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NATURAL HEDGING OF LIFE AND ANNUITY
MORTALITY RISKS

Samuel H. Cox* and Yijia Lin†

ABSTRACT

The values of life insurance and annuity liabilities move in opposite directions in response to a
change in the underlying mortality. Natural hedging utilizes this to stabilize aggregate liability
cash flows. We find empirical evidence that suggests that annuity writing insurers who have more
balanced business in life and annuity risks also tend to charge lower premiums than otherwise
similar insurers. This indicates that insurers who have a natural hedge have a competitive advan-
tage. In addition, we show how a mortality swap might be used to provide the benefits of natural
hedging.

1. INTRODUCTION

If future mortality improves relative to current expectations, life insurer liabilities decrease because
death benefit payments will be later than expected. However, annuity writers have a loss relative to
current expectations because they have to pay annuity benefits longer than expected. If the mortality
deteriorates, the situation is reversed: life insurers have losses and annuity writers have gains. Natural
hedging utilizes this interaction of life insurance and annuities to a change in mortality to hedge
against unexpected changes in future benefit payments.

The purpose of this paper is to study natural hedging of mortality risks and to propose mortality
swaps as a risk management tool. Few researchers investigate the issue of natural hedging. Most of the
prior research explores the impact of mortality changes on life insurance and annuities separately, or
investigates a simple combination of life and pure endowment life contracts (Frees, Carriére, and Valdez
1996; Marceau and Gaillardetz 1999; Milevsky and Promislow 2001; Cairns, Blake, and Dowd 2004).
Studies on the impact of mortality changes on life insurance focus on ‘‘bad’’ shocks, while those on
annuities focus on ‘‘good’’ shocks.

Wang, Yang, and Pan (2003) analyze the impact of the changes of mortality factors and propose an
immunization model to hedge risks based on the mortality experience in Taiwan. However, life insur-
ance and annuity mortality experience can be very different, so there is ‘‘basis risk’’ involved in using
annuities to hedge life insurance mortality risk. Their model cannot pick up this basis risk.

Marceau and Gaillardetz (1999) examine the calculation of the reserves in a stochastic mortality and
interest rates environment for a general portfolio of life insurance policies. In their numerical examples,
they use portfolios of term life insurance contracts and pure endowment polices, similar to Milevsky
and Promislow (2001). They focus on convergence of simulation results. There is a hedging effect in
their results, but they do not pursue the issue.

Our paper proceeds as follows: In Section 2 we use an example to illustrate the idea of natural
hedging. In Section 3, using market quotes of single-premium immediate annuities (SPIAs) from A. M.
Best, we find empirical support for natural hedging. That is, insurers who have better naturally hedge
mortality risks tend to have a competitive advantage over otherwise similar insurers. In Sections 4 and
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5 we propose and price a mortality swap between life insurers and annuity insurers. Section 6 is the
conclusion and summary.

2. INTRODUCTORY EXAMPLE

If mortality improves, what happens to the insurer’s total liability? We know that, on average, the
insurer will have a loss on the annuity business but not on the life insurance business. And if mortality
declines, the effects are interchanged. This section illustrates the idea of a natural hedge.

2.1 The Portfolio
At time 0, consider an insurer’s portfolio of life contingent liabilities consisting of whole life policies
written on lives at ages 25, 30, 35, 40, 45, 50, 55, and 60 and single-premium immediate life annuities
written on lives at ages 65, 70, 75, 80, 85, 90, 95, and 100. The interest rate is flat at 8%. Life insurance
premiums and annuity benefits are paid annually. Death benefits are paid at the end of the year of
death.

The net annual premium rate for one unit of whole life benefit is determined so that the present
value of net premiums is equal to the present value of benefits. The annuity policy is purchased with
a single payment. The expected loss of the portfolio is zero. However, this expectation is calculated
under the assumption that the mortality follows the tables assumed in setting the premiums. If we
replace the before-shock lifetimes with the after-shock lifetimes, what happens to the loss?

The overall mortality shock effect on an insurer is determined by its business composition, that is,
the ratio of annuity business to life business. To study different outcomes under different business
compositions and illustrate the idea of natural hedging, we introduce a variable r that is the ratio of
annuity business to whole life business. For example, given r � 1 at time 0, if death benefits and
annuity annual payments follow Table 1 for different ages, the present values of liabilities (or premiums)
of whole life insurance and of annuities are equal. Suppose there is a mortality shock striking all ages
evenly. We expect that an insurer with such a balanced business (where r � 1) will have the lowest
volatility in cash flows. If r � 0.5 (or r � 2), it means the annuity business is half of (or twice) life
business. A mortality shock in this case may impose a bigger problem in cash flow stability than when
r � 1. However, in reality mortality operates within a complex framework and is influenced by socio-
economic factors, biological variables, government policies, environmental influences, health condi-
tions, and health behaviors (Rogers 2002). Therefore, we use past mortality shocks to illustrate our
idea of natural hedging.

2.2 Good Shocks
If mortality improves unexpectedly, we call it a ‘‘good’’ shock. The following example shows the impact
of a good shock on an insurer’s life insurance and annuity business, respectively, and on its overall
portfolio following Table 1.

Assume that at time 0 the insurer sets an annual fixed premium of whole life insurance according
to the 1990–95 U.S. SOA Basic Male Life Insurance Table and charges a lump-sum annuity premium
based on the 1996 U.S. Male Annuity Basic Table. Right after the policy is issued, the mortality of life
insureds and annuitants improves at different rates at each attained age. We further assume that the
mortality improvement rate at a given age equals the average annual improvement rate calculated from
four historical mortality tables (two for life insurance and two for annuities) described below.

Different ages and insurance cohorts (i.e., life insured or annuitant) have different mortality im-
provement rates. For example, one-year death rate for male age (25) is 0.00193 based on the 1958
U.S. CSO Male Life Insurance Table, but it decreases to 0.00154 in the 1990–95 U.S. SOA Basic
Male Life Insurance Table. Therefore, the average annual improvement rate of male age (25) is
0.58% ((0.00154/0.00193 � 1)/35). According to these two life insurance tables, the average annual
improvement rate for male age (40) is 0.40% during the same period. On the annuity side, based on
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Table 1
Portfolio of Whole Life Insurance and

Annuities (Dollar Amounts in Thousands)

Whole Life

Age Death Benefit

Annuities

Age Annual Payment

25 $992,832 65 $78,135r
30 1,100,000 70 21,000r
35 1,200,000 75 8,000r
40 1,375,000 80 5,000r
45 1,200,000 85 2,500r
50 1,100,000 90 5,000r
55 1,050,000 95 2,500r
60 80,000 100 1,500r

Figure 1
Percentage Deviation of Present Value (at Time 0) of Sum of Whole Life and Annuity Payments

from That of Total Premiums Collected Caused by a Good Mortality Shock

Note: The y-axis represents the percentage loss, and the x-axis represents the ratio r, that is, the ratio of annuity business to whole life business.

the 1963 U.S. Male Annuity Basic Table and the 1996 U.S. Male Annuity Basic Table, the average
annual improvement rate of male age (65) is 1.52% and 1.12% for male age (80) from 1963 to 1996.
We use these historical annual improvement rates for different ages of life insureds and annuitants as
time passes to show the impact of a good mortality shock.

Figure 1 shows the percentage deviation of the present value of benefits from whole life insurance
premiums and that of annuity payments from the total annuity premium collected at time 0. We also
show the percentage of deviation from the present value of total premiums collected. Each result
includes a given ratio of annuity business to life insurance business, modeled by the ratio of annuity
liabilities to whole life liabilities following the tables (i.e., the 1996 U.S. Male Annuity Basic Table and
the 1990–95 U.S. SOA Basic Male Life Insurance Table) at time 0.

With the business ratio r � 0.25, which means that whole life insurance accounts for the majority
of the business, annuity business will lose 0.28% of the total premium collected at time 0. Life business
will gain 0.27% because whole life death benefits will be paid later than expected. However, the shock
causes a much smaller effect on the portfolio including both whole life and annuities. In this scenario,
a 0.16% gain is shown in Figure 1. Similarly, given a more balanced business with r � 1, the good
shock imposes almost no effect on the insurer’s total cash flows, which is shown as the cross point in
the x-axis in Figure 1. We conclude that writing both life and annuity business reduces cash flow
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Figure 2
Impact of 1918 Worldwide Flu Epidemic

Note: The y-axis represents percentage increase in one-year death rate at a given age in 1918 relative to that in 1917. The x-axis represents
the age.

volatility caused by a good shock, which, in most cases, lasts for a long time (e.g., until life insureds
or annuitants die, as shown in our example). What happens if there is a one-time (e.g., lasting only
one year) bad shock?

2.3 Bad Shocks
Although mortality among the general and insured populations has witnessed remarkable improve-
ments over the last several decades, mortality could continue to improve or it could worsen. Some
events (e.g., an epidemic) act like a common shock to the entire mortality curve and decrease the
expected lifetimes of a large number of the population. We call these events ‘‘bad’’ shocks. We show
the impact of a bad mortality shock using the 1918 worldwide flu epidemic as an example and the
same business composition and other assumptions we used in Section 2.1.

Figure 2 shows how the 1918 worldwide flu epidemic increased one-year death rates for different
ages—very unevenly. The flu struck ages 0–50 more seriously than older ages. According to Tauben-
berger and Morens (2006), this may have been due to immunity that the older people had acquired as
survivors of earlier flu epidemics. Alternatively, Noymer and Garenne (2000) provide evidence that this
is a result of increased lethality due to interaction of the flu and tuberculosis. The second analysis also
provides an explanation as to why the 1918 flu struck men more severely than women, an effect we
have not addressed: the incidence of tuberculosis in men was higher than in women.

We assume that right after the insurer issues whole life and annuities policies shown in Table 1, a
flu epidemic breaks out. It lasts one year and increases the death rates for different ages following the
pattern of the 1918 worldwide flu. Figure 3 shows that no matter what its business composition, the
insurer always has a loss. For example, when r � 1, the overall loss is 0.48%. Why does it happen? Why
is the overall impact not zero? It lies in the fact that this insurer mainly writes life business to younger
ages and sells annuity policies to older annuitants. A flu-type bad shock causes an unexpected loss in
its life business, which its annuity business does not hedge because the death rates did not increase
in older ages. In this example the insurer does not obtain the desired natural hedging effect. However,
writing both life insurance and annuities does help reduce cash flow volatility. For example, if r � 1,
although the loss in life insurance is 0.91%, the loss of the portfolio is only 0.48%.
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Figure 3
Percentage Deviation of Present Value (at Time 0) of Sum of Whole Life and Annuity Payments

from That of Total Premiums Collected Caused by a 1918 Flu-Type Bad Shock

Note: The y-axis represents the percentage loss, and the x-axis represents the ratio r, that is, the ratio of annuity business to whole life business.

Figure 4
Percentage Deviation of Present Value (at Time 0) of Sum of Whole Life and Annuity Payments

from That of Total Premiums Collected

Note: Mortality rate increase for each age from 25 to 60 follows the population mortality deterioration for those ages from 1917 to 1918.
Mortality rate changes in ages above 60 equal the average mortality deterioration in ages 25–60. The y-axis represents the percentage loss,
and the x-axis represents the ratio r, that is, the ratio of annuity business to whole life business.

Since we have not seen an epidemic breaking out for about a century, no one has immunity to
epidemics. If an epidemic occurs, it may kill different ages at the same time, including older ages. To
mimic a more realistic 1918-type flu in the future, we assume that a one-year death rate increase for
each age from 25 to 60 follows the population mortality deterioration for these ages from 1917 to
1918. Mortality rate changes in ages above 60 equal the average mortality deterioration in ages 25–
60. The overall effects of this hypothesized shock on the portfolio for different ratios is shown in Figure
4. In this case more balanced business (i.e., r is closer to 1) helps stabilize cash flows better, which is
similar to what we see in Section 2.2.
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3. EMPIRICAL SUPPORT FOR NATURAL HEDGING

Life insurance and annuities have become commodity-like goods, meaning that the price variable is a
primary source of competition among insurance industry participants. Through various marketing cam-
paigns, consumers are well aware whether a price offered by an insurer is attractive or not. What does
theory say about natural hedging in such a market?

Financial theory tells us that systematic risk cannot be diversified away because systematic risk
influences all businesses. This argument, however, was originally intended for security managers, not
corporate managers (Chatterjee and Lubatkin 1992). Action by corporate managers may alter the
underlying systematic risk profiles of their portfolio of business (Chatterjee and Lubatkin 1990; Helfat
and Teece 1987; Peavy 1984; Salter and Weinhold 1979). Thus, while mortality risk may not be hedge-
able in financial markets, it may be reduced or eliminated by some insurers through reinsurance, asset-
liability management, and, we propose, mortality swaps. Thus financial theory suggests we should find
evidence for natural hedging in annuity and life insurance markets.

In addition, the industrial organization literature offers numerous theoretical and empirical models
that link vertical integration to a reduction of environmental uncertainty (Arrow 1975; Carlton 1979;
Mitchell 1978). Applied to the insurance market, these results suggest that an insurer writing both
life insurance and annuities will have reduced risk relative to similar firms writing one of these products.
Now let us look at the data.

3.1 Data, Measures, and Methodologies

3.1.1 Data and Measures
The annuity prices are actual quotes for single-premium immediate annuities (SPIAs) for a 65-year-old
male in each year from 1995 to 1998 (Kiczek 1995, 1996, 1997; A. M. Best 1998). Each year A. M.
Best Company surveyed about 100 companies to obtain quotes for the lifetime-only monthly benefits
paid to a 65-year-old male with $100,000 to invest.

Table 2 describes the annuity payment data and company annual statement data collected by the
National Association of Insurance Commissioners for our two subsamples. We transformed each quote
from a rate of payment per month to an equivalent price, as follows. If m is the monthly payment rate
per $100,000 and Price is what the company would charge for an annuity of 1 per year for the annui-
tant’s lifetime, then

100,000 � 12m Price,

100,000
Price � .

12m

The ratio of life insurance reserves to total annuity and life insurance reserves, denoted Ratio, reflects
the level of natural hedging provided by life insurance business to annuity business. The idea is that,
of two otherwise similar annuity writers, the one with the higher Ratio value has a better hedge against
longevity risk. The better hedge may allow for lower provision for risk in its premiums, and thus lower
prices. In addition, this ratio determines the degree to which the insurer writes annuity business. For
example, if the ratio is less than 0.90, the company annuity reserve is more than 10% of the total.

In an efficient, competitive insurance market, the price of insurance will be inversely related to firm
default risk (Phillips, Cummins, and Allen 1998; Cummins 1988; Merton 1973): that is, a company
with more default risk would have lower annuity prices. We use the A. M. Best rating, for the year prior
to the quote, as a measure of default risk of annuity insurers. We use the rating to define a numerical
variable, Lrate, as follows:
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Table 2
Descriptive Insurer Statistics for 1995 to 1998 (Dollar Amounts in Millions)

Panel A

Variable Description

Ratio � 0.90 (N � 299)

Mean Minimum Maximum

m Annuity payment rate 765 653 992
Price Equivalent price 10.93 8.40 12.76
Resann Annuity gross reserve 3,490,298 5,192 43,011,379
Reslife Life insurance gross reserve 2,741,170 0 45,174,284
Ratio Reslife/(Reslife � Resann) 0.44 0.00 0.89
Tasset Total assets 9,069,208 33,351 127,097,380
Lrate A. M. Best rating, 1 year prior 1.59 1 4
Comexp Commission � Expenses/Net premiums 23.21% 2.50% 102.20%

Panel B

Variable Description

Ratio � 0.75 (N � 243)

Mean Minimum Maximum

m Annuity payment rate 765 653 992
Price Equivalent price 10.93 8.40 12.76
Resann Annuity gross reserve 4,082,579 10,535 43,011,379
Reslife Life insurance gross reserve 2,412,583 0 45,174,284
Ratio Reslife/(Reslife � Resann) 0.35 0.00 0.75
Tasset Total assets 9,079,913 33,351 127,097,380
Lrate A. M. Best rating, 1 year prior 1.58 1 4
Comexp (Commission � Expenses)/Net premiums 21.95% 2.50% 93.50%

A��, A� → Lrate � 1 A, A� → Lrate � 2

B��, B� → Lrate � 3 B, B� → Lrate � 4

C��, C� → Lrate � 5 C, C� → Lrate � 6

D → Lrate � 7 E, F, or S → Lrate � 8.

This leads to the hypothesis that higher values of Lrate occur with lower annuity prices.
Other factors that may affect the annuity prices are also included in our regression model. We use

the logarithm of the company’s total gross annuity reserve, log(Resann), to represent the degree to
which the company writes annuity business. The logarithm of the company’s total assets, log(Tasset),
controls for the size of the company. The sum of commissions and expenses divided by total written
premium, Comexp, measures the company’s expenses. Higher expenses should be related to higher
annuity prices. The sample includes 322 complete observations from which we extracted two subsam-
ples of companies that write more than a small amount of annuity business (defined below).

3.1.2 Methodologies
We use the pooled ordinary least squares (OLS) technique to investigate the relation between annuity
prices and natural hedging, controlling for size, default risk, expenses, and year effects. This is the
model relationship:

Price � � � �Ratio � � log(Resann) � � log(Tasset) � � Lrate1 2 3

� � Comexp � � D � � D � � D � ε, (3.1)4 1 1998 2 1997 3 1996

where

1 if the quote was observed in year iD � �i 0 if the quote was observed in another year

and ε is the error term.
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Table 3
Pooled OLS Regression: Relationship between

Annuity Price and Natural Hedging

Variable

Price

Ratio � 0.75 Ratio � 0.90

Intercept 10.2900 9.6432
Ratio �0.5487 �0.4777
log(Resann) �0.3171 �0.1648
log(Tasset) 0.3223 0.1956
Lrate �0.1209 �0.1073
Comexp 0.9803 0.8045

N 243 299

R2 0.3350 0.2913

Under our hypothesis, the coefficient � should be negative, indicating that natural hedging allows
for lower annuity prices. We run the regression for two subsamples determined by the proportion of
annuity business the company has written, as represented by Ratio.1 The one sample regression includes
sample observations for which Ratio � 0.90, that is, at least 10% of the company’s reserve is for its
annuity business. This sample rules out companies with very little annuity business. The sample size is
N � 299.

The other subsample consists of those observations for which the company has Ratio � 0.75 so that
its life insurance reserves are less than 75% of its total reserves. The size of this sample is N � 243. If
we eliminate more companies in the range 0.5 � Ratio � 0.75, where we might see a stronger effect
of natural hedging, the sample sizes are too small to get adequate significance.

3.2 Findings and Implications
The coefficient estimates are presented in Table 3. Each estimated coefficient is large relative to its
standard error. All of the results are significant at the 5% level or better. White statistics (Greene
2000) indicate that the distribution of errors is not heteroscedastic; OLS is appropriate. The signs of
all the coefficients are consistent with our hypothesis. Since � is negative, annuity writers with more
life insurance business tend to have lower annuity prices than similar companies with the same size
and rating but less life insurance business. Our story about natural hedging is consistent with this
empirical conclusion. The regression results suggest that annuity-writing companies benefit from nat-
ural hedging, although these companies may not be making explicit natural hedging decisions.

When annuity business increases relative to life insurance business, the need for longevity risk hedg-
ing increases. When we focus on those observations with the proportion of annuity reserve to the sum
of annuity reserve and life insurance reserve higher than 25%, that is, Ratio � 0.75, its coefficient
(�0.5487) is larger than the coefficient (�0.4777) obtained for the case Ratio � 0.90. This suggests
that when an annuity writer sells relatively more annuities, the increase in the life insurance has a
higher marginal effect in lowering the annuity price.

How do we interpret the coefficient of Ratio (�0.5487) when Ratio � 0.75? Suppose a life insurer
has 5% of its business in life insurance and 95% of its business in annuities. It sells life-only SPIAs to
males aged 65 at the market average monthly payout of $765. If it can realize full natural hedging,
that is, 50% of business in life insurance and 50% business in annuities, its SPIA monthly payouts can
be increased by $18, that is, from $765 to $783 because it can reduce the risk premium in its price.
Its SPIA prices can be more attractive than those of similar competitors.

1 The proportion of annuity reserves to the sum of annuity reserves and life insurance reserves measures the longevity risk exposure of an
annuity insurer; this ratio is the complement of the variable Ratio: Resann/(Reslife � Resann) � 1 � Ratio.
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The regression results suggest that when a life insurer writes more annuities, its annuity price goes
down because the sign of the annuity business variable, log(Resann), is negative. The size of an insurer
is positively related to the price of its SPIA, which may reflect the market power of bigger firms. This
is consistent with prior research (Sommer 1996; Froot and O’Connel 1997).

Some previous evidence to support the hypothesis that insurance prices reflect firm default risk can
be found in Berger, Cummins, and Tennyson (1992) and Sommer (1996). Our default risk measure
Lrate has a negative and significant coefficient, which is consistent with the earlier results. The sign
of the coefficient of the expense variable log(Comexp) is positive and significant. Higher expenses are
consistent with higher prices.

4. MORTALITY SWAPS

In Section 3 we conclude that natural hedging may allow an annuity writer to lower its prices. However,
it may be too expensive and unrealistic for an annuity writer to utilize natural hedging by changing its
business composition. If we consider a corporate pension plan as an annuity writer, it may not even be
legal for it to issue life insurance. Even for an insurer specializing in annuities, entering the life insur-
ance business may not be practical. Moreover, natural hedging is not a static process. Dynamic natural
hedging is required for new business. If an insurer is able to take advantage of natural hedging at a
low cost by financial innovation, it can gain competitive advantage in the market by selling annuity
products at lower prices. We propose mortality swaps to accomplish this goal.

4.1 Basic Ideas
We are suggesting that a market for mortality swaps may develop in which brokers and dealers offer
swaps to annuity writers and separately to life insurers. The broker may match each annuity deal with
a life deal or manage its portfolio of mortality swaps on an aggregate basis. As a start toward devel-
opment of such a market we propose a market-based approach to value each side of a mortality swap
in Section 5. The annuity (or survivor risk) side is priced in a way that is consistent with observed
prices in the annuity market. Similarly the mortality (or death risk) side is consistent with the life
insurance market.

Dowd et al. (2004) propose the possible uses of survivor swaps as instruments for managing, hedging,
and trading mortality-dependent risks. Their proposed survivor swap involves transferring a mortality
risk related to a specific population with another population, that is, one specific longevity risk for
another specific longevity risk. Their mortality swap can be used to diversify the longevity risks. How-
ever, the survivor swap does not hedge a good shock or a bad shock that strikes across populations (a
systematic risk). Our approach is different, and it can hedge these shocks. Without any collateral, the
swap payments are subject to counterparty risk: that is, one party, the broker or the insurer, may
default. We ignore this issue and assume all parties fulfill their contractual obligations. Mortality swaps
are described as follows.

4.2 Mortality Swap Design
Each year the annuity writer pays floating cash flows to the life insurer based on the actual number of
deaths in the life insurer’s specified portfolio of policies. This provides a benefit to the life insurer if
mortality deteriorates, which the annuity writer may pay from its gain due to reduced annuity benefits.

At the same time the life insurer pays an annuity benefit based on the actual number of survivors in
the annuity writer’s specified portfolio of annuities. If, for example, mortality improves, the life insurer
pays the annuity writer, but it has a gain on its own life insurance policies. There are no other swap
payments. Figure 5 illustrates the mortality swap cash flows.

To keep the notation fairly simple, we assume that all of the lives in the life insurance portfolio are
subject to the same mortality table, denoted by (x), for pricing purposes. At time 0 we have a portfolio
of �x lives each insured for an amount f. The random number of survivors to age x � k is denoted
�(x � k). The number of deaths in the year (k, k � 1) is �x�k � 1�x�k � �(x � k) � �(x � k � 1).
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Figure 5
Mortality Swap Diagram

The conditional distribution of �(x � k), given that the distribution follows the table � specified at
time 0, is binomial with parameters m � �x and q � kpx � k�1px, with q calculated using the mortality
table �. Of course, uncertainty in the table � at time 0 means that �[���] is as random as the table
is. However, for the purposes of designing a swap, assume that the parties agree on the payment strike
prices. One way to do this would be to agree on a table � � � and set strike level Xk for life insurance
at the median or some higher percentile.

The life insurer’s aggregate death benefit payment in year k � 1 amounts to f �x�k. The insurer’s
risk is that actual life insurance benefit payments exceed the expected value, and so it swaps, agreeing
to pay annuity payments (defined below) in exchange for a payment in year k � 1. The payment from
the swap is

f(� � X ) if � � Xx�k k x�k kf(� � X ) � for k � 0, 1, . . . . (4.1)�x�k k � 0 otherwise

The swap payment limits the net aggregate life insurance benefit from the life insurer to the expected
value in each year. Of course, there is a price: The life insurer must provide annuity swap payments
when the annuity writer needs them.

The annuity writer pays a benefit b per year to each survivor of an initial cohort of �y lives, all subject
to the same table at time 0 (but usually different from the lives on which the life insurance is written).
The number of survivors at time k is denoted �( y � k). Therefore, the total benefit paid at time k is
b�( y � k). The annuity writer gets relief when it exceeds the set strike level Yk. This defines the life
insurer’s swap payment to the annuity writer:

b(�( y � k) � Y ) if �( y � k) � Yk kb(�( y � k) � Y ) � for k � 0, 1, . . . . (4.2)�k � 0 otherwise
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The net cash flow that the annuity writer pays in the year (k, k � 1) is

Annuity benefits b�( y � k)

To the life insurer f(� � X )x�k k �

From the life insurer b(�( y � k) � Y )k �

b�( y � k) if � 	 X , �( y � k) 	 Yx�k k k

b�( y � k) � f(� � X ) if � � X , �( y � k) 	 Yx�k k x�k k kTotal bY if � 	 X , �( y � k) � Yk x�k k k�
bY � f(� � X ) if � � X , �( y � k) � Y .k x�k k x�k k k

The annuity writer pays no more than bYk in net annuity benefits, although it may make a swap payment
because of excessive deaths in the life insurance portfolio.

The life insurer’s net cash flow in the year (k, k � 1) is

Death benefits f �x�k

From annuity writer f(� � X )x�k k �

To annuity writer b(�( y � k) � Y )k �

f � if � 	 X , �( y � k) 	 Yx�k x�k k k

fX if � � X , �( y � k) 	 Yk x�k k kTotal f � � b(�( y � k) � Y ) if � 	 X , �( y � k) � Yx�k k x�k k k�
fX � b(�( y � k) � Y ) if � � X , �( y � k) � Y .k k x�k k k

In each year the swap rearranges the sum of annuity and life insurance benefit payments. The sum is
always b�( y � k) � f �x�k, but the parties swap adverse outcomes. They need not swap all of their
business, and the contract could specify upper bounds on the annual swap payments.

The more closely related are the underlying life and annuity portfolios, the better will be the hedge.
Factors can move mortality either way. The 1918 flu epidemic is an example that had a negative impact
across populations and would probably hit both life and annuity portfolios. However, the flu effects
varied a great deal by age with people at ages 0–50 hit much harder than older lives, as shown in
Figure 2. As we show in Section 2, the proposed swap would not fully protect the life insurer in this
case.

5. PRICING

Cairns, Blake, and Dowd (2004) discuss a theoretical framework for pricing mortality derivatives and
valuing liabilities that incorporates mortality guarantees. Their stochastic mortality models require
certain ‘‘reasonable’’ criteria in terms of their potential future dynamics and mortality curve shapes.
Mortality changes in a complex manner, influenced by socioeconomic factors, biological variables, gov-
ernment policies, environmental influences, health conditions, and health behaviors. Not all of these
factors improve with time, and, moreover, opinions on future mortality trends vary widely (Buettner
2002; Hayflick 2002; Goss, Wade, and Bell 1998; Rogers 2002). Even if we could settle on a dynamic
framework, estimation of the parameters may be very difficult. We take a different, static approach.

5.1 Wang Transform
Wang (1996, 2000, 2001) has developed a method of pricing risks that unifies financial and insurance
pricing theories. This method can be used to price mortality bonds (Lin and Cox 2005). Now we apply
this method to mortality swaps. Consider a random payment X. If the cumulative density function is
F(x), then a ‘‘distorted’’ or transformed distribution F*(x) is determined by parameter 
 according to
the equation
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Figure 6
Basic Idea of the Wang Transform

�1F*(x) � �[� (F(s)) � 
], (5.1)

where �(x) is the standard normal cdf. If the payment X is made at time T, the idea is to determine

 so that at time 0 the price of X is its discounted expected value using the transformed distribution.
Then the formula for the price is

v �*(X) � v � x dF*(x), (5.2)T T

where vT is the discount factor determined by the market for risk-free bonds at time 0. Thus, for an
insurer’s given liability X with cumulative distribution function F(x), the Wang transform will produce
a ‘‘risk-adjusted’’ distribution function F*(x). The mean value under F*(x), denoted by �*[X], is the
risk-adjusted ‘‘fair value’’ of X at time T. Wang’s papers describe the utility of this approach. Our idea
is to use observed annuity prices to estimate the market price of risk for annuities, then use the same
distribution to price the annuity side of a mortality swap. For the life insurance side we use the same
idea. Term life insurance prices determine the market price of risk in the life insurance market, giving
us the appropriate distribution for pricing the life insurance side of the swap.

Figure 6 shows the basic idea of the Wang transform. Annuity writers adjust the distribution to
compensate for the risk that the annuitants live longer than expected. In this case, according to
equation (5.1), the market price of risk 
 will be positive, for example, 
 � 0.2 in our example. In
other words, the expected number of survivors under the transformed distribution is higher than what
a given table suggests. On the other hand, life insurers are compensated for the risk that the insured
dies sooner than expected. So in the life insurers’ transformed distribution, the number of survivors
will be less than that derived from the mortality table: that is, the market price of risk 
 is negative
(e.g., �0.2 in our example), and its survivor curve lies below that from the given table.

The Wang transform is based on the idea that the life insurance or annuity market price takes into
account the uncertainty in the mortality table, as well as the uncertainty in the lifetime of a life insured
or an annuitant once the table is given. We are assuming that investors accept the same transformed
distribution and independence assumption for pricing mortality swaps.
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5.2 Market Price of Risk
For the annuity distribution function Fa(t) � tq65, we use the 1996 IAM 2000 Basic Table for a male
life age 65. Then assuming an expense factor equal to 4%, we use the 1996 market quotes of qualified
immediate annuities (Kiczek 1996) and the U.S. Treasury yield curve on December 30, 1996, to get
the market price of risk 
a by solving the following equation:2

�

1000(1 � 0.04) � 7.48 v [1 � F*( j/12)]. (5.3)� j/12 a
j�1

The sum is over months, measuring time in years, so vj/12 is the discount factor at time 0 for a payment
of 1 after j/12 years. And [1 � ( j/12)] is the survival probability usually denoted j/12p65, but usingF*a
the transformed distribution. This has to be solved numerically for 
a.

We determine that the market price of risk for annuitants is 
a � 0.2134. We think of the 1996 IAM
2000 Basic Table as the actual or physical distribution, which requires a distortion to obtain market
prices.

Similarly, for the life insurance distribution function Fl(t) � tq35, we use the 1990–95 SOA Basic
Table for a male life age 35. A. M. Best (1996) reports 97 companies’ market quotes of 10-year level
$250,000 term life insurance for both preferred nonsmokers and standard smokers in 1996. The 1990–
95 SOA Basic Table is based on data that include both smokers and nonsmokers. We calculated a
weighted average of term life insurance prices for each company using weights based on the incidence
of smoking in the U.S. population as reported by the Centers for the Disease Control in 1995.3 Assum-
ing an expense factor equal to 10%, we use the average of smoking-weighted market quotes ($456.73)
and the U.S. Treasury yield curve on December 30, 1996, to calculate the market price of risk 
l by
solving the following equation:

9

456.73 � (1 � 0.10) � 250,000 v [F*(k � 1) � F*(k)], (5.4)� k�1 l l
k�0

where vk�1 is the discount factor for a payment after k � 1 years. Our calculated 
l is equal to 0.1933.
A positive life insurance market price of risk means the market anticipates mortality improvement for
insured lives, relative to the base table.

5.3 Mortality Swap Pricing
We now can price each side of the swap. This will allow us to determine factors b and f for which the
two market prices are equal so no cash is paid by either party to initiate the contract; they make only
contractual swap payments.

The market price of the payment f(�x�k � Xk)� for year k is its discounted expected value
f�*[(�x�k � Xk)�]. The ‘‘*-distribution’’ of �x�k is binomial with parameters m � �x and q � (k �F*l
1) � (k). The expected value can be calculated as follows:F*l

m

�*[(� � X ) ] � ( j � X )p ,�x�k k � k j
j�Xk

where

� j � �jx xp � Pr(� � j) � q (1 � q) .� �j x�k j

2 The analogous equations in Lin and Cox (2005) are incorrect, although their results are solutions of the correct equations as stated here.
3 Source: www.cdc.gov. About 27% smokers, 27.5% former smokers, and 45.5% nonsmokers.
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Thus we can calculate the market price of the life insurance benefit swap payments as

�

f v �*[(� � X ) ].� k�1 x�k k �
k�0

We apply this same technique to calculate the market value of the annuity benefit swap payments as

�

b v �*[(�( y � k) � Y ) ].� k�1 k �
k�0

We need only change the parameters in the calculation of �*[(�( y � k) � Yk)�] since the distribution
of �( y � k) is binomial with m � �y and q � 1 � (k) � kpy (in the transformed table).F*a

Suppose that at time 0 there are m � 10,000 male annuitants age 65 and m � 10,000 lives in life
insurance on male insured age 35 in a portfolio. For a death benefit of $100,000 per insured, the
present value of expected swap payments to the life insurer on those 10,000 lives is $52,775. This is
only about 1.6% of the net term life insurance premium.

For the annuity payment side of the swap, the price of mortality swap on 10,000 lives, given annual
benefit $1 per annuitant, is $1690. To adjust the average amount of insurance f per term policy to
make each side of the swap have the same price, we have

52,775
1690 � f ,

100,000

or f � 3203. Thus for each dollar of annual annuity benefit we must have $3203 of death benefit to
make the prices of the mortality swap to each side equal at time 0. Then each party will have the
benefit of natural hedging for 10 years. Even though the prices are equal at time 0, the mortality may
move one way or the other, so that the future market value favors one party or the other. The swap
has to be revalued each year to properly reflect each company’s position, as it may be either an asset
or liability.

6. CONCLUSIONS AND DISCUSSION

Natural hedging utilizes the interaction of life insurance and annuities to a change in mortality to
stabilize aggregate cash outflows. Our empirical evidence suggests that natural hedging is an important
factor contributing to annuity price differences after we control for other variables. These differences
become more significant for those insurers selling relatively more annuity business. We expect that
future study on life insurers may reach the same conclusion.

Most insurance companies still have considerable net exposures to mortality risks even if they reduce
their exposure by pooling individual mortality risk and by balancing their annuity positions against
their life positions (Dowd et al. 2004). Natural hedging is feasible, and mortality swaps make it available
widely.

We show how to design a mortality swap between a life insurer and an annuity writer to create a
natural hedge. Compared with traditional reinsurance and other derivatives, such as mortality bonds,
mortality swaps may be arranged at possibly lower costs and in a more flexible way to suit diverse
circumstances. Thus, there are good reasons to anticipate increased activity in mortality swaps between
life insurers and annuity insurers.
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