Li (2006).
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CHUANCUN YIN*
This interesting paper by Professor Zhou provides an elegant approach to study several quantities
related to the classical risk model with a constant dividend barrier. His approach is to use the previous
work on Gerber-Shiu functions for the classical risk models and the general theory for Lévy processes.
I have three comments.

First, I would like to comment on the formula (1.5). A key step for evaluating B�(v�u) in (1.5) is the
expression for ��(u), the generalized ruin probability, given by

��T��UT� (u) :� E[e 1(T � �)�U � u],� 0

where � :� �(�) is the unique nonnegative solution to Lundberg’s fundamental equation (1.6)

c� � �( p̂(�) � 1) � �,

and denotes the Laplace transform of p.p̂
Professors Chan, Gerber, and Shiu (2006) give three different forms for the function �� by consid-

ering certain integro-differential equations. I now present an alternative derivative of formula (D.13)
in their discussion. For the spectrally negative Lévy process {Xt} with initial value X0 � 0 and the
Laplace exponent �(�) considered in Zhou (2005, p. 98), it is well known (see Avram et al. 2004) that
for any � such that �(�) is finite, the family �t(�) :� exp{�Xt � �(�)t} is a martingale under P. Let
P(�) denote the probability law with Radon-Nikodym derivative

(�)dP
� � (�)
 tdP

�t

for all 0 
 t � �. We have for each stopping time �,
(�)P (� � �) � E(� (�)1(� � �)). (D.1)�

Moreover, under the measure P(�), X remains within the class of spectrally negative Lévy processes, and
the Laplace exponent is given by

� (�) :� �(� � �) � �(�), � � ��.�

Obviously, as Zhou points out, {Ut � u} is a special spectrally negative Lévy process with Laplace
exponent

* Chuancun Yin, PhD, is a Professor in the Department of Mathematics, Qufu Normal University, Qufu 273165, China, ccyin@mail.
qfnu.edu.cn.
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�(�) � c� � �( p̂(�) � 1).

According to the theory above, under the measure P(�), {Ut � u} remains a spectrally negative Lévy
process, and the Laplace exponent is given by

ˆ� (�) :� c� � �p̂(�)( f(�) � 1), � � ��, (D.2)�

where f is the Esscher transform with respect to parameter � of p (see Chan et al. 2006, eq. [D.11]),
that is, f(x) � It follows from equation (D.1) that�1 ��x( p̂(�)) e p(x).

�u ��T��(U �u) �u (�)T� (u) � e E[e 1(T � �)�U � u] � e P (T � ��U � u),� 0 0

where we have used the fact �(�) � �, since � is a solution to Lundberg’s fundamental equation (1.6).
Note that by formula (D.2) (P(�)(T � ��U0 � u) is the ruin probability in infinite time, with the initial
surplus u, of the classical risk model with the premium rate c, the claim-number process being a Poisson
process with intensity and claim sizes with common density f(x) � Conse-�1 ��x�p̂(�) (p̂(�)) e p(x).
quently, formula (1.5) can be rewritten as

�u (�)e P (T � ��U � u)0B (v�u) � . (D.3)� �v (�)e P (T � ��U � v)0

Next, I want to comment on the scale function W� (1.7) for Lévy process {Ut � u}. We may claim
that

1
�u (�)W (u) � e P (T � ��U � u), (D.4)� 0m

where
�

(�) ��xm � E (U � u) � c � � � xe p(x) dx � c � �p̂�(�),1
0

which is positive according to formula (D.16) in Chan et al. (2006).
In fact, by a result in Zolotarev (1964) (see Chiu and Yin 2005, Lemma 1.2) we have

� m��u (�)� e P (T � ��U � u) du � , �(�) � 0,0
0 � (�)�

where ��(�) is defined by formula (D.2). It follows that
� m��u �u (�)� e e P (T � ��U � u) du �0 ˆ0 c(� � �) � �p̂(�)( f(� � �) � 1)

m
�

p̂(�)
c(� � �) � �p̂(�) � 1	 
p̂(�)

m
� , �(�) � �, (D.5)

c� � �( p̂(�) � 1) � �

where we have used � � � � c� � for the last equality. Comparing formula (1.7) with equation�p̂(�)
(D.5) we have now proved equation (D.4).

The final comment is on the calculation of � � u]. Because of equations (1.2), (1.5), andb��T bE[e U0

(2.5), we have only to calculate ��(u) :� �U0 � u] and ��(u).��TE[e
If is a rational function (e.g., p being densities of exponential distributions, combinations ofp̂(�)

exponential distributions, Erlang distributions, combinations of Erlang distributions, etc), then ��(u)
and ��(u) have explicit expressions, respectively; see Chiu and Yin (2002) and Gerber and Shiu (1998).
If has not only poles but also branch points, no explicit formulas for ��(u) and ��(u) exist inp̂(�)
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general. However, for some cases they do exist. The method of calculating the Bromwich integral used
in Chiu and Yin has to be modified, which can be done by deforming the integral contour to exclude
the branch points. We now give an example.

EXAMPLE

Let the claim amount follow a gamma distribution G(r, �), that is,

x �r
��1 �ryP(x) � � y e dy, x � 0.

0 �(�)

Here we assume that r and � are positive numbers. For the case that � is an integer, the distribution
often is referred to as an Erlang distribution. The Laplace transform of p is

��
	

p̂(	) � 1 � , 	 � �r.	 
r
It is well known that Lundberg’s fundamental equation � 	c � � � � � 0 has a unique non-�p̂(	)
negative root, say, 	1(�); the remaining roots 	j(�)’s all are located on the negative half-plane. In
addition, 	1(�) � 0 if � � 0 and positive if � � 0. For simplicity, we write 	j’s for 	j(0)’s.

Case 1. � is an integer.
In this case is analytic in the complex plane except for its poles. Thus the condition in Chiu andp̂(�)

Yin (2002, Theorem 2.2) is fulfilled. From Chiu and Yin, formulas (2.3) and (2.4), we have

	 (�)1 1 j
� � 1 �	 
	 


��1 	 (�) 	 (�) rj 1
	 (�)uj� (u) � e , u � 0,�� 	 (�)c �� ��j�2 j(� � 1) � c � �

r r r

	�� j
� c 1 �	 
	 


��1 r r
	 uj� (u) � e , u � 0.�0

	 cj�2 ��j(� � 1) � c �	 
r r

Case 2. � is not an integer.
In this case, has a finite branch point at �r. Now consider the Laplace transformp̂(�)

��(1 � p̂(	)) � 	(� � c�)
�̂ (	) � ;� 	�(�[1 � p̂(	)] � � � c	)

see Gerber and Shiu (1998, formula [2.59]). Let us denote the boundary values of on the upper�̂ (	)�

and lower sides of the half-line from �� to �r by and respectively. On the upper and� �̂ ̂� (	) � (	),� �

lower sides, we take the transforms 1 � 	/r � t1/�e�i�, respectively, where t � 0. Then

� �1 
i��(1 � t e ) � c� (0)�1/�r(1 � t )
��̂ (	) � .� �1 
i�� 1/��t e � cr(1 � t ) � � � �

The residue theorem leads to

� 1/��11 rt1/��ru(1�t ) � � 	 (�)û ̂ ̂ j� (u) � � e ( � (	) � � (	)) dt � Res( � (	 (�))e ).�� � � � j
02�i � j�1
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After some calculations, we have

�
( p̂(	 (�)) � 1) � c� (0)j �	 (�)j 	 (�)uj� (u) � e�� �p̂�(	 (�)) � cj�1 j

�y �
� 1 � c � c� (0)	 
 	 
�

� r ysin ��
�uy� � e dy.� 2

r�� y cy � 2cos �� � � 1 � 1 � � sin ��	 	 
 	 

r r �

The boundedness of ��(�) implies

� �
c� (0) � (1 � p̂(	 (�))) � c � .� 1	 (�) 	 (�)1 1

Finally, we have

	 (�)1 1 j
� � 1 �	 
	 
	 (�) 	 (�) rj 1

	 (�)uj� (u) � e�� 	 (�)c) �� ��j�2 j(� � 1) � c � �
r r r

�y � ��uye �1 �	 
 	 

� r y 	 (�)1sin(��)

� � dy. (D.6)� 2
r�� y cy � 2cos(��)� �1 �1� �sin (��)	 	 
 	 

r r �

Letting � → 0 in formula (D.6) and noting that lim�→0 �/	1(�) � c � �� leads to the well-known
result for P(T � ��U0 � u) (see Grandell, 1997, formula [9.32]):

	j(�� � c) 1 �	 
r
	 ujP(T � ��U � u) � e�0 	 c ��j�2 j(� � 1) � c �

r r
�y�uye � 1 (c � ��)	 


� rsin(��)
� � dy, (D.7)� 2

r�� y cy 2cos(��) � � 1 � 1 � sin (��)	 	 
 	 

r r

where � � �/r is the mean of G(r, �).
Note that under the measure P(�), {Ut, t � 0} is still the classical continuous time surplus process

with the premium rate c, claim-number process being a Poisson process with intensity and claim�p̂(�),
sizes with common distribution G(r � �, �). This comes from the fact that f(x) � is�1 ��x(p̂(�)) e p(x)
the density of G(r � �, �) when p is the density of G(r, �). Consequently, by formula (D.7), we find
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�j(�p̂(�)� � c) 1 �	 
1 r � �
(�) � ujP (T � ��U � u) � e�0 � c �p̂(�)�j�2 j(� � 1) � c �

r � � r � �

�y�uye �1 (c��p̂(�)� )	 
 1
� r��sin(��)

� � dy,� 2
r����p̂(�) y cy 2cos(��)� �1 �1 �sin (��)	 	 
 	 

r�� r��

where �1 � �/(r � �) is the mean of G(r � �, �) and �j’s are the roots of
��

�
�p̂(�) 1 � � �c � �p̂(�) � 0, � � C.	 
r � �

From this we may write out the explicit formulas for ��(u).
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I am grateful to Professors Chan, Gerber, and Shiu’s and Professor Yin’s insightful discussions. They
have shown me yet again their expertise on this subject.

In their discussion Professors Chan, Gerber, and Shiu point out three different interpretations for
the scale function. They also discuss the asymptotic property and derive some explicit expressions for
the scale function when the claim amount follows a mixture of exponential distributions. Professor Yin
points out that the generalized ruin probability can be identified as the ruin probability for a risk model
under a new probability measure. He also carries out explicit computation on the risk model with
gamma-distributed claim amounts. I would like to add some comments to their discussions and to my
paper.

I would first comment on the discussion of Professors Chan, Gerber, and Shiu. I want to show how
one can derive equation (D.15) from either equation (D.3) or (D.8) in their discussion. By formula
(3.3) of Gerber and Shiu (1998), which was first given by Dufresne and Gerber (1988), we have
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�1 �x�f(x, y�0) � �c e p(x � y),

where f(x, y�0) denotes the defective discounted joint density for
��TE[e 1(T � �, U � dx, �U � dy)�U � 0].T� T 0

Applying the strong Markov property at the ruin time, by formula (1.10) of Zhou (2005), which was
initially due to Kendall (1957), we further have

� �
��T �y� �1 �x�0� (0) � E[e 1(T � �)�U � 0] � � dy e � �c e p(x � y) dx� 0

0 0

� � �
�1 �(x�y)� �1 �z�� �c � dy � e p(x � y) dx � �c � ze p(z) dz,

0 0 0

where we have changed variables for the last equality. Then equation (D.15) follows readily from equa-
tion (D.8). With a similar argument we can show that equation (D.3) implies equation (D.15).

Observe that the left-hand side of Lundberg’s Fundamental Equation

c� � �[ p̂(�) � 1] � � �: L(�)

is strictly convex. Moreover, L(�) → � as ��� → � and L(0) � ��. Function L thus assumes its minimal
value at a point between �R and �. So L�(�) � 0 and inequality (D.16) follows. If the safety loading is
positive, then L�(0) � 0, and L assumes its minimal value at a point between �R and 0. Then expres-
sions (D.22) and (D.23) also follow readily.

I would like to point out a side result from Zhou (2005), which does not seem to be obvious at first
sight. In a compound Poisson risk model with positive safety loading, the ratio ���(u)/(1 � �(u)) can
be interpreted as the hazard rate function for the aggregate loss random variable. By equation (1.18)
of Zhou, for � � 0 and u � b we find

1 � �(b)
E[D (b, b)] � ,0 ���(b)

where we need the fact that � � 0 when � � 0 under a positive safety loading. Since E[D0(b, b)] is the
expected value of the dividend payments until ruin when the initial surplus is at the barrier b, it clearly
increases in b. Therefore, ���(u)/(1 ��(u)) decreases in u.

Since Professor Yin brings up the issue of computing ��(u) :� E[e��T�U0 � u], I want to present an
expression for ��(u) using general theory for spectrally negative Lévy processes. Recall from Zhou
(2005) that T* is the exit time of {Ut} from interval (0, b), u � b. By Corollary 1 of Bertoin (1997)
(note that there are typos in Corollary 1), we find

��T* ��T* ��T*E[e 1(U � 0)�U � u] � E[e �U � u] � E[e 1(U � b)�U � u]T* 0 0 T* 0 (R.1)
¯�W (u)W (b)� � ��T*¯� 1 � �W (u) � � E[e 1(U � b)�U � u],� T* 0W (b)�

where :� W�(z) dz.xW̄ (x) �� 0

By equation (1.11) of Zhou (2005), we see that

W (b � x)� �x�lim � e
W (b)b→� �

and
�bW̄ (b) � W (b � z) dz 1� 0 � �z�lim � lim � � e dz � .
0W (b) W (b) �b→� b→�� �

In addition,
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��T*lim E[e 1(U � b)�U � u] � 0.T* 0
b→�

Letting b → � in (R.1), we then have

�W (u)�¯� (u) � 1 � �W (u) � . (R.2)� � �

Consequently, one only has to recover the scale function W� to compute ��(u).
Meanwhile, I want to illustrate how one can express the Gerber-Shiu function using the scale function

for a compound Poisson risk model perturbed by Brownian motion. The surplus for such a model can
be written as

Nt

U � u � ct � X � �B ,�t j t
j�1

where {Bt} is the Brownian motion. By (7) of Bertoin (1997) the scale function W� for {Ut � U0} has
a Laplace transform that generalizes (1.7) of Zhou (2005):

� 1��x� e W (x) dx � , � � �. (R.3)� 2 20 c� � � � /2 � �( p̂(�) � 1) � �

By Theorem 1 and Corollary 2 of Bertoin (1997) and using the same argument in Zhou (2005), we
can show that (1.12) of Zhou also holds for the perturbed risk model. Since

P{T � �, U � U � 0�U � u} � 0T� T 0

for the perturbed risk model, which is not the case for the compound Poisson risk model, we still have
to find an expression for

��TE[e 1(T � �, U � U � 0)�U � u].T� T 0

To this end, we can apply Corollary 1 and Corollary 2 of Bertoin. It follows that for � � 0,

��T* ��T* ��T*E[e 1(U � U � 0)�U � u] � E[e �U � u] � E[e 1(U � b)�U � u]T*� T* 0 0 T* 0

b �
��T*� � � E[e 1(U � dx, �U � dy)�U � u]T*� T* 0

0� 0�

¯�W (u)W (b)� � ��T*¯� 1 � �W (u) � � E[e 1(U � b)�U � u]� T* 0W (b)�

� b W (u)W (b � x)� ��� dy � � 1(u � x)W (u � x) �p(x � y) dx.	 
�
0 0 W (b)�

(R.4)

Letting b → � in (R.4) we find

��TE[e 1(T � �, U � U � 0)�U � u]T� T 0

� ��W (u)� �x�¯� 1 � �W (u) � � � dy � (W (u)e �1(u � x)W (u � x)) �p(x � y) dx� � �
0 0�

��W (u)� �x�¯� 1 � �W (u) � � � (W (u)e � 1(u � x)W (u � x)) �(1 � P(x)) dx,� � �
0�

(R.5)

where P(x) :� p(z) dz.x�0
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Similarly, we can show that

�
�x�P{T � �, U � U � 0�U � u} � �(u) � � (W (u)e � 1(u � x)W (u � x)) �(1 � P(x)) dx.T� T 0 0 0

0

(R.6)

We remark that we do not need the condition of positive safety loading in obtaining (R.2), (R.5), and
(R.6), and if the condition fails, then �(u) � 1.

We also observe from (R.3) that for � � 0

�
��xW (0�) � lim � � e W (x) dx � 0.� �

0� →�

Then by (R.5) we immediately see that

��TE[e 1(T � �, U � U � 0)�U � 0] � 1.T� T 0

We thus reach the following well-known result

P{T � 0, U � U � 0�U � 0} � 1.T� T 0

Under the positive safety loading condition that guarantees � � 0 when � � 0, it follows from (R.3)
that

� 1�� xlim W (u) � lim � � e W (x) dx � .0 0
0 c � �p̂�(0)u→� � →0�

Then by (5) of Bertoin (1997) we have

W (u)01 � �(u) � lim � W (u)(c � �p̂�(0)).0W (b)b→� 0

Consequently,

1 � �(u)
W (u) � ,0 c � �p̂�(0)

which generalizes (1.13) of Zhou (2005).
A comparison of (R.5) and (R.6) gives

1 �
� lim � c � �p̂�(0),

��(0�) ��→0�

which generalizes a similar result on the unperturbed risk model. See (2.45) of Gerber and Shiu (1998).
There are some typos in Zhou (2005). In the proof of Proposition 3.6, all the D�(b, b) and D�(b � y,

b) should be replaced by E[D�(b, b)] and E[D�(b � y, b)], respectively. In (3.3), B�(b, b) � 1 by
definition.
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‘‘Toward a Unified Approach to Fitting Loss Models,’’
Stuart Klugman and Jacques Rioux, January 2006

JIAFENG SUN,* EDWARD W. FREES,†
AND MARJORIE A. ROSENBERG‡

1. OVERVIEW

The paper by Professors Klugman and Rioux pro-
vides a unified approach to fitting loss models.
We agree with the authors on the four points
needed to identify an appropriate model: select-
ing candidate distributions, estimating parame-
ters, evaluating models, and determining which
model fits best. To underscore the importance of
their work, we would like to consider a more
general framework by discussing how an actuary
would introduce explanatory variables, also
known as covariates, thus employing a regression
modeling framework. Klugman, Panjer, and Will-
mot (2004) present the use of covariates using
the Cox proportional hazards, a type of regression
model for lifetime data. In this discussion we
focus our attention on regression models with
heavy-tailed distributions.

In practice, actuaries often encounter situa-
tions where the measurements of interest are re-
lated to other factors. However, implicit in the
usual regression routines is the requirement of
approximate normality—hardly satisfactory for
loss data with heavy tails. One solution that has
been widely used in the literature to deal with the
skewness is to apply a logarithmic transformation
of the dependent variable Y and then apply
the ordinary least square (OLS) on ln(Y).
A second is to use generalized linear models
(GLMs), which provide a natural way to include
covariates in the models. A third approach is

* Jiafeng Sun is a PhD candidate in Actuarial Science, Risk Manage-
ment and Insurance, University of Wisconsin–Madison, 975 Univer-
sity Ave., Madison, WI 53706, jiafengsun@wisc.edu.
† Edward W. Frees, FSA, PhD, is Assurant Health Professor of Actuarial
Science with the School of Business, University of Wisconsin–
Madison, 975 University Ave., Madison, WI 53706, jfrees@
bus.wisc.edu.
‡ Marjorie A. Rosenberg, FSA, PhD, is Associate Professor in Actuarial
Science, Risk Management and Insurance and Biostatistics and Med-
ical Informatics, University of Wisconsin–Madison, 975 University
Ave., Madison, WI 53706, mrosenberg@bus.wisc.edu.

to use parametric survival models, including
location-scale models and proportional hazard
models (Lawless 2003). A fourth is to use more
flexible positive random variable distributions,
such as the Burr distribution or the generalized
gamma distribution, to model the data. This last
approach has been widely used in the literature
of econometrics.

We review the last three approaches briefly in
this discussion. Following Klugman and Rioux’s
theme, we illustrate the model-fitting process us-
ing State of Wisconsin nursing home data in cost
report year 1999.

2. GENERALIZED LINEAR MODELS

The GLM technique has been applied in actuarial
science since the early 1980s. Haberman and
Renshaw (1996) reviewed the applications of
GLMs to actuarial problems, including survival
models in life insurance, multiple-state models
in health insurance, loss distributions fitted for
claim severities, premium rating, and claims re-
serving in nonlife insurance. In the classic work
by McCullagh and Nelder (1989), many examples
of insurance were given to illustrate how to fit
GLMs to different types of data.

GLMs extend traditional linear models and rep-
resent an important class of nonlinear regression
models. In GLMs a random variable Y has a dis-
tribution in the exponential families. Discrete dis-
tributions in the exponential family include the
binomial, negative binomial, Poisson, and multi-
nomial. Continuous distributions include the nor-
mal, gamma, and inverse Gaussian. The idea of
using GLMs is to map a linear systematic com-
ponent to the mean of the variable of interest
through a known differentiable monotonic link
function. As in the models where the least-
squares estimates depend only on the assump-
tions of constant variance and independence, in
GLMs the second-order properties depend on the
relationship between the variance and the mean,
as well as the independence between observa-
tions. Therefore, in GLMs the variance is not re-
quired to be constant as in the linear models, but
a function of the mean. The models are fitted by
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maximum likelihood using iterated reweighted
least squares techniques; see, for example, Frees
(2004). For a complete treatment of the theory,
refer to McCullagh and Nelder (1989).

In regression analysis the process of examining
a preliminary model fit and using information
about any lack of fit to improve the model spec-
ification is known as diagnostic analysis (much
like in a medical context where a physician ex-
amines a patient to detect symptoms of poor
health). Residual analysis, as an important type
of diagnostic analysis, involves both the numeric
and graphical inspection of the estimated models.
For ordinary regression models, residuals are de-
fined as the difference between the fitted value
and the observed value. For GLMs, however, an
extended definition of residuals that is applicable
to all distributions besides the normal distribu-
tion is needed. Several definitions have been pro-
posed; see, for example, McCullagh and Nelder
(1989) and Pierce and Schafer (1986). In prac-
tice, however, the most widely used residuals are
Pearson residuals and deviance residuals. A Pear-
son residual is defined as the signed square roots
of the contribution to the Pearson goodness-of-
fit statistic. A deviance residual is the signed
square root of the contribution to the deviance
goodness-of-fit statistic. Pierce and Schafer made
an extensive examination of the residuals in
GLMs and found that the deviance residual is pre-
ferred to the Pearson residual for model-checking
procedures since, for nonnormally distributed
data, the distribution of the Pearson residual is
often skewed, whereas, the deviance residuals are
nearly normally distributed.

3. PARAMETRIC SURVIVAL MODELS

Parametric survival analysis uses regression mod-
els to analyze censored data, but the methods
certainly can be applied to complete data. For a
complete treatment of parametric survival mod-
els, see Lawless (2003) and Kalbfleisch and Pren-
tice (2002). There are two classes of parametric
regression models in survival analysis: accelerated
failure time (AFT) and proportional hazard (PH)
models. An AFT model is also called a log-
location-scale model. In an AFT model, ln(Y) fol-
lows a parametric location-scale density distribu-
tion in the form f(y) � g((y � u)/b)/b, where u
and b � 0 are location and scale parameters, and

g(.) is a pdf on (��, �). Most commonly used
lifetime distributions possess the property that
their log transformation has a location-scale dis-
tribution. For example, the log transformation of
the Weibull, lognormal, and loglogistic variables
follow the extreme value, normal, and logistic dis-
tributions, respectively. In regression analysis,
the location parameter u is replaced by x�� to
incorporate covariates, where x is a vector of co-
variates including an intercept, and � is a vector
of regression coefficients to be estimated. We
may also specify that the scale parameter b de-
pends on x. Since b is positive, a common speci-
fication is b(x) � exp(x��). A proportional hazard
model possesses the property that the hazard
function of different subjects is a scalar multiple.
One particularly useful form is h(y�x) � h0( y)ex��

where h0(t) is the baseline hazard function; see
Klugman, Panjer, and Willmot (2004).

In parametric survival models, the residuals can
be treated as a function of the response variable,
the covariates, and the maximum likelihood es-
timate (mle) of the unknown coefficients. If the
model is appropriate, the residuals should be ap-
proximately independent and identically distrib-
uted for some large sample size n. For example,
for AFT models, we can define residuals as �ẑi

( yi � / where is the mle of the scale pa-ˆ ˆû ) b, bi

rameter, and � u(xi, is the location param-ˆû 	)i

eter. As in other models, graphic tools can be
used to inspect the estimated models. Plots of the

against the covariates of the fitted value of lo-ẑi

cation parameter u can be used to check the con-
stancy of scale parameter b; if there is a pattern
present in the plot, we might introduce covaria-
tes for the scale parameter, with the choice of
covariates not dependent on those included in
the location parameter. The q-q plot or the p-p
plot of the residuals also can be used to assess
the performance of the model fitting.

4. MORE FLEXIBLE DISTRIBUTIONS

In addition to the distributions discussed in the
preceding sections, some other more flexible dis-
tributions have been applied in regression analy-
sis, including the generalized beta II (GBII), Burr,
and generalized gamma distributions. The gen-
eralized gamma distribution is also known as the
transformed gamma distribution (see, e.g., Klug-
man, Panjer, and Willmot 2004, p. 635). Mc-
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Table 1
Descriptive Statistics of Continuous Variables

TPY NumBed SqrFoot

Mean 92.42 101.77 51.49
Median 82.79 91.00 38.94
Standard deviations 52.30 56.94 37.83
Minimum 11.65 18.00 5.64
Maximum 439.56 457.00 262.00
Correlation with TPY 1.00 0.98 0.84

Donald and Butler (1990) considered regression
models including those commonly used and gen-
eral parametric distributions such as the GBII
and generalized gamma distribution. They ap-
plied the model to the duration of incidences of
poverty and found that the GBII improved model
fitting significantly over the lognormal. Beirlant
et al. (1998) proposed two Burr regression mod-
els and applied them to portfolio segmentation
for fire insurance. Manning, Basu, and Mullahy
(2005) applied the generalized gamma distribu-
tion to inpatient expenditures using the data
from a study of hospitals conducted at the Uni-
versity of Chicago. As an example, we will discuss
the generalized gamma distribution.

The generalized gamma distribution was intro-
duced by Stacy (1962) and reparameterized by
Prentice (1974) in the form

��
f( y; �, �, �) � exp[z�� � u],

�y���(�)

(D.1)

where � � ����2, z � sign(�){ln y � �}/�, and u
� � exp(���z). It includes the exponential, Wei-
bull, gamma, and lognormal distributions as spe-
cial cases. Therefore, it can be used to discrimi-
nate between the alternate models. Note that if
Y follows a generalized gamma distribution, from
equation (D.1), we see that ln Y has a location-
scale distribution. Thus the generalized gamma
distribution can be used as a location-scale model
in survival analysis too, and the residual analy-
sis can be conducted in the same way as in a
location-scale model.

5. NURSING HOME ANALYSIS

Nursing home financing has drawn the attention
of policymakers and researchers for the past sev-
eral decades. With the aging population and in-
creasing life expectancy, expenditures on nursing
homes and demands of long-term care are ex-
pected to increase. In this section we will analyze
data from 364 nursing facilities in the state of
Wisconsin in the cost report year 1999 using both
generalized linear models (the inverse Gauss-
ian and gamma distributions) and generalized
gamma regression models. The data are publicly
available; see http://dhfs.wisconsin.gov/provider/
prev-yrs-reports-nh.htm for more information.

5.1 Summary Statistics
To illustrate the model-fitting process, consider
the response variable Total Patient Years (TPY).
We defined a new variable, TPY, as total patient
days divided by the number of days the facility was
open. We also created a binary variable ‘‘Open’’
to account for the effect of partial year opening
on the nursing facilities, with 1 indicating full
year opening.

Table 1 displays the descriptive statistics for
the continuous variables. The mean of the TPY is
larger than the median, indicating that the dis-
tribution of the TPY is right skewed. The number
of beds (NumBed) and square footage (SqrFoot)
of the nursing home facility both measure the
size of the facility. Not surprisingly, these contin-
uous variables turn out to be important predic-
tors of the TPY; larger facilities have more ca-
pacity and thus are more likely to admit more
patients. Both NumBed and SqrFoot are highly
correlated with the dependent variable TPY, and
with each other (0.84).

Besides Open, several categorical explanatory
variables also are included in our model. About
60% of the facilities have self-funding of insurance
(SelfFundIns), and approximately 85% of the fa-
cilities are Medicare certified (MCert); Medicare-
certified facilities also are larger in terms of the
median number of patient years. Regarding the
organizational structure, about half (53.3%) are
run on a for-profit (Pro) basis, about one-third
(36.5%) are organized as tax exempt (Tax-
Exempt), and the remainder are governmental or-
ganizations. The government facilities have the
highest median TPY. Slightly more than half of
the facilities are located in an urban (Urban) area
(54.1%); these facilities have a higher median
TPY than those located in rural areas.
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Figure 1
Q-Q Plots of the Inverse Gaussian and Gamma Distributions
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Table 2
Generalized Linear Models Coefficient Estimates

Regression Variables

Inverse Gaussian

Estimate p � ChiSq

Gamma

Estimate p � ChiSq

Intercept �4.412 0.036 �4.552 0.035
NumBed 0.951 �0.0001 0.918 �0.0001
SqrFoot �0.047 0.045 0.008 0.739
Open 2.953 0.052 2.601 0.112
Pro 1.183 0.370 1.038 0.408
TaxExempt 1.702 0.205 2.029 0.114
SelfFundIns �0.777 0.117 0.141 0.809
MCert �1.217 0.034 �0.662 0.368
Urban 0.458 0.403 0.066 0.913
Scale 0.012 130.205

Goodness-of-Fit Statistics Value DF Value DF
Scaled deviance 364.00 355 364.47 355
Scaled Pearson � 2 293.55 355 319.16 355
Log likelihood �1,299.54 �1,229.97
SBC �1,329.03 �1,259.46

5.2 Fitting Generalized Linear Models
To obtain intuitive knowledge of the distribution
of the TPY, we created quantile-quantile plots,
which compare the empirical quantiles to the
quantiles from the estimated parametric models.
Another way is to prepare the p-p plot as Profes-
sors Klugman and Rioux did in Figures 9 and 10
of their paper. The normal q-q plot, not shown
here, exhibits departure from the 45� line, indi-
cating that the empirical distribution differs from

the theoretical distribution; therefore the normal
regression model is not a reasonable fit. Figure 1
presents the q-q plots of the inverse Gaussian dis-
tribution and the gamma distribution. The right-
skewed data fall fairly close to the 45� line in both
panels, which means that both models are rea-
sonable choices.

We use SAS PROC GENMOD to fit the GLMs.
In both models we choose the identity link func-
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Table 3
Generalized Gamma Model Estimates

Regression Variables Estimate t-Stat

Intercept �0.099 �3.341
ln(Numbed) 1.001 103.23
ln(SqrFoot) �0.003 �0.315
Open 0.044 2.769
Pro �0.004 �0.486
TaxExempt 0.022 2.588
SelfFundIns 0.003 0.614
MCert �0.008 �0.939
Urban 0.014 2.587
� 1.603 11.981
� 0.045 �59.806

Log likelihood �1,116.702
SBC �1,149.136

Figure 2
Residual Plots of the TPY in the Generalized Linear Models
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tion. The linear systematic component common
to each model is

	 � 	 NumBed � 	 SqrFoot � 	 Open0 1 2 3

� 	 Pro � 	 TaxExempt � 	 SelfFundIns4 5 6

� 	 MCert � 	 Urban.7 8 (D.2)

Table 2 summarizes the parameter estimates of
the models. Both the scaled deviance and scaled
Pearson’s chi-square statistics can be used to as-
sess the goodness of fit. With degrees of freedom
equal to the number of observations minus the
number of parameters estimated, the statistics
have a limiting chi-square distribution under cer-
tain regularity conditions. For example, in the in-
verse Gaussian model, the scaled deviance is
364.00 with 355 degrees of freedom. Straightfor-
ward calculations show that the p-value is 0.359,
indicating that the model fits the data fairly well.
Although not shown here, a similar conclusion
can be reached for the gamma model. By com-
paring the Schwartz Bayesian Criterion (SBC)
statistics as suggested by Professors Klugman and
Rioux or the log likelihood since the number of
estimated parameters and the sample size in both
models are identical, we find that the gamma
model seems to perform better than the inverse
Gaussian.

As anticipated, the coefficient for the size vari-
able NumBed is positive and significant in both

models, SqrFoot is significant only in the inverse
Gaussian model. The dummy variable Open is also
marginally significant in both models, indicating
that given other covariates, those nursing facili-
ties that are open the whole year will have a
greater TPY than ones open for a partial year.
Since we chose the identity link in the models,
the parameter estimates can be explained in the
same way as in the traditional linear models. For
example, in the inverse Gaussian model, condi-
tional on the other variables, the TPY for the
nursing facilities that were open for the whole
year in 1999 is on average greater than that of
facilities open for a partial year by 2.953.
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Figure 3
Residual Plots of the TPY in the Generalized Gamma Model
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Figure 2 presents the standardized deviance re-
sidual plots against the fitted value of the TPY for
the inverse Gaussian and the gamma models. No
patterns are found in the plots, so our models are
reasonable fits to the data.

5.3 Fitting Generalized Gamma Models
The generalized gamma distribution has been
widely used in the econometrics literature. As dis-
cussed in Section 4, if Y follows a generalized
gamma distribution, ln Y has a location-scale dis-
tribution. In our regression model, the location
parameter is replaced by the linear combination
of the explanatory variables. The only difference
from equation (D.2) is that here we take the log-
arithm transform of NumBed and SqrFoot, be-
cause in the log-location-scale model, we are
modeling the logarithm of the variable of interest
through the linear combination of the explana-
tory variables. We used the statistical software R
to maximize the loglikehood of the model. The
parameter estimates are summarized in Table 3.

The variable ln(NumBed) is positive and signif-
icant as expected. The coefficient is close to 1,
which indicates that the log of the variable oc-
cupancy rate, defined as the ratio of TPY and
NumBed divided by number of days the facility
was open, could be an interesting variable to
study. The variables Open, TaxExempt, and Urban

are significant too. We define the residuals as ẑi

� (ln yi � / Figure 3 presents the residual�̂ ) �̂.i

analysis of the model. The left panel is the plot
of �i against residual since there is no obviousẑ ;i
pattern present, we do not include the covariates
in the scale parameter �. The middle panel is the
q-q plot of the generalized Gamma model for the
residuals, and the right panel is the p-p plot for
the residuals in the model. From the plots we can
tell that the model fits well to the data. Moreover,
the SBC of this model is much higher than that
of the inverse Gaussian model and the gamma
model.

6. CONCLUSION

We discussed three regression approaches to
modeling heavy-tailed positive data. Note that
these approaches are not mutually exclusive. The
more flexible generalized gamma model fits the
best compared to the generalized linear models.
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