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ASSET ALLOCATION WITH HEDGE FUNDS
ON THE MENU

Phelim Boyle* and Sun Siang Liew†

ABSTRACT

Hedge funds have become an increasingly important asset class in recent years. This paper dis-
cusses the asset allocation decision of an investor who is considering investing in hedge funds.
We develop a simple procedure that may help in making this decision when the assets consist of
a core equity portfolio, the risk-free asset, and a hedge fund. A regime-switching framework is
used to model the joint returns of the hedge fund and the equity market. We use monthly intervals
so that the regimes can change only at most once a month. Within each regime the returns on
the two risky assets are bivariate lognormal with constant parameters. These parameters are es-
timated from the empirical data. We show how to determine the optimal allocation of an investor,
such as a pension plan, to hedge fund assets. Our procedure is based on the maximization of
expected utility, and we use different horizons. We restrict the admissible strategies to buy-and-
hold strategies, so we do not allow for portfolio balancing. We illustrate the procedure with ex-
amples. We find that bias in the hedge fund expected return has an important impact on the
results. We note that some hedge fund strategies have substantial left-tail risk to which investors
may be very averse. This type of risk aversion is not adequately captured by the standard expected
utility model, but it could be added as a constraint.

1. INTRODUCTION

Hedge funds are now an important, if controver-
sial, feature of financial markets. They have ex-
perienced phenomenal growth during the last few
years. It is estimated that there are now over
8,000 hedge funds with total current assets of
U.S. $1.2 trillion. There is an ongoing active de-
bate on the role of hedge funds in the financial
sector. Hedge funds are very lightly regulated in-
vestment vehicles because the typical hedge fund
investor is a high-net-worth individual or an in-
stitution, and these investors are presumed to be
financially sophisticated.
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Some observers have suggested that there
should be increased regulation of hedge funds to
protect investors and reduce the probability of
systemic risk. Danielsson, Taylor, and Zigrand
(2005) have analyzed the costs and benefits of
hedge funds. They suggest that the main cost of
hedge funds is their potential to increase sys-
temic risk. On the positive side, they note that
hedge funds contribute to economic efficiency by
enhancing price discovery and providing addi-
tional diversification. Danielsson et al. suggest
that some form of increased regulation is likely
but argue that existing regulatory methods in-
volving disclosure and activity restrictions are un-
suitable for hedge funds.

Despite their growth, many institutional inves-
tors remain skeptical of the benefits of hedge
fund investments in their portfolios. Kirschner,
Mayer, and Kellser (2006) suggest four reasons
for this situation:

• Hedge funds typically lack transparency. Inves-
tors do not have detailed information on the
underlying assets in the fund’s portfolios.
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• Some hedge fund strategies are complex, and
some use derivatives to increase their leverage
and their returns. However, leverage increases
risk as well.

• Hedge fund fees are generally significant, and
there is often a lock-up period of three months
or longer.

• There have been a number of dramatic hedge
fund failures. These include Long Term Capital
Management (1998), Amaranth (2006), and
more recently in 2007 two mortgage-based
hedge funds operated by the investment bank
Bear Sterns.

However, in the last few years investors have
experienced low interest rates and often disap-
pointing equity returns. In this environment in-
vestments that promise relatively stable absolute
returns have a strong appeal. Hedge fund assets
under management have grown at about 20% per
annum during the last decade (Kirschner, Mayer,
and Kellser (2006)). The investor base of hedge
funds has shifted during the last decade away
from high-net-worth individuals to institutional
investors. The relative share of hedge fund assets
owned by individuals has declined from 66% in
1996 to 44% in 2004.1 However, this share has
still increased in dollar value because of the dra-
matic growth in hedge fund assets over this pe-
riod. University endowments have increased their
allocation to hedge funds in recent years and cur-
rently hold about 17% of their assets in hedge
funds.

Corporate and public pension plans have
adopted a more cautious and gradual move into
hedge funds. As a percentage of total pension
plan assets it is estimated that hedge fund in-
vestments represent about 1.6% (Kirschner,
Mayer, and Kellser (2006)). However, the asset
allocation to hedge funds is skewed because many
plans do not hold any hedge fund investments.
Pension plans that decide to invest in hedge funds
tend to be the larger and presumably the more

1 In June 2005 the Financial Services Authority published a discussion
paper (DP05/4) on hedge fund systemic risk.

sophisticated plans.2 The California Public Em-
ployees Retirement System (CalPERS) is the larg-
est public pension plan in the United States with
current total assets of some $250 billion. In June
2007 CalPERS approved new allocation ranges to
potentially double its investments in hedge funds
from its existing level of $5 billion (2% of total
assets) to more than $10 billion (4% of total as-
sets) (CalPERS 2007). In 2002 CalPERS invested
$50 million in five hedge funds under its Risk
Managed Absolute Return Strategies (RMARS)
program, which as of June 2007 had almost $5
billion under management. That includes approx-
imately $4 billion in 21 absolute return funds in
eight strategies, and $1 billion with seven funds
of funds in Asia, Europe, and emerging markets.
The RMARS program has earned a 9.5% annual-
ized return on investment compared with 7.4%
return for the benchmark over the past five years.
This was accomplished with approximately 4% vol-
atility and a very low correlation to both stocks
and bonds.

Many investors including pension plans are con-
fronted with the decision as to whether or not to
invest in hedge funds. The aim of this paper is to
provide a simple framework and a practical pro-
cedure to assist in making this decision. Here is
a brief summary of our approach. We assume that
the investor already has an existing core equity
portfolio in place and is considering investing in
a hedge fund. We examine how an investment in
hedge funds alters the asset allocation decision.
For simplicity we assume that there are just three
asset classes: the core equity portfolio, the hedge
fund, and the riskless asset. We model the invest-
ment returns of the equity portfolio and the
hedge funds using a regime-switching model. This
model has been shown to provide a very good fit
to equity returns; see, for example, Hardy (2003)
and Guidolin and Timmermann (2005). Further-
more Chan et al. (2007) have shown that a
regime-switching model is well suited to capture
the dynamics of hedge fund returns. We use a
multivariate regime-switching model to examine
the dynamic relationships between the returns on
the core portfolio and the hedge fund returns.

2 For example, as of December 2006 the Ontario Teachers Pension
Plan had invested $14.5 billion in hedge funds. This amount repre-
sented some 14.5% of the total assets of the fund.
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The procedure is illustrated by fitting the model
to one of the datasets used by Chan et al.3 As
noted by Guidolin and Timmermann (2005) the
existence of regimes has an important impact on
the optimal asset allocation.

The use of the regime-switching approach of-
fers some special advantages in the context of
hedge fund returns. Several authors have shown
that hedge fund returns are not normally distrib-
uted (e.g., Agarwal and Naik (2004); Chan et al.
(2007)). In this paper we assume that the hedge
fund returns are lognormal in each regime with
fixed mean and variance. The regimes are deter-
mined by a hidden Markov process. The regime-
switching model provides a flexible way to capture
the higher moments of the empirical distribution
of hedge fund returns. Furthermore it enables us
to model the joint dynamics of the equity market
and any specific hedge fund strategy. In particular
the regime-switching approach captures the time
variation in these dynamics. This provides a more
realistic framework than the assumption of sta-
tionary independent and identically distributed
returns.

The traditional approach to portfolio optimi-
zation is based on the single-period Markowitz
approach. In this case the investor makes asset
allocation decisions based on the mean and vari-
ance of the return distribution. This is a reason-
able approach when asset returns are normal or
approximately normal. Since hedge fund returns
can have significant skewness and kurtosis the
use of the standard mean variance model to make
asset allocation decisions about hedge fund in-
vestments is questionable. To overcome this prob-
lem we assume that the investor has a power util-
ity function. This means that the decision maker
will care about the entire distribution of returns
and not just the first two moments as in the stan-
dard mean variance approach. We use a prag-
matic procedure to determine plausible parame-
ters for this utility function. This calibration
procedure provides a risk aversion level that is
based on the investor’s current equity allocations
relative to bonds. Many institutional investors

3 It is well documented in the literature that there are several biases
in most hedge fund datasets. These include the self-selection bias,
the survivorship bias, the sample selection bias, and the backfill bias.
We discuss these biases in the paper and suggest simple ways to
minimize their impact.

such as pension plans have guidelines on the frac-
tion of their portfolios that can be invested in
equities. For example, the range might be 40–
80%. We show how to derive an implied level of
risk aversion that is consistent with these types
of limits. Based on this analysis we estimate that
risk aversion coefficients ranging from 2 to 5 are
plausible in this context.

We assume that the core equity portfolio is a
broadly based equity market index such as the
S&P 500. For the hedge fund data we used the
Credit Suisse/Tremont hedge fund indexes
(www.hedgeindex.com) from their inception
(January 1994) to June 2006. There are a num-
ber of problems with hedge fund databases and
we discuss them in the paper. The Credit Suisse/
Tremont hedge fund database contains monthly
data on 14 different hedge fund indexes. These
indices correspond to different styles of hedge
fund investing or combinations of these styles.
We fitted a bivariate regime-switching model to
the S&P 500 and each hedge fund index one at a
time. We note here and we discuss later why the
use of hedge fund index returns will underesti-
mate the volatility of a typical individual hedge
fund.

We note that the hedge fund return data used
in this paper are net of fees and expenses. These
fees can be quite significant4 and are generally
composed of two parts: a management fee and an
incentive fee. The basic management fee is ex-
pressed as a percentage of the assets under man-
agement and is payable irrespective of the fund’s
performance. Normally these fees range from 1%
to 2%. The incentive fees are payable only if the
fund is profitable, and there is usually a high-
water-mark restriction. The high-water-mark fea-
ture means that the hedge fund manager does
not receive incentive fees unless the value of the
fund exceeds the highest net asset value it has
previously achieved.

We make two simplifying assumptions about
the admissible investment strategies. We con-
sider only buy-and-hold strategies. This assump-
tion makes the analysis more tractable. We also
assume that short sales are not allowed. The short

4 Based on a recent sample (July 2007) of 125 event-driven hedge
funds the median management fee was 1.5%, the median incentive
fee was 20%, and most of the funds had a high water mark.

www.hedgeindex.com
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sale restriction is operative for many institutional
investors including pension plans and most mu-
tual funds. It is not clear how an investor could
short a hedge fund unless the hedge funds shares
were traded.5 We assume the investor has a uni-
verse of three assets: the core equity portfolio,
the hedge fund, and the risk-free asset. As an ap-
plication we use this model to determine the op-
timal allocation when the core equity portfolio is
the S&P 500 Index, and the hedge fund is one of
the 14 Credit Suisse/Tremont hedge fund in-
dexes. To deal with various biases in the hedge
fund database we use different approximations.
We find the optimal allocation in each of the
three assets for different values of investor risk
aversion over different holding periods.

Our results show how the fraction allocated to
the hedge fund depends on the investor’s prefer-
ences, the time horizon, and hedge fund style.
There is another interesting horizon effect in the
regime-switching models that one does not see in
stationary models. Suppose we have two regimes
and just two assets: the equity portfolio and the
risk-free security. Regime 1 occurs most fre-
quently (say, 90% of the time), and, in this re-
gime, equities have high expected returns and low
volatility. Regime 2 is the less frequent one with
negative expected returns and relatively high vol-
atility. At inception, the economy can be in either
regime 1 or regime 2. There is a dramatic differ-
ence in the optimal allocation for short horizons
between the two regimes. Assuming the investor
knows that the economy is in regime 1, the op-
timal allocation will favor equities. However, if
the investor knows that the economy is in regime
2, the investor should invest in the risk-free se-
curity over a short horizon. In the case of a buy-
and-hold strategy, as the horizon becomes longer
even if the economy starts in regime 2, it be-
comes more likely it will spend an increasing frac-
tion of time in regime 1 and so equities will start
to become attractive again.

Our optimization procedure takes all the mo-
ments of the joint return distribution into ac-
count. If we use the parameters based on the his-
torical distribution, the hedge fund becomes a

5 Of course, hedge funds themselves can take short positions, and
some are highly levered. In this paper we take the hedge fund return
as an asset class.

significant component of the optimal portfolio,
especially for higher levels of risk aversion. This
result, that investors who are more risk averse
should invest more in the hedge fund, is counter-
intuitive. This phenomenon has been observed be-
fore by Cvitanic et al. (2003). We suggest some
possible reasons for this counterintuitive result
relating to the significance of the left-tail risk
and certain aspects of the data and model
specification.

The layout of the rest of the paper is as follows.
Section 2 describes the main types of hedge
funds. We describe hedge fund return statistics
and discuss some of the biases that are a feature
of many hedge fund databases. We document the
return characteristics of the Credit Suisse/Tre-
mont hedge fund indexes. This is one of the da-
tasets used by Chan et al. (2007), and we updated
it to June 2006. We confirm that the return data
are highly nonnormal.

In Section 3 we model the hedge fund returns
using a regime-switching model. Initially we fit
local univariate regime-switching models to the
individual hedge fund time series of returns. Sec-
tion 4 uses multivariate regime-switching models
to capture the joint dynamics of the core equity
portfolio and each hedge fund strategy one at a
time. Section 5 explains our optimization proce-
dure and discusses its implementation. We pre-
sent our numerical results in Section 6 and
discuss their implications. To simplify the presen-
tation we discuss only one generic case in some
detail. Section 7 concludes the paper, and the Ap-
pendix contains some technical equations.

2. HEDGE FUNDS

In this section we describe the common types of
hedge fund styles and discuss certain features of
hedge fund returns. Because of the nature of
most hedge fund databases the returns suffer
from certain biases. We analyze characteristics of
a sample of hedge funds and confirm that the
distributions of these returns exhibit significant
skewness and sometimes excessive kurtosis.

Hedge fund managers provide their perform-
ance information on a voluntary basis. Some
funds may cease reporting their results because
they are doing poorly. These funds have returns
that are below the average returns of other funds,
and their omission creates an upwards bias. At
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the other extreme, there are certain funds that
have become very successful. They may have
grown to a size where they do not wish to attract
new investors. These funds may also decide to
leave the database for a very different reason. Pre-
sumably their performance will be superior to
that of the average fund. While it is difficult to
get accurate estimates of these two effects, many
observers believe that the reported returns are bi-
ased upwards.

A second limitation of hedge fund databases is
that typically they report data only on funds still
in existence or that they are new and rapidly
growing. Funds that are no longer active are
dropped from the database entirely. This practice
imparts an upward (or survivorship) bias to per-
formance statistics, since funds that are closed
are likely to have poor performance.

A third type of bias is the backfill bias (or in-
stant history bias). This occurs when a fund first
joins the database and is permitted to backfill its
historical returns. This bias could be estimated
by averaging the returns since inception and com-
paring them to the average returns since the fund
joined the database.

There are different estimates of the magnitude
of these biases in the literature. Liang (2000) es-
timated that the survivorship bias is about 2% per
annum based on data for the period 1994–98.
Fung and Hsieh (2000), using data for the same
period, estimated the survivorship bias to be 3%
per annum. They also estimated the backfill bias
to be 1.4% per annum. Malkiel and Saha (2005),
using data for the period 1996–2003, computed
that the bias as measured by the difference be-
tween the expected returns of all hedge funds and
those that survived is 3.79% per annum. De los
Rios, Diez, and Garcia (2006) show that the ex-
tent of the bias varies with the strategy and the
source of the data.

2.1 Hedge Fund Styles
Hedge funds are lightly regulated investment en-
tities that employ a wide range of investment
strategies. They have few investment restrictions,
and they can take short positions, employ lever-
age, and use derivatives. There are many different
types of hedge funds, each characterized by its

specific style or strategy. Here are brief descrip-
tions of the common ones:6

Convertible Arbitrage: Convertible arbitrage funds
invest in convertible securities employ-
ing both single-security and portfolio-hedging
strategies. The managers take a position in the
convertible and hedge out the stock price risk.

Dedicated Short Bias: Short-biased managers in-
vest mostly in short equity positions either di-
rectly or through derivatives.

Emerging Markets: These funds invest in emerg-
ing markets with less developed economies and
aim to profit from market growth or economic
conditions.

Equity Market Neutral: These funds use quantita-
tive strategies to profit from pricing inefficien-
cies among securities while hedging away mar-
ket risk.

Event Driven: Event-driven strategies aim to
profit from corporate events related to partic-
ular companies. Subcategories of event-driven
strategies include merger arbitrage, distressed
securities, and corporate actions.

Merger Arbitrage: In this strategy the fund aims
to profit from mergers and acquisitions by buy-
ing shares of the target and in some cases go-
ing short the bidder’s shares.7

Distressed Securities: These funds exploit mispric-
ing in the securities of corporations that are in
financial distress.

Fixed-Income Arbitrage: This strategy exploits
price anomalies among related fixed-income
securities.

Global Macro: Global Macro is a macroeconom-
ics-based strategy. It aims to profit from shifts
in global economic conditions such as inflation,
interest rates, currencies, and other macroec-
onomic factors.

Long/Short Equity: Long/short funds reduce risk
by taking long positions in securities the man-
ager thinks are undervalued and short positions
in securities the manager believes to be
overvalued.

Managed Futures: This strategy invests in finan-
cial and commodity futures markets and cur-
rency markets around the world.

6 New hedge fund strategies are being invented all the time.
7 If the merger involves an exchange of stock, then the fund can
reduce market risk by shorting the common stock of the bidder.
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Table 1
Summary Statistics for Monthly Log Returns of the Credit Suisse/Tremont Hedge Fund and S&P

500 Indexes for January 1994 to June 2006

Index
Sample

Size
Annual
Mean

Annual
SD

Corr.
with

S&P 500
Min.

Monthly
Med.

Monthly
Max.

Monthly Skew
Excess

Kurtosis
Max.

Drawdown

CSFB Indexes
Hedge Funds 150 10.58% 7.79% 48.72% �7.55% 0.83% 8.53% 0.11 2.31 �14.86%
Convertible Arbitrage 150 8.65 4.71 13.97 �4.68 1.03 3.57 �1.32 3.14 �12.82
Dedicated Shortseller 150 �0.26 17.16 �75.67 �8.69 �0.39 22.71 0.82 2.07 �62.68
Emerging Markets 150 9.64 16.27 48.23 �23.03 1.38 16.42 �0.66 4.65 �60.03
Equity Market Neutral 150 9.69 2.93 37.25 �1.15 0.80 3.26 0.31 0.35 �3.60
Event Driven 150 11.18 5.62 56.08 �11.77 1.03 3.68 �3.39 24.54 �17.49
Distressed 150 12.94 6.35 54.86 �12.45 1.21 4.10 �2.89 19.28 �15.46
Event-Driven Multi-Strategy 150 10.27 6.04 48.84 �11.52 0.90 4.66 �2.51 16.75 �20.50
Risk Arbitrage 150 7.53 4.15 45.31 �6.15 0.61 3.81 �1.25 6.71 �7.91
Fixed Income Arbitrage 150 6.37 3.72 3.57 �6.96 0.73 2.05 �3.06 16.62 �13.33
Global Macro 150 13.50 10.95 23.81 �11.55 1.07 10.60 0.02 2.94 �31.18
Long/Short Equity 150 11.76 10.22 59.25 �11.43 0.82 13.01 0.22 3.85 �16.30
Managed Futures 150 6.82 11.98 �14.21 �9.35 0.22 9.95 0.04 0.37 �19.53
Multi-Strategy 147 9.28 4.33 9.86 �4.76 0.84 3.61 �1.19 3.32 �7.37

S&P 500 150 10.94 14.52 100.00 �14.46 1.28 9.78 �0.58 0.70 �59.30

Multi-Strategy: These funds allocate capital across
different strategies depending on their percep-
tion of their relative risk reward profile.

Fund of Funds: Fund of funds invest in other
hedge funds to obtain diversification benefits.

2.2 Hedge Fund Returns
For our empirical analysis we used the Credit
Suisse/Tremont hedge fund indexes, from their
inception (January 1994) to June 2006. The
weight of each fund in an index is given by the
relative size of its assets under management. To
qualify for inclusion in the Credit Suisse/Tre-
mont Indexes, a hedge fund must satisfy certain
criteria:

1. A minimum of U.S. $50 million assets under
management

2. A minimum one-year track record, and
3. Current audited financial statements that

meet certain reporting requirements in terms
of disclosure and transparency.

Funds are reselected on a quarterly basis as nec-
essary, and the indexes are calculated and rebal-
anced monthly.

The pre-1999 hedge fund returns in this data-
base suffer from both backfill and survivorship
bias. Since then Credit Suisse/Tremont indicates

that funds in the process of liquidation are not
removed from the index and therefore captures
all of the potential negative performance before
a fund ceases to operate. In addition, Credit
Suisse/Tremont states that fund managers con-
tributing to the index are not allowed to backfill
their historical returns. This suggests that the
post-1999 data should be free of backfill and sur-
vivorship bias.

In Table 1 we show the summary statistics for
the 150 monthly log-returns of the Credit Suisse/
Tremont indexes from January 1994 to June
2006.8 These numbers contain no correction for
bias,9 but they are net of fees and expenses. We
observe a considerable degree of variation in the
risk-and-return characteristics of the different
hedge fund strategies. For comparison purposes
we also include the corresponding statistics for
the S&P 500 index. Here and throughout this pa-
per the S&P 500 index returns have been ad-
justed to include dividend reinvestment since this
makes for fairer comparisons.

In particular, the annualized mean return
ranges from �0.26% for Dedicated Short to

8 There are only 147 months for the Multi-Strategy index.
9 We will introduce a bias correction when we use these data to
implement our asset allocation model.
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Figure 1
Mean-Standard Deviation Plot of the Hedge Fund and S&P 500 Indexes
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13.50% for Global Macro, and the annualized
standard deviation ranges from 2.93% for Equity
Market Neutral to 17.16% for Dedicated Short.
However, many strategies have had quite low vol-
atilities over this period. This would make them
very attractive from a mean variance perspective.
Figure 1 shows the mean-volatility plot for the 14
hedge funds and S&P 500 index. The plot seems
to indicate that most hedge fund strategies offer
superior risk-return characteristics over the S&P
500. There are at least two reasons why this con-
clusion is premature. The first is that the hedge
fund returns are often biased. The second is that
the higher moments beyond the second have not
been taken into account.

From Table 1 we see that the skewness can be
large and negative for some strategies such as
Event Driven, Distressed, Risk Arbitrage, and
Fixed Income Arbitrage. As might be expected
the kurtosis for these strategies is also quite

large. These features indicate a significant left-
tail risk for some strategies. It seems clear that
these returns are not normal, and we confirm this
in the next subsection.

2.3 Normality Test
We use the Jarque-Bera statistic to test the nor-
mality of the series of hedge fund returns. The
following table shows the results of Jarque-Bera
test performed on the Credit Suisse/Tremont in-
dexes. At the 5% significant level, the null hy-
pothesis is rejected if the test statistic is greater
than 5.99. The tests indicate that except for Eq-
uity Market Neutral and Managed Futures, all
other funds’ returns do not follow a normal
distribution. This provides additional evidence
against the log-normal distribution and indicates
that this distribution is not adequate to model
hedge fund returns.
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Table 2
Results of Jarque-Bera Test for Normality on CSFB Hedge Fund Indexes and S&P 500 Based on

Monthly Data

Index
Sample

Size Skewness
Excess

Kurtosis
Jarque-

Bera
Normality

Assumption

CSFB Indexes
Hedge Funds
Convertible Arbitrage
Dedicated Shortseller
Emerging Markets
Equity Market Neutral
Event Driven
Distressed
Event-Driven Multi-Strategy
Risk Arbitrage
Fixed Income Arbitrage
Global Macro
Long/Short Equity
Managed Futures
Multi-Strategy

S&P 500

150
150
150
150
150
150
150
150
150
150
150
150
150
147

150

0.11
�1.32

0.82
�0.66

0.31
�3.39
�2.89
�2.51
�1.25
�3.06

0.02
0.22
0.04

�1.19

�0.58

2.31
3.14
2.07
4.65
0.35

24.54
19.28
16.75
6.71

16.62
2.94
3.85
0.37
3.32

0.70

28.63
95.50
38.82

129.38
2.78

3,685.20
2,301.37
1,735.68

288.16
1,785.02

46.38
81.76
0.51

92.27

10.42

Rejected
Rejected
Rejected
Rejected
Not Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Rejected
Not Rejected
Rejected

Rejected

3. MODELS OF HEDGE FUND RETURNS

There is strong evidence that regime-switching
models are able to capture the main features of
the empirical distribution of equity returns. Rel-
evant papers include Ang and Bakaert (2002a,b),
David and Veronesi (2001), Guidolin and Tim-
mermann (2005), Hardy (2003), Turner, Startz,
and Nelson (1989), and Whitelaw (2000). For
monthly stock market indexes, the regime-
switching log-normal (RSLN) model produces
good results. Recently Chan et al. (2007) and Bil-
lio, Getmansky, and Pelizzon (2006) have used
regime-switching models for hedge fund returns.
In this section we fit a parsimonious set of
regime-switching models based on the joint dis-
tribution of the S&P 500 and the different hedge
fund strategies.

We now describe a basic regime-switching
model following the notation of Hardy. Assume
that the asset price at time t is St and assume
there are two regimes. If the economy is in re-
gime st in the interval [t, t � 1), the returns over
this period have the following distribution:

St�1 2ln �s � N(� , � ), s � 1, 2.t s s tt tSt

Note that within each regime the mean and var-
iance are assumed to be constant. In this case we
have six parameters:

� � {� , � , � , � , p , p },1 2 1 2 1,2 2,1

where pi, j � Prob[st�1 � j�st � i] (i, j � 1, 2), is
the transition probability from regime i to regime
j. These parameters can be estimated from the
historical returns using maximum likelihood. For
example, we fitted this model to the S&P 500
monthly returns for the period February 1956 to
June 2006. The results are given in Table 3.

Note that under our regime-switching model,
we assume that the return is lognormally distrib-
uted in each month. However, the parameters of
the lognormal distribution are conditional on the
current regime. As time passes the system moves
between the regimes, and so the total return after
a period of several months ends up being a mix-
ture of lognormals. This tends to produce a dis-
tribution that does a better job of fitting the tails
than the standard lognormal distribution.

For some applications it would be useful if we
could tell (or assign a probability to) which re-
gime we are in at a particular time. The estima-
tion of the regime can be carried out using the
MLE procedure. In calculating the likelihood at
time t, we have four possible cases with different
combinations of the regime at time (t � 1) and
the regime at time t:
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Table 3
Maximum Likelihood Estimates of the Univariate RSLN Model for S&P 500, with the

Corresponding Standard Errors in Parentheses

Index
Monthly

�1

Monthly
�2

Monthly
�1

Monthly
�2

Annual
�1

Annual
�2

Annual
�1

Annual
�2

S&P 500
(standard error)

0.0124
(0.0018)

�0.0049
(0.0160)

0.0328
(0.0021)

0.0608
(0.0068)

0.1592
(0.0243)

�0.0567
(0.1209)

0.1135
(0.0072)

0.2106
(0.0236)

Index p11 p12 p21 p22 Log-L

S&P 500
(standard error)

0.9568
(0.0339)

0.0432
(0.0339)

0.1411
(0.1152)

0.8589
(0.1152)

1088.95
(29.16)

Figure 2
Monthly Returns of S&P 500 Together with Estimation of Each Regime

Note: Estimated regimes are shown in the smaller graph at the bottom of the figure.
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Figure 3
Density of S&P 500 Observations in the Two

Different Regimes
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A � f(s � 1, s � 1, y �y , . . . , y , �),t t�1 t t�1 1

B � f(s � 1, s � 2, y �y , . . . , y , �),t t�1 t t�1 1

C � f(s � 2, s � 1, y �y , . . . , y , �),t t�1 t t�1 1

D � f(s � 2, s � 2, y �y , . . . , y , �).t t�1 t t�1 1

We can then normalize to get the estimated/fil-
tered probabilities as follows:

Prob(Observation y is in Regime 1��)t

A � B
� , (3.1)

A � B � C � D

Prob(Observation y is in Regime 2��)t

C � D
� . (3.2)

A � B � C � D

The larger of these probabilities can be used to
indicate which state is more likely.

These probabilities (3.1) and (3.2) in turn im-
ply the predicted probabilities for the next obser-
vation yt�1 with

Prob(y is in Regime j�y ; �)t�1 t

2

� p Prob(y is in Regime i�y ; �). (3.3)� ij t�1 t
i�1

Figure 2 shows the monthly returns of the S&P
500 over the sample period together with the es-
timation of each regime.

This enables us to group the data according to
their likely regimes. Figure 3 plots the distribu-
tion of returns within each regime. We see that
these distributions (within each regime) appear
to be approximately normal.

We fitted univariate regime-switching models
to each of the hedge fund strategies discussed in
the previous section. Chan et al. (2007) also fit-
ted univariate regime-switching models to hedge
fund returns for a slightly shorter dataset than
ours,10 and our results are broadly similar to
theirs. We give our parameter estimates in Table

10 Chan et al. (2007), Table 27. Their data period covered January
1994 until August 2004. Ours runs from January 1994 until June
2006.

4. In the case of Dedicated Short Selling11 and
Managed Futures the maximum likelihood algo-
rithm had trouble converging, indicating that
these returns are not well fitted by a regime-
switching model. For eight of the remaining strat-
egies we see that the low-volatility state corre-
sponds to the higher expected return. This is
what we tend to find for long-only equity portfo-
lios and corresponds to the situation in the case
of the S&P 500. However, in four of the strategies
corresponding to Hedge Funds, Equity Market
Neutral, Global Macro, and Long Short the re-
gime with the highest volatility also has the high-
est expected return.

In Figure 4 we show the distributions of each
hedge fund index in each regime. The horizontal
axis denotes the monthly return. We see that
these distributions appear to be approximately
normal. This is confirmed if we apply the Jarque-
Bera test within each regime.

11 The pattern of returns for the Dedicated Short Selling Strategy has
some unusual features. The average monthly return over the 150
months is almost zero (0.02%) with a standard deviation of 4.95%
per month. However, there is a significant number of returns with
large negative values of roughly the same magnitude. We can illus-
trate this feature as follows. The number of months with returns less
than �5% is 29. The mean of these 29 returns is negative 6.56%,
and their standard deviation of these 29 values is only 0.61%. This
represents an unusual pattern of returns.
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Table 4
Maximum Likelihood Estimates of the Univariate Regime-Switching Lognormal Model for the

CSFB Hedge Fund Indexes

Index p12 p21

Annual
�1

Annual
�2

Annual
�1

Annual
�2 Log-L

CSFB Indexes
Hedge Funds 0.84% 0.72% 8.37% 12.64% 3.48% 9.84% 386.06
Convertible Arbitrage 11.09 17.03 16.76 �2.52 1.92 4.19 469.37
Dedicated Shortseller 76.25 11.26 �55.98 10.26 2.76 15.58 248.79
Emerging Markets 1.16 0.93 14.60 4.04 8.04 20.76 267.15
Equity Market Neutral 3.28 3.02 5.00 14.45 2.04 3.00 516.55
Event Driven 1.67 46.73 13.97 �39.66 3.84 15.00 445.74
Distressed 1.76 58.17 15.95 �46.10 4.56 16.68 421.24
Event-Driven Multi-Strategy 1.18 45.24 12.59 �46.44 4.56 15.96 426.21
Risk Arbitrage 7.61 27.58 8.99 3.10 2.64 7.20 468.83
Fixed Income Arbitrage 6.70 39.59 9.99 �12.23 1.92 6.12 513.62
Global Macro 0.78 0.68 13.60 13.65 3.36 14.04 354.66
Long/Short Equity 0.95 2.98 7.86 21.15 6.36 15.24 340.48
Managed Futures 67.49 17.07 �6.74 9.80 4.32 12.96 295.49
Multi-Strategy 2.56 24.40 11.33 �8.11 3.24 8.64 454.46

Note: The estimates in this table are computed using monthly returns from January 1994 to June 2006.

Figure 4
Densities of Hedge Fund Indexes Grouped according to the Different Regimes
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Table 5
Application of Jarque-Bera Test within Regimes for Each Hedge Fund Index

Index
No. of

Observations
Regime 1 Normality

Assumption
No. of

Observations
Regime 2 Normality

Assumption

CSFB Indexes
Hedge Funds
Convertible Arbitrage
Dedicated Shortseller
Emerging Markets
Equity Market Neutral
Event Driven
Distressed
Event-Driven Multi-Strategy
Risk Arbitrage
Fixed Income Arbitrage
Global Macro
Long/Short Equity
Managed Futures
Multi-Strategy

63
94
26
61
71

146
146
148
128
134
62

106
0

137

Not Rejected
Not Rejected
Not Rejected
Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected
N.A.
Not Rejected

87
56

124
89
79
4
4
2

22
16
88
44

150
10

Not Rejected
Not Rejected
Rejected
Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected
Rejected
Not Rejected
Not Rejected
Not Rejected
Not Rejected

Table 6
Maximum Likelihood Estimates of the Bivariate RSLN Model for the CSFB Hedge Fund and

S&P 500 Indexes

Index �1 �2 p12 p21

Annual
�1

Annual
�2

Annual
�1

Annual
�2

CSFB Indexes
Hedge Funds 66.20% 42.82% 16.30% 38.86% 12.76% 5.14% 4.72% 12.17%
Convertible Arbitrage 15.65 �0.28 12.91 18.52 15.71 �0.49 1.91 6.08
Dedicated Shortseller �74.69 �84.26 1.16 2.82 0.64 1.68 15.15 21.71
Emerging Markets 61.88 50.57 10.41 14.74 24.54 �15.41 8.93 23.04
Equity Market Neutral 45.40 50.98 0.96 2.48 8.71 11.43 3.19 2.45
Event Driven 56.22 43.59 3.88 29.16 14.97 �6.83 3.64 10.93
Distressed 52.10 46.70 4.24 28.49 16.86 �2.71 4.34 11.93
Event-Driven Multi-Strategy 51.22 38.74 6.81 34.82 14.12 �4.27 3.90 10.86
Risk Arbitrage 60.17 49.68 1.89 2.55 7.96 5.94 2.80 5.45
Fixed Income Arbitrage 14.80 �38.99 6.11 45.70 9.51 �14.53 2.12 6.56
Global Macro 0.13 40.71 0.93 0.80 13.27 7.55 3.37 14.52
Long/Short Equity 80.66 52.35 4.01 9.60 12.15 7.91 7.96 14.31
Managed Futures 29.49 �0.66 2.68 9.62 1.55 12.54 10.67 15.04
Multi-Strategy 24.28 �47.16 11.32 57.03 12.68 �8.29 3.00 6.68

S&P 500 15.92 �5.67 11.35 21.06

4. MULTIVARIATE REGIMES

In principle, the portfolio allocation decision will
involve the joint returns of the S&P 500 and the
different hedge fund strategies. Ideally we would
like to model all the strategies jointly together
with the core equity portfolio. This would require
a very large number of parameters, and we do not
have enough empirical data to estimate such a
model. Hence we adopt a simpler pragmatic ap-
proach. We model each hedge fund strategy and
the S&P 500 on a pairwise basis using a bivariate
regime-switching model. We assume there is a
global regime that applies to both the S&P 500

and the hedge fund in question.12 This means that
both the S&P 500 and the hedge fund are in the
same regime at the same time. In this case we
have 12 parameters to estimate:

� �

e h e h e h e h{� , � , � , � , � , � , � , � , � , � , p p },1 1 2 2 1 1 2 2 1 2 1,2 2,1

where

12 Boudreault and Panneton (2006) also recommend the use of a
global regime in their analysis of international equity returns.
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Figure 5
Monthly Returns for the S&P 500 and the Event-Driven Strategy Shown Together with the

Estimation of the Different Regimes

Note: The regimes are shown in the bottom part of the figure just above the horizontal axis.

�(�)�st
mean of asset (�) in regime st,

�(�)�st
standard deviation of asset (�) in regime st,

��st
correlation between the assets in regime st,

pi, j � transition probability.

Rather than allowing the assets to be in different
regimes at the same time, the global regime gives
us more degrees of freedom to estimate the pa-
rameters. We do not have enough data points to
estimate more elaborate regime-switching struc-
tures. Hence we form a global regime between
the S&P 500 and each hedge fund considering
the funds one at a time. We assume that the re-
gimes are common to the S&P 500 and the hedge
fund, and we estimate the model from the histor-
ical data. To reduce the numbers of degrees of

freedom we estimate the S&P 500 returns and
variances in each regime from the univariate
model and use these four estimates as known pa-
rameters in the estimation of the bivariate model
for the hedge fund and the S&P 500. This means
that we estimate the remaining eight parameters
of the bivariate distribution from the two data se-
ries over the period January 1994 until June
2006.

Table 6 gives the estimates of the parameters
of the bivariate regime-switching model when we
consider each hedge fund and the S&P 500 on a
pairwise basis. As in the univariate case we had
problems with the convergence of the estimates
in the case of Dedicated Short Selling strategy
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and the Managed Futures strategy. We note that
the bivariate estimates in Table 6 differ from the
univariate estimates in Table 4 as we would ex-
pect. Because of the constraints we imposed by
fixing the S&P 500 returns there is an in-built
consistency with respect to the S&P 500 returns
across the different pairings. However, we allowed
the data to select the regimes in each pairwise
comparison. That is why the estimates for the re-
gime transition probabilities vary across each
pair.

We illustrate the joint returns of the S&P 500
and the Event-Driven Index in Figure 5. We also
provide our estimation of the periods in each
regime.

5. OPTIMIZATION

In this section we explain the optimization pro-
cedure. We use a very simple approach to model
the asset allocation decision of a risk-averse in-
vestor. We first discuss the problem for general
distributions and utility functions and later intro-
duce our specific assumptions. We assume there
are three available asset classes:

1. The core equity portfolio
2. The hedge fund
3. The risk-free asset.

We assume that the rates of return on these
assets at the end of a fixed time horizon are re,
rh, and R, where the first two are random. Assume
an investor has initial wealth W0. The investor’s
end of period wealth will be

e hW � W [x (1 � r ) � x (1 � r ) � x (1 � R)]0 1 2 3

e h� W [1 � R � x (r � R) � x (r � R)],0 1 2

(5.1)

since x1 � x2 � x3 � 1. We assume there is no
short selling so that

0 � x � 1, 0 � x � 1, 0 � x � 1. (5.2)1 2 3

Assume the investor’s preferences are repre-
sented by a strictly increasing, strictly concave
function u. The investor’s decision problem is to
maximize

E[u(W)] (5.3)

subject to the constraints given by (5.2), where
W is given by equation (5.1). The investor selects
the investment proportions x1, x2, x3 to maximize
expected utility of end-of-period wealth. In view
of the constraints on the x�s there are only two
independent choice variables in this optimiza-
tion. We will use x1 and x2 as the investor’s de-
cision variables.

In our case the equity portfolio and hedge fund
are assumed to follow a bivariate regime-switch-
ing lognormal process. This process is character-
ized by two regimes. Recall that we fitted a global
regime to these two asset classes in Section 4. At
inception we can assume the process is in regime
1 or regime 2 or that there is a specified proba-
bility that it is in either regime. For purposes of
exposition, we assume the return-generating
process starts in regime 1.

We now discuss some useful connections be-
tween the joint distribution of the equity portfo-
lio and the hedge fund at the end of T months
and the sojourn times in each regime. If we start
the process in regime 1, then there will be a dis-
tribution of possible regime visits at time T. Dur-
ing the entire period of T months the number of
visits to regime 1 can range from 1 to T. Consider
the set of paths that result in a total of exactly t
months in regime 1 and hence (T � t) months in
regime 2 where 1 � t � T. Conditional on these
paths the returns have a bivariate lognormal dis-
tribution at the end of the horizon. Furthermore
we can find the explicit expressions for the pa-
rameters of this distribution. It is convenient to
work with the corresponding bivariate normal dis-
tribution (X, Y), where X corresponds to the core
equity return and Y corresponds to the hedge
fund return. The parameters of the bivariate
normal distribution, conditional on the process
spending a total of exactly t months in regime 1
and (T � t) months in regime 2, are as follows:

�X � t � (T � t) ,e e� �1 2

�Y � t � (T � t) ,h h� �1 2

�2�X t( )2 � (T � t)( )2,e e� �1 2

�2�Y t( )2 � (T � t)( )2,h h� �1 2

Cov(X, Y) � �X�Y�XY

� t( ) � (T � t)( �2).e h e h� � � � �1 1 1 2 2
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These five quantities �X, �Y, �X, �Y, �XY completely
specify the bivariate normal distribution and
hence (by taking exponents) the bivariate lognor-
mal distribution.13 Note that this lognormal dis-
tribution is conditional on the the process spend-
ing t months in regime 1. Since we are focusing
only on the terminal distribution at time T the
sequencing of the months spent in regime 1 does
not matter.14 It will help to ease the notation in
some later expressions if we let �t denote the set
of parameters:

� (t), � (t), � (t), � (t), � (t),X Y X Y XY

where we now explicitly recognize the depend-
ence of these five parameters on the sojourn
time t.

Let pi be the probability that the process
spends a total of exactly i months in regime 1
during the total period (of T months) where 1 �
i � T. These probabilities can be obtained recur-
sively (see Hardy 2003). Note that

T

p � 1.� i
i�1

The investor’s expected utility at time T is given
by

T

E[u(W)] � p E[u(W)�i], (5.4)� i
i�1

where we use the notation E[u(W)�i] to denote
the expected utility of terminal wealth given that
the process spends exactly i months in regime 1
and (T � i) months in regime 2. We have already
mentioned that the distribution of the two risky
assets follows a bivariate lognormal distribution
in this case, and we also know the parameters of
this distribution. Hence we can compute the ex-
pectation in equation (5.4) by evaluating the T
separate terms where the two risky assets in each
term have a bivariate lognormal distribution with
known parameters given by �i.

The procedure for finding the optimal invest-
ment triplet for a given horizon T is as follows.
Assume that the process spends exactly i months

13 We provide the formula for the bivariate lognormal distribution in
the Appendix.
14 Note we are considering only a buy-and-hold strategy in this pa-
per. If we wanted to analyze portfolio revisions the regime sequenc-
ing would matter.

in regime 1. Let the random returns on the two
risky assets be ( ) in this case. These variablese hr , ri i

have a bivariate lognormal distribution that is a
function of the parameter set �i. Hence using
equation (5.1) the expectation in (5.4) becomes

T
eE[u(W)] � p E[u(W [1 � R � x (r � R)� i 0 1 i

i�1

h� x (r � R))] �i],2 i (5.5)

where

0 � x , � 1, 0 � x � 1, 0 � (x � x ) � 1.1 2 1 2

The right-hand side of this last equation con-
sists of a linear sum of T expectations over differ-
ent bivariate lognormal distributions. When these
expectations are evaluated we are left with a func-
tion of the two choice variables x1 and x2. There
is a unique solution because the utility function
u is concave. It is straightforward to find the op-
timal values of x1 and x2. Since x1 and x2 lie in
one half of the unit square, because of the no-
short-selling constraint, we used a simple grid
search to locate the optimal values.

We can use any suitable numerical method
here to compute the various bivariate distribu-
tion.15 For our purposes it is convenient to use
quasi random numbers to do the simulation be-
cause we can obtain any desired level of accuracy
with this method. In two dimensions the best
quasi random numbers are constructed from the
Fibonacci sequence. For k � 3, they are defined
by the recurrence relation

N � N � N ,k k�1 k�2

where

N � 1, N � 1.1 2

For each integer m, denote Nm by Nm. For 1 �
i � Nm,

i 1
u � � ,i N 2Nm m

mod(iN , N ) 1m�1 mv � � .i N 2Nm m

Recall that the operation mod(x, y) gives the re-
mainder when x is divided by y. For example,
mod(25, 7) � 4. The ui constitute a set of Nm

15 We also could have used numerical integration.
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Table 7
Merton Ratio for Different Levels of Risk

Aversion

	 Relative Risk Aversion Fraction in Equities

�1
�2
�3
�4

2
3
4
5

1.11
0.74
0.56
0.44

well-dispersed points in the unit square. We use
these points to obtain the bivariate normal dis-
tribution and hence the corresponding bivariate
lognormal distribution.

We assume a power utility function so that

	x
u(x) � , 	 � 1, 	 � 0. (5.6)

	

It is conventional to include 	 in the denomi-
nator, but we would get the same results if the 	
term in the denominator was replaced by the sign
of 	. This utility assumption is often made in the
finance literature to model investor preferences;
it is further discussed in Panjer (1998). For this
utility function the relative risk aversion param-
eter is constant and equal to (1 � 	) (see Panjer
1998, ch. 4). Power utility functions have the
property that the optimal investment proportions
do not depend on the size of initial wealth W0.

To get some plausible parameter estimates of
	, we make some simplifying assumptions. We
consider an investor that in the absence of the
hedge fund would optimally invest a certain frac-
tion in the core equity portfolio. We use the Mer-
ton ratio to relate the fraction invested in equi-
ties to the risk aversion parameter.16 The fraction
invested in equities in this case is given by

�̄ � r
.2� (1 � 	)

Suppose we assume that � 0.10, � � 0.15, r ��̄
0.05. These are close to the historical esti-
mates.17 Table 7 gives the relation between dif-
ferent values of 	 and the corresponding values
of the Merton ratio.

16 Merton’s result assumes the investor has a power utility function
with parameter 	 and rebalances her portfolio continuously between
a risky asset and the risk-free asset. It also assumes that the risky
asset’s return follows geometric Brownian motion in continuous
time, which corresponds to the lognormal distribution in discrete
time. Note that Merton’s result is based on a continuous-time model
with fixed mean and variance and that it is not based on a regime-
switching model.
17 The historical estimates from the S&P 500 are � � 0.1094, � �

0.1452 for the period January 1994 to June 2006 (see Table 1). The
returns in Table 1 are based on the log of the total monthly returns
(including dividends). The relation with Merton’s expected return

is � � � �2/2. Hence for this dataset � 0.1199. However,� �̄ �̄ˆ
many observers expect a lower risk premium going forward, so we
use � 0.10.�̄

Hence, in our numerical work we assume rela-
tive risk aversion levels ranging from 2 to 5. We
compute the optimal investment allocation when
the available assets are the core equity portfolio,
the hedge fund and the risk-free rate. We restrict
the investment strategies to buy and hold strat-
egies over different time horizons T.

6. RESULTS

In this section we give numerical results for one
particular fund.18 We use the event-driven fund as
a representative hedge fund style. We carry out
the calculations under three separate assump-
tions and summarize the results in Table 8. First
we base the optimization on the parameters es-
timated in Section 4. This assumes there is no
bias in the hedge fund returns.19 Then we redo
the calculations assuming the hedge fund returns
are reduced by 3% per annum in each state to
account for the bias in the hedge fund returns.
Our third set of calculations assumes the hedge
fund returns are reduced by 4.5% per annum in
each state.20

From the first panel in Table 8, we note that
there is a sizeable fraction invested in the hedge
fund when there is no deduction for bias. For low
levels of risk aversion the S&P 500 is more at-
tractive, while for higher levels of risk aversion
the hedge fund becomes more desirable. For ex-
ample, when the risk aversion equals 4 and the
horizon is 24 months, the investor puts 74% in
the hedge fund and the balance of 26% in the

18 We obtained results for each hedge fund style but have chosen to
report only one to save space.
19 De los Rios and Garcia (2006) show that the extent of the bias
varies by hedge fund style and by the database used.
20 Cvitanic et al. (2003) also used a reduction of 4.5% to allow for
bias in the hedge fund expected returns.
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Table 8
Optimal Allocation across Core Equity Portfolio, Hedge Fund, and Risk-Free Asset for Different

Holding Periods Assuming We Start in Regime 1

T 1 Month 12 Months 24 Months 36 Months

RRA S&P hdg rf S&P hdg rf S&P hdg rf S&P hdg rf

1. No Allowance for Bias in the Hedge Fund Returns

2
3
4
5

0.64
0.39
0.27
0.19

0.36
0.61
0.73
0.81

0.00
0.00
0.00
0.00

0.58
0.37
0.26
0.19

0.42
0.63
0.74
0.81

0.00
0.00
0.00
0.00

0.57
0.37
0.26
0.20

0.43
0.63
0.74
0.80

0.00
0.00
0.00
0.00

0.58
0.36
0.26
0.19

0.42
0.64
0.74
0.81

0.00
0.00
0.00
0.00

2. Assuming Reduction in Hedge Fund Expected Returns of 3% pa

2
3
4
5

1.00
1.00
1.00
0.82

0.00
0.00
0.00
0.18

0.00
0.00
0.00
0.00

1.00
1.00
0.85
0.67

0.00
0.00
0.15
0.33

0.00
0.00
0.00
0.00

1.00
1.00
0.84
0.65

0.00
0.00
0.16
0.35

0.00
0.00
0.00
0.00

1.00
1.00
0.82
0.64

0.00
0.00
0.18
0.36

0.00
0.00
0.00
0.00

3. Assuming Reduction in Hedge Fund Expected Returns of 4.5% pa

2
3
4
5

1.00
1.00
1.00
1.00

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

1.00
1.00
1.00
0.90

0.00
0.00
0.00
0.10

0.00
0.00
0.00
0.00

1.00
1.00
1.00
0.88

0.00
0.00
0.00
0.02

0.00
0.00
0.00
0.10

1.00
1.00
1.00
0.85

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.15

core equity portfolio. There is little variation by
horizon.

In the second panel we have allowed for bias in
the hedge fund return by a deduction of 3%. In
this case an investor with low levels of risk aver-
sion will prefer the S&P 500 over the hedge fund.
We need higher levels of risk aversion to see some
investment in the hedge fund. For example, when
the risk aversion equals 4 and the horizon is 24
months, the investor puts 84% in the core equity
portfolio and the balance of 16% in the hedge
fund.

In the third panel we increase the deduction
for the hedge fund expected return to 4.5%. In
this case there is no investment in the hedge fund
for almost all levels of risk aversion and maturity
horizons. It is only for high levels of risk aversion
and longer times to maturity that the investor
begins to put money in the risk-free asset. When
the risk aversion is 5 and the horizon is 24
months, the investor puts 88% in the core equity
portfolio, 2% in the hedge fund, and 10% in the
risk-free asset. To some extent the hedge fund
and the risk-free assets are substitutes. A similar
point has been made by Cvitanic et al. (2003).

In Table 9 we examine the optimal strategy as-
suming we start in regime 2. In the top panel we
do not adjust the hedge fund returns. For the
one-month horizon the risk-free asset dominates
for all levels of risk aversion. At the one-year ho-

rizon the hedge fund and the core equity portfolio
are both attractive for low levels of risk aversion.
For the 24- and 36-months horizon the optimal
portfolio consists only of equity and the hedge
fund. At low levels of risk aversion the equity port-
folio dominates, but for higher levels the hedge
fund becomes more attractive. Note that for
longer horizons the allocations in the top panel
of Table 9 are very similar to those in the top
panel of Table 8. This implies that the effect of
the initial regime wears off after one year or so.

In the next two panels, where we reduce as-
sumed expected returns on the hedge fund, the
hedge fund disappears from the optimal portfolio
for all horizons and all levels of risk aversion.

Table 10 shows the corresponding allocation
when there is a 50% probability of starting in ei-
ther regime. We first discuss the top panel. As the
maturity horizon lengthens, there is an increas-
ing probability that the process will spend time
in regime 1 and the optimal portfolio will consist
of the S&P 500 and the hedge fund. As risk aver-
sion increases there is an increasing allocation to
the hedge fund.

In the second panel when the hedge fund ex-
pected returns are reduced by 3% the optimal
portfolio includes the hedge fund only at the
longer durations and the higher levels of risk
aversion. For the two-year horizon and risk aver-
sion of four the optimal allocations are 76% in
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Table 9
Optimal Allocation across Core Equity Portfolio, Hedge Fund, and Risk-Free Asset for Different

Holding Periods Assuming We Start in Regime 2

T 1 Month 12 Months 24 Months 36 Months

RRA S&P hdg rf S&P hdg rf S&P hdg rf S&P hdg rf

1. No Allowance for Bias in the Hedge Fund Returns

2
3
4
5

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

1.00
1.00
1.00
1.00

0.51
0.33
0.25
0.21

0.49
0.66
0.49
0.38

0.00
0.01
0.26
0.41

0.53
0.35
0.26
0.19

0.47
0.65
0.74
0.81

0.00
0.00
0.00
0.00

0.54
0.35
0.26
0.20

0.46
0.65
0.74
0.80

0.00
0.00
0.00
0.00

2. Assuming Reduction in Hedge Fund Expected Returns of 3% pa

2
3
4
5

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

1.00
1.00
1.00
1.00

0.79
0.53
0.40
0.32

0.00
0.00
0.00
0.00

0.21
0.47
0.60
0.68

1.00
0.90
0.68
0.54

0.00
0.00
0.00
0.00

0.00
0.10
0.32
0.46

1.00
1.00
0.75
0.60

0.00
0.00
0.09
0.08

0.00
0.00
0.16
0.32

3. Assuming Reduction in Hedge Fund Expected Returns of 4.5% pa

2
3
4
5

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

1.00
1.00
1.00
1.00

0.79
0.53
0.40
0.32

0.00
0.00
0.00
0.00

0.21
0.47
0.60
0.68

1.00
0.90
0.68
0.54

0.00
0.00
0.00
0.00

0.00
0.10
0.32
0.46

1.00
1.00
0.78
0.63

0.00
0.00
0.00
0.00

0.00
0.00
0.22
0.37

Table 10
Optimal Allocation across Core Equity Portfolio, Hedge Fund, and Risk-Free Asset for Different

Holding Periods Assuming There Is an Equal Chance of Starting in Either Regime

T 1 Month 12 Months 24 Months 36 Months

RRA S&P hdg rf S&P hdg rf S&P hdg rf S&P hdg rf

1. No Allowance for Bias in the Hedge Fund Returns

2
3
4
5

0.17
0.11
0.08
0.07

0.00
0.00
0.00
0.00

0.83
0.89
0.92
0.93

0.53
0.34
0.25
0.20

0.47
0.66
0.75
0.80

0.00
0.00
0.00
0.00

0.55
0.35
0.26
0.20

0.45
0.65
0.74
0.80

0.00
0.00
0.00
0.00

0.56
0.35
0.26
0.20

0.44
0.65
0.74
0.80

0.00
0.00
0.00
0.00

2. Assuming Reduction in Hedge Fund Expected Returns of 3% pa

2
3
4
5

0.17
0.11
0.08
0.07

0.00
0.00
0.00
0.00

0.83
0.89
0.92
0.93

1.00
0.93
0.71
0.57

0.00
0.00
0.00
0.00

0.00
0.07
0.29
0.43

1.00
1.00
0.76
0.60

0.00
0.00
0.24
0.24

0.00
0.00
0.00
0.16

1.00
1.00
0.77
0.61

0.00
0.00
0.23
0.33

0.00
0.00
0.00
0.06

3. Assuming Reduction in Hedge Fund Expected Returns of 4.5% pa

2
3
4
5

0.17
0.11
0.08
0.07

0.00
0.00
0.00
0.00

0.83
0.89
0.92
0.93

1.00
0.93
0.71
0.57

0.00
0.00
0.00
0.00

0.00
0.07
0.29
0.43

1.00
1.00
0.86
0.69

0.00
0.00
0.00
0.00

0.00
0.00
0.14
0.31

1.00
1.00
0.90
0.73

0.00
0.00
0.00
0.00

0.00
0.00
0.10
0.27

the S&P 500 and 24% in the hedge fund. In the
third panel where we penalize the hedge fund ex-
pected returns by 4.5%, the hedge fund is never
included in the optimal portfolio.

Overall we see that the investment in the hedge
fund depends heavily on the assumed expected re-
turn. If there is no allowance for bias, there is a
significant allocation to the hedge fund. In this
case the hedge fund weight increases with time

to maturity and level of risk aversion. If we reduce
the assumed expected return on the hedge fund,
the optimal allocation quickly declines.

It is clear that the optimal portfolio allocations
are extremely sensitive to our assumptions about
the expected return vector. This phenomenon is
also a feature of the standard mean variance case
where several authors (see Jobson and Korkie
(1980), (1981); Heath Windcliff and Boyle
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Table 11
Comparison of Historical VaR and VaR Based

on the Regime-Switching Model for Six Hedge
Fund Strategies

Fund
Historical

VaR
Regime-

Switching VaR
Multiple of
Historical

Convertible Arbitrage
Event Driven
Risk Arbitrage
Distressed
Fixed Income Arbitrage
Multi-Strategy

1.79
1.25
1.30
1.37
1.36
1.55

2.98
11.16
3.16

12.88
4.01
4.91

1.66
8.93
2.43
9.40
2.95
3.17

(2004)) have shown that the portfolio allocations
are very sensitive to the assumed expected return
vector. Garlappi, Uppal, and Wang (2007) have
proposed a method to deal with estimation risk
in the standard mean variance model. It is much
more challenging to allow for estimation risk in
our more complicated model. Ideally we should
consider the entire distribution, which involves
all the parameters. In our case the asset with the
highest volatility is the S&P 500, but all the ad-
justments were made to the expected return on
the hedge fund, and we ignored estimation risk
in the S&P 500 returns. It seems intuitive that
when we introduce parameter uncertainty arising
from estimation risk this should have a more sig-
nificant effect on the S&P 500 return than the
hedge fund. An investor concerned about param-
eter uncertainty will therefore tend to reduce the
allocation to the S&P 500 relative to the other
two asset classes. We plan to explore this issue in
subsequent research.

6.1 Why Do More Risk-Averse
Investors Put More into the Hedge
Funds

It is a somewhat puzzling feature of our results
that more risk-averse investors tend to put more
in the hedge fund than less risk-averse inves-
tors.21 This is certainly true in the case of Table
8, where the system is assumed to start in regime
1. This somewhat counterintuitive result has been
noted before by Cvitanic et al. (2003). There are
two factors that may help explain this result.

First, we have used an index of hedge fund re-
turns and not the returns on the individual hedge
funds. When we form an index of securities, we
reduce the variance even if the returns on the
individual securities are positively correlated.22

This means that the volatility we have used to rep-
resent the hedge fund, which is based on the in-

21 We thank the referee for highlighting this issue.
22 Suppose we have N stocks, each with variances �2, and all the
pairwise correlations are equal to �. In this case the variance of the
equally weighted portfolio of N stocks is

2� 1 2� 1 � �� .� �N N

For example, if � � 0.10, � � 0.60, N � 100, then the standard
deviation of the equally weighted portfolio is 7.77%, whereas each
stock has a standard deviation of 10%.

dex, is lower than the volatility of a typical fund.
The reason why the proportion allocated to hedge
funds increases as the investor becomes more risk
averse for the event-driven strategy is because
this strategy has a low volatility of 5.6%. Just as
in the Markowitz model, assets with low volatili-
ties are desirable.

Second, we have seen in Table 2 that hedge
fund returns are nonnormal and that in some
cases they have considerable negative skewness.
The risks associated with these types of return
distribution are not well captured by volatility and
may be better captured by other types of risk
measure such as Value at Risk (VaR) or Condi-
tional Tail Expectation (CTE). One way of high-
lighting the importance of the left-tail risk is to
compare the estimates of VaR computed from the
historical experience with the prospective esti-
mates based on the regime-switching models es-
timated from the very same set of historical data.
These comparisons are given in Table 11. We have
estimated the one-month 95% VaR based on
the historical data and on the regime-switching
model assuming we are in regime 2.

We see that when the system is in regime 2 the
VaR can be as much as nine times the VaR based
on the historical data. An investor with concerns
about this left-tail risk would not find this distri-
bution of returns attractive. Our methodology,
which is based on the maximization of expected
utility, does not focus on this left-tail risk, al-
though the regime-switching model does a better
job of incorporating poor returns than the stan-
dard lognormal assumption. This left-tail risk may
be of great concern to some investors, for exam-
ple, a pension fund. If we were to rank investors’
preferences solely in terms of their aversion to
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this type of risk, then our previous conclusions
would no longer hold. However, in practice inves-
tors also care about positive returns, so there
should be tradeoff. It is possible to extend the
optimization approach to incorporate a VaR-type
constraint (see, e.g., example Basak and Shaprio
(2001) and Boyle and Tian (2007)), but we do not
pursue this issue here.

As a final comment on this issue, we remark
that there is evidence that hedge fund returns in
general are becoming lower and more correlated
with the market over time (Chan et al. (2007)).
We also know from standard mean variance the-
ory that both of these effects, lower expected re-
turn and higher correlation with the market, will
tend to diminish the attractiveness of hedge fund
investments as a substitute for the risk-free asset.
These secular changes are consistent with the
fact that our estimates for the optimal allocation
to hedge funds are generally lower than those ob-
tained by Cvitanic et al. (2003), who used data
for the period 1996–2000.

7. CONCLUSION

This paper developed a simple method to esti-
mate the optimal allocation to a hedge fund. We
used a bivariate regime-switching model to cap-
ture the joint dynamics of the hedge fund return
and the return on the market portfolio. We cali-
brated our model to the empirical data and
stressed some limitations of the hedge fund re-
turn dataset. We derived a simple optimization
procedure based on the expected utility paradigm
and developed several sets of numerical results
based on different time horizons, different risk
aversion assumptions, and varying assumptions
about the hedge fund expected returns.

We demonstrated how the optimal allocation
depended on the investors’s risk aversion and the
horizon as well as the starting regime. We also
found that the allowance made for bias in the
hedge fund expected returns had a huge impact
on the portfolio allocations. The optimal weights
are extremely sensitive to the assumed hedge
fund expected return in the optimization proce-
dure. If we allow for the bias in hedge fund ex-
pected returns, then hedge funds tend to disap-
pear from the optimal portfolio. Our optimization
approach does not place emphasis on the left-tail
risk: a risk that may be of great concern to cer-

tain investors. In addition, our model is based on
the assumption that the future will be similar to
the past. Despite its limitations we hope that the
approach presented here may be of practical
interest.
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APPENDIX

FORMULA FOR LOGNORMAL DISTRIBUTION

This Appendix gives the expression for the the bivariate lognormal distribution used in the paper.
The market index (S) and the hedge fund (H) are assumed to follow two correlated geometric Brown-

ian motions under the � measure. The stochastic differential equations are

dS � S (�̄ dt � � dW (t)),t t S S 1

dH � H (�̄ dt � � dW (t)),t t H H 2

where the correlation between the Weiner processes is �.
The market index ST and market value of the hedge fund HT at some future time T follow a bivariate

lognormal distribution given by

http://www.globalderivatives.com/docs/HedgeFundStrategies
http://www.globalderivatives.com/docs/HedgeFundStrategies


22 NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 11, NUMBER 4

22S �T S1 �1 ln � �̄ � T� � � � � �Sf(S , H �S , H ) � � exp S 2T T 0 0 022 2(1 � � )2
S H � � T�1 � �T T S H � 	 2� TS

22 2 2S � H � H �T S T H T H2� ln � �̄ � T ln � �̄ � T ln � �̄ � T� � � � � �� � � � � � � � � � � �S H HS 2 H 2 H 20 0 0
� � .
�2� � T � TS H H

We have
2S �T SE ln � �̄ � T,� � �
 � �SS 20

2H �T HE ln � �̄ � T.� � �
 � �HH 20

In the paper we estimated the mean from the log of one plus the returns. (See title of Table 1.) So
the �’s used in the paper are related to the as follows:�̄’s

2�S� � �̄ � ,� �S S 2
2�H� � �̄ � .� �H H 2

Discussions on this paper can be submitted until April 1, 2008. The authors reserve the right to reply to any
discussion. Please see the Submission Guidelines for Authors on the inside back cover for instructions on the
submission of discussions.


