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ABSTRACT

We study a Cox risk model that accounts for both seasonal variations and random fluctuations in
the claims intensity. This occurs with natural phenomena that evolve in a seasonal environment
and affect insurance claims, such as hurricanes.

More precisely, we define an intensity process governed by a periodic function with a random
peak level. The periodic intensity function follows a deterministic pattern in each short-term period
and is illustrated by a beta-type function. A Markov chain with m states, corresponding to different
risk levels, is chosen for the level process, yielding a so-called regime-switching process.

The properties of the corresponding claim-counting process are discussed in detail. By properly
defining a Lundberg-type coefficient, we derive upper bounds for finite time ruin probabilities in
a two-state case.

1. INTRODUCTION
Consider the risk process

N(t)

Ut) =u+ct— > X, =0, (1.1)

J=1
where w is the initial value, ¢ is the (constant) premium rate, N = {N(t) },—, is a point process counting
the number of claims arriving in the time interval [0, ), and X; is the jth claim size. When N is a
Poisson process with (constant) intensity A and claim sizes {X;},, are i.i.d. and independent of N, then
(1.1) is known as the classical (homogeneous Poisson) risk model, which has been investigated exten-
sively in the actuarial literature.

The classical risk model is not realistic in some practical situations. Two main modifications are
made here. First, a nonhomogeneous Poisson (NHP) process is used to model ‘“‘size fluctuations” in
the claim intensity of a risk subject to seasonality. Then a Cox process, also called a doubly stochastic
Poisson process and a natural extension of the NHP process, is used to characterize the underlying
“risk fluctuations” in the claims intensity (see Grandell 1991).

The risk theory literature gives fewer results when the claim-counting process is a NHP process.
Dassios and Embrechts (1989) defines a risk model with periodic claim intensity and considers the
corresponding ruin problems using a martingale approach. Similar models are also considered by As-
mussen and Rolski (1994) and Rolski et al. (1999). Two-sided bounds and asymptotic formulas for ruin
probabilities are derived by using an average arrival rate risk model. Berg and Haberman (1994) uses
a nonhomogeneous Markov birth process, of which the NHP process is a special case, to predict trends
in life insurance claim occurrences. Dimitrov, Chukova, and Garrido (2000) exploits some properties
in a NHP risk model with a (single) periodic claim intensity. Morales (2004) chooses a Gaussian shape
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for the periodic claim intensity function. By contrast, Garrido and Lu (2004) and Lu and Garrido (2005)
consider a more general doubly periodic intensity rate. Possible forms of intensity functions, like the
double-beta and the sine-beta, are proposed.

An early reference to Cox risk models is Ammeter (1948). In his model the intensity A\, over time
intervals [(k — 1)A, kA) of (fixed) length A, for k € N*, forms an i.i.d. sequence {\,},~,. This model
is generalized by Bjork and Grandell (1988), who consider the intensity as A(t) = L, if Z,_, =t < X,
where 2, = o, + -+ - + o, with 2, = 0 and (L;, 0;) a sequence of i.i.d. random vectors. Ammeter’s
model is revisited by Grandell (1995), and more properties of the model are discovered.

Asmussen (1989) proposes a Cox risk model, called a Markov-modulated Poisson process, whose
intensity process {\(t)}-, is given by N(t) = \,. Here the process {J(t)}, models the random envi-
ronment of an insurance business and is assumed to be an irreducible continuous-time Markov chain
with a finite state space. Furthermore, a Cox risk process with a piecewise constant intensity is con-
sidered by Schmidli (1996), where the sequence {L,},, of successive levels of the intensity forms a
Markov chain.

Ruin probabilities have been studied in these Cox models with a piecewise constant intensity. Lund-
berg inequalities hold, provided some assumptions are fulfilled. These may not be practical because of
the difficulty in estimating the Lundberg coefficient and evaluating some constants within the in-
equalities. Other papers studying this topic are Embrechts, Grandell, and Schmidli (1993) and Schmidli
(1997).

Most results in the risk theory literature regarding Cox processes are for piecewise constant inten-
sities. Recently Schmidli (2003) considered a NHP model with doubly stochastic occurrences for the
PCS catastrophes index, based on individual indices for PCS options, where the intensity is of the form
AN(t), with A is stochastic and \(¢) is a deterministic function.

Some natural phenomena evolve in a seasonal environment subject to random fluctuations that, in
turn, affect insurance claims. For example, tropical storms and hurricanes periodically affect the coastal
U.S. states along the Atlantic and the Gulf of Mexico. The claim intensity then forms a specific pattern
for each year that can be modeled by a periodic function. Speculation exists regarding the significance
and potential effects of the El Nino phenomenon on hurricane frequency and the strength attained by
tropical cyclones during alternating El Nino-La Nina years. These are random effects that, in some
sense, affect the risk propensity or the peak level of the seasonal intensity. They can be modeled by a
stochastic process.

In this paper we propose a Cox model that accounts for both the seasonal variations and the random
fluctuations in the claims intensity. Beard, Pentikdinen, and Pesonen (1984) and Daykin, Pentikiinen,
and Pesonen (1994) suggest an intensity process \ as a composition of some factors, such as the normal
trend, deviations from it and the short-term variations in risk propensity. Here we consider an intensity
process with the following structure:

N = N\, Bs(O), t=0, (1.2)

where Bg(t) is the short-term intensity function and A_ is a level process driven by a stochastic process
k. The periodicity of the short-term intensity function is also considered, taking into account those
insurance claims affected by a periodic environment, like hurricanes or seasonal storms. A Markov
chain with m states, corresponding to different (risk) levels, is chosen for the level process, yielding a
so-called regime-switching process. Under this intensity process, properties of the claim-counting proc-
ess and its corresponding risk process are studied in detail. By properly choosing a Lundberg-type
coefficient, we derive upper bounds for finite time ruin probabilities in a two-state case. This two-state
Cox process model with periodicity mirrors the underlying risk on the claim under, say, ‘“‘normal” or
“extraordinary” conditions and is akin to the regime-switching models used in finance.

The paper is organized as follows. The model is defined in Section 2. Section 3 discusses the prop-
erties of the claim-counting process. This gives a precise description of the model characteristics, such
as the probabilities of recording k claims during the time interval [0, t), for t = 0 and k € N, and the
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expectation of the integrated intensities in (1.2). In Section 4 we derive Lundberg-type upper bounds
for finite time ruin probabilities and illustrate the results by some examples.

2. A Cox MoDEL WITH A REGIME-SWITCHING PERIODIC INTENSITY

Consider an intensity process A = {\(t) },~, governed by a deterministic pattern in each short-term
period, say, a year, and a random effect on its peak level, that is, the amplitude of the pattern. This
fixed-intensity pattern can be seen as the short-term periodicity, like in the NHP process. Assume we
have m different risk levels, Ny, \;, . . ., \,,_;, which represent the risk under different risk conditions
as “low season,” ‘“‘median season,” ‘“high season,” etc. In practice, such conditions can be slippery
roads, foggy days, stormy weather, years affected by the El Nino phenomenon, and so on.

Furthermore, assume that the intensity level is modulated by an irreducible discrete-time Markov
process, Kk = {K,},~y, with finite state space J = {0, 1, . . ., m — 1} and the transition probability
matrix P = (py);j-1-

Without loss of generality, we assume that the short-term period is 1. Let B be a function defined
on [0, 1], such that B(t*) = 1, where t* € [0, 1] is the mode of the function. Consider the intensity
process \, given by

MO = N\, B —Le), =0 (2.1)

This gives N(n + t*) = N B(*) = N\, for n € N, that is, the peak of the function \(t) within the
(n + 1)-th year (i.e., t € [n,n + 1)), is \,, which changes according to the Markov chain k. As such,
we call {\_},-, the intensity level process.

In the sequel, the common annual intensity pattern B is illustrated by a beta-type function with
parameters p = 1 and ¢ = 1, given by

B(t) = a*t" 1(1 — 0)17 Y, 0=t=1, (2.2)
where a* is a scale factor, given by

v 1
(tes)p—l(l _ tes)q—l

and

p—1

e e (2.3)

is the mode of B(¢), t € [0, 1], so that at the mode B(t*) = 1 is the peak level (see Fig. 1). Also denote
the beta function in the usual way:

'@

) p,q=1,
I'p + q)

1
B, q) = fo P11 — o)l do =

and the incomplete beta function at p, ¢ = 1 as

t
B, q; t) = L P11 — ) do, t € (0,1),
with B(p, ¢; t) = 0 if t = 0, while B(p, ¢; t) = LeJB(p, q) + B(p, q; ¢t — Le), if ¢ = 1. Figure 1 illustrates
function B(t), when p = 3 and ¢ = 2, and the corresponding realization of the intensity process A,
when A, = 0.75, \, = 1.2, p,; = 0.25, and p,, = 0.5.

Consider the claim-counting process N = {N(t)},-, to be the special Cox process with intensity
process as in (2.1). Because of the periodicity of the function B(¢ — Lt)), for t = 0, and the transitions,
from year to year, within the m levels Ny, Ny, . . . , A we call this risk model a regime-switching
periodic nonhomogeneous Poisson (NHP) process.

m—1»
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Figure 1
B(t) and One Realization of Intensity Process \

betally
larnbdaif)

i

Let {N;(t) },~, for i € J (with N,(0) = 0) denote a claim-counting NHP process with intensity function
\B(t — Lt]) over the time interval [0, t): that is, N,(¢) is Poisson distributed with mean \, [¢ (v — Lv])
dv = N\, a* B(p, q; t). Then the process N can be represented as

Le]

N@©) = 12 [N, = N, = D] + N, (© — N, (e
m—1 Yi(le))
= > > N, +N, 0O -N, L), =0, (2.4)

i=0 j=1

where Y(Lt)) = S 1 I(k, = i) denotes the number of years in [0, L¢]) that k spends in state i, for
i € J, while N;; = N;(j) — N;(j — 1) are i.i.d. random variables distributed as N;(1). This implies that
the conditional expected number of claims in the time interval [0, t), given the random environment,
is

Lel— o—Le
EIN(®)|kos Ky - - -, Kl = 201 (: N B(@) dv +\ fo ‘ B() dv
= Lleha*Bm, ) + N\, o«*B, ¢; t — Le)), ¢=0,
where
Ll = 21 Y ey, =0 (2.5)
denotes the sum of the corresponding N\, N, . . . , \,,_, values that occurred in [0, [¢]). Hence, we

have E[N(t)] = maxy_;—,, 11N} o B(p, ¢; t). The corresponding compound NHP process S = {S(t) },—,
is given by

N@©

S(t) = Z X, ¢=0, (2.6)

where the X}’s are the claim sizes with distribution function Fy, expected claim size p = [§ v dFx(v),
and moment-generating function my(s) = [; e dFy(v), for some s > 0. These claim severities are



REGIME-SWITCHING PERIODIC MODELS FOR CLAIM COUNTS 239

assumed independent of the Markov environment process k and hence of the claim-counting process
N. As in (2.4) the process S can also be represented as

m—1 Yi(le))

SO = 2 2 8+ 8,0 ~ Se,leh, =0,
i= j=
where S, ; are i.i.d. random variables distributed as S;(1) = 29 X, , and S,(t) = 2} X, .
Now consider the continuous-time surplus process U = {U(¢t) },-,, given by
Ut) =u + ct — S, t=0, (2.7)

where u is the initial capital value and c is the constant premium rate. The aggregate claim process S
is given in (2.6), and the claim-counting process N is the regime-switching periodic NHP process in

(2.4).

Because the Markov environment process k is assumed irreducible, it has a stationary initial distri-
bution, denoted by m = (m,, 7, . . ., 7,_;). Then by the law of large numbers for irreducible Markov
processes, we have

U t m—1 )
tim S = e p 3w wB, ), @8
t—© i=0

(see Rolski et al. 1999, ch. 12).
The limit result in (2.8) implies that ruin occurs almost surely if the process has a negative drift,
that is, ¢ = p 2" m, \; o B(p, q). Therefore we assume that the net profit condition

m—1
cC> R E mNa*B(p, q) (2.9)

i=0

holds in the sequel.

3. PROPERTIES OF THE REGIME-SWITCHING PERIODIC PROCESS

For the regime-switching periodic NHP process defined above, the random measure A in this Cox
process, given the realization of the environment process k up to time [¢], is

At = JO A@) dv = LLehoa*Bm, ¢) + A, "B, q; ¢t — Leb),  ¢=0, (3.1)

where L(Lt]) is given in (2.5). Then the conditional probability that the number of claims be k in the
time interval [0, t) is obtained as

[A(t) ]k e‘A(t),

P{N(t) = klkg, Ky, - - -, K} = I ke N,
where A(¢) is given in (3.1).
To calculate P{N(t) = k}, we need to know how many times the levels \,, \;, . . ., \,,_; appear in
the sequence {\, N, . .., N\, }. This is equivalent to finding how many times 0, 1, ..., m — 1 appear
in the corresponding sequence {k,, Ky, . . . , K. Note that the Markov property, given that the

sequence starts from k, = j, j € J, Y;(n) = 2=} I(x, = i) has the same distribution as the number of
times that any successive n-length sequence of the Markov process k, which starts from state j € J, is
in state i, for i € J.

Let p,(n; ¥o, 1, - - - » Y1) denote the conditional probability of a total number y; of visits to state
j out of the following successive n-length sequence, for j € J, respectively, given that the sequence
starts from state i, i € J. Note here 0 =y, = n, for j € J and X’;' y; = n. For convenience, define

P, Yo, Y1, - - -, ¥u—y) = O for either y; < 0,n = 0 and i, j € J. It is also clear that p,(n; yo, v, - . .,



240 NORTH AMERICAN ACTUARIAL JOURNAL, VoLUME 10, NUMBER 4

Vo) = 0 when y, + vy, + -+ 3y, > n. We have the following lemma for the probabilities
pi(n; Yo, V15 - - - ,qu).

Lemma 1
The recursive formulas for p,(n; vy, ¥4, . . . , ¥,,_;) are given by
p,(0;0,...,0) =1, i€ J,
m—1
P Yo, Y15 -+ s Yt) = 20 Py P = Liyg, ooy = L ), (3-2)
J=

where 0 =y, =n,n=1,j € Jand 2% v, = n.

Denote by P(n; vo, ¥1, -« - » Y1), the probablhtv of Y;(n) =y, for j € J in an n-length sequence of
the J-valued irreducible Markov chain k. By the law of tOtdl probability, we obtain the formulas for the
probabilities P(n; vy, v, - - - , ¥,,—1) given in the following lemma.

Lemma 2

Let k = {K,},=o be a J-valued irreducible Markov chain with initial distribution (m,, 7, . . ., T,_1)-
Then the probabilities of Y;(n) =y, for j € J, in an n-length sequence of the Markov chain «, for
n = 1, are given by

P0;0,0,...,0) =1,
m—1
P(n; Yo, V1> - - - 7ym71) = 2) ; pj(n - 1;y0’ RN 1. ’ymfl)’ (33)
J=
where 0 =y, =n,j € J, and 2! y; = n, and pi(n — 1,3, ..., — 1,...,¥,_,) can be calculated

recursively from (3.2).
For example, in a three-length sequence, the probability that there are three visits to state O and no
visits to states 2 and 3 is given by

P(3;3,0,0) = m,py(2; 2, 0, 0) = 7y pyy Po(1; 1, 0, 0) = "To(poo)z,

since it has to start first from state 0 and then stay in 1 for the next two steps, while the probability
that there be a visit to state O, two visits to state 1, and no visit to state 3 is

P(37 17 27 O) = TrO p0(2’ 07 27 O) + Trl p1(27 17 1’ 0)
= [Py P1(15 0, 1, 0) + m[py, Po(1; O, 1, 0) + py; py(1; 1, 0, 0)]
= Ty Po1 P11 T ™1 [P10 Por T P11 P10l

since if the sequence starts at 0, it must go to 1 twice in the next two steps, and if the sequence starts
at 1, it must go to O for the next step and go back to 1 for the last step, or else go to 1 for the next
step and go back to O at the last step.

We introduce the following notation. Let A(n; o, ¥4, . . . , ¥,,_1) be the random measure under a
realization of y,, . . ., y,,_; counts, respectively, at levels N,, . . ., \,,_; in the sequence \, N,
N, ), that is,

A(”v y()’ yl? st ?ym—l) = @() )\0 t+oeee + ym—l )\m—l)a%B@’ q)? ne N7 (34)

KQ?

where 0 =y, =n,j€J,andy, +y, + -+ y,_, = n. Then we have the following theorem for the
probabilities P{N(t) = k}.
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Theorem 1
Let k = {Kk,},=¢ be a J-valued irreducible Markov chain with transition probabilities P = (p,)};—, and
initial distribution (w,, 7, . . ., m,_;). For the counting process N, given by (2.4), the probabilities
that there be k claim occurrences during the time interval [0, t), for ¢t = 0 and k € N, are given by
m—1 m—1
P{N(@t) = k} = 2 2 ™ Py
X > Pl vy, .. ., Mooy et Beai-Lo)]
(V055 ym—1)ESi
X AL o, v N @B, g e = L)k (3.5)
VVhCI.C Si = {(yO’ st 7ym—1)|0 Syv = I—tJ - 17 v # i’ 1 Syz = |—tJ7 ET 01 Yo = Ld}’ Pd—d; Yoy« - - ’ym—l)’
and ALl vy, ..., ¥,,_,) can be obtained from (3.3) and (3.4).
PROOF
See the Appendix. L]

The random measure A(t) of this special Cox process is given by (3.1). Taking expectations in (3.1)
directly gives

E[A®)] = a*B(p, )E[LLeDH] + E[N, ] «*B@, ¢; t — Lt
= a*B(p, q) E N EIYLed)] + a*B, g; ¢ — Le)E[N ],
i=0
where E[V;(Le))] = =i, wP{Y,(e)) = v}, and E[N ] = S5 N 7 Let S = gy« -+ s ¥ D0 =y, =
LtJ EmO yv I—tJ} dIldS _{@OJ"‘Jym 1)|0<yv<|_tj_y,'l)?l:l Ev#lyv LJ_y’.yt:y}Then

for 0 =y = |t], we have

P{Yldlb =y} = 2 P(Ld; Vo« o o> V1)

30, ¥m—1)ESy

By the equation

Le]
z Vi Pd—tJ; Yos - - - 7ym71) 2 2 yP(I—tJa Yo - - - 7ym71)a
0.+, ym—1)ES y=0 30y, ¥m— 1)ES\

it follows immediately that

E[A®)] = «*B, q) >, (2 yim) Plelvo, oo vmy)

305 ym-1DES  \ i=0

m—1

+ a* B, q;t — Led) D N, =0, (3.6)

=0
It is not difficult to see that (3.6) is equivalent to

EIAO] = > Plehye . o 3

05 dm—1)ES

m—1

X E ﬂl[Ad_tJ, y()’ R ymfl) + )\iOL*B@’ Q7 t— LtJ)]?
i=0
then when ¢ = 0 and s < a,, the moment-generating function of A(t), M, (s) = E[e**@], is given by
m—1
My (s) = > Plel vy, .. v, ) D esiAldvon s tn B gL 3.7)

05, ’m-1)ES i=0
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where a, is a number such that limg, 1, (s) = +, while Pltl; vy, ..., v,_,) can be obtained from
3.3).
It is interesting to see that (3.7) can be rewritten as
m—1
mA(t)(S) = 2 P(LtJ§ Nor - - - 7ym—1)6SA(MM"“’M"_]) E "TieS)\i o BLeh
[N, m—-1)ES i=0
= mA(LtJ)(S)mA(t—LtJ)(S)? § < @y,

showing that A(t) = A(Le)) + A(¢ — Ltl) and that these are independent.

Theorem 1 and the above results for A(t) allow for the derivation of the moments of N(t).
By well-known formulas for general Cox models, first we can find the probability-generating
function gy, (s) = m,(s — 1), for |s| < 1, and then the successive factorial moments of N(t):
E[N@[N(®) — 1] -+ [N@®) — r + 1]] = 8{,(1) = E[A(®)"]. In particular, we have that the expectation
of the number of claim for this special Cox process is E[N(t)] = E[A(¢)], where E[A(¢)] is given by
(3.6), and the variance of N(t) for this Cox process can be derived from V[N(t)] = V[A(t)] + E[A(0)].
Finally, note that the index of dispersion of N(¢) is Iy, = Vy,/E[N@®)] = 1 + [, > 1, showing that
N(t) is overdispersed, by contrast to the classical Poisson process.

4. A LunDBERG-TYPE UPPER BOUND FOR FINITE TIME RUIN PROBABILITIES
This last section discusses the ruin problem for Cox processes. First, consider the income process, over
the time interval [0, t), with initial value R(0) = 0 and a constant premium rate ¢, given as

N(0)
R(t) =ct —S(@t) =ct — 2 X, ¢=0, (4.1)
j=1

where the claim-counting process N = {N(¢t)},-, is a Cox process with intensity process {A(¢) },~,, and
the random intensity measure A, given by A(t) = [, AN(v) dv, and S(¢) is as in (2.6). Further assume
that the moment-generating function my(s) = [ e dFy (x) is defined on an interval [0, ay), where
ay > 0.

Denote the conditional Laplace-Stieltjes transform of R(t), given A(t), by I(r; t|A) = E[e ™O|A(0)].
Assuming that it exists, it is given by

I(r; t|/A) = rOU®-1=ret  for some r € [0, ay), t = 0. 4.2)

Finally, the time to ruin is defined in the usual way as T, = inf{t = Olu + R(t) < 0}, for u = 0. The
ultimate ruin probability is then given by W(u) = P{T, < o}. Using the martingale approach to Cox
models discussed in Grandell (1991), we have the following result.

Theorem 2
A Lundberg-type upper bound holds for the finite time ruin probability in model (4.1):

P{T, =ty =e™E [ sup I(r; t|A)] , 0=t, <o (4.3)

0=t=t,

A tighter upper bound can also be obtained for 0 =< ¢, < %, as

P{T,=t,y =e™E [ sup I(r; t|A)] sup {M}, (4.4)

0=t=t, y=0 f;j erx dFX(x)

where r € [0, ay) is a real number.
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PROOF

For details see the Appendix. L]
The upper bound given in (4.4) is difficult to use in practice. Now consider our regime-switching
periodic NHP model with two levels \, and A\, and function B in the intensity process as given by (2.2).
To derive a corresponding useful bound for this special Cox model, first for i = 0, 1, some r € [0, ay),
and t = 0, let

L ) = E[e™0] = E[e@ )] = evatoantise 11, (45)
Then define the average risk level A = m, \, +m,\,;, where \,, the peak intensity under ‘“‘extraordinary

risk”’ years, is assumed larger than that in “normal risk” years (i.e., A, < \,). Consider, for r = 0, the
Lundberg-type equation

0(r) = Aa*B(p, q)[My@) — 1] — rc = 0. (4.6)

The solution to (4.6), say, y > 0, also called the adjustment coefficient for the average risk level \,
satisfies

Na*B(p, @) [ig(y) — 1] = ve. (4.7)
It follows from (4.7) that
s A )\i .
N @B(p, @) [y(y) = 1] = T ye, =0, 1. (4.8)

The existence and unicity of y in [0, ay) is guaranteed because 6(0) = 0 and 6'(0) = Aa*B(p, ) —
¢ < 0, provided that the net profit condition (2.9) holds, and hence the convexity of 6(r) ensures that
0'(y) > 0.

A practical Lundberg-type upper bound for the finite-time ruin probability can be derived for a two-
state regime-switching periodic NHP model by setting » = v. For simplicity, assume that ¢, is an integer.
Then with probability P(¢,; t, — vy, v) (here Y,(¢,) =y implies that Y,(t)) = t, — v), given by (3.3) when
m = 2, A(t,) takes the following realization:

Aty to =3, 3) = [(& — Ny + I\ ]a*B(p, ), O0=y=tyt, €N
When 0 = t = ¢t,,, we have two possibilities for A(t), depending on the value of A
No:

<, Oneis when \ =

A@) = [(Led = 2N + 20] «*B(p, ) + Na*Bp, ¢; t — Le)), 0=¢=¢,, (4.9)

where 0 = 2 = min{l¢), y} and le] — 2 + 1 = ¢, — v, or equivalently, = € C,(¢t, y) = [max{0, L¢] + 1
— (t, — v}, min{l¢], y}]. The other is when Ny = M\

A@) = [(ed = 9N + s\ Ja*Bp, @) + Ma*Bp, ¢; t — Le)),  0=¢=¢, (4.10)

where similarly, 0 = & = min{l¢), y — 1} and Lt] — 2 = ¢, — », or equivalently, = € C,(t, y) = [max{0,
Le] - (ty — M}, min{LtJ,y - 1}].
When A(t) is given by (4.9), then (4.7) and (4.8) imply that

A@ [ (y) — 1] — et = (e] = 2) [N, a*B®, q) (hy(y) — 1) — vl
+ 3[Ma*B(p, ¢) (fi(y) — 1) — ye]
+ N a*B(p, i t — Le)Ohe(y) — 1) — vye(e — Led)

—|_tJ <)\ _)—\)\0> ye + g <%> ye

+ N 0*B(p, q; t — Le))[hy(y) — 1] — ve(t — Lel).

In turn,
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sup I(y; t|{A) = sup MO _yor

0=t=tg 0=t=to
<= sup ez(()q —X0)/N)ye+hg a*Bp,qit—Le)) [mx(y) —1] —ve(t—Lt))
0=t=ty
2EC1(t,y)
= max MMV max [(y; 0) = TN max [ (y; ). (4.11)
0=t=to 0=v=1 0=v<1
s€C1(t,y)

Similarly, when A(¢) is given by (4.10), then

sup [(y; t]A) = eO DN max [ (y; v) = OO max [ (y; v),

0=t=to O=v=1 O0=v<1

which has a similar form as (4.11). Taking expectations gives

to

E [ sup U(v; tIA)] = [E P(tg; ty — y, y)er @12/ “"C] max [;(y; ©).
0=t=t, v=0 O=v<1
i=0,1

Finally, a Lundberg-type upper bound for the finite time ruin probability in (4.4) is derived, that is,

: Fy()
e
P{T, = t,y =e ™ P(ty; ty, — v, y)e"((“‘”")/)‘)“’c] max [,(y; v) sup { - £ }, t, € N,
0 |:yz() ! ! 0=v<1 y=0 fy e‘yx dFX([X?) 0
i=0,1

(4.12)
where vy satisfies (4.7) and P(t; t, — v, y) is given in (3.3) when m = 2.
Obviously, the simpler bound for P{T, = t,} given by (4.3) can also be derived here:
to B
PiT, = tgy =e™ |:E P(ty; ty — , y)ev(o\]_)m)/)\)w] max [;(v; v), (4.13)
»=0 0=v<1
i=0,1

but (4.12) is tighter than (4.13), as shown in the following examples.

ExAamprLE 1

Consider exponentially distributed claim sizes with mean w. Their moment-generating function is
my(s) = 1/(1 — ws), for s < ay = 1/p. The adjustment coefficient for parameter \ is then given by

_c—NfBp,gp 1 Na*B(pg)

= (4.14)
ClL W c

which is the positive solution to (4.7). The corresponding [,(y; v), given in (4.5), takes the form
L(vy; ©) = eMNEEG/BEo)—one 0=0v<1,i=0,1. (4.15)

Figure 2 illustrates the upper bounds in this exponential case, as a function of u (left graph), when ¢,
= 20, and as a function of ¢, (right graph), when u = 10. The other parameters are chosen to be \,
=1,M=12,p=3,g=2,py; = 025, p,, = 0.5, ¢ =1.5, n=1.5,and y = 0.267, which is obtained
from (4.14). Clearly, the upper bounds («), given by (4.12), are sharper than those in (b), given by
(4.13).
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Figure 2
Upper Bounds for Exponential Claims vs. u (t, = 20) and t, (u = 10)
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EXAMPLE 2
Consider the case of inverse Gaussian distributed claims, with mean p, variance wB, and density
function

fe() = —E—m e GW¥B x>,

V 2mRx?

Their moment-generating function 1, (s) = e®/P IV 17289 exists for s < 1/2B. The adjustment coef-
ficient y with respect to parameter \ is the positive solution to the equation

Na*B(p, q) [e®PI- V1280 — 1] = ¢, (4.16)

and [;(v; v), for i = 0, 1, is of the same form as in (4.15).

Figure 3 illustrates the upper bounds in this inverse Gaussian case, again as a function of u (left
graph), when t, = 20, and as a function of t, (right graph), when u = 10. The other parameters are
chosen as for Figure 2 and B = %, which gives a variance of 4. Here y = 0.155 is obtained from (4.16).
Again the upper bounds in («), given by (4.12), are sharper than those in (b), given by (4.13).

5. CONCLUSIONS

Regime-switching periodic NHP processes can be useful in modeling risk processes under periodic and
random environments. A beta-type short-term intensity function is proposed with an m-state Markov
process to model the peak level in the intensity of this Cox risk process. This generalizes the periodic
NHP model. Also, it can provide a more realistic description than Cox models with piecewise constant
intensities.

The flexible shape of the beta function and the explicit results, in terms of the complete beta and
incomplete beta functions, obtained for the Cox risk model should make these regime-switching period
NHP models more practical than Cox processes with piecewise constant intensities, or than the usual
NHP process. However, this work can be extended to other reasonable short-term intensity functions.
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Figure 3
Upper Bounds for Inverse Gaussian Claims vs. t, (v = 10) and u (t, = 20)
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Furthermore, statistical methods to estimate the beta and level parameters of the model from real
data are readily available and shall be illustrated in subsequent work.

APPENDIX

PROOF OF THEOREM 1
By the law of total probability, it is casily seen that

m—1

PAN(@) =k} = D, PAN() = klx,)_, = i}P{x,_, = i}
i=0
m—1 m—1

> > PAN() = klkyyy = i, k= fipgm.

i=0 j=0

Furthermore, since N is the Cox process corresponding to A, then N(t) has independent increments
and N(t) — N(s) is Poisson distributed with mean A(t) — A(s) (with respect to F2, see Grandell 1991),
and so we have

k
PAN() = K|k, =1, k| = j} = IZ PIN(Le)) = Uiy = PN© — Nl = k = Ik, = j}-
=0

F()I' Si = {(3’0, v 7ym—1)’0 Syv = |—tJ - 1’ v 7& i’ 1 Syi = |—tJ7 ET:_OI yv = Ld}

we have
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PAN(@) = K|k, =1, k| = j}

k
E < E P(LtJ; Nor -+« > Vone1) [A(Ld; Yoo - 7ynrl)]l e_A(L[J""“"“‘ym‘))
o

=0 \ (v0s.--, Ym-1)ESi I

=N GL*B(p,O/;t—l_tJ)

% . _ k—1
[\ «*B(p, q; t — Leb)] .
& — D)
E P(LtJ; ‘/yo, . ,yrn_l) e—[A(LIJ;V(>,~~,,\’m—1)+>\j OL*B(P,(I:t—LtJ)]

05, 0m-1)ES;

XiuMde.w%waaw@ww—bmm
=0

Nk =1
= > plels vy, ...,y ) e Ao yno Dy e BEa-Lo)]
05, Ym—1) ESi
o AL yo - va) TN @B, g ¢~ L))
k! ‘
Then (3.5) immediately follows. L]

PROOF OF THEOREM 2
The proof of (4.3) can be found in Grandell (1991), where a martingale approach for a general Cox
model is used. We briefly review the main steps for a better understanding of the proof of (4.4).

Let F be a suitable filtration, M be a positive F-martingale (or F-supermartingale), and T be an
F-stopping time. Choose t, < % and consider ¢, /\ T, a bounded F-stopping time. By the Optional
Stopping Theorem (see Rolski et al. 1999, Section 9.1.6), we have that

M(0) = E[M(t, A\ T)] = E[M(D)e = ¢,]PP{T = t,},
and therefore

M(0)
EMDIT = t]”

PP{T = t,} = ty < oo
Now consider N to be a Cox process with intensity process {\(t) },~, and random intensity measure A,
given by A(t) = [ N(v) dv. A suitable filtration F is defined as &, = F2 \/ ¥ and thus %, = F2.
Consider the following choice of process M:

e—r[u+R(t)]

M) = for some r € [0, ay), t = 0,

NG [mx(r)—1]—ret

where R(t) is given in (4.1).
It can be shown that M is an F-martingale for the filtration given by &, = F2 \/ FX. A conditional
lower bound is obtained when 0 = ¢, < % as

[Eg() [M(Tu)lTu = tO] = [Ego[eiA(T“)[ﬁlx(r)il]erTﬂTu = tO]

> inf e—A(z)[ﬁL\r(r)—lHrct. (Al)

0=t=t,

More precisely, since the ruin-causing claim is greater than the surplus just before ruin, we have that
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[E@”[M(TL)|T1 =t = [E%)[e—r[u-%—R(Tu)]e—A(T”)[rﬁx(r)—l]+rcT,¢
22 s

T, = t,]

> inf {e*A(t)[rﬁx(r)fl]+rct}[E@()[efr[quR(Tu)]|Tu =t,]

0=t=t,
A ) [ e dFy(x)
= jnf {e AOIwO)=—1]+rery inf{ . X . A2
0=t=t, v=0 1 - Fx(y) ( )
Then we get, from (A.1), that the conditional ruin probability
_ M(0) ,
PAT, =t} = — =e ™ sup l(r; t|A). A3
BRI, = o) ¢, A D
Taking expectations proves (4.3). Using (A.2) in (A.3) vields (4.4). ]
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