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THE TIME OF RECOVERY AND THE MAXIMUM
SEVERITY OF RUIN IN A SPARRE ANDERSEN MODEL

Shuanming Li*

ABSTRACT

Phase-type distributions are one of the most general classes of distributions permitting a Markovian
interpretation. Sparre Andersen risk models with phase-type claim interarrival times or phase-type
claims can be analyzed using Markovian techniques, and results can be expressed in compact
matrix forms. Computations involved are readily programmable in practice.

This paper studies some quantities associated with the first passage time and the time of ruin
in a Sparre Andersen risk model with phase-type interclaim times. In an earlier discussion the
present author obtained a matrix expression for the Laplace transform of the first time that the
surplus process reaches a given target from the initial surplus. Using this result, we analyze (1)
the Laplace transform of the recovery time after ruin, (2) the probability that the surplus attains
a certain level before ruin, and (3) the distribution of the maximum severity of ruin. We also give
a matrix expression for the expected discounted dividend payments prior to ruin for the Sparre
Andersen model in the presence of a constant dividend barrier.

1. INTRODUCTION

Much of the literature on ruin theory is concentrated on classical risk theory, in which the insurer
starts with an initial surplus and collects premiums continuously at a constant rate, while the aggregate
claims process follows a compound Poisson process. Andersen (1957) let claims occur according to a
more general renewal process and derived an integral equation for the corresponding ruin probability.
Since then, random walks and queuing theory have provided a more general framework, which has led
to explicit results in the case where the interclaim times or the claim severities have distributions
related to the Erlang or phase-type distributions.

The Sparre Andersen model with Erlang interclaim times has been studied by Li and Garrido (2004)
and Gerber and Shiu (2005). Willmot (1999) and Li and Garrido (2005) study the ruin probability and
the Gerber-Shiu function in a Sparre Andersen model with interclaim times being Kn distributed. The
Sparre Andersen model with phase-type interclaim times has been studied by Schmidli (2005), Al-
brecher and Boxma (2005), and Ren (2007). Asmussen (2000), Avram and Usabel (2004), Drekic et
al. (2004), and Ng and Yang (2005) study the ruin probability and the distribution of the severity of
ruin in risk models with phase-type claims. Willmot (2007) and Landriaut and Willmot (2008) study
the Gerber-Shiu function in a Sparre Andersen model with general interclaim times.

As mentioned in Bladt (2005), phase-type distributions constitute a class of distributions on a pos-
itive real axis that seems to strike a balance between generality and tractability. Phase-type distributions
have rational Laplace transforms and include combinations and mixtures of exponential and Erlang
distributions as special cases. A phase-type distribution inherits the special structure from the Markov
property of the underlying continuous-time Markov chain. Moreover, as stated in Ko and Ng (2007),
the class of phase-type distributions is one of the classes of distributions that are dense in the class of
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all positive distributions so that any distribution may be approximated arbitrarily closely by a suitable
phase-type distribution. A Sparre Andersen model with phase-type interclaims can be analyzed using
both renewal theory and Markovian techniques, and this makes many derivations possible. Many results
in the classical risk model can be extended to the Sparre Andersen model with phase-type interclaim
times, and these results may be written in compact matrix forms.

We now consider a continuous-time Sparre Andersen model in which the surplus process is
N(t)

U(t) � u � ct � X , t � 0, (1.1)� i
i�1

where u � 0 is the initial surplus, and c � 0 is the premium income rate, while the random sum
represents aggregate claims. The Xi’s are i.i.d. random variables with common distribution function
(d.f.) P(x) � �(X � x)(P(0) � 0) and density function p(x) � P�(x). Xi represents the ith claim amount.
The Laplace transform (LT) of p is denoted as � e�sxp(x) dx. The renewal process {N(t); t ��p(s) �ˆ 0

0} denotes the number of claims up to time t and is independent of {Xi}i�1.
For k � 1, 2, . . . , let Vk denote the time when the kth claim occurs. Let W1 � V1 and Wi � Vi �

Vi�1 for i � 2, 3, . . . . We assume that W1, W2, . . . are independent, and the interclaim times W2,
W3, . . . have a common distribution function A(x) � �(W � x) and density function a(x) � A�(x).
Denote by (s) � e�sxa(x) dx the LT of a. Further assume that c�[W] � �[X], providing a positive�a �ˆ 0

safety loading factor.
In this paper we assume that the distribution of the interclaim times A is phase-type with represen-

tation ( B), where B � is an n � n matrix with bi,i 	 0, bi, j � 0 for i 
 j, and bi, j � 0
→ n n�, (b ) �i, j i, j�1 j�1

for any i � 1, 2, . . . , n, � (�1, �2, . . . , �n) with �i � 1. Then
→ n� �i�1

→ →tB �A(t) � 1 � �e e , t � 0,
→→ tB �a(t) � �e b , t � 0,

→→ �1 �a(s) � �(sI � B) b ,ˆ
� → →�1 ��[W] � � t a(t)dt � ��B e ,
0

where is a row vector of length n with each element being 1, I is the n � n identity matrix, and
→→ �e b

� �
→�Be .

It follows that W corresponds to the time to absorption in a terminating continuous-time Markov
chain {J(t)}t�0 with n � 1 states, one of which is absorbing. The state space of {J(t)} is {1, 2, 3,t�0

. . . , n, 0} � E � {0}, and the initial distribution is (�1, �2, . . . , �n, 0). The generator of {J(t)}t�0 is
→

�B b .� �0 0

A detailed introduction to phase-type distributions and their properties can be found in Neuts (1981)
and Asmussen (1992), and references therein.

Note that W1 may not follow the same distribution as the interclaim times. In the case of an ordinary
renewal risk process, W1 follows the distribution A: that is to say, a claim has taken place at time 0,
and u is the surplus after the claim is paid. For i � E, if J(0) � i, then W1 follows a distribution with
density function where is a 1 � n row vector with the ith element being 1 and all other

→→ →tB �e e b , ei i

elements being 0. In this paper we use � to denote the probability measure when the surplus process
is an ordinary renewal risk process and �i to denote the probability measure given J(0) � i: that is,
the density function of W1 is � and �i represent expectation operators under � and �i,

→→ tB �e e b .i

respectively.
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Let T denote the time of ruin,

T � inf{t � 0; U(t) 	 0}

(T � � if ruin does not occur). Define

�(u) � �(T 	 ��U(0) � u), u � 0,

as the infinite-horizon ruin probability in the corresponding ordinary renewal risk model. Define

� (u) � � (T 	 ��U(0) � u), i � E, u � 0,i i

to be the ruin probability given that the initial state is i. Then
→→

�(u) � ��(u), (1.2)

where (u) � (�1(u), �1(u), . . . , �n(u))�. In Section 3 each �i(u) will be further decomposed into
→
�

n components according to the state at the time of recovery after ruin.
Li (2008) obtained a matrix exponential expression for the Laplace transform of the first time when

the surplus attains a given level. The matrix K has the same eigenvalues as the matrix Q defined in
Ren (2007), who shows that Q plays an important role in the discounted joint distribution of the surplus
before ruin and the deficit at ruin. In this paper we show how K can be used to extend some existing
results from the classical risk model to a Sparre Andersen model with phase-type interclaim times.

Section 2 reviews the result obtained in Li (2008): the Laplace transform of the first time that the
surplus hits a certain level. Using this result, the Laplace transform of the time of recovery is obtained
in Section 3. The probability that the surplus attains a certain level before ruin and the probability
that ruin occurs without the surplus ever reaching a certain level are obtained in Section 4. Section 5
gives an expression for the distribution of the maximum severity of ruin. The expected discounted
dividend payments prior to ruin for the model modified by adding a constant dividend barrier is studied
in Section 6.

2. WHEN DOES THE SURPLUS ATTAIN A CERTAIN LEVEL?
For b � u, define

T � min{t � 0 � U(t) � b} (2.1)b

to be the first time when the surplus reaches level b, and define for � � 0

��TbR(u; b) � �[e �U(0) � u]

to be the Laplace transform of Tb. Further, define

��TbR (u; b) � � [e I(J(T ) � j)�U(0) � u], i, j � 1, 2, . . . , n,i, j i b

to be the Laplace transform of Tb and the state when the process hits b is j, given that the initial state
is i and the initial surplus is u. Then R(u; b) may be computed by

→ →�R(u; b) � �R(u; b)e , (2.2)

where R(u; b) � (Ri, j(u; b)) .n
i, j�1

It follows from Li (2008) that

�K(b�u)R(u; b) � e , u � b, (2.3)

and
→ →�K(b�u) �R(u; b) � �e e , u � b, (2.4)
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where K is an n � n matrix that satisfies the following equation:
�→ →� �KxcK � (�I � B) � b � � p(x)e dx. (2.5)
0

To solve the matrix equation above, we let

→� 1 1 →�L (s) � s � I � B � p(s)b �.ˆ� �� c c c

It follows from Ren (2007) that the solutions to the equation

det[L (s)] � 0 (2.6)�

and the solutions to Lundberg’s fundamental equation

a(� � cs)p(s) � 1 (2.7)ˆ ˆ
are identical. It can be proved by Rouché’s theorem that equation (2.7) has exactly n solutions, denoted
as �1, �2, . . . , �n, in the right half of the complex plane. In the following discussion we assume that
these n solutions are distinct.

Li (2008) shows that
�1K � H�H , (2.8)

where � � diag(�1, �2, . . . , �n) and H � ( . . . , ), with column vector being an eigenvector
→ → → →
h , h , h h1 2 n i

of L�(�i) corresponding to the eigenvalue 0, that is, L�(�i) � , for i � 1, 2, . . . , n. Then
→ →
h 0i

→ →��(b�u) �1 �R(u; b) � �He H e , u � b. (2.9)

When � � 0, Ri, j(u; b) simplifies to the probability that the surplus first hits b at state j from the
initial state i and the initial surplus u, that is,

R (u; b) � � (J(T ) � j�U(0) � u), i, j � 1, 2, . . . , n.i, j i b

In this case we denote R0(u; b) � (Ri, j(u; b)) It follows from (2.3) thatn .i, j�1

�K (b�u)0R (u; b) � e , u � b, (2.10)0

where matrix K0 satisfies the following matrix equation:
�→ →� �K x0cK � �B � b � � e p(x) dx. (2.11)0
0

EXAMPLE 1 (Erlang(n) Interclaim Times)

When the distribution of interclaim times is Erlang(n) with parameter 	, we have � (1, 0, 0, . . . ,
→
�

0), � (0, 0, . . . , 0, 	), and
→
b

�	 	 0 ... 0
0 �	 	 ... 0B � .
� � � � �� 	
0 0 0 ... �	

It is easy to show that L�(s) has the following form:

cs � (	 � �) 	 0 ... 0 0
0 cs � (	 � �) 	 ... 0 01 . .L (s) � � 0 . . � � ,� . .c
� � ... 0 cs � (	 � �) 	� 	

	p(s) 0 ... ... 0 cs � (	 � �)ˆ
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and H is a Vandermonde matrix having the following form:

1 1 ... ... 1

	 � � � c� 	 � � � c� 	 � � � c�1 2 n... ...
	 	 	

2 2 2
	 � � � c� 	 � � � c� 	 � � � c�1 2 nH � ... ... .� � � � � �	 	 	

� � � � �

n�1 n�1 n�1
	 � � � c� 	 � � � c� 	 � � � c�1 2 n... ...� � � � � �	 	 	

Then

n n � � �/c→ → j��(b�u) �1 � �� (b�u)iR(u; b) � �He H e � e . (2.12)� 
� �� � �i�1 j�1,j
i j i

3. THE TIME OF RECOVERY

In this section we extend the definition of the stopping time Tb as given by (2.1). For a real number
b, we now let Tb denote the time of the first upcrossing of the surplus process through the level b. For
b � u, the definition is same as in (2.1). For b 	 u, the surplus has to drop below the level b before
it can ever upcross through b. The stopping time T0 is called the time of recovery; it is the first time
the surplus reaches zero after ruin. The definition of the time of recovery for the classical risk model
can be found in Gerber (1990), Egı́dio dos Reis (1993), and Gerber and Shiu (1998), and the references
therein. As presented in Gerber (1990), sometimes the event ruin has a very small probability, and the
surplus process we are investigating is from one out of many existing lines of insurance business in the
company. The company has enough funds available to support some negative surplus for some time,
in the hope that the surplus will recover in the future, allowing the company to keep this line of
business alive. The purpose of this section is to study how long it takes for the surplus process to return
to zero. See Picard (1994) for more interpretation of the time of recovery.

Now define for � � 0

��T0
(u) � �[e I(T 	 �)�U(0) � u], u � 0,

to be the Laplace transform of T0 with argument �. Further define

��T0
 (u) � � [e I(J(T ) � j, T 	 �)�U(0) � u], i, j � E, u � 0,i, j i 0

to be the Laplace transform of the time of recovery if the process upcrosses 0 at state j after ruin given
that the surplus starts from an initial state i and initial surplus u. Then

→ →�
(u) � ��(u)e , (3.1)

where �(u) � (
i, j(u)) .n
i, j�1

In particular, when � � 0, 
(u) simplifies to ruin probability �(u) and 
i, j(u) simplifies to the prob-
ability of ruin with the state of recovery being j given that the surplus starts from initial state i and
initial surplus u. We use �i, j(u) to denote 
i, j(u) when � � 0, that is,

� (u) � � (J(T ) � j, T 	 ��U(0) � u), i, j � E, u � 0.i, j i 0
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Then �i(u) can be decomposed as
n

� (u) � � (u), i � 1, 2, . . . , n.�i i, j
j�1

In matrix notation,
→ →��(u) � �(u)e , (3.2)

→ →��(u) � ��(u)e , (3.3)

where �(u) � (�i, j(u)) .n
i, j�1

Theorem 1
��T�KU(T)�(u) � �[e I(T 	 �)�U(0) � u]. (3.4)

PROOF

Define
��T0
 � �[e I(T 	 �, J(T ) � j)�U(0) � u], u � 0, j � E.�, j 0

Then 
�, j � �(u) . It follows from (2.3) that
→ →�� e j

→ →��(T �T) KU(T) �0�[e I(J(T ) � j)�T 	 �, U(T)] � �e e . (3.5)0 j

Then by using the law of iterated expectation and (3.5), we have
��T0
 (u) � �[e I(T 	 �, J(T ) � j)�U(0) � u]�, j 0

��T ��(T �T)0� �[e e I(T 	 �, J(T ) � j)�U(0) � u]0

→ →��T KU(T) �� �[e �e e I(T 	 �)�U(0) � u]j

→ →��T�KU(T) �� ��[e I(T 	 �)�U(0) � u]e . (3.6)j

Since 
�, j � �(u) holds true for any and for any j � E, then we conclude that �(u) has an
→ → →�� e �j

expression in (3.4). �

REMARKS

1. For the case n � 1, the risk model reduces to the classical compound Poisson model, and accordingly
formula (3.6) becomes

��T��U(T)
(u) � �[e I(T 	 �)�U(0) � u], (3.7)

where � satisfies the following equation:
�

��xc� � (	 � �) � 	 � p(x)e dx � 0.
0

Equation (3.7) is in agreement with equation (6.4) in Gerber and Shiu (1998).
2. When � � 0, �(u) simplifies to �(u), and (3.4) simplifies to

K U(T)0�(u) � �[e I(T 	 �)�U(0) � u]. (3.8)

Further, if n � 1, K0 simplifies to 0, then �(u) simplifies to ruin probability �(u).

Now we can rewrite
��T��U(T) �1�(u) � H�[e I(T 	 �)�U(0) � u]H

�1� H diag(� (u), � (u), . . . , � (u))H , (3.9)1 2 n
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where

��T� (u) � �[e � (U(T�), �U(T)�)I(T 	 �)�U(0) � u]i i

is a Gerber-Shiu function with penalty function �i(x, y) � for i � 1, 2, . . . , n.�� yie ,
The evaluation of the Gerber-Shiu function, first introduced in Gerber and Shiu (1998), is now one

of the main research problems in ruin theory. See Ren (2007) for a detailed literature review.

EXAMPLE 1 continued

We now revisit Example 1 in Section 2. It follows from (2.12) and (3.9) that

n n � � �/cj

(u) � � (u), u � 0. (3.10)� 
� � i� � �i�1 j�1,j
i j i

If claim amounts are exponentially distributed, p(x) � 
e�
x, then


 � � ��u� (u) � e ,i 
 � �i

where the adjustment coefficient �� 	 0 is the solution of (� � cs) (s) � 1. See Gerber and Shiua pˆ ˆ
(2005) or Willmot (2007) for a derivation of this result.

4. THE PROBABILITY THAT THE SURPLUS ATTAINS A CERTAIN LEVEL BEFORE RUIN

For b � u � 0, define

�(u; b) � � sup U(t) 	 b, T 	 ��U(0) � u� �
0�t�T

to be the probability that ruin occurs without the surplus reaching b prior to ruin in the ordinary
renewal risk model. Alternatively, �(u; b) can be viewed as the distribution of the maximum surplus
before ruin. Further, define

� (u; b) � � sup U(t) 	 b, T 	 �, J(T ) � j�U(0) � u , i � E,� �i, j i 0
0�t�T

to be the probability that ruin occurs from initial surplus u and the state at the time of recovery is j
without the surplus process reaching level b prior to ruin given that the process starts from initial state
i. Then

→ →��(u; b) � ��(u; b)e , 0 � u � b, (4.1)

where �(u; b) � (�i, j(u; b))n .i, j�1

For 0 � u � b and i, j � E, define �i, j(u; b) to be the probability that the surplus process attains
level b at state j from initial state i and initial surplus u without first falling below zero. Clearly,
�i, j(b; b) � I(i � j) for i, j � E. Then

→ →��(u; b) � �	(u; b)e , 0 � u � b, (4.2)

is the probability that the surplus process attains level b without first falling below zero in the corre-
sponding ordinary renewal risk model, where 	(u, b) � (�i, j(u; b)) with 	(b; b) � I.n

i, j�1

By considering whether or not the surplus reaches b(� u) before ruin, we have

n

� (u) � � (u; b) � � (u; b)� (b), i, j � E,�i, j i, j i,k k,j
k�1
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or in matrix notation,

�(u) � �(u; b) � 	(u; b)�(b). (4.3)

We will show that 	(u; b) can be expressed in terms of the ruin probability matrix �(u), and therefore
the distribution of the maximum surplus before ruin given in (4.10) can also be expressed in terms of
the ruin probability matrix.

For a 	 u 	 b, let Ta and Tb be two stopping times as defined in Section 3. For i, j � 1, 2, . . . , n,
we define the following two functions:

��TaA (a, b�u) � � [e I(T 	 T , J(T ) � j)�U(0) � u]i, j i a b a

and
��TbB (a, b�u) � � [e I(T � T , J(T ) � j)�U(0) � u].i, j i a b b

Ai, j(a, b�u) is the Laplace transform of the time for the surplus process to upcross level a at state j
before the process reaches level b from initial surplus u and initial state i, while Bi, j(a, b�u) is the
Laplace transform of the time to reach level b at state j for the first time provided that the process
has not dropped below a from initial surplus u and initial state i. In particular, when a � 0, Ai, j(0, b�u)
is the Laplace transform of the time of recovery at state j before the process ever reaches level b from
initial surplus u and initial state i, and Bi, j(0, b�u) is the Laplace transform of the time for the surplus
process to reach level b at state j before ruin has occurred from initial surplus u and initial state i. Let
A(a, b�u) � (Ai, j(a, b�u)) and B(a, b�u) � (Bi, j(a, b�u)) .n n

i, j�1 i, j�1

Use the same methodology in Section 6 of Gerber and Shiu (1998), we have the following results:

A(a, b�u) � A(a � c, b � c�u � c),

B(a, b�u) � B(a � c, b � c�u � c), ∀c � �,

A(a, ��u) � lim A(a, b�u) � lim A(0, b � a�u � a) � 
(u � a), (4.4)
b→� b→�

B(��, b�u) � R(u; b). (4.5)

Furthermore, for a � u 	 b 	 b�, we have
n

A (a, b��u) � A (a, b�u) � B (a, b�u)A (a, b��b),�i, j i, j i,k k,j
k�1

n

B (��, b�u) � B (a, b�u) � A (a, b�u)B (��, b�a),�i, j i, j i,k k,j
k�1

which can be rewritten in the matrix form

A(a, b��u) � A(a, b�u) � B(a, b�u)A(a, b��b), (4.6)

B(��, b�u) � B(a, b�u) � A(a, b�u)B(��, b�a). (4.7)

Substituting (4.4) and (4.5) in (4.6) and (4.7) and setting a � 0 and b� � �, we have

�(u) � A(0, b�u) � B(0, b�u)�(b), (4.8)

R(u; b) � A(0, b�u)R(0; b) � B(0, b�u). (4.9)

By combining (4.8) and (4.9), we obtain
�1A(0, b�u) � [�(u) � R(u; b)�(b)][I � R(0; b)�(b)]

�K(b�u) �Kb �1� [�(u) � e �(b)][I � e �(b)] , (4.10)
�1B(0, b�u) � [R(u; b) � �(u)R(0; b)][I � �(b)R(0; b)]

Ku Kb �1� [e � �(u)][e � �(b)] , 0 � u � b. (4.11)
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It follows from (3.9) that B(0, b�u) can be rewritten as
� u � u1 ne � � (u) e � � (u)1 n �1B(0, b�u) � H diag , . . . , H .� �� b � b1 ne � � (b) e � � (b)1 n

REMARKS

1. When n � 1, matrix K simplifies to �, �(u) simplifies to the Laplace transform of the time of recovery
in the classical risk model, and equations (4.10) and (4.11) simplify to

�b �u �ue 
(u) � e 
(b) e � 
(u)
A(0, b�u) � , B(0, b�u) � .

�b �be � 
(b) e � 
(b)

These two formulas are (6.24) and (6.25) in Gerber and Shiu (1998).
2. When � � 0, we can see 	i, j(u; b) � Bi, j(0, b�u) for i, j � 1, 2, . . . , n, and we have from (4.11) that

K u K b �10 0	(u; b) � [e � �(u)][e � �(b)] , 0 � u � b. (4.12)

It follows from (4.3) that

�(u; b) � �(u) � 	(u; b)�(b)
K u K b �10 0� �(u) � [e � �(u)][e � �(b)] �(b). (4.13)

Finally, equation (4.1) gives
→ →K u K b �1 �0 0�(u; b) � �{�(u) � [e � �(u)][e � �(b)] �(b)}e . (4.14)

In particular, when n � 1, the model simplifies to the classical risk model, �(u) simplifies to �(u),
and K0 simplifies to 0, then equation (4.14) gives

�(u) � �(b)
�(u; b) � , 0 � u � b.

1 � �(b)

This formula can be found in Dickson and Gray (1984).

5. THE DISTRIBUTION OF THE MAXIMUM SEVERITY OF RUIN

In this section we allow the surplus process to continue if ruin occurs, and consider the insurer’s
maximum severity of ruin, which describes the worst situation the company would experience before
reaching the time of recovery. Since we assume that the positive loading condition holds, it is certain
that the surplus process will attain this level after ruin. For the classical risk model, Picard (1994)
gives an explicit expression in terms of the ruin probability for the distribution of the maximum severity
of ruin. Li and Dickson (2006) study the distribution of the maximum severity of ruin for the Sparre
Andersen risk model with Erlang claim interarrival times. Li and Lu (2008) study the distribution of
the maximum severity of ruin in a Markov-modulated risk model.

In Section 3 T0 is defined to be the time of recovery after ruin, that is,

T � inf{t � t � T, U(t) � 0},0

and define

M � sup{�U(t)�, T � t � T }u 0

to be the maximum severity of ruin. Let

F(z; u) � �(M � z�T 	 �), z � 0,u

denote the distribution function of the maximum severity of ruin given that ruin occurs.
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It follows from the reasoning in Dickson (2005, p. 164) that

z→ →�� � g(y�u)	(z � y; z) dy ez
0g(y�u)

F(z; u) � � �(z � y; z) dy � ,
0 �(u) �(u)

where �(u) � �(u) and g(y�u) � �G(y�u)/�y with
→ →�� e

G(y�u) � �(T 	 �, �U(T)� � y�U(0) � u), u, y � 0,

being the probability that ruin occurs and the deficit at ruin is at most y given that the initial surplus
is u.

It follows from (4.12) that

z→ →K (z�y) K z �1 �0 0� � g(y�u)[e � �(z � y)] dy [e � �(z)] e
0

F(z; u) � . (5.1)
�(u)

To evaluate the integral above, we consider a surplus process starting from initial surplus u � z.
Conditioning on the amount by which the surplus drops below level z for the first time, we can show
that

K U(T)0�(u � z) � �[e I(T 	 �)�U(0) � u � z]

has the following expression:

z �
K (z�y)0�(u � z) � � g(y�u)�(z � y) dy � � g(y�u)e dy. (5.2)

0 z

Then

z �
K (z�y) K (z�y)0 0� g(y�u)[e � �(z � y)] dy � � g(y�u)e dy � �(u � z)

0 0

�
K z �K y0 0� e � g(y�u)e dy � �(u � z).

0

Setting z � 0 in (5.2) gives

�
�K y0�(u) � � g(y�u)e dy.

0

Finally, we have
→ →K z K z �1 �0 0�[e �(u) � �(u � z)][e � �(z)] e

F(z; u) � . (5.3)
→ →���(u)e

REMARKS

1. When n � 1, K0 simplifies to zero and �(u) simplifies to the ruin probability �(u) for the classical
risk model. Then (5.3) simplifies to

�(u) � �(u � z)
F(z; u) � ,

[1 � �(z)]�(u)

which was first given in Picard (1990).
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2. When the distribution of interclaim times is Erlang(n) with parameter 	,
n n � zi�1 e � (u) � � (u � z)j i iF(z; u) � ,� 

� � � zi�(u) � � � e � � (z)i�1 j�1, j
i j i i

where �1 � 0, �2, . . . , �n are solutions of Lundberg’s equation (2.7) but with � � 0.

6. THE EXPECTED DISCOUNTED DIVIDEND PAYMENTS

Cheung (2007) studies the moments of the discounted dividend payments prior to ruin in a Sparre
Andersen model with phase-type claim interarrival times in the presence of a constant dividend barrier.
The purpose of this section is to obtain an alternative expression for the expectation of the discounted
dividend payments prior to ruin using the two functions obtained in Section 4.

Now we consider the surplus process (1.1) modified by the payment of dividends. When the surplus
exceeds a constant barrier b(� u), dividends are paid continuously so the surplus stays at the level b
until a new claim occurs. Let Ub(t) be the surplus process with initial surplus Ub(0) � u under the
above barrier strategy and define � inf{t � 0 � Ub(t) 	 0} to be the time of ruin. Let � � 0 be theT̄
force of interest for valuation and define

T̄
��tD � � e dD(t), 0 � u � b,u,b

0

to be the present value of all dividends until the time of ruin given that the initial surplus is u, whereT̄
D(t) is the aggregate dividends paid by time t. Define

V(u; b) � �[D �U (0) � u], 0 � u � b,u,b b

to be the expected present value of the dividend payments before ruin and define

V (u; b) � � [D �U (0) � u], 0 � u � b, i � E,i i u,b b

to be the expected present value of the dividend payment before ruin given the initial state is i and
the initial surplus is u. Then

→→
V(u; b) � �V(u; b), 0 � u � b,

where (u; b) � (V1(u; b), V2(u; b), . . . , Vn(u; b))�.
→
V

Since no dividend are payable unless the surplus reaches the level b before ruin occurs, we have, for
0 � u � b,

n

V (u; b) � B (0, b�u)V (b; b), i � E.�i i, j j
j�1

In matrix form,
→ →
V(u; b) � B(0, b�u)V(b; b), 0 � u � b.

It follows from Cheung (2007) that � (u; b)/�u�u�b � , then
→ →�V e

�1→ �B(0, b�u) → →� Kb Kb �1 �V(b; b) � e � [e � �(b)][Ke � ��(b)] e ,� � 
�u u�b
→ →Ku Kb �1 �V(u; b) � [e � �(u)][Ke � ��(b)] e , 0 � u � b,

and

→ →Ku Kb ��1V(u; b) � �[e � �(u)][Ke � ��(b)] e . (6.1)
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In particular, when n � 1, (6.1) simplifies to
�ue � 
(u)

V(u; b) � , 0 � u � b,
�b�e � 
�(b)

which is formula (7.5) in Gerber and Shiu (1998).
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DISCUSSION

XUEYUAN WU*
In this paper Dr. Li considered a Sparre Andersen risk process with phase-type claim interarrival times.
The main result obtained in Li (2008), which gives a matrix expression for the Laplace transform of
the first time that the surplus process reaches a given target from the initial surplus, was employed to
derive elegant matrix expressions for a number of interesting subjects: the Laplace transform of the
recovery time after ruin, the probability that the surplus attains a certain level before ruin, the distri-
bution of the maximum severity of ruin, and the expected discounted dividend payments prior to ruin
with a constant dividend barrier. The techniques employed in this paper can be used to study again
another interesting distribution, the discounted joint distribution of the surplus before ruin and the
deficit at ruin, which has been considered by Ren (2007). Ren’s equation 4.23, in terms of the matrix
Q, generalizes equation (5.1) of Gerber and Shiu (1997) and equations (3.1) and (3.2) of Dickson
(1992).

In this discussion we shall give an alternative expression for the discounted joint distribution of the
surplus before ruin and the deficit at ruin in terms of the matrix K and matrix �(u) obtained in Dr.
Li’s paper.

Given the initial surplus u and the initial state i, we define the joint density of the surplus before
ruin, the deficit at ruin, and the time of ruin by fi(x, y, t�u). For � � 0, define

�
��tf (x, y�u) � � e f (x, y, t�u)dt, i � E,i i

0

to be the ‘‘discounted’’ density of the surplus before ruin and the deficit at ruin and
�

f (x�u) � � f (x, y�u)dy, i � E,i i
0

to be the ‘‘discounted’’ density of the surplus before ruin. Furthermore, define
�

g (y�u) � � f (x, y�u)dx, i � E,i i
0

to be the ‘‘discounted’’ density function of the deficit at ruin given that the initial surplus is u and the
initial state is i. Obviously, we know

p(x � y)
f (x, y�u) � f (x�u) , i � E,i i P̄(x)

or in matrix form,

→ → p(x � y)
f (x, y�u) � f (x�u) , (D.1)

P̄(x)

where (x, y�u) � (f1(x, y�u), . . . , fm(x, y�u))� and (x�u) � (f1(x�u), . . . , fm(x�u))�.
→ →
f f

The discounted density of the surplus prior to ruin, for the ordinary renewal risk model, can be
calculated by

* Xueyuan Wu, PhD, is a lecturer at the Centre for Actuarial Studies, University of Melbourne, Victoria 3010, Australia,
xueyuanw@unimelb.edu.au.
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→→
f(x�u) � � f (x�u), (D.2)

and similarly the discounted density of the deficit at ruin equals
→→

g(y�u) � �g(y�u),

where (y�u) � g1(y�u), . . . , gm(y�u))�. Based on (D.1) and (D.2) we have
→
g

→ p(x � y)→
f(x, y�u) � � f (x, y�u) � f(x�u) . (D.3)

P̄(x)

Then a result for f(x�u) is given as follows:
→→ Ku �1�[e � �(u)][I � �(0)] f (x�0), 0 � u 	 x,→→f(x�u) � (D.4)� Kx �1�[e �(u � x) � �(u)][I � �(0)] f (x�0), x � u,

where (x�0) is determined by formula (3.7) in Ren (2007) and formula (D.1). In the following we shall
→
f

prove the above result. Note that for x � u � 0,
m

f (x�0) � B (0, u�0) f (x�u),�i i, j j
j�1

or in matrix form,
→ →
f (x�0) � B(0, u�0) f (x�u).

Then it follows from (4.18) in Dr. Li’s paper that
→ → →

�1 Ku �1f (x�u) � B (0, u�0) f (x�0) � [e � �(u)]I � �(0)] f (x�0),

and therefore for 0 � u 	 x,
→ →→ → Ku �1f(x�u) � � f (x�u) � �[e � �(u)][I � �(0)] f (x�0). (D.5)

For the case of u � x, the surplus has to drop below x at some time before ruin occurs. Conditioning
on the amount by which the surplus drop below x for the first time, we have

x

f(x�u) � � g(y�u � x)f(x�x � y)dy
0

x →→ K(x�y) �1� � � g(y�u � x)[e � �(x � y)]dy[I � �(0)] f (x�0) (D.6)
0

Using the same arguments as in deriving formula (5.23), we have
x �

K(x�y)�(u) � � g(y�u � x)�(x � y)dy � � g(y�u � x)e dy. (D.7)
0 x

In particular,
�

�Ky�(u) � � g(y�u)e dy. (D.8)
0

It follows from (D.7) and (D.8) that
x �

K(x�y) K(x�y)� g(y�u � x)[e � �(x � y)]dy � � g(y�u � x)e dy � �(u)
0 0

�
Kx �Ky� e � g(y�u � x)e dy � �(u)

0

Kx� e �(u � x) � �(u). (D.9)
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Substituting (D.9) into (D.6) gives
→→ Kx �1f(x�u) � �[e �(u � x) � �(u)][I � �(0)] f (x�0), u � x. (D.10)
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