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ON THE GERBER-SHIU DISCOUNTED PENALTY
FUNCTION FOR THE ORDINARY RENEWAL RISK

MODEL WITH CONSTANT INTEREST
Rong Wu,* Yuhua Lu,† and Ying Fang‡

ABSTRACT

In this paper we study the Gerber-Shiu discounted penalty function for the ordinary renewal risk
model modified by the constant interest on the surplus. Explicit answers are expressed by an
infinite series, and a relational formula for some important joint density functions is derived. Ap-
plications of the results to the compound Poisson model are given. Finally, a lower bound and an
upper bound for the ultimate ruin probability are derived.

1. INTRODUCTION

We consider an ordinary renewal risk model. The number of claims process {N(t); t � 0} is assumed
to be an ordinary renewal process, where the interclaim times are represented by the independent and
identically distributed sequence {Tn, n � 1} of positive random variables. Here Tn � Sn � Sn�1, n � 1
(S0 � 0, which means that there is a claim at time 0), that is, Sn is the (n � 1)–th claim occurring
time. Let T1 have a distribution function K(t), a density function k(t), and a finite mean E(T1). Let

� 1 � K(t).K̄(t)
The individual claim amounts {Zj} are assumed to be i.i.d. positive random variables with common

distribution P(z), P(0) � 0. For simplicity we assume that P(z) is differentiable, with P�(z) � p(z)
being the individual claim amount probability density function, and the mean E(Z1) � � � �. The
aggregate claim amount up to time t is X(t) � Zk, t � 0.N(t)�k�1

Assume that the insurer receives interest on its surplus at a constant force � per unit time. For
� � 0, let U�(t) denote the surplus at time t � 0,

t
(�)�t �(t�v)U (t) � ue � cs̄ � � e dX(v), (1.1)� t⎤ 0

where u is the surplus after paying the claim at time S0 � 0, c is the positive constant premium income
rate, and � ds. See Willmot and Lin (2001, Chapter 2) and Cai and Dickson (2002, 2003)(�) t �ss̄ � e0t⎤
and references therein for details on this well-known model.

The time of ruin is T� � inf{t � 0�U�(t) � 0}, where T� � � if U�(t) � 0 for all t � 0. If ruin occurs,
the deficit at ruin is �U�(T�), and the surplus immediately prior to ruin is U�(T��). The probability of
ultimate ruin is

� (u) � Pr{T � � � U (0) � u}. (1.2)� � �

* Rong Wu, is a professor in the School of Mathematics and LPMC, Nankai University, Tianjin 300071, China, rongwu@nankai.edu.cn.
† Yuhua Lu, PhD, is a professor in the Department of Mathematics, Qufu Normal University, Shandong 273165, China, lvyuhua@eyou.com.
‡ Ying Fang, is a PhD student in the School of Mathematics and LPMC, Nankai University, Tianjin 300071, China, 030054@mail.nankai.edu.cn.



120 NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 11, NUMBER 2

The following notation applies throughout this paper:
��T�F (�, u, x, y) � E[e I(U (T �) � x, U (T ) � y)I(T � �)�U (0) � u],� � � � � � �

2	 F (�, u, x, y)�f (�, u, x, y) � ,� 	x	y

where x � 0, y � 0, and I is the indicator function, that is, I(A) � 1 if A is true and I(A) � 0 if A is
false.

We consider the Gerber-Shiu discounted penalty function of the surplus immediately prior to ruin
and the deficit at ruin when ruin occurs as a function of initial surplus u, namely,

��T�
 (u) � E[e w(U (T �), �U (T )�)I(T � �)�U (0) � u], (1.3)�,� � � � � � �

where w(x, y), 0 � x, y � �, is a nonnegative function and � is a nonnegative parameter. We can
interpret exp{��T�} as the ‘‘discount factor.’’

The function 
�,�(u) provides a unified means of studying the joint distribution of the surplus im-
mediately prior to ruin and the amount of the surplus at ruin. Note that choosing different forms of
the penalty function w(x, y) in equation (1.3) gives rise to different information relating to the amount
of the surplus at ruin and the surplus immediately prior to ruin. For example, 
�,0(u) will represent
the k-th order moment of the surplus immediately prior to ruin (or the amount of the surplus at ruin)
if we specially choose w(x, y) � xk (or yk), represent their joint distribution function if w(x, y) �
I(x � x1, y � y1), represent the distribution function of the amount of the surplus at ruin if w(x, y) �
I(y � y1), and so on. When w(x, y) 	 1, the function 
�,0(u) coincides with the well-known ruin
probability ��(u) independently defined by (1.2). The financial explanations of w(x, y) can be found
in Gerber and Shiu (1998). The distributions of the quantities in the classical surplus process with
constant interest have been studied by many authors including Sundt and Teugels (1997), Yang and
Zhang (2001), Cai (2003, 2004), Cardoso and Waters (2003), Konstantinides, Tang, and Tsitsiashvili
(2003), Tang and Tsitsiashvili (2004), Wu, Wang, and Zhang (2005), and others.

This paper is organized as follows. In Section 2 we derive an infinite series expression and some
recursion formulas for the Gerber-Shiu discounted penalty function and some examples. In Section 3
we derive a lower bound and an exponential-type upper bound for the ultimate ruin probability.

2. THE GERBER-SHIU DISCOUNTED PENALTY FUNCTION

Let
n �/�(�y � c) 1 �x � ci�1 ik ln p(x � y ), if � � 0,� � � i i1�(�/�)(�x � c) � �y � ci�1 i i�1g (�, u, x , y , . . . , x , y ) � (2.1)�,n 1 1 n n n1 x � yi i�1�(�/c)(x �y )i i�1� e k p(x � y ), if � � 0,� � � i inc ci�1

with y0 � u.

Lemma 2.1
For n � 1, let x1, . . . , xn, y1, . . . , yn�1 � 0, yn � 0, such that x1 � u � 0 and xi � yi, i � 1, 2, . . . ,
n. Assume that �, � � 0, then we have

��SnE[e I(U (S �) � dx , U (S ) � dy , . . . , U (S �) � dx , U (S ) � dy )�U (0) � u]� 1 1 � 1 1 � n n � n n �

� g (�, u, x , y , . . . , x , y )dx dy . . . dx dy ,�,n 1 1 n n 1 1 n n

where U�(Sn�) is the surplus immediately prior to the (n � 1)–th claim time Sn.
The proof of this lemma is somewhat lengthy. We therefore omit it and refer the reader to the

Appendix.
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Let
��T�F (�, u, x, y) � E[e I(U (T �) � x, U (T ) � y, T � S )�U (0) � u], (2.2)�,n � � � � � n �

2	 F (�, u, x, y)�,nf (�, u, x, y) � . (2.3)�,n 	x	y

Note that f�,n(�, u, x, y) is the density function of F�,n(�, u, x, y).

Lemma 2.2
For each �, u, � � 0, x � 0, y � 0, we have

x y

F (�, u, x, y) � I(x � u) � dx � g (�, u, x , y ) dy , (2.4)�,1 1 �,1 1 1 1
u ��

and for n � 1,

F (�, u, x, y)�,n

� x � x x y1 n�1

� � dx � dy � � � � dx � dy � dx � g (�, u, x , y , . . . , x , y ) dy . (2.5)1 1 n�1 n�1 n �,n 1 1 n n n
u 0 y 0 y ��n�2 n�1

PROOF

First, by (1.1), we have

(U (0) � u) � (T � T ) � (U (T �) � u, U (T ) � 0, U (0) � u).� � 1 � 1 � 1 �

Then by Lemma 2.1, we get

��T1F (�, u, x, y) � E[e I(u � U (T �) � x, U (T ) � y) I(x � u)�U (0) � u]�,1 � 1 � 1 �

x y

� I(x � u) � dx � g (�, u, x , y ) dy . (2.6)1 �,1 1 1 1
u ��

When n � 2,

(U (0) � u) � (T � S )� � n

� (0 � U (S �), 0 � U (S ), . . . , 0 � U (S ), 0 � U (S �), U (S ) � 0) � (U (0) � u).� 1 � 1 � n�1 � n � n �

In addition, when T� � Sn,

U (S �) � U (S ), U (S �) � U (S ), k � 1, 2, . . . , n.� k � k�1 � k � k

Hence, by Lemma 2.1, we can easily obtain the expression for F�,n(�, u, x, y). This ends the proof. �

Lemma 2.3
Let n � 2. Then,

(1) For � � 0,
�/�� x1 �u � c 1 �x � c p(x � y )1 1 1F (�, u, x, y) � � dx � k ln F (�, y , x, y) dy .� � � ��,n 1 �,n�1 1 1

u 0 �x � c � �u � c �x � c1 1

(2) For � � 0,
� x1 1 x � u1�(�/c)(x �u)1F (�, u, x, y) � � dx � e k p(x � y )F (�, y , x, y) dy .� �0,n 1 1 1 0,n�1 1 1

u 0 c c
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PROOF

Applying Lemma 2.1 and Lemma 2.2 to equations (2.2) and (2.5), we can obtain the results.

REMARK 2.1

In fact, by Lemma 2.3 we derive recursion formulas for F�,n(�, u, x, y) and the density function
f�,n(�, u, x, y).

Let n � 2. Then,

(1) For � � 0,
�/�� x1 �u � c 1 �x � c p(x � y )1 1 1f (�, u, x, y) � � dx � k ln f (�, y , x, y) dy .� � � ��,n 1 �,n�1 1 1

u 0 �x � c � �u � c �x � c1 1

(2.7)

(2) For � � 0,
� x1 1 x � u1�(�/c)(x �u)1f (�, u, x, y) � � dx � e k p(x � y )f (�, y , x, y) dy . (2.8)� �0,n 1 1 1 0,n�1 1 1

u 0 c c

REMARK 2.2

For �, �, u � 0, x � 0, y � 0, f�,1(�, u, x, y) � I(x � u) � g�,1(�, u, x, y).

Proposition 2.1
For each �, �, u � 0, x � 0, y � 0, we have

x y

F (�, u, x, y) � I(x � u) � dx � g (�, u, x , y ) dy� 1 �,1 1 1 1
u ��

� � x x y1

� � dx � dy � � � � dx � g (�, u, x , y , . . . , x , y ) dy , (2.9)	 1 1 n �,n 1 1 n n n
u 0 y ��n�1n�2

and

f (�, u, x, y) � I(x � u)g (�, u, x, y)� �,1

� � x � x1 n�1

� � dx � dy � dx � g (�, u, x , y , . . . , x , y , x, y) dy . (2.10)	 1 1 n�1 �,n 1 1 n�1 n�1 n�1
u 0 y 0n�2n�2

PROOF

Note that
�

F (�, u, x, y) � F (�, u, x, y). (2.11)	� �,n
n�1

By Lemma 2.2 and (2.11), we can get immediately that (2.9) holds true. From (2.3) and (2.11), we
obtain that

�x y

F (�, u, x, y) � � � f (�, u, x , y ) dx dy . (2.12)	� �� �,n 1 1 1 1
0 �� n�1

Hence,
�

f (�, u, x, y) � I(x � u) g (�, u, x, y) � f (�, u, x, y). (2.13)	� �,1 �,n
n�2
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Furthermore, by (2.5) we have for n � 2,

� x � x1 n�1

f (�, u, x, y) � � dx � dy � � � � dx � g (�, u, x , y , . . . , x , y , x, y) dy .�,n 1 1 n�1 �,n 1 1 n�1 n�1 n�1
u 0 y 0n�2

(2.14)

Formula (2.10) follows from (2.14). This ends the proof. �

Corollary 2.1
For each �, �, u � 0, x � 0, y � 0, F�(�, u, x, y) satisfies the integral equation

x y

F (�, u, x, y) � I(x � u) � dx � g (�, u, x , y ) dy� 1 �,1 1 1 1
u ��

� x1

� � dx � g (�, u, x , y )F (�, y , x, y) dy . (2.15)1 �,1 1 1 � 1 1
u 0

PROOF

Apply Lemma 2.2 to (2.9). �
Furthermore, using Lemma 2.2, we can derive some important mathematical relations about many

density functions.
Let f�(�, u, x) denote the density function of F�(�, u, x, 0), defined by

��T�f (�, u, x) dx � E[e I(U (T �) � dx, T � �)�U (0) � u]. (2.16)� � � � �

We define

��T�h (a, u, x, y) dx dy � E[e I(U (T �) � dx, �U (T )� � dy, T � �)�U (0) � u], (2.17)� � � � � � �

where �, �, u � 0, x � 0, y � 0.

Corollary 2.2
For �, �, u � 0, and x, y � 0, we have

p(x � y)
h (�, u, x, y) � f (�, u, x) . (2.18)� � P̄(x)

PROOF

Similar to (2.10), we can obtain easily the expression of f�(� u, x), and for �, �, u � 0, x � 0, z � 0,
we get that

f (�, u, x, z) p(x � z)� � . (2.19)¯f (�, u, x) P(x)�

Let y � �z in (2.19) and note that

h (�, u, x, y) � f (�, u, x, �z). (2.20)� �

Then we get the result. �

REMARK 2.4

When �, �, u � 0, this result coincides with formula (2.3) in Willmot (2006) and generalizes Theorem
4.3 in Cai and Dickson (2002).
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Lemma 2.4
Let 
�,�,n(u) � w(U(T��), �U(T�)�) I(T� � Sn)�U�(0) � u]. Then we get for �, �, u � 0, n � 2,��T�E[e

�/�� x �u � c 1 �x � c p(x � y)� dx � k ln 
 (y) dy, if � � 0,� � � � �,�,(n�1)
u 0 �x � c � �u � c �x � c


 (u) � (2.21)�,�,n � x 1 x � u(��/c)(x�u)�� dx � e k p(x � y)
 (y) dy, if � � 0,� � �,�,(n�1)
u 0 c c

and
�/�� 0 �u � c 1 �x � c p(x � y)� dx � w(x, �y�) k ln dy, if � � 0,� � � �

u �� �x � c � �u � c �x � c

 (u) � (2.22)�,�,1 � 0 1 x � u(��/c)(x�u)�� dx � w(x, �y�) e k p(x � y) dy, if � � 0.� �

u �� c c

PROOF

Obviously, we have
� 0


 (u) � � dx � w(x, �y�)f (�, u, x, y) dy, n � 1. (2.23)�,�,n �,n
0 ��

By (2.7) and (2.8), we get the following recursive calculation formula:
� x


 (u) � � dx � g (�, u, x, y)
 (y) dy, n � 2. (2.24)�,�,n �,1 �,�,(n�1)
u 0

By Remark 2.2, the expression for 
�,�,1(u) can be obtained. �

Theorem 2.1
For �, u � 0, we have

�� 0 � x1


 (u) � � dx � w(x, �y�)g (�, u, x, y) dy � � dx � dy	�,� �,1 1 1
u �� u 0n�2

� x � 0n�1

� � � � dx � dy � dx � w(x, �y�) g (�, u, x , y , . . . , x , y , x, y) dy. (2.25)n�1 n�1 �,n 1 1 n�1 n�1
y 0 y ��n�2 n�1

PROOF

Note that
�


 (u) � 
 (u).	�,� �,�,n
n�1

By Lemma 2.1 and Lemma 2.4, using exactly similar arguments to Proposition 2.1, we get the exact
expression for the Gerber-Shiu discounted penalty function. �

An important special case of the ordinary renewal process is the compound Poisson process. In this
case the positive net profit condition is cE(T1) � �.
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Corollary 2.3
For each � � 0, �, u � 0, and K(x) � 1 � e��x, x � 0, � � 0,

u uc
 (0) ��,�
 (u) � � � A(t) dt � � k (u, t)
 (t) dt, (2.26)�,� �,� �,�
0 0c � �u c � �u

where A(y) � w(y, x � y)p(x) dx, k�,�(u, t) � (� � � � � t))/(c � �u).� ¯� �P(uy

PROOF

By Theorem 2.1 and equation (2.7), we get
�� 0 � 0


 (u) � � dx � w(x, �y)g (�, u, x, y) dy � � dx � w(x, �y)f (�, u, x, y) dy	�,� �,1 �,n
u �� 0 ��n�2

� J � J ,1 2

where
�/�� 0 �u � c 1 �x � c 1

J � � dx � w(x, �y) k ln p(x � y) dy� � � �1
u �� �x � c � �u � c �x � c
� 0

(���)/� �(���)/��1� � dx � w(x, �y)�(�u � c) (�x � c) p(x � y) dy
u ��

� �
(���) / � �(���)/��1� �(�u � c ) � (�x � c) � w(x, z � x)p(z) dz dx,� �

u x

�/���� 0 � x1 �u � c
J � � dx � w(x, �y) � dx �	 
 � �2 1

0 �� u 0 �x � cn�2 1

�(�/�)
�x � c p(x � y )1 1 1� f (�, y , x, y) dy� � ��,n�1 1 1�u � c �x � c1

�� x �� 01

� � dx � � dx � w(x, �y) f (�, y , x, y) dy	� �1 �,n 1
u 0 0 �� n�1

(���)/� �(���)/��1�(�u � c) (�x � c) p(x � y ) dy1 1 1 1

� x
(���)/� �(���)/��1� �(�u � c) � dx � (�x � c) 
 (y)p(x � y) dy.�,�

u 0

Hence,

� x
(���)/� �(���)/��1
 (u) � �(�u � c) � (�x � c) � 
 (x � y)p(y) dy � A(x) dx. (2.27)� ��,� �,�

u 0

Using arguments similar to those of Cai and Dickson (2002) and Gerber and Shiu (1998), by differ-
entiating (2.27) with respect to u and then integrating (see, e.g., Cai and Dickson 2002), we get

u uc
 (0) ��,�
 (u) � � � A(t) dt � � k (u, t)
 (t) dt.�,� �,� �,�
0 0c � �u c � �u

�

REMARK 2.5

Cai and Dickson (2002) have derived this integral equation and find the initial value 
�,0(0) by using
Laplace transforms. But they did not determine the initial value 
�,�(0) when � � 0 and � � 0. They
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leave this as an open question. In this paper, using Theorem 2.1, when �, �, u � 0, both 
�,�(u) and

�,�(0) can be given in an infinite series.

REMARK 2.6

Equation (2.26) is a type of the Volterra integral equation
x

�(x) � l(x) � � k(x, s)�(s) ds. (2.28)
0

See, for example, Cai and Dickson (2003, p. 392 [2.7]) and Mikhlin (1957). If l(x) is absolutely inte-
grable and the kernel k(x, s) is continuous, then for each x � 0, the unique solution for �(x) has the
following representation:

x

�(x) � l(x) � � K(x, s)l(s) ds, (2.29)
0

where K(x, s)� km(x, s), with k1(x, s)� k(x, s), and km(x, s) � k(x, t)km�1(t, s) dt, m � 2, 3,� x� �m�1 s

. . . , x � s � 0.

COROLLARY 2.4

For �, u � 0, and K(x) � 1 � e��x, x � 0, � � 0,
u uc� (0) �� ¯� (u) � � � P(t) dt � � k (u, t)� (t) dt, (2.30)� � �
0 0c � �u c � �u

where

¯� � �P(u � t)
k (u, t) � .� c � �u

PROOF

It follows Corollary 2.3 with � � 0 and w(x, y) 	 1. �

Example 2.1
We consider an important special case of the Sparre Andersen model, which is the compound Poisson
risk model, namely, in which K(t) � 1 � e��t, t � 0, � � 0. Let Z1 have an exponential distribution
with P(z) � 1 � e�
z, z � 0, 
 � 0. In this case an explicit formula for the ruin probability �(u) and
the distribution function of the deficit at ruin are available.

(1) The ruin probability �(u), namely, with �, � � 0, w(x, �y�) 	 1, we have �(u) � 
0,0(u) �
�n(u), where �n(u) � 
0,0,n(u).��n�1

From Lemma 2.4,
� 0 1 ��((x�u)/c) �
(x�y)� (u) � � dx � �e 
e dy1

u �� c

� �
u� e ,
� � 
c

� x 1 ��((x�u)/c) �
(x�y)� (u) � � dx � �e 
e � (y) dy2 1
u 0 c

2
� c �
u� 
 u � e ,� � � �� � 
c � � 
c
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� x 1 ��((x�u)/c) �
(x�y)� (u) � � dx � �e 
e � (y) dy3 2
u 0 c

3 2
� 1 c c2 2 �
u� 
 u � 2 u � 2 e .� � � � � �� � 
c 2 � � 
c � � 
c

We assume that
n

� n�1 �
u� (u) � 
 P (u)e , n � 1,� �n n�1� � 
c

where
k�1n c(n�1) n�kP (u) � a u	 � �n�1 n�k � � 
ck�1

2c c(n�1) n�1 (n�1) n�2 (n�1) n�3� a u � a u � a u� �n�1 n�2 n�3� � 
c � � 
c
n�2 n�1c c(n�1) (n�1)� � � � � a u � a , n � 1.� � � �1 0� � 
c � � 
c

Then
� x 1 ��((x�u)/c) �
(x�y)� (u) � � dx � �e 
e � (y) dyn�1 n

u 0 c
n �(n�1)� �
 an�1n�1 �u/c �((�/c)�
)x n� 
 e � e x dx� � 


u� � 
c c n
n�2� �(n�1) (n�1)c a c an�2 1�((�/c)�
)x n�1 �((�/c)�
)x 2� � e x dx � � � � � � e x dx� �

u u� � 
c n � 1 � � 
c 2
n�1 �(n�1)c a0 �((�/c)�
)x� � e x dx .� � �

u� � 
c 1

By the formula
� 1 n n(n � 1) n(n � 1) � � � 2 n!n ��x n n�1 n�2 �au� x e dx � u � u � u � � � � � u � e ,
 �2 3 n n�1u a a a a a

we obtain
2 n�1� c c c�(�/c�
)x n n n�1 �(�/c�
)u� e x dx � u � nu � � � � � n! e ,
 � � � � �

u � � 
c � � 
c � � 
c
2� c c�(�/c�
)x n�1 n�1 n�2� e x dx � u � (n � 1)u
 � �

u � � 
c � � 
c
nc �(�/c�
)u� � � � � (n � 1)! e � � �� � �� � 
c

2� c c�(�/c�
)x �(�/c�
)u� e x dx � u � e .
 � � �
u � � 
c � � 
c
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Therefore
n�1 (n�1) (n�1)� a a cn�1 n�2n n (n�1) n�1� (u) � 
 u � a � u� � 
 � �n�1 n�1� � 
c n n � 1 � � 
c

2(n�1)a cn�3(n�1) (n�1) n�2� (n � 1)a � a � u� �� �n�1 n�2 n � 2 � � 
c
3(n�1)a cn�4(n�1) (n�1) (n�1) n�3� (n � 1)(n � 2)a � (n � 2)a � a � u� �� �n�1 n�2 n�3 n � 3 � � 
c

n�1c(n�1) (n�1) (n�1)� � � � � (n � 1)(n � 2) � � � 2a � � � � � a � a u� �� �n�1 1 0 � � 
c
nc(n�1) (n�1) (n�1) (n�1) �
u� ((n � 1)!a � (n � 2)!a � � � � � a � a ) e .� � �n�1 n�2 1 0 � � 
c

Note that we also have
n�1

� n �
u� (u) � 
 P (u)e ,� �n�1 n� � 
c

where
2c c(n) n (n) n�1 (n) n�2P (u) � a u � a u � a u� �n n n�1 n�2� � 
c � � 
c

n�1 nc c(n) (n)� � � � � a u � a .� � � �1 0� � 
c � � 
c

Then we get the recursive relation formulas

(n�1) (n�1)a an�1 n�2(n) (n) (n�1)a � , a � a � ,n n�1 n�1n n � 1
(n�1)an�3(n) (n�1) (n�1)a � (n � 1)a � a � ,n�2 n�1 n�2 n � 2

(n�1)an�4(n) (n�1) (n�1) (n�1)a � (n � 1)(n � 2) a � (n � 2) a � a � ,n�3 n�1 n�2 n�3 n � 3
(n) (n�1) (n�1) (n�1) (n�1)a � (n � 1)(n � 2) � � � 2 a � (n � 2)(n � 3) � � � 2 a � � � � � a � a ,1 n�1 n�2 1 0

(n) (n�1) (n�1) (n�1) (n�1)a � (n � 1)!a � (n � 2)!a � � � � � a � a .0 n�1 n�2 1 0

By solving these recursive formulas, we get the general forms

n�k

(k � 1) (n � i)�(k � 1)(n � 2)(n � 3) � � � (n � (n � k)) i�2(n)a � � , k � 0, 1, 2, . . . , n � 1,k (n � k)!k! (n � k)!k!

1(n)a � .n n!

Therefore, we deduce that
n�1� � n �
u�(u) � 
 P (u)e ,	 � � n� � 
cn�0
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where
2c 1 cu c2P (u) � 1, P (u) � u � , P (u) � u � 2 � 2 ,� �0 1 2� � 
c 2 � � 
c � � 
c

and for n � 3,
21 n c (n � 1)(n � 2) cn n�1 n�2P (u) � u � u � u � � � �� �n n! (n � 1)! � � 
c 2!(n � 2)! � � 
c

n�12(n � 2)(n � 3) � � � (2n � 1) c
� u� �(n � 1)! � � 
c

n(n � 2)(n � 3) � � � (2n) c
� .� �n! � � 
c

(2) The distribution function of the deficit at ruin, namely, with �, � � 0, w(U0(T0�), �U0(T0)�) �
I(�U0(T0)� � z), then F(z) � Fn�1(z�u), where Fn(z�u) 
0,0,n(u) �

�
�� �n�0

E[I(�U0(T0)� � z)I(T0 � Sn)�U�(0) � u], n � 1.

From Lemma 2.4, we get
� 0 1 ��(x�u)/c �
(x�y)F (z�u) � � dx � �e 
e I(�y� � z) dy1

u �� c
� 0 1 ��(x�u)/c �
(x�y)� � dx � �e 
e dy

u �z c

��
z �
u� (1 � e ) e .
� � 
c

Following the steps shown in the previous paragraph, one can obtain that
n�1

��
z n �
uF (z�u) � (1 � e ) 
 P (u)e .� �n�1 n� � 
c

Note that Fn(z�u)/�n(u) � 1 � e�
z � P(z), for n � 1, 2, . . . , so we have
n�1� ��
z n �
uF(z) � (1 � e ) 
 P (u)e ,	 � � n� � 
cn�0

where Pn(u), n � 0 are the same as the ones in (1) of this example.

3. LOWER AND UPPER BOUNDS FOR ULTIMATE RUIN PROBABILITY ��(u)
Although in Section 2 we have the infinite series expression for the Gerber-Shiu discounted penalty
function 
�,�(u), it is rather complicated to calculate ��(u). In this section we will derive an upper
bound for the ultimate ruin probability ��(u). The ideas and methods we use are motivated by Cai and
Dickson (2002, 2003) and Cai (2004). We assume that the positive net profit condition holds in this
section, namely, cE(T1) � �. exists for 0 � t � �, and limt→�

tZ tZ1 1E(e ) E(e ) � �.
Note that ��(u) � F�(0, u, �, 0). Then using Theorem 2.1 and Corollary 2.1, for �, u � 0 we get

� 0

� (u) � � dx � g (0, u, x, y) dy� �,1
u ��

� � x � x � 01 n�1

� � dx � dy � � � � dx � dy � dx � g (0, u, x , y , . . . , x , y , x, y) dy,	 1 1 n�1 n�1 �,n 1 1 n�1 n�1
u 0 y 0 y ��n�2 n�1n�2

(3.1)
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or

� 0 � x1

� (u) � � dx � g (0, u, x , y ) dy � � dx � g (0, u, x , y )� (y ) dy . (3.2)� 1 �,1 1 1 1 1 �,1 1 1 � 1 1
u �� u 0

Theorem 3.1
For �, u � 0

0
�� dx � g (0, u, x , y ) dyu 1 �,1 1 1 1

��
� (u) � . (3.3)� � u

1 � � dx � g (0, u, x , y ) dy1 �,1 1 1 1
u 0

PROOF

Since ��(u) is a decreasing function, we have

� x � u1� dx � g (0, u, x , y )� (y ) dy � � dx � g (0, u, x , y )� (u) dy .1 �,1 1 1 � 1 1 1 �,1 1 1 � 1
u 0 u 0

Then by (3.2), we get

� 0 � u

� (u) � � dx � g (0, u, x , y ) dy � � (u) � dx � g (0, u, x , y ) dy .� 1 �,1 1 1 1 � 1 �,1 1 1 1
u �� u 0

It implies that (3.3) holds true. �
Next, using the recursive equation (3.2), we derive an upper bound for ��(u).

Lemma 3.1
There exists a unique positive number R, such that

(�)E[exp{�R(cs̄ � Z )}] � M, (3.4)1�T1

where

(�)M � min E[exp{�r(cs̄ � Z )}] � 1.1�T10�r��

PROOF

Let

(�)f(r, �) � E[exp{�r(cs̄ � Z )}], �, r � 0.1�T1

Then f(0, �) 	 1 and limr→� f(r, �) � �. For each fixed �, it is easy to prove that (	2 f(r, �)/	r2) � 0,
that is, f(r, �) is convex in r. It is also easy to see that for each fixed r, f(r, �) is decreasing function
in �. By the positive net profit condition, the function f(r, 0) must have a unique minimum at r �
R(0); therefore, for each fixed �, � � 0, the function f(r, �) has a unique minimum M at r � R(�), and
M � 1. For simplicity, let R � R(�). Thus the result (3.4) follows. �

Theorem 3.2
For each u � 0, � � 0, we have

M
 �Ru� (u) � e , (3.5)� 1 � M
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where
�

Ry� e p(y) dy
x

�1
 � inf Rx ¯e P(x)x�0

and M and R are the symbols defined in Lemma 3.1.

PROOF

By the definition of 
, we get
�

�Rz Ry RZ �Rz1P̄(z) � 
e � e p(y) dy � 
E[e ]e , z � 0. (3.6)
z

Then equation (2.25) with w(x, �y�) 	 1 and � � 0 becomes
� 0

� (u) � 
 (u) � � dx � g (0, u, x, y) dy� �,0 �,1
u ��

� � x � x � 01 n�1

� � dx � dy � � � � dx � dy � dx � g (0, u, x , y , . . . , x , y , x, y) dy.	 1 1 n�1 n�1 �,n 1 1 n�1 n�1
u 0 y 0 y ��n�2 n�1n�2

(3.7)

By Lemma 3.1 and (3.6),
� 0 � 0 1 �x � c 1� dx � g (0, u, x, y) dy � � dx � k ln p(x � y) dy� ��,1

u �� u �� � �u � c �x � c
� 1 �x � c 1 ¯� � k ln P(x) dx� �

u � �u � c �x � c
� �ze (�u � c) � c¯� � k(z)P dz� �
0 �

�
�zRZ �R (e (�u�c)�c)/�1� 
E[e ] � k(z)e dz

0

RZ �Ru �Rc/� �T1 1� 
E[e ]e E[e (e � 1)]
�Ru� M
e .

Now we assume that for some integer k � n � 1,
� 0

k �Ru� � f (0, u, x, y) dx dy � M 
e . (3.8)�,k
0 ��

Then we will prove that the inequality (3.8) is true for k � n � 1.
In fact, by equations (2.7) and (3.7), we have
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� 0� � f (0, u, x, y) dx dy�,n�1
0 ��

� x � 01 1 �x � c p(x � y )1 1 1� � dx � k ln � � f (0, y , x, y) dx dy dy� � 
 �1 �,n 1 1
u 0 0 ��� �u � c �x � c1

� x1 1 �x � c p(x � y )1 1 1n �Ry1� M 
 � dx � k ln e dy� �1 1
u 0 � �u � c �x � c1

�z� (e (u�(c/�))�(c/�))
�zn �(R/�)(e (�u�c)�c) Ry� M 
 � k(z)e � p(y)e dy dz
 �

0 0

�z� (e (u�(c/�))�(c/�))
�zn �Ru �R(c/�)(e �1) Ry� M 
e � k(z)e � p(y)e dy dz
 �

0 0

n�1 �Ru� M 
e .

Hence equation (3.8) holds for each n � 1. Thus, inequality (3.5) follows. �

Corollary 3.1
If M � 1/2 (where M is the symbol defined in Lemma 3.1), then we have

�Ru� (u) � e , u � 0. (3.9)�

PROOF

By the definition of 
, we have 
 � 1. When M � 1/2, we get M/(1 � M) � 1.
Hence, M
/(1 � M) � 1, and the result (3.9) follows from (3.5). �

APPENDIX

The goal of this appendix is to prove Lemma 2.1.
We first consider the case with � � 0. Let

��SnJ � E[e I(U (S �) � dx , U (S ) � dy , . . . , U (S �) � dx , U (S ) � dy )�U (0) � u].� 1 1 � 1 1 � n n � n n �

Since U�(Sn) � U�(Sn�) � Zn, and the independence of Zn and U�(Sn�), we have
��SnJ � E[e I(U (S �) � dx , U (S ) � dy , . . . , U (S �) � dx , U (S ) � dy )�U (0) � u]� 1 1 � 1 1 � n n � n n �

��Sn� E[E{e I(U (S �) � dx , U (S ) � dy , . . . , U (S �) � dx , U (S ) � dy )� 1 1 � 1 1 � n n � n n

�S , . . . , S , Z , . . . , Z }�U (0) � u]1 n 1 n�1 �

� J � p(x � y ) dy ,1 n n n

where
��SnJ � E[e I(U (S �) � dx , U (S ) � dy , . . . , U (S �) � dx )�U (0) � u],1 � 1 1 � 1 1 � n n �

and

c
�T �Tn nU (S �) � e U (S ) � (e � 1).� n � n�1 �
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Therefore,
��(S �T )n�1 nJ � E[E{e I(U (S �) � dx , U (S ) � dy , . . . , U (S �) � dx )1 � 1 1 � 1 1 � n n

�S , . . . , S , Z , . . . , Z }�U (0) � u]1 n�1 1 n�1 �

��Sn�1� E[e I(U (S �) � dx , U (S ) � dy , . . . , U (S ) � dy )�U (0) � u]� 1 1 � 1 1 � n�1 n�1 �

c��T �T �Tn n nE e I y e � (e � 1) � dx �U (0) � u ,
 �� � � �n�1 n ��

where

c��T �T �Tn n nE e I y e � (e � 1) � dx �U (0) � u
 �� � � �n�1 n ��

c
� dxn�

�T ��/� �Tn n� E (e ) I e � �U (0) � u�c� 
 � �y �n�1 �

c
� dx��/� n�x � c 1 �n� E I T � ln �U (0) � u� � 1 ��y � c � cn�1� 
 � �y �n�1 �

�/�
�y � c 1 �x � c dxn�1 n n� k ln . (A.1)� � � ��x � c � �y � c �x � cn n�1 n

Substituting (A.1) into J1, then substituting J1 into J, and using the inductive method, we get (2.1)
in the case with � � 0.

Note that for � � 0,

U (S ) � U (S �) � Z , U (S �) � U (S ) � cT .0 n 0 n n 0 n 0 n�1 n

Following the steps of the proof shown in the previous paragraph, one can verify that the equality (2.1)
holds true with � � 0. This completes the proof of Lemma 2.1.
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DISCUSSIONS

BANGWON KO*
Professors Wu and Lu and Mr. Fang have obtained many interesting results, as they extend the Gerber
and Shiu model by allowing the surplus to earn interest. In this discussion I would like to point out
that Corollary 2.2 can be obtained directly, as in Dufresne and Gerber (1988). This is based on the
conditional probability formula

Pr(A � B) � Pr(A)Pr(B�A). (D.1)

Here the event A is considered as the occurrence of ruin between time t and time t � dt, with the
surplus immediately before ruin, U�(T��), being between x and x � dx, given that the initial surplus
is u (u is the surplus after the claim at time 0 is paid). The event B is considered as the deficit at ruin,
�U�(T�)�, being between y and y � dy. Now, conditioning on A, the event B means that the claim causing
ruin is of size (x � y). However, the claim size random variable does not depend on ruin time or the
surplus immediately before ruin. Thus,

p(x � y)
Pr(B�A) � dy.

1 � P(x)

To be more precise, let us define by f(x, y, t�u) the joint probability density function of U�(T��),
�U�(T�)� and T�, given that the initial surplus is u. Then the argument above is expressed as

� p(x � y)
f(x, y, t�u) � � f(x, z, t�u) dz . (D.2)
 �

0 1 � P(x)

Now, Corollary 2.2 of the paper follows from multiplying both sides by e��t, integrating with respect to
t, and observing that

�
��th (�, u, x, y) � � e f(x, y, t�u) dt�

0

* Bangwon Ko is a doctoral student in the Department of Statistics and Actuarial Science, University of Iowa, Iowa City, IA 52242-1409,
bangwon-ko@uiowa.edu.
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and
� �

��tf (�, u, x) � � � e f(x, y, t�u) dy dt.�
0 0

Formula (D.2) has been cited by Dufresne and Gerber (1988) for the classical ruin model with � � 0.
Note from the proof that formula (D.2) actually holds for models more general than Gerber and Shiu’s.
For example, the interest rate need not be constant.
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Professor Ko obtained the following formula directly, by the conditional probability formula,

p(x � y)
h (�, u, x, y) � f (�, u, x) .� � P̄(x)

We are very grateful for the discussion, which enhances the value of our paper. It illustrates that formula
(3) in Dufresne and Gerber (1988) holds for models more general than the classical compound Poisson
model.
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