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‘“On Optimal Dividend Strategies in the Compound Poisson Model”’
by Hans U. Gerber and Elias S. W. Shiu, April 2006

HANSJORG ALBRECHER* AND STEFAN THONHAUSER'

This elegant paper of Professors Gerber and Shiu provides a justification of the consideration of thresh-
old models in connection with optimal dividend payout schemes in the classical risk model. In Section
9 the authors show that, in the case of bounded dividend intensity, for exponential claim sizes the
optimal dividend strategy is a threshold strategy. In this discussion we would like to show that for
Erlang(2) claim sizes one can find parameter choices for which the threshold strategy is optimal and
others for which it is not.

For that purpose, let us first derive the solution of the integro-differential equations (5.1) and (5.2)
of the paper for p(y) = m?ve ™ (y = 0, n > 0). Multiplying equation (5.1) by ™ and calculating the
second derivative with respect to x, one obtains

—3°V(x, b) + m(em — 2@ + N)V'(x, b) + (2em — (3 + N)V"(x, b) + V" (x, b) = 0.
The solution of this homogenecous differential equation is
Vi(x, b) = A;(b) e + A,(b) e + A;(b) e,
where R;, R,, R; are the three (real-valued) roots of the polynomial equation
cR*+ Q2en— B +N)R +m(em — 2B +N) R — ¥ =0,

two of which are negative and one of which is positive. Note that the coefficients A,(b) (i = 1, 2, 3)
depend on the level b. A substitution of V,(x, b) back into equation (5.1) gives

S Ab)

izzl m+ R, -0
5 Ab)

—t=— = 0.
izzl (”ﬂ + Ri)b

The same procedure applied to equation (5.2) gives, for x > b,
=3 V(x, b) + n((c — &)n — 2@ + MYV (x, b) + (2(c — ) — (8 + M)V"(c, b)
+ (¢ — )V"(x, b) = 0,

with solution
Vi, b) = =+ By() & + By(b) ¢

Here S,, S, are the two negative roots of the polynomial
OS) =-d+n(c—am—-20+N))S+RCc—a—B+N))S*+ (c—a)s

(whose existences are guaranteed by a = ¢). Using the identity
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% x—b £y
fo Vix — v, b) p(y) dy = fo Vi@ =y, b) p(y) dy + Lb Vile — v, b) p(y) dy
for & = b, a substitution of V (x, b) back into equation (5.2) leads to the two equations

E n-Ab) > A,(b) oD E 'ﬂ B;(b) oS y

Mn + R)? m+ S)? S’
3

n4,b) nB(b) Lo

ZﬂlﬂLRi 12171 Gl

Finally, assuming continuity in x = b, one has
A (b) ef1P + A, (b) eR + A;(b) e — By(b) €5 — B,(b) % = %,
which uniquely determines the five coefficients {A,(b), A,(b), A;(b), B,(b), B,(b)}, leading to the ex-

plicit solution

aS; S, (eRlx(T] + R1)2(R2 - Ry — esz(Tl + Rz)Z(R1 —R;) + eR‘W(T] + Ra)Z(Rl - R,))

Vi, b) = o)

(D.1)

with
h(b) = 317 ("R, — RYR, — SHR, — S,) — (R, — RYR, — SHR, — S>)
+ eRsb(Rl — Ry)R; — S)HR; — 8)).

Note the similarity of the structure of the above solution to equation (6.14) of the paper for the
exponential case.

ON THE OPTIMALITY OF THRESHOLD STRATEGIES FOR ERLANG(2) CLAIMS

As stated in Section 3 of the paper, it follows from the term (1 — V'(x)) r(x) in the HIB equation
(3.2) that an optimal dividend policy has to fulfill

e, v <1
) = {o, VX =1,

In turn, if a solution V(x, b*) of equations (5.1) and (5.2) for a threshold level b* has the properties
V'(x, b¥) > 1, x < b*, (D.2)
V'(x, b¥) < 1, x > b*,

and is differentiable at x = b¥, then it solves equation (3.2) and hence, due to the verification argu-
ments of Section 4, is an optimal solution to the dividend maximization problem under bounded div-
idend intensity. In particular, then

V,(b%, b) — V/(b-:e_’ b) — V’(b*“‘, b) =1 (Ds)

(see egs. (8.4) and (8.5) of the paper).

The determination of the optimal threshold level b* can be done by either minimizing the function
|h(b)| in equation (D.1) or using equation (D.3) directly; however, both equations are implicit in b. Let
us therefore look at two numerical examples.

First, consider A = 2, ¢ = 2.3, m = 2,8 = 0.03, « = 0.9. In this case we obtain the optimal level
b* = 5.33826. Figure 1 shows V' (x, b*) as a function of x. Since B;(b*), B,(b*) < 0 in this case, V' (x,
b*) < 1 for all x > b* so that both equations (D.3) and (D.2) are fulfilled. Hence the threshold strategy
with b* = 5.33826 is indeed the optimal dividend strategy. Figure 2 illustrates the value of V(x, b) for
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different thresholds b. If the maximal dividend payment intensity is instead bounded by a = 0.1, then
again a threshold strategy is optimal, this time, however, b* = 0 (see Figs. 3 and 4).

As a second example, consider N = 4, ¢ = 4.3, 1 = 2,8 = 0.05, « = 2. One observes that V' (0, 0)
< 1, but V'(x, 0) < 1 does not hold for all x > 0 (see Fig. 5), and therefore a threshold strategy with
b = 0 cannot be optimal. Alternatively, condition (D.3) gives b* = 3.30058, but V'(x, b*) does not
fulfill conditions (D.2) (see Fig. 6; note also that the second derivative of V(x, b*) at x = b* does not
exist), and hence the threshold strategy cannot be optimal. This observation is somewhat to be expected
in view of recent results of Azcue and Muler (2005), who, as a by-product of their results, constructed
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an example with gamma-distributed claim amounts, where in the case of unbounded dividend intensity
(i.e., @ = ©) a band strategy with several bands is optimal (whereas the limit « — o of a threshold
strategy corresponds to a barrier strategy). Yet the first example above shows that, beyond exponential
claim distributions, there are situations in which the threshold strategy is indeed also optimal for
Erlang (2) claims.

Finally, we would like to point out that properties of the discounted penalty function in the threshold
model have recently been studied by Lin and Pavlova (2006); for extensions to Sparre Andersen models
see Albrecher et al. (20006).
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BANGWON Ko*

Professors Gerber and Shiu have obtained many interesting results for optimal dividend strategies,
especially when the individual claim amount distribution is an exponential or a mixture of exponentials.
In the first part of this discussion, I use the method of Laplace transforms, instead of differential
operators, to solve an integro-differential equation analogous to equation (10.2) in the paper and then
present some interesting identities. In the second part, I illustrate how the optimal barrier b* behaves
as an increasing function of the dividend-rate ceiling « in the exponential claim amount case.

The function L(x;0) can be generalized as

) = Ble w(

UMPX©) =],  x=0, (D.1)

where w(y) is a penalty function. Analogous to equation (10.2),
cd'(x) — (A +3)d(x) + M = p)(x) + Ax(x) =0, x>0, (D.2)

where

X(x) = L w(y — )p(y) dy. (D.3)

In Gerber and Shiu (1998, 2005), x(x) is denoted as w(x). The Laplace transform of equation (D.2)
is

cl€b®) — d(O)] = (A + 8)E) + AEPE) + A\K(E) =0, Re&=0.

Thus,
A 0) — A%
b = PO Reg=o0 (.4)
where £(§) := c€ — (A + 3) + \p(§). Note that
$E =0 (D.5)

* Bangwon Ko is a doctoral student in the Department of Statistics and Actuarial Science, University of lowa, lowa City, lowa 52242-1409,
bangwon-ko@uiowa.edu.



72 NORTH AMERICAN ACTUARIAL JOURNAL, VoLUME 10, NUMBER 3

is Lundberg’s fundamental equation. As in the paper, let p, be the positive solution of equation (D.5).
Because &(§) is finite for Re £ = 0 and because p, > 0, the numerator of formula (D.4) vanishes at &
= p,. Hence, p, is a removable singularity and

o>

$(0) = = X(po)- (D.6)

These formulas are valid for an arbitrary individual claim amount density p(y).
Now let us assume that the individual claim amount is a mixture of exponential distributions. Under
formula (A.1) of the paper and with equation (D.3), we obtain

%O = 2 = (D.7)

We now see from formula (D.4) that $(£) is a rational function with singularities at £ = p,, py, . . . ,
Pn —Bis - - -, —B,. It turns out that —B,, . . ., —B,, are also removable singularities.
In fact,

b(—B) = —w@B), i=12,...,n (D.8)
Thus,

()
b = o(6) (D.9)

where p(§) := I}, (¢ — p,) and w(§) is a polynomial of degree n — 1 or less. It follows from equations
(D.8) and (D.9) that

m(=B) = b(—BIp(—B) = —@(BIp(—B), i=1,2,...,n (D.10)
Let B(§) := IIL, (§ + B;). By the Lagrange interpolation formula and equation (D.10),
d m(—B,) " —w(B)p(—B)
"® =8O 2 e e T PO 25 E T p)

Applying the method of partial fractions to the right-hand side of equation (D.9), we have

n

N _ W(Pk)
O = 2 S E

Hence,

Pl

i=1 P (Pr) i=1j=1 (P + BB (—Bpp’ (pr)
Because B'(=B) = L, ,; (B, — B) and p'(p,) = IIiL, .. (p — py), formula (D.11) becomes

n o n + n p; —+ B ’
dE) = 2, 2 @) (e + B)( [] Bt pk)( il f> e, X =0 (D.12)
k=1 j=1 i=1,i#j B B i=1,i#k P; Pr
With @(B;) = 1/B;, formula (D.12) is an explicit expression for L(x;00).
Formula (D.12) can be simplified using the notation of divided differences. Let

£ EB_{(_E)B = b ‘:1]_[# (& + B). (D.13)

bx) = Z (pg) C_ E —W(&)B(pp(—B) P (D.11)

%x,j (g) =€
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Then the (n — 1)-th divided difference of €_;(§) with respect to the n collocation points, p,, . . . , p,,
is

n n n 1
%xaj[pla P2y - - - pn] = IZ] e < 1_[ (B‘l + pk)) 1_[ )

i=1,i#j i=14#k P; — Pk

and hence formula (D.12) becomes

n A n pl + B
b)) = 2 @B)Elpr po ol T B) [T T—2 =0 (D.14)
= i=tizj B = B
Next let us consider some interesting identities. Forj = 1,2, ..., n,
B -
€y () = —= = + B,
oi® = gyg = AL €8

is a monic polynomial of degree n — 1. Thus, its (n — 1)-th divided difference is 1, and formula (D.14),
with & = 0, is

" "B+ p,
M@=2M@@+@{L§_; (D.15)

which can be found in Gerber and Shiu (2005, eq. [5.29]) with different subscripts. On the other hand,
from formulas (D.6) and (D.7), we have

Figure 1
Optimal Barrier b* with A = 5, = 100, 6 = 0.06
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Figure 2
Optimal Barrier b* with A = 10, § = 100, 3 = 0.06
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Since formulas (D.15) and (D.16) hold for arbitrary functions w(y), the coefficients of @(B;) must be
identical, and hence

(D.16)

n A n
.1:[0 B; +p) = EA187 kzll_L' BB, =12 ..., n (D.17)

This is quite an interesting result, giving a set of n identities between the roots of Lundberg’s fun-
damental equation and the constants defining it. Note that the right-hand side of identity (D.17) does
not depend on 8, but the roots of Lundberg’s fundamental equation are functions of 8; p, is an increasing

function of 8, and p,, p,, . . . , p, are decreasing functions. As 8 — o, we have p, — o« and p, = —f,,
i=1,2,...,n,yielding another interesting result:

. A _

l;m (B, + p())(Bj + pj) = EA,-B_;, i=1,2, ..., n

For n = 1, identity (D.17) is formula (4.34) in Gerber and Shiu (1998). Under a positive security
loading assumption, we have p, = 0 if & = 0; then identity (D.17) can be found in Dufresne and Gerber
(1991). Also, we can use inequalities (A.8) of the paper to see that both sides of identity (D.17) have
the same sign.

Finally, let us investigate how the optimal barrier b* behaves as an increasing function of the dividend-
rate ceiling « in the exponential claim amount case. Although a positive security-loading condition is
not assumed, formula (9.20) implies that if we want a positive b*, we need a stronger condition than
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Figure 3
Optimal Barrier b* with A = 20, § = 100, 3 = 0.06

0.25 T T T

015 &

b*

01} &

0.05 &

the positive security loading: that is, for a positive b*, we should have B¢ — N — & > 0, or equivalently
0 > 8/ (expected to be small).

It seems reasonable that an insurance company without a positive security loading would be ‘‘inef-
ficient.” It also seems natural that if the company wants to pay dividends, it would charge more than
the actuarially fair premium. If B¢ — N — & > 0 is satisfied, we have one more condition set by formula
(9.3) or, equivalently, by formula (9.20): b* is 0O if the dividend-rate ceiling « is less than or equal to
the expression on the right-hand side of formula (9.20). This tells us that if the company sets the
ceiling close to zero, then the company will pay dividends at rate « until it is ruined, regardless of the
surplus level. Although not clearly seen in the figures, b* is also zero for a close to zero because of
formula (9.20).

Figures 1-3 depict how the optimal barrier b* varies according to the dividend-rate ceiling o. As
shown in Section 9, it is an increasing function of a. While setting & and B at 0.06 and 100, respectively,
we change c¢ in each figure and \ across the figures. In Figures 2 and 3, we observe some cases with
b* =0 (¢ = 0.1 inFig. 2 and ¢ = 0.1, 0.2 in Fig. 3). There it happens that the condition B¢ — X — &
> 0 is not satisfied, and the company is ‘“‘inefficient” due to the exogenously given parameters.
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NATHANIEL SMITH*

Reading this paper was quite a challenge and in the end a very positive experience. The purpose of this

discussion is to point out a generalization of formula (6.14) to the case where the individual claim

amount density is a mixture or a combination of n exponential densities as in Appendix A of the paper.
For n = 2, the formula is

o (uy) (up) N(x)
5 BB DM’

where the numerator and the denominator are
N () = e™(py + B)(po + B2) (P> = p1)
— e (py + B (P T B (P2 — po)
+ e (pa + B (P2 T B (P1 — po) )

V(x; b) = 0=x =0, (D)

and
Db) = ™ (py = up)(po — U (P2 = p1)
— e”(p; — u)(py — ) (P2 — Po)
+ e (p; — u) (P2 — w2)(p1 — Po)s 3)

respectively. Note that the expressions for N(x) and 9(b) have a similar structure; by substituting
x «—b, B; — —uy, B, — —u, in N(x), we obtain ¥ (b).
To verify (1)-(3), observe that

2
V(s b) = 126 C,(b)e™, 0O=x=b, (4)

with C,(b) = y(b)C,, k = 0, 1, 2. According to conditions (A.9), (A.15), and (A.16) of the paper, the
coefficients G, (b), C,(b), C,(b), D,(b), D,(b) are obtained from the following matrix equation:

1 1 1
0 0 Cy(b) 0
Bi T po B tpr Bt op
1 1 1
0 0 C,(b) 0
B>t pp Btpr Batopo
epob emb epzb eulb euzb a1
- - ol =5+ 3)
Bi T po Byt pr Bt op B, + uy B + u, B,
epob emb epzb eulb euzb a1
- - Dl(b) g n
B>t pp Btpr Batopo B, + uy B + u, B>
ep()b ep]b epgh _eulh _eugl) D2 (b) %

For the solution, Maple or Mathematica is of great help. Substitution in (4) followed by simplification
vields (1)-(3).

* Nathaniel Smith is a doctoral student at the Ecole des hautes études commerciales, University of Lausanne, CH-1015 Lausanne, Switzerland,
nsmith@unil.ch.
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For a general n, the formula is believed to be as follows:

n

V(x;b)z%w%, 0=x=b, (6)
L8,
with
‘M@=§;ﬂwwwﬁlm+sﬂ g<w—m (7)
J#ERI#R
and
@@=§em%MEmywﬂ£1m—m )
i#k %k

Note that (7) is compatible with (A.10) of the paper. It would be interesting to see an analytical proof
of (6)—(8).

By using the definition of w,, u;, . . . , u, we can obtain an alternative expression for V(x; b). The
w,’s are the n + 1 solutions of equation (A.13) of the paper, which can be written as

(c—(x)u—)\ZA. u

FllBiJru—B:O. )

By multiplying this equation with the product of all denominators, we obtain a polynomial equation of
degree n + 1. Inspection of the coefficient of u"*! and the constant term reveals that

- [l u=-3][]8. (10)
With this, formula (6) is transformed into
o N(x)
Vix; b) = , 0=x=0>. 11
C 0= = o, 30) (an

It is interesting to compare this formula with formula (11.3) of the paper, which is valid for any claim
amount distribution. From this comparison it follows that N'(0) = %(0).

An independent proof of N'(0) = %(0) is as follows. The key is that N(x) is the determinant of the
matrix that is obtained if the last column of the Vandermonde matrix is replaced by the column with
entries

e [ (b + B9 (12)
inrowk +1 (k =20,1,...,n). For example, for n = 2, this matrix is

1 py e™(py + B (py + B2)
1 py e (p; + By + B)|- (13)
1 py e (p, + B2 + Bo)

To see that the determinant of this matrix is N'(x), expand the determinant by the last column. For
x = 0 a substantial simplification is possible: N(0) reduces to the determinant of the (n + 1) by
(n + 1) Vandermonde matrix. To see this, note that the entries in the last column are now the values
of a monic polynomial of degree n at py, p;, . . . , p,- Thus, by subtracting from the last column an
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appropriate linear combination of the first n columns, we obtain the Vandermonde matrix. Evidently
the same result holds for (0). Hence,

N(©0) = 2(0) = g (0 — P (14)

Finally, let us consider the case where the claim amount distribution is Erlang(n), that is, gamma
with shape parameter n and scale parameter B. It can be considered as the limiting case B, = - -+ =
B, = B. Hence, the basic results for V(x; b) carry over; it suffices to set B; = B and observe that now
the p,’s and the w,’s are solutions of the equations

) B L n B
cp— (N+9d) + )\(B n p> =0, (15)
and

(c—a)u—()\+8)+)\<BEu> =0, (16)
respectively.

CHUANCUN YIN*

Professors Gerber and Shiu are to be congratulated for this interesting paper considering the optimal
dividend strategies in the compound Poisson model. It is particularly surprising how many explicit
formulae they were able to obtain. I would like to comment on the fact that the model of the paper
can be extended to a more general framework.

Let by, b, ..., b, ¢, ..., Cpsq be a finite number of nonnegative constants such that
0<b, <b,<...<hb,,. Instead of the model (2.2), consider the following compound
Poisson risk model with multiple thresholds:

t
X(@®) =x + f pX(s)) ds — S, =0,
0
where « is the initial surplus, S(t) is the aggregate claims up to time ¢, and

Chn+1> X > bm

Cns b,., <x=b,,
plx) =

Cs, b, <x=b,

¢y, x =0b,.

The model contains the compound Poisson model under a constant barrier strategy (see Gerber
1979; Gerber and Shiu 1998; Lin et al. 2003), the compound Poisson model under a constant threshold
strategy (see Gerber and Shiu’s paper and Lin and Pavlova 2006) and the compound Poisson model
with a two-step premium rate (see Asmussen 2000; Zhou 2004) as special cases.

From Rolski et al. (1999) we know that {X(¢)} is a piecewise deterministic Markov process (PDMP)
taking values in R with extended generator s that satisfies

) = X0 + 1 | (e~ 3) ~ Fp0) dy.

where f belongs to the domain 9 (sf) of the generator o of {X(¢)}, and x = p(x) d/dx is the vector
field of the integral curves of the PDMP.

* Chuancun Yin, PhD, is a Professor in the Department of Mathematics, Qufu Normal University, Qufu 273165, China, ccyin@mail.qfnu.edu.cn.
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Consider L(x; by, . . ., b,) in formula (10.1) for the model above. As a function of x, L satisties the

following integro-differential equations:
AL(x; by, ..., b,) =8L(x; by, ...,b,),0<x <o x#b,b,...,b,,
which generalizes formulas (10.2) and (10.3) in the paper. Obviously L(x; by, . . ., b,) = 1 whenever
x is negative, lim__ . L(x; by, ..., b,) = 0,and L(x; b, ..., b,) is continuous at x = b, (1 =i = m).
Furthermore,
cL'(b;—;by,...,b,) =c L'(b+;b,...,b,),1=1,2,...,m.
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XIAOWEN ZHOU*

Professors Gerber and Shiu have written another interesting paper, which attacks the challenging
problem of optimal dividend strategies for risk models.

The threshold strategy is of particular interest in this paper since it often serves as the optimal
dividend strategy. In this discussion I will derive expressions concerning the threshold strategy for the
compound Poisson risk model. T will also obtain an expression for the expected present value of all
dividends until ruin for the Lévy risk model with barrier.

First let us go over some preliminaries. As usual, we write {U(t)} for the compound Poisson risk
model with premium rate ¢, claim frequency A\, and claim amount density function p(v), y = 0. Write
W; for the scale function such that

1
ct + \P@©) — 1) —

J' e “Wi(x) dx = t > p, (D.1)
0

where p stands for the Laplace transform for p and p := p(8) stands for the unique nonnegative solution
to the Lundberg fundamental equation

cE +APE — 1) =3s. (D.2)
Denote by T* the time when process {U(t)}, starting at 0 =< u = b, first exits from interval (0, b). Put

Ws@Ws (b — x)
W5 (b)

J, (0, u, x) := — 1u = x)Wi(u — x) (D.3)

and
J.(0, u, x) := Wywe™ — 1(u = x)Wi(u — x). (D.4)
Then it follows from equation (6) and Corollary 2 of Bertoin (1997) that

* Xiaowen Zhou, PhD, is an associate professor at Concordia University, 1455 de Maisonneuve Blvd. W. Montreal, Quebec H3G 1M8, Canada,
zhou@®alcor.concordia.ca.
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_ape Ws(w)
E[e™®""; U(T*) = b|U(0) = = —= D.5
o7 L) = BlU) = ul = 2 (0.5)
and
E[e™®; U(T*—) € dx, —U(T*) € dy|U(0) = u] = J, (8, u, x)\p(x + y) dx dy (D.6)

It follows from equation (1.11) of Zhou (2005) that
E[e®, T < o, U(T-) € dx, —U(T) € dy|U(0) = u] = J.(8, u, x)A\p(x + y) dx dy, (D.7)

where T is the ruin time. Letting 8 = 0 in equation (D.5) we have

W,
P[U(T*) = b|U0) = u] = Wo—?lg' (D.8S)
0
Further, letting b — o we have
(T = #|U(0) = ul = 20 (0.9)
0

where Wy(») := lim,_,, W,(b). Such results are used in Zhou (2005) for the study of risk models with
barrier.

Write {X(¢)} for the surplus process net of dividend payments under a threshold strategy introduced
in this paper. The time value of ruin under a threshold strategy is discussed there in Section 10. Here
we will find an expression for Wi(u; «, v) such that

E[e™" X(T—) € dw, X(T) € dy|X(0) = u] = W;(; x, v) dx dy,

which would result in an expression for the Gerber-Shiu function.

With ¢ replaced by ¢ — o, 0 < a < ¢, let W& and p* be the scale function in equation (D.1) and the
nonnegative solution to equation (D.2), respectively; let J; and JZ be the functions defined in equations
(D.3) and (D.4), respectively.

Observe that under the threshold strategy with threshold b, the process {X(t)} evolves like a surplus
process for risk model with premium rate either ¢ or ¢ — a depending on whether it takes values
between 0 and b or greater than b, respectively. Starting at b and distinguishing between whether the
first jump of {X(t)} downcrossing level b causes ruin or not, by equations (D.5) and (D.7) together
with the strong Markov property we have, for x > b,

b W !
Wa(b; X, y) — WS (O)ef(xfb)p'-)\p(x + y) + dy’Wg(O)ef(x*D)p«)\p(x _ y,) “/Bv(é;))
0 d

Notice from equation (D.1) that W§(0) = 1/(c — «). Solving equation (D.10) for Wy(b; x, y) we have
AW (D)p e + y)e =0

3 :
(€ = )Wy(b) — he 0" J; dy'p(x — yHWs(v")

Ws(b; 2, y). (D.10)

Wi (b; %, y) =

Similarly, for X(T—) € dx, 0 < x < b, to occur, the first jump of {X(¢)} downcrossing level b can
not cause ruin. By equations (D.5), (D.6), and (D.7) we have

o0 b . W !
Watbs x.9) = | dx' [ dyws e ape + b - y')(xg—(%) Wylbs x.3) 1,0, Nl + y)).
0 0 5
Then for 0 < x < b,
Np(s T0W(b) I3 dy’ [} dy'e *"plx’ + b~ y), (" %)
(© — W) — N [; d’ Jh dy'e ™" p( + b — y) W)

Moreover, for 0 = u < b, we have

Wi (b; x, y) =
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Ws(w)
W5(D)

Ws(w; 2, v) = 1(0 < x < b) (J,,(S, w, X)A\p(x +y) + W5 (b; «x, y)>

+ 1(x > b) Xz—gg Wi (b; x, v).

Finally, for u > b, we have
= b
Ws(u; 2, y) = 1(0 < x < b) f dx’ f dy'J,. (3, u — b, x")\p(x" +b — )
0 0

Ws (')
W (b)

X <Jz,(8,y’, XAp(x +y) + Ws(b; x, y))

o b
+ 1(x > b)<Jx(8, u—>b,x — b)\p(x +y) + f dx’ j dy'J. (5, u — b, x")
0 0

XAp(a' + b —y") == Wi (b; x,y)>-

Next, we want to derive similar expressions for

V(u; b) := o |:J0T 1(X(t) > b)e ™ dt

X(0) = u] ,

the expected present value of all dividends until ruin under the threshold strategy.
For u = b, by equations (D.5), (D.7), (D.8), (D.9) and the strong Markov property, we have

V(b; b) = % + %J: dxJE (3, 0, N1 — P(x)) (D.11)
+ J: dxJi (8, 0, x) f: dy\p(x + b — y) 32—83 V(b; b), (D.12)

where P(3) := [{ p(x) dx. Notice that the first term on the right-hand side of equation (D.11) is the
expected present value of all dividends when the process {X(t)} stays above level b forever. The second
term on the right-hand side of equation (D.11) is the expected present value of all dividends up to the
first downcrossing time of level b when the downcrossing time is finite. The term in (D.12) is the
expected present value of all dividends after the downcrossing time. Therefore, V(b; b) can be obtained
by solving the above equation.

Similarly, for 0 < u < b,

Ws (W)

Vs b) = 2 ) Vi b),
and for u > b,
V(w; b) = % + % f: dxJ* (3, u — b, x)M(1 — P(x))
% b
+ fo dxJ3(d, u — b, x) fo dy\p(x + b — y) —&% V(b; b).

Similar results were obtained in Lin and Pavlova (2006) via a different approach.

The remainder of this discussion will give a different derivation of expression (5.9) in the paper for
evaluating the expected present value of all dividends until ruin in the case a = ¢, that is, in the case
where the threshold is a barrier, under a more general setting.
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Let us write {U(¢t)} for a Lévy process with no positive jumps; see Chapter VII in Bertoin (1996) for
an introduction to such processes. Then there exists a o-finite Lévy measure II on (—«, 0) such that

Ji) (A N\ ) (dx) < oo

and

B[MUO-UO)] = b )\ = (),

where the Laplace exponent {s is of the form
0
B\ = mh + o2\Z/2 + f @ — 1 — ael(x > —1))II(dx).

Its scale function W has Laplace transform (§s(t) — &)~ ! for t > p, where p is the unique nonnegative
solution to yi(t) = 8.
For O = U(0) = b put

D(t) := sup (U(s) — b) \/ 0.

O=s=t

Then {U(t)} corresponds to the surplus process for risk model without barrier; {U(t) — D(t)} corre-
sponds to the surplus process for risk model with barrier at b; {D(t)} corresponds to the all dividends
until time t. Moreover, exit time

T := inf{t = 0:U(t) — D(t) < 0}

corresponds to the ruin time for a risk model with barrier.
Abusing notation slightly, denote

V(u; b) = E |:fT e ™ dD()|U(0) = u] )

0
We will proceed to find an expression of V(u; b) in terms of Wi,
Start with the case U(0) = b. For any positive integer n, write T, for the first exit time from interval
(1/n, b + 1/n) for the process {U(t)}, which is also the exit time of {U(t) — U(0)} from interval (=b
+ 1/n, 1/n). By the strong Markov property and equation (D.5) we have

V(b; b)

E UOI e ™ dD(t); U(T,) = %] + E UI e dD(); U(T,) =b + %]

0

v

0

B [ fol e dD(6); U(T,) = %] + R [ f e AD ) UT) = b + ﬂ

1
+ E [CST"; u, =b+ 1;:| V(b; b)

T 1] 1 . 1
- B [ f e dD(t); U(T,) < —] + R [65’”; UT,) = b + —] (D.13)
0 n n n

1] PRLACER VD Vb b)

Tn
+ 3K f D ; UT) =b + —
) [ , € (t) dt; U(T,) = b " W)

_ Ws(b — 1/n) L+ Ws(b — 1/n)
B nW;(b) Wi(b)

V(b; b),

where to obtain equation (D.13) we have used the integration by parts
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Tn Tn
f e ™dD() = e D(T,) + 3 f e D(t) dt,
0 0

the fact that T,, = T, and the fact that D(T,) = 1/n and T,, < T when U(T,) = b + 1/n.
Similarly, write T}, for the exit time of {U(t)} from interval (0, b + 1/n), and we have

V(b;b) = E UI e dD(6); U(T)) < o] +E Uo] e dD(6); U(T!) = b + %]

0

Th Th
=80 U e dD(t); U(T) = o] +E U e dD(6); UT)) = b + ﬂ
0

0

, 1
+ E [CST"; ui) =b+ 1;:| V(b; b)

— " —dt - U(T) < Wﬁ—(b)
=E [L e dD(t); U(T) = 0] + nWy(b + 1/n)
N o & P LA (O —
+ 8K UO e ™ D(@) dt; UT),) =b + n] + Ws(b + 1/n) Vs b)-

Notice that

E [LT e dD(t); U(T) = 0] = E[D(T)); U(T)) = 0]

= Loy =0
n
_L( W
T n W,(b + 1/n)
and
SE U Ce ™ D) di; UT!) = b + 1] -1y [1 — e U(T)) = b + 1]
0 n n n
1 W W)
n \W,(b + 1/n) Wyb + 1/n)/)"
Therefore,
W.(b — 1/n)
L aWyb) Wb — 1/n) _ W)
Vib; b) = lim TGRSV A AWL(b) — Wi(b — 1/n)) W)
W5(D)

Now turning to the case 0 = U(0) = u < b, noting that {D(t)} will not increase until {U(¢t)} reaches
lever b before ruin, by equation (D.5) again we have

Ws(w) . _ Ws(w)
W) O T )

V(u; b) =

which generalizes equation (1.19) of Zhou (2005).
Such a result had been obtained in equation (8.9) of Gerber (1972) for a compound Poisson risk
models perturbed by an independent diffusion. Evidently, W;(b)/W{(b) increases in b. Moreover,
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Wo(w)

E[D@®|U0) = u] = )
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