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AN EXTREME VALUE ANALYSIS OF ADVANCED AGE
MORTALITY DATA

Kathryn A. Watts,* Debbie J. Dupuis,† and Bruce L. Jones‡

ABSTRACT

Extreme value theory describes the behavior of random variables at extremely high or low levels.
The application of extreme value theory to statistics allows us to fit models to data from the upper
tail of a distribution. This paper presents a statistical analysis of advanced age mortality data, using
extreme value models to quantify the upper tail of the distribution of human life spans.

Our analysis focuses on mortality data from two sources. Statistics Canada publishes the annual
number of deaths in Canada, broken down by gender and age. We use the deaths data from
1949 to 1997 in our analysis. The Japanese Ministry of Health, Labor, and Welfare also publishes
detailed annual mortality data, including the 10 oldest reported ages at death in each year. We
analyze the Japanese data over the period from 1980 to 2000.

Using the r-largest and peaks-over-threshold approaches to extreme value modeling, we fit
generalized extreme value and generalized Pareto distributions to the life span data. Changes in
distribution by birth cohort or over time are modeled through the use of covariates. We then
evaluate the appropriateness of the fitted models and discuss reasons for their shortcomings.
Finally, we use our findings to address the existence of a finite upper bound on the life span
distribution and the behavior of the force of mortality at advanced ages.

1. INTRODUCTION

Over the last decade several papers have been
published using extreme value theory to model
human mortality at extremely high ages. Aarssen
and de Haan (1994) estimated a finite upper
bound on the distribution of human life spans,
while Galambos and Macri (2000) argued that
such an upper bound could not exist. In this pa-
per we have used extreme value techniques to an-
alyze Canadian and Japanese mortality data. Us-
ing the peaks-over-threshold approach, we fit
generalized Pareto distributions to future life-
times of survivors to a fixed age obtained from
the Canadian data. The fitted distributions sug-
gest that there is a finite upper bound, �, on the
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distribution of human life spans. We believe that
the finite estimate of � results from the fact that
our data extend only to age 100 and is not true
evidence of a finite upper bound. For the Japa-
nese data, we fit generalized extreme value dis-
tributions to the maximum age at death using the
r-largest approach. While some estimates of � are
finite for the Japanese data, the confidence in-
tervals for � suggest that an infinite upper bound
is very plausible. The Japanese parameter esti-
mates also suggest an upward shift over time in
the distribution of the annual maximum age at
death.

2. METHODOLOGY

The application of extreme value theory to statis-
tics allows us to investigate the behavior of a sto-
chastic process at very high or very low levels.
In this paper we will use extreme value models
to quantify the upper tail of the life span
distribution.

Extreme value analyses depend on finite-sample
approximations to several asymptotic results. In
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this paper we will use the definitions and notation
of Coles (2001). Suppose that Mn � max{X1,
. . . , Xn}, where X1, . . . , Xn is a sequence of
independent random variables having common
distribution function F. Suppose, for some se-
quences of constants {an � 0} and {bn},

M � bn nP � z → G(z) as n → �,� �an

where G(z) is a nondegenerate distribution func-
tion. It follows that G is a member of the gener-
alized extreme value (GEV) family of distribu-
tions, given by the distribution function

�1/�z � �
G(z) � exp � 1 � � (2.1)� � � �� ��

defined on {z�1 � �(z � �)/� � 0}. There are
three GEV parameters: a location parameter ��
� � � �, a scale parameter � � 0, and a shape
parameter �� � � � �. When � � 0, the distri-
bution function is the limit of equation (2.1) as
� → 0, that is,

z � �
G(z) � exp �exp � .� � � ����

For large enough n, P (Mn � z) can be approx-
imated by some member of the GEV family. That
approximation is the basis of the block maxima
approach to extreme value modeling. If we have
a set of data where each observation is the max-
imum over a sufficiently large block of time, then
we can fit a GEV distribution to the data and ob-
tain estimates for �, �, and �.

Occasionally we have data on several high order
statistics for each block, and not just the block
maxima. This extra information can aid us in ob-
taining better estimates of the GEV parameters
�, �, and � in equation (2.1). Suppose there exist
sequences of constants {an � 0} and {bn} such
that

M � bn nP � z → G(z) as n → �,� �an

for some �, �, and �. Then, letting be the(j)Mn

j-th largest component of (X1, . . . , Xn), the joint
limiting distribution of

(1) (r)M � b M � bn n n n(r)M̃ � , . . . ,� �n a an n

as n → � has probability density function,
(1) (r)f(z , . . . , z )

�1/�(r)z � �
� exp � 1 � �� � � �� ��

�1/��1r (k)z � ��1� 1 � � (2.2)� � � ���k�1

on {z (k)�1 � �(z (k) � �)/� � 0} for k � 1, . . . ,
r, where z (r) � . . . � z (1).

As well as describing the behavior of the max-
imum of a sequence of random variables, extreme
value theory can be used to characterize the dis-
tribution above some large threshold u. If, for
large n, P (Mn � z) 	 G(z) for some �, �, and �,
then for sufficiently large u, the distribution func-
tion of X � u, given X � u, is

P(X � u � y
X � u) 	 H(y)
�1/�y

� 1 � 1 � � (2.3)� ��̃

on {y�1 � �(y/ ) � 0} where � � � �(u � �).� �˜ ˜
X � u
X � u is referred to as an exceedance of
the threshold u. The family of distributions given
by formula (2.3) is called the generalized Pareto
(GP) family. Again, the � � 0 case is interpreted
as the limit,

y
H(y) � 1 � exp � ,� ��̃

an exponential distribution function. If we have
observed all of the values above some high thresh-
old u, we can use the peaks-over-threshold ap-
proach to fit a generalized Pareto distribution to
the exceedances of u and obtain estimates of �̃

and �. If we have instead fitted a GEV distribution
to a set of data using the block maxima or
r-largest approach, then we can find the corre-
sponding GP parameters, given a high threshold
value, u.

For mortality data, H(y) can be interpreted as
follows: Let X represent the time-to-death ran-
dom variable for a person aged 0. Then, for some
high age u, H(y) represents the probability that
the person will die before age u � y, given survival
to age u, that is, yqu. Expressions for yearly mor-
tality rates qx and forces of mortality �x can be
derived from the GP distribution. For a high age
x � u,
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�1/�
�

q � 1 � 1 �� �x � ��(x � u)˜
and

1
� � .x � � �(x � u)˜

The existence of a finite upper bound, �, on the
life span distribution also can be addressed via
the GP parameters. When � � 0, there is a finite
upper bound of � � u � �/�. When � � 0, there
is no finite upper bound. Thus, we can test for
the existence of a finite � by testing the hypoth-
esis � � 0.

All of the above results have been given in
terms of stationary sequences of random varia-
bles. They can be adapted for use with data from
nonstationary sequences as well. In a nonstation-
ary sequence, characteristics of the stochastic
process change with changes in some related ran-
dom variable. For example, the distribution of life
spans might shift upward over time. Let t be a
covariate, for example, the year of death or the
birth cohort. The GEV or GP parameters can be
expressed as functions of t. We will investigate
changes in the distribution of extreme life spans
over time through the use of such covariate
functions.

3. THE DATA

Statistics Canada publishes annual numbers of
deaths from the Canadian population. The data
are provided for males and females and are bro-
ken down by individual ages from 0 to 99 and
grouped over age 100. Doray (2002) investigated
the fit of several mortality models to the Statis-
tics Canada deaths data from 1949 to 1997. In
his analysis Doray constructed five cohort life ta-
bles from the Canadian data using the method of
distinct generations. This allows one to obtain
counts of survivors at each age in the cohort from
death counts by age and calendar year. The
method assumes no migration after age 80. To
the extent that this assumption is not satisfied,
inaccuracies in the resulting cohort life tables
may arise. The cohorts cover the birth periods
1869–72, 1873–77, 1878–82, 1883–87, and
1888–92. Each life table is provided for males and
females separately, and encompasses ages 80–99

and 100�. We have used Doray’s cohort life ta-
bles in our extreme value analysis of the Canadian
data. For ease of notation, we refer to the cohorts
as Cohort 1 (birth years 1869–72) through Co-
hort 5 (birth years 1888–92). Figure 1 shows the
empirical mortality rates for the Canadian data,
based on Doray’s life tables.

The Japanese Ministry of Health, Labor, and
Welfare has published detailed mortality statistics
since 1899. Robine, Saito, and Jagger (2002) ex-
amine several features of the Japanese data, in-
cluding the maximum and tenth largest ages at
death in each year. In our analysis we looked at
the 10 largest ages at death for each year.

Figure 2 displays the largest, second largest,
and tenth largest ages at death over the period
from 1899 to 2000. The data for 1944 to 1946
are not available. The maximum ages attained in
the earlier years are often higher than those at-
tained later. In 1872 a Japanese national birth
registration system was implemented. Because of
possible age misreporting, Robine, Saito, and
Jagger (2002) advise that the reported ages of
people born before 1872 may not be accurate. We
therefore chose to base our analysis on the data
from 1980 to 2000. In 1986 the maximum age at
death for a male was 120, considerably higher
than any other age at death from 1980 to 2000,
and 14 years older than the second oldest age at
death in that year. To attain age 120 in 1986, the
person in question would have been born before
1872. We treated this point as a potential outlier,
performing our analysis with it included as well
as with it replaced by a more plausible value.

4. RESULTS

4.1 Canadian Data
For the Canadian data we were not given the max-
imum age at death in each year. Based on the life
table structure of the data, we decided to take
the peaks-over-threshold approach in our analy-
sis. In doing so, we assumed that the life spans of
people within a given cohort and gender were in-
dependent and identically distributed random
variables. Using maximum likelihood, we fitted
GP distributions over a range of thresholds.

Let u be a high threshold age, and let Xy be
the age at death random variable for a life in Co-
hort y, y � 1, . . . , 5. Let be the distributionyHu
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Figure 1
Canadian Empirical Cohort Mortality Rates
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function for Xy � u, given that Xy � u. The peaks-
over-threshold approach states that, for z � 0,

yP(X � u � z
X � u) 	 H (z)y y u

�1/�y� zy
� 1 � 1 � ,� ��y

where �y � 0 and �y are the GP parameters as-
sociated with Cohort y.

For Cohort y, let be the number of survivorsy�x

to age x. Doray’s life tables give for x � 80,y�x

. . . , 100. The number of deaths between age x
and age x � 1 is therefore � The likeli-y y� � .x x�1

hood contribution for each age x � 80, . . . , 99
is the probability of dying between age x and age
x � 1, raised to the number of deaths, or

y yy y � ��x x�1[H (x � u � 1) � H (x � u)] .u u

The likelihood contribution for the survivors to
age 100 is the probability of survival to age 100,
raised to the number of survivors, or

yy �100[1 � H (100 � u)] .u

The resulting likelihood function for cohort y is

L (� , � )y y y

99
y yy y � ��x x�1� (H (x � u � 1) � H (x � u))�� �u u

x�u

yy �100� [1 � H (100 � u)] (4.1)u

with corresponding log-likelihood function
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Figure 2
Largest, Second-Largest, and Tenth-Largest Ages at Death for Japanese Data, 1899–2000
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Table 1
Parameter Estimates (Standard Errors) for GP Distributions Fitted to Canadian Data,

Assuming � and � Vary by Cohort and Gender

Threshold Cohort (y)

Males

�y �y

Females

�y �y

80 1 8.27 (0.04) �0.354 (0.003) 9.85 (0.04) �0.419 (0.003)
2 8.37 (0.03) �0.358 (0.002) 10.21 (0.04) �0.434 (0.003)
3 8.53 (0.03) �0.359 (0.002) 10.78 (0.04) �0.454 (0.002)
4 8.77 (0.03) �0.362 (0.002) 11.67 (0.04) �0.49 (0.002)
5 9.02 (0.03) �0.37 (0.002) 12.69 (0.04) �0.54 (0.002)

85 1 5.77 (0.04) �0.276 (0.005) 6.83 (0.04) �0.328 (0.005)
2 5.85 (0.03) �0.28 (0.004) 7.13 (0.04) �0.345 (0.004)
3 6.04 (0.03) �0.285 (0.004) 7.53 (0.03) �0.36 (0.004)
4 6.23 (0.03) �0.283 (0.004) 8.15 (0.03) �0.389 (0.004)
5 6.61 (0.03) �0.311 (0.004) 9.04 (0.03) �0.454 (0.003)

90 1 4.08 (0.05) �0.216 (0.011) 4.84 (0.05) �0.265 (0.01)
2 4.17 (0.04) �0.225 (0.009) 5.04 (0.04) �0.282 (0.008)
3 4.26 (0.04) �0.218 (0.008) 5.2 (0.04) �0.271 (0.008)
4 4.58 (0.04) �0.237 (0.008) 5.8 (0.04) �0.321 (0.007)
5 4.78 (0.04) �0.264 (0.008) 6.3 (0.04) �0.383 (0.006)

95 1 2.87 (0.09) �0.154 (0.039) 3.25 (0.08) �0.144 (0.035)
2 2.93 (0.08) �0.168 (0.031) 3.57 (0.07) �0.248 (0.027)
3 3.09 (0.07) �0.174 (0.029) 3.81 (0.07) �0.229 (0.025)
4 3.27 (0.07) �0.186 (0.027) 4.13 (0.06) �0.295 (0.022)
5 3.27 (0.06) �0.181 (0.025) 4.15 (0.05) �0.294 (0.019)

l (� , � ) � log(L (� , � ))y y y y y y

99
y y y� (� � � )log[H (x � u � 1)� x x�1 u

x�u

y� H (x � u)]u

y y� � log[1 � H (100 � u)].100 u (4.2)

Combining the likelihood contributions for
each cohort, the overall log-likelihood function
for a threshold of u is

5

l(�, �) � [l (� , � )],� y y y
y�1

where � � (�1, . . . , �5) and � � (�1, . . . , �5).
Using the R language (R Development Core Team
2004), we maximized l(�, �) with respect to � and
� to obtain maximum likelihood estimates of the
parameters. We defined the log-likelihood func-
tion within R and used the function optim( ) to
perform the maximization.

The first model we fitted allowed �y and �y to
differ for each cohort and gender combination.
We repeated the maximization for integer thresh-
olds from 80 to 98. The resulting parameter

estimates are given in Table 1 for several
thresholds.

Figure 3 displays the maximum likelihood es-
timates of log(�y) versus y for the Canadian data
over several different thresholds. For each thresh-
old there appears to be a linear relationship be-
tween the estimate of log(�y) and y. Based on
that observation, we fitted a second GP model to
the Canadian data, with

� � exp[� � � (y � 1)], y � 1, . . . , 5.y 0 1

Again, we placed no restrictions on the behavior
of �y. The parameter estimates for this model are
shown in Tables 2 and 3, for several threshold
choices.

To obtain the GP maximum likelihood param-
eter estimates, we can take u to be any integer
between 80 and 98. If the exceedances above
some threshold u0 follow a GP distribution, then
the exceedances over any higher threshold are
also GP. We used several diagnostic tools to se-
lect the minimum threshold u0 over which the Ca-
nadian data exceedances are GP.

Suppose the number of deaths in Cohort y at
age x � u0 is given by The observed numberyd .x

of deaths is given by
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Figure 3
Maximum Likelihood Estimates of log(�y) for Canadian Male Data
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Under the GP assumption, the expected number
of deaths is

y yH (x � 1 � u ) � H (x � u )u 0 u 00 0y,exp yd � � .� �x u0 y1 � H (x � u )u 00

To test the goodness of fit of the GP distribu-
tion to exceedances of u0, we used the 	2 test
statistic,

5 99 y,obs y,exp 2 y,obs y,exp 2(d � d ) (� � � )x x 100 1002	 � � .� �� �y,exp y,expd �y�1 x�u x 100

For the male data, according to the 	2 statis-
tics, the fit of the GP distribution was not ac-
ceptable at the 5% level for thresholds below u �
92. For u � 92, the 	2 test provided no evidence

against the GP distribution. The 	2 tests of the
female data suggested that a GP distribution was
appropriate for exceedances of thresholds u � 94.
We therefore will take u0 to be 92 for males and
94 for females. The parameter estimates for those
thresholds are listed in Table 4.

Figure 4 displays PP and QQ plots for the fitted
GP distributions for males and females, Cohort 1.
There are very few points on the diagnostic plots,
since our data went up only to age 100, but there
are no obvious problems with the existing points.
The diagnostic plots for Cohorts 2 through 5 (not
shown) did not highlight any problems with the
fits either. Figures 5 and 6 compare the fitted and
observed mortality rates, qx, for x � u0. Again,
the GP distributions appear to provide a good fit
to the observed data.
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Table 2
Parameter Estimates (Standard Errors) for GP Distributions Fitted to Canadian Male Data,

Assuming �y � exp[�0 � �1(y �1)] While �y Differs by Cohort

Threshold Cohort (y) �0 �1 �y

80 1 2.104(0.003) 0.023(0.001) �0.349(0.002)
2 �0.359(0.002)
3 �0.362(0.001)
4 �0.362(0.001)
5 �0.367(0.002)

85 1 1.736(0.005) 0.035(0.002) �0.266(0.004)
2 �0.283(0.003)
3 �0.289(0.002)
4 �0.291(0.003)
5 �0.302(0.003)

90 1 1.387(0.009) 0.043(0.003) �0.202(0.009)
2 �0.226(0.007)
3 �0.235(0.005)
4 �0.233(0.006)
5 �0.259(0.007)

95 1 1.054(0.023) 0.036(0.008) �0.154(0.031)
2 �0.183(0.023)
3 �0.170(0.019)
4 �0.162(0.019)
5 �0.196(0.022)

The GP distributions fitted to exceedances over
92 for males and 94 for females had negative
shape parameters for each cohort. As discussed
in Section 2, when �y � 0, the lifespan distribu-
tion for Cohort y has a finite upper bound, �y �
u � �y/�y. Figure 7 displays the estimates of �y

for each gender/cohort combination (the starred
values), along with 95% profile confidence inter-
vals. Most of the estimates fall around 110–12
years. To find the profile confidence interval for
�y, we first wrote the GP parameter �y as

� � � (u � � ).y y y

We substituted that expression for �y into the log-
likelihood function given by equation (4.2), so
that ly was a function of �y and �y. We defined the
profile log-likelihood for �y as

l (� ) � max {l (� , � )}.y,p y � y y yy

A 95% profile confidence interval for �y is given
by

2ˆ{� �2[l (� , � ) � l (� )] � 	 },ˆy y y y y,p y 1,0.05

where and are the maximum likelihood es-ˆ� �ˆy y
timates of �y and �y, and where is the 95%2	1,0.05

quantile of the 	2 distribution, on one degree of
freedom.

4.2 Japanese Data
For the Japanese data we were provided with the
10 highest ages at death in each year, for males
and females. Based on the structure of the avail-
able data, we decided to take an r-largest ap-
proach to modeling Japanese mortality. To fit a
GEV using the r-largest likelihood function, based
on the pdf in equation (2.2), we needed exact ob-
servations. The Japanese data are interval cen-
sored: for each death, we know only that it oc-
curred in a one-year interval from some age x to
age x � 1. We approximated the exact ages at
death by assuming that deaths are uniformly dis-
tributed over the year. To obtain ‘‘exact’’ ages,
we added a random amount between zero and one
to each of the integer ages.

The r-largest likelihood function for one gender
is

�1/�2000 (r)z � �(t)tL � exp � 1 � �� � � � � �� ��(t)t�1980

�1/��1r (k)z � �(t)t�1� 1 � � ,� � � �� ��(t)k�1
(4.3)

where �(t) and �(t) are functions of the year of
death, t, and � . . . � are the r oldest(r) (1)z zt t

ages at death in year t. For the Japanese data, r
� 10. To maximize the r-largest likelihood and
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Table 3
Parameter Estimates (Standard Errors) for GP Distributions Fitted to Canadian Female Data,

Assuming �y � exp[�0 � �1(y � 1)] While �y Differs by Cohort

Threshold Cohort (y) �0 �1 �y

80 1 2.262(0.003) 0.066(0.001) �0.402(0.002)
2 �0.438(0.002)
3 �0.467(0.001)
4 �0.494(0.001)
5 �0.531(0.002)

85 1 1.893(0.004) 0.073(0.001) �0.308(0.004)
2 �0.346(0.003)
3 �0.346(0.003)
4 �0.399(0.002)
5 �0.441(0.003)

90 1 1.544(0.008) 0.071(0.002) �0.239(0.008)
2 �0.279(0.006)
3 �0.302(0.005)
4 �0.321(0.005)
5 �0.374(0.006)

95 1 1.216(0.017) 0.057(0.006) �0.182(0.026)
2 �0.247(0.020)
3 �0.220(0.017)
4 �0.254(0.015)
5 �0.320(0.017)

obtain parameter estimates, we used the R func-
tion rlarg.fit( ) in the package ismev.

The likelihood function in equation (4.3) as-
sumes that the number of deaths from the Japa-
nese population was the same in each year of
data. In reality, the number of deaths likely in-
creased over time, which would lead to different
values for � and � in each year. By setting � and
� to be functions of t, we have allowed for a
change in population size. However, it will not be
possible to distinguish between the effect of a
change in the number of deaths and actual mor-
tality improvements.

Figure 2 suggests that the 10 oldest deaths are
shifting upward over time. To account for that
shift, we first let

�(t) � � � � t*,0 1

where

t � 1980
t* �

20

is the standardized year of death, 0 � t* � 1. The
maximum likelihood estimates for this model are
given in Table 5.

In Table 5 the parameter estimates are given
for three groups: males, including the possible
outlier in 1986; males, with the possible outlier

replaced by a more plausible value; and females.
To find a plausible replacement for the possible
male outlier, we began by fitting a GEV distribu-
tion to the original data, using the 10-largest ap-
proach. We calculated the conditional expected
value for the maximum age at death in 1986,
given that the person in question was born in or
before 1872 and would therefore be at least 114
years old in 1986. We replaced the original value
of 120 with the expected value, fitted a GEV to
the modified data, and repeated the procedure
until the estimate for the maximum in 1986 con-
verged. The final replacement for the outlier was
115.07.

The Japanese female data showed some evi-
dence that the variance was changing over time.
We investigated that possibility by allowing � to
vary with the year of death. The second r-largest
model we fitted set

�(t) � � � � t*0 1

and

�(t) � exp{� � � t*}.0 1

The maximum likelihood estimates for this model
are given in Table 6.

For both sets of male data, allowing � to vary
over time did not significantly improve the fitted
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Table 4
Parameter Estimates (Standard Errors) for GP Distributions Fitted to Canadian Data, Assuming �y

� exp[�0 � �1 (y � 1)] While �y Differs by Cohort

Males

Threshold Cohort (y) �0 �1 �y

92 1 1.24(0.01) 0.044(0.004) �0.176(0.013)
2 �0.204(0.010)
3 �0.209(0.008)
4 �0.207(0.008)
5 �0.239(0.010)

Females

Threshold Cohort (y) �0 �1 �y

94 1 1.26(0.01) 0.063(0.004) �0.185(0.019)
2 �0.239(0.014)
3 �0.231(0.012)
4 �0.262(0.011)
5 �0.329(0.012)

models. The likelihood ratio statistics comparing
the constant � model to the second model were
close to zero. For the female data, the addition
of a fifth parameter did improve the fit of the GEV
distribution significantly. In the remaining anal-
ysis, we have used the constant � model for the
male data, and the time-varying � model for the
female data.

To evaluate the goodness of fit of the fitted
GEV models, we considered the corresponding
GP distributions. We chose to look at exceed-
ances of u � 108 for males, and u � 111 for fe-
males. Those thresholds lie above the highest
tenth oldest ages at death, allowing us to be sure
that we have all of the deaths above the threshold
age. For each year t, the GP parameters were �,
the shape parameter from the GEV, and

� (t) � �(t) � �(u � �(t)).˜
Let Yt � GP �) be an exceedance of u in(� (t),˜

year t. Since varies over time, the distribu-� (t)˜
tion of exceedances is different from year to year.
We based the PP and QQ plots in Figures 8, 9,
and 10 on the standardized variables,

Y � ut�1Ỹ � � log 1 � � .� � ��t � (t)˜
By rearranging variables, we can show that

� (t)˜ �x˜P(Y � x) � P Y � u � (e � 1)� �t t �

�x� 1 � e .

Thus, has a standard exponential distribution.Ỹt

Since the estimated shape parameters for the
females and the males (with the outlier replaced)
are negative, the fitted distributions have finite
upper bounds, �. We used a parametric bootstrap
to obtain lower 95% confidence bounds for � for
the most recent year of data, 2000. We began by
resampling 21 years of data from each of the fit-
ted GEV distributions. Using the 10-largest ap-
proach, we fitted a GEV distribution to the re-
sampled data. We then used the new fitted
parameters to estimate �, setting � � if the�̂
estimate of � was nonnegative. Repeating those
steps 2,000 times, we obtained a set of estimates
of �. We took the 100th smallest value from the
set of estimates to be a lower 95% confidence
bound for �.

For the female data, � 124.21, with a lower�̂
95% confidence bound of 115.51. For males, with
the outlier replaced, � 136.56, with a lower�̂
95% confidence bound of 118.17. When the 1986
outlier is included in the male data, the estimate
of � is positive, leading to an infinite estimate of
�. However, it is still possible to construct a lower
95% confidence bound using the parametric boot-
strap. The confidence bound in this case is
147.11.

Table 7 gives estimates of the mortality rates,
qx, and the force of mortality, �x, from the fitted
GEV models. The estimates are calculated using
the values of �(t) and �(t) for the most recent
year, 2000.
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Figure 4
PP and QQ Plots for GP Distributions Fitted to Exceedances of 92 (for Males) and 94

(for Females), for Canadian Data, Cohort 1
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5. DISCUSSION

5.1 Canadian Data
Our analysis of the Canadian data resulted in neg-
ative estimates of the shape parameter for both
the male and female data. Those estimates, in
turn, led to finite estimates of the upper bound,
�, on the life span distribution. Despite the ap-
parent statistical evidence, we do not believe that
there is truly a finite upper bound on the distri-
bution of human life spans. If there was, then any
person reaching age � minus one day would have
a probability of one of dying on that one day.

Such a situation seems highly unlikely. Even if
there were a finite �, the values that we esti-
mated, mostly around 110–12 years, seem far too
low.

Since the peaks-over-threshold approach pro-
duced unexpected results, we examined the as-
sumptions that we made in fitting the GP models.
The peaks-over-threshold approach requires that
the threshold u be set high enough that the dis-
tribution of exceedances of u can be approxi-
mated by a GP distribution. If we knew the un-
derlying distribution from which the data
originated, then we could determine theoretically
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Figure 5
Fitted and Observed Mortality Rates for Canadian Male Data, Fitted Rates Based on GP

Distributions Fitted to Exceedances of 92
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Figure 6
Fitted and Observed Mortality Rates for Canadian Female Data, Fitted Rates Based on GP

Distributions Fitted to Exceedances of 94
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Figure 7
Estimates of � with 95% Profile Confidence Intervals for Canadian Data
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Table 5
Parameter Estimates (Standard Errors) for 10-Largest Models Fitted to Japanese Data,

Assuming 	(t) � 	0 � 	1t* While � Is Constant

Group 	0 	1 � �

Males, including outlier 106.91(0.33) 3.70(0.38) 1.64(0.15) 0.008(0.04)
Males, outlier replaced 106.80(0.32) 3.53(0.38) 1.48(0.13) �0.06(0.05)
Females 109.19(0.33) 3.96(0.47) 1.42(0.14) �0.12(0.06)

what the limiting distribution of exceedances
should be. We also could gauge how far we must
move the threshold into the tail of the distribu-
tion for the GP approximation to be valid. Doray
(2002) looked at the Gompertz and Kannisto dis-
tributions as possibilities for modeling the distri-
bution of human life spans. Both of those distri-
butions fall into the ‘‘domain of attraction’’ of the
� � 0 subset of extreme value distributions. In
other words, the limiting distribution of exceed-
ances from true Gompertz or Kannisto data
should have � � 0, and therefore an infinite upper
bound.

We examined the Kannisto distribution fitted
by Doray (2002), using maximum likelihood, to
the Canadian male data from Cohort 1. We found
the ‘‘best-fitting’’ generalized Pareto distribution
to exceedances from that Kannisto by minimizing
the squared difference between the quantile func-
tions. Let

�1/�
�(x � u)

H (x) � 1 � 1 �� �u �

be the generalized Pareto distribution function
for exceedances of u with parameters � and �, and
let h(x) be the corresponding density function.
Let FX(x) be the distribution function of the Kan-
nisto distribution, fitted by maximum likelihood
to the Canadian male data, Cohort 1. Let

F (x) � F (u)X XF (x) �X
X�u 1 � F (u)X

be the associated conditional distribution for val-
ues greater than u. For a series of thresholds, u,
we minimized

1
�1 �1 2 �1
 [F (p) � H (p)] h (H (p)) dpX
X�u u u u

0

with respect to the GP parameters, � and �. We
then examined QQ plots comparing the quantiles
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Table 6
Parameter Estimates (Standard Errors) for 10-Largest Models Fitted to Japanese Data,

Assuming 	(t) � 	0 � 	1t* and �(t) � exp{�0 � �1t*}

Group 	0 	1 �0 �1 �

Males, including outlier 106.87(0.56) 3.77(1.04) 0.49(0.14) 0.01(0.24) 0.008(0.04)
Males, outlier replaced 106.77(0.51) 3.59(0.90) 0.38(0.14) 0.02(0.22) �0.06(0.05)
Females 108.43(0.38) 5.47(0.77) 0.08(0.14) 0.45(0.19) �0.15(0.06)

Figure 8
Diagnostic Plots for 10-Largest Model Fitted to Japanese Male Data, with Potential 1986 Outlier

Included, 	 a Linear function of t, � Constant
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of the conditional Kannisto distribution to those
of the best-fitting GP distribution. There was con-
siderable curvature in the QQ plots for thresholds
below 110. Since our data allow us only to look
at thresholds up to u � 98, it is not surprising
that we did not see the results we would expect
for the upper bounds. Although the diagnostic
plots in Figure 4 show no obvious problems with
the GP distribution, our choices of u were too low
for the results to be valid. However, we did not
have data at sufficiently high ages to detect this.
To obtain credible results from the peaks-over-
threshold approach, we would need more detailed
data above age 100, and a considerably higher
threshold age, u.

For low thresholds, as we have in the Canadian
data, finite estimates of � can actually be ex-
pected. Suppose the true distribution is a Gom-
pertz distribution. It is possible to show that, as
we move the threshold further into the tail of the
distribution, the GP distribution that best ap-
proximates the true Gompertz distribution over
the relevant range of values has a � that ap-
proaches zero from the left-hand side. This is not

surprising since only GPs with � � 0 will yield an
increasing force of mortality.

5.2 Japanese Data
The maximum likelihood estimates of the GEV
parameters for the Japanese analysis reflect sev-
eral features of the data. For both males and fe-
males, the maximum likelihood estimates of �1

are positive, leading to an increasing �(t). Given
the plots of the data in Figure 2, the positive es-
timates of �1 are not surprising. The data plots
show an increasing trend in the 10 largest-order
statistics from 1980 to 2000. Less clear is the
reason behind that increase. One possibility is
that mortality has improved from 1980 to 2000,
leading to a higher average value for the maxi-
mum age at death. However, over the same time
period the Japanese population has grown. The
larger pool of lives may be allowing us to see ob-
servations farther into the right tail of the distri-
bution than we did in previous years.

For the female data, the estimate of �1 was also
positive, leading to an increasing function �(t).
From the plot of the female data in Figure 2, the
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Figure 9
Diagnostic Plots for 10-Largest Model Fitted to Japanese Male Data, with Potential 1986 Outlier
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Figure 10
Diagnostic Plots for 10-Largest Model Fitted to Japanese Female Data, with Potential 1986 Outlier

Included, 	 and � Linear Functions of t

0.2 0.6

0.
0

0.
4

0.
8

PP Plot

Model

E
m

pi
ric

al

0.0 1.5 3.0

0.
0

1.
5

3.
0

QQ Plot

Model

E
m

pi
ric

al

variance of the oldest age at death appears to in-
crease slightly from 1980 to 2000. The positive
estimate of �1 reflects that increase.

The mortality rates in Table 7 increase fairly
steadily with age for both females and males, with
the 1986 outlier replaced. The forces of mortality
for those two groups increase sharply as the ages
approach the estimated upper bounds. When the
1986 outlier is included in the analysis, the force
of mortality and mortality rates decrease slightly
by age.

Despite the finite estimates of the upper
bounds, �, for females and males with the 1986
outlier replaced, it is still very plausible that the
upper bounds are actually infinite. In Section 4.2,
we found lower 95% confidence bounds for � us-
ing a parametric bootstrap. In doing so, we ob-
tained a set of estimates of �. For the female

data, 307 of the 2,000 estimates were infinite.
For the male data, with the outlier replaced, the
number of infinite estimates was 1,189. With the
1986 male outlier included, the initial estimate
of � was infinite, as were 1,769 of the parametric
bootstrap estimates. Based on those counts, two-
sided 95% confidence intervals for � would extend
to � for all three of the data sets.

The PP and QQ plots for the r-largest fits are
shown in Figures 8, 9, and 10. The points on the
female plots lie very close to the unit diagonal
and show no major difficulties. The possible out-
lier from 1986 shows up clearly on the QQ plot
in Figure 8. In Figure 9 the maximum age at
death in 1986 lies closer to the QQ plot unit di-
agonal than in Figure 8, but it is still obvious. Our
restriction that the replacement value be greater
than 114 has kept the point significantly higher
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Table 7
Mortality Rates and Forces of Mortality for

Japanese Data, Based on GEV Parameter
Estimates from r-Largest Approach

Age (x)

Males,
Including
Outlier

qx 	x

Males,
Excluding

Outlier

qx 	x

Females

qx 	x

114 0.4480 0.5957 0.5525 0.7861 0.4781 0.6179
115 0.4463 0.5927 0.5692 0.8225 0.5157 0.6849
116 0.4447 0.5897 0.5870 0.8625 0.5592 0.7683
117 0.4431 0.5868 0.6057 0.9066 0.6099 0.8747
118 0.4414 0.5839 0.6255 0.9555 0.6694 1.0154
119 0.4398 0.5810 0.6465 1.0099 0.7389 1.2099
120 0.4382 0.5781 0.6687 1.0709 0.8188 1.4967
121 0.4367 0.5753 0.6921 1.1397 0.9045 1.9617
122 0.4351 0.5725 0.7169 1.2180 0.9772 2.8458
123 0.4335 0.5697 0.7430 1.3078 0.9480 5.1804
124 0.4320 0.5670 0.7704 1.4120 28.8376
125 0.4305 0.5643 0.7990 1.5341
126 0.4290 0.5616 0.8287 1.6795
127 0.4274 0.5590 0.8591 1.8552
128 0.4259 0.5563 0.8896 2.0719
129 0.4244 0.5537 0.9193 2.3461
130 0.4229 0.5511 0.9468 2.7038
131 0.4215 0.5485 0.9703 3.1903
132 0.4200 0.5460 0.9876 3.8902
133 0.4185 0.5435 0.9971 4.9835
134 0.4171 0.5410 0.9998 6.9315
135 0.4157 0.5385 0.9788 11.3801
136 0.4142 0.5360 31.7691

Note: For males, �(t) � �0 � �1t*, while � is constant. For females,
�(t) � �0 � �1t* and � (t) � exp{�0 � �1t*}.

than the rest of the data in the 1980–2000
interval.

6. CONCLUSION

Extreme value theory provides useful tools for an-
alyzing data at very high levels. Unfortunately,
our Canadian mortality data did not extend far
enough into the tail of the life span distribution
for the extreme value approximations to be valid.
To use the extreme value techniques effectively,
we would need more detailed information about
mortality after age 100. For the Japanese data,
the GEV distribution fit by an r-largest approach
provided a reasonable fit. For that data set, con-

fidence intervals for � supported our belief that
there is no finite upper bound on the distribution
of human life spans.
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