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ON THE JOINT DISTRIBUTIONS OF THE TIME TO
RUIN, THE SURPLUS PRIOR TO RUIN, AND THE
DEeriCcIT AT RUIN IN THE CLASSICAL RiIsk MODEL

David Landriault* and Gordon E. Willmot®

ABSTRACT

The seminal paper by Gerber and Shiu (1998) unified and extended the study of the event of
ruin and related quantities, including the time at which the event of ruin occurs, the deficit at
the time of ruin, and the surplus immediately prior to ruin. The first two of these quantities are
fundamentally important for risk management techniques that utilize the ideas of Value-at-Risk
and Tail Value-at-Risk. As is well known, calculation of these and related quantities requires knowl-
edge of the associated probability distributions. In this paper we derive an explicit expression for
the joint (defective) distribution of the time to ruin, the surplus immediately prior to ruin, and
the deficit at ruin in the classical compound Poisson risk model. As a by-product, we obtain
expressions for the three bivariate distributions generated by the time to ruin, the surplus prior
to ruin, and the deficit at ruin. Finally, we consider mixed Erlang claim sizes and show how the
joint (defective) distribution of the time to ruin, the surplus prior to ruin, and the deficit at ruin
can be calculated.

1. INTRODUCTION

Analysis of loss random variables such as the probability of and the deficit at ruin is appropriate from
the viewpoint of risk management with respect to the given insurance portfolio. In particular, the deficit
at ruin is the relevant quantity for Value-at-Risk and Tail Value-at-Risk—type analyses, and the time at
which such deficit appears is obviously of paramount importance. By virtue of the fact that ruin is likely
to occur earlier rather than later, one concludes that the joint distribution of the time at which ruin
occurs and the deficit at ruin is of fundamental importance from a financial planning perspective. The
surplus prior to ruin is also relevant from the vantage point of early warning.

To quantify these concepts, we will use the classical compound Poisson risk model for which the
insurer’s surplus process {U(t), t = 0} is defined as

UE) = u + ct — S(©),

where u = 0 is the insurer’s initial surplus, ¢ is the positive level premium rate, and S(t) is the aggregate
claim amount up to time t. The aggregate claim amount process {S(t), t = 0} is assumed to be a
compound Poisson process with

NG
S(t) = 1:21 X, N@®) >0 ,
0, N@©) =0

* David Landriault, FSA, PhD, is an Assistant Professor in the Department of Statistics and Actuarial Science at the University of Waterloo, 200
University Ave. W., Waterloo, Ontario, Canada, N2L 3G1, dlandria@math.uwaterloo.ca.

T Gordon E. Willmot, FSA, FCIA, PhD, is Munich Re Professor in the Department of Statistics and Actuarial Science, University of Waterloo, 200
University Ave. W., Waterloo, Ontario, Canada, N2L 3G1, gewillmo@uwaterloo.ca.

252



ON THE JOINT DISTRIBUTIONS OF THE TIME TO RUIN 253

where the claim number process {N(t), t = 0} is a Poisson process with rate A > 0, and the claim sizes
{X;}i, are independent and identically distributed nonnegative r.v.’s with common density p, cumu-
lative distribution function (c.d.f.) P() = 1 — P(*), and Laplace transform p (s) = [; e *p(y) dy. The
claim number process {N(t), t = 0} is assumed to be independent of the claim size r.v.’s {X;}7,.

Let T be the time to ruin for the surplus process {U(t), t = 0} defined as T = inf{t = 0:U(¢t) < 0}
with T = o0 if ruin does not occur (i.e., U(t) = O for all t = 0). Of particular interest in ruin theory is
the analysis of the Gerber-Shiu discounted penalty function, defined as

m(u) = Ele”*w(U(T"),

UMDPUT < )|UO) = ul,

where 8(8 = 0) is a force of interest, w is the so-called penalty function, and 1(A) is the indicator
function of the event A. An operator known as the Dickson-Hipp operator T, with Re r = 0 (see, e.g.,
Dickson and Hipp 2001) and defined as

e’

TA) = | e d

Vv

for an arbitrary integrable function f plays a key role in the analysis of the expected discounted penalty
function m(u). Indeed, letting p be the unique nonnegative solution of the generalized Lundberg
equation
A+ 3
c

o>

p(s), (1.1)

— s =

Gerber and Shiu (1998) first showed that {m(u), u = 0} satisfies a defective renewal equation of the
form

m@) = &, | mGu ~ yay) dy + Ty, (1.2)
where
by = = TTp(0) < 1, (1.3)
T
ay(v) = #&’3) v=0, (1.4)
0%p
and

vo =2 [ ey ~wpey dy. w=o0,

An extensive literature exists on the analysis of various ruin-related quantities in the framework of
the classical compound Poisson risk model (see, e.g., Gerber and Shiu 1997, 1998; Grandell 1991;
Rolski et al. 1999). Among these ruin-related quantities, the derivation of the (defective) density of
the time to ruin has received considerable interest in recent years. Indeed, assuming that the claim
sizes are exponentially distributed, Drekic and Willmot (2003) and Dickson et al. (2005) derived an
expression for the density of the time to ruin in the classical compound Poisson risk model and in the
Sparre Andersen risk model (with Erlang interclaim times), respectively. Also relying on an inversion
method of the Laplace transform of the time to ruin, Dickson and Willmot (2005) later derived an
expression for the density of the time to ruin in the classical compound Poisson risk model with
arbitrary claim sizes. In this paper we generalize the result of Dickson and Willmot (2005) and identify
an expression for the joint distribution of the time to ruin T, the surplus prior to ruin U(T7), and the
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deficit at ruin |U(T)| in the framework of the classical compound Poisson risk model. Note that a
discussion on the joint distribution of (T, U(T"), |U(T)|) (and/or its bivariate distributions) can be
found in Dickson (2007), Gerber and Shiu (1997), and Wu et al. (2003). We also point out that Dickson
(2008) uses probabilistic arguments to identify the bivariate (defective) density function of the time
to ruin T and the deficit at ruin |U(T)| in the classical compound Poisson risk model for particular
choices of the individual claim amount distribution.

Hence, in this paper we are interested in the identification of the joint distribution of the triplet
(T, U(T"), |[U(T)|). To this end, we consider a penalty function of the form w(x, y) = ¢ leading
to the trivariate Laplace transform of the time to ruin, the surplus prior to ruin, and the deficit at
ruin, namely

Mg o (W) = E[e”> D ==WOI(T < =)|U(0) = ul, (1.5)

for an initial surplus of u. Thus, the inversion of (1.5) with respect to (w.r.t.) the Laplace transform
arguments 9, s, and g (for the time to ruin T, the surplus immediately prior to ruin U(T"), and the
deficit at ruin |U(T)|, respectively) leads to the identification of the joint distribution of
(T, U(T™), |U(T)|). As will be explained in a later section, this trivariate distribution has two distinct
contributions based on whether ruin is caused by the first claim or whether ruin is caused by any
subsequent claim. We point out that these two contributions have to be considered separately given
that the functional form of their contribution to the joint distribution of (T, U(T"), |U(T)|) differs. A
more complete discussion of this matter can be found in Section 2. As a result, it will be shown that
(1.5) can be expressed as

Mo = || e woson, v, ) dy d

+ f f f e MR, (u, t, x, ) dy dx dt, (1.6)
0 0 0

where h,(u, x, ¥) and h,(u, t, x, y) are two densities. At this stage we want to stress that the densities
h, and h, are the respective contributions to the joint distribution of (T, U(T"), |U(T)|) depending on
whether ruin is caused by the first claim or by any subsequent claims. Given that the first claim causes
ruin with a surplus prior to ruin of x > u only,

h,(u, x,y) =0, forx =u. (1.7)

We remark that the surplus x and the time of ruin ¢ are related byx = u + ct or t = (x — u)/c in this
case. Also, for a given initial surplus u and a time to ruin ¢, the surplus immediately prior to ruin is
no greater than u + ct almost surely, which implies that h,(u, t, x, y) = 0 for x > u + ct.

The paper is structured as follows: in Section 2 we discuss the relationship of the so-called discounted
density of the surplus prior to ruin and the deficit at ruin to the densities h, and h, introduced in
(1.6). The discounted density of the surplus prior to ruin and the deficit at ruin has been studied by
many authors in ruin theory (see, e.g., Gerber and Shiu 1997; Li and Garrido 2005; Ren 2007). It is
of central importance in that the underlying distribution of 7, U(T") and |U(T)| may be determined
from it. We also find in Section 2 an explicit expression for the defective densities h; and h, in (1.6).
As a by-product, we obtain an expression for the bivariate distribution of (T, U(T")). In Section 3 we
use a similar analytic approach to derive the joint density of (T, [U(T)|). As is clear from earlier papers
on this and related subjects, the technical analysis is necessarily complex algebraically but is known to
ultimately yield useful information from a risk management standpoint. Finally, the class of mixed
Erlang claim sizes that is both very large and very flexible (e.g., Willmot and Woo 2007) provides a
computationally tractable avenue through which quantitative information about these joint distribu-
tions may be obtained. This is described in detail in Section 4 of the present paper.
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2. THE TRIVARIATE DENSITY
Using (1.6), it is immediate that

mB,s,z(u) = fO f() e*sx*zygs(u’ X, y) dy dxv (21)

where g;s(u,x,y) is the discounted density of the surplus prior to ruin and the deficit at ruin defined as

o0

gS(uv X, y) = e*ﬁ((x*u)/c)hl(u7 X, y) + f eiach(u? t7 X, y) dt' (22)

0

With § = 0, it is clear that g,(u, x, y) is the defective density function of U(T") and |U(T)|. As will
become clear in what follows, this density is needed for the identification of h, and h,, and we obtain
a useful representation for it through the use of the Dickson-Hipp operator together with a similar
analytic approach to that of Lin and Willmot (2000) and Li and Garrido (2005).

For the trivariate Laplace transform m;  (u), (1.2) readily leads to the following defective renewal
equation for {my (u), u = 0}: '

mﬁ,s,z(u) = d)p j() ma,s,,z(u - y)ap(y) dy + TpT(u)v (23)
where
A
T(w) = o e "T.p(u). (2.4)
From Lin and Willmot (1999), the solution m;, (u) to (2.3) can be expressed as

Tyr(w) — f( ) K,(w — ) dT,7(y) — [T,7(0)]K,w)

[(w) = 2.5
m&,s,b(u) 1 _ d>p ) ( )
where Kp(u) is the Laplace transform of the time to ruin
R,(w) = Ble"1(T < ®)|U(0) = ul,
which is known to satisfy the defective renewal equation
K, = ¢, f K,(u = a,(y) dy + A, |, (2.6)
0

with A () = [7 a,(v) dy. It is well known that {K (u), u = 0} is a compound geometric tail that admits
the following representation:

K@) = 21 (1 = &) (d)"A)" (W), (2.7)

for u = 0, where A**(u) = 1 — A (u) is the survival function of the n-fold convolution of the density
a, with itself. Note that the Laplace transform K,(u) does depend on the force of interest 8. However,
from (2.6), one observes that the dependence of K (u) on 8 is through the solution p of the generalized
Lundberg equation (1.1) (see, e.g., Dickson and Willmot 2005 for a more complete discussion).
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Letting k,(u) = —I_(r’)(u) be the (defective) compound geometric density obtained from (2.7) as
k,(w) = ni (1 = o) (b)), u=0, (2.8)
an integration by parts of the integral part in (2.5) together with K (0) = ¢, easily leads to
my (w) = T,7(u) + f [T,7()] (7_(;)) dy. (2.9)
p
Using (2.4), one finds that
T,r(w) = e™ f: e Pr(x) dx = Jj e {% [sz(x)]ep(”“)} dx, (2.10)
and
[N - y) p = [0 em 2 mperee kl(_i_df’) dx dy. @11
p

Furthermore, interchanging the order of integration in (2.11) yields

—_ u X k _
J oty )] d)y) - J'() e {% [Top ()] fo e PO pl(u—id:) dy} dox

o b (u —
+ L { [T, p(x)]f e P ‘)l(—d)i))dy} de.  (2.12)

Thus, equating the coefficient of e ™ in (2.1) and (2.9) by using (2.10) and (2.12), one obtains

L A
JO e g (u, x, y) dy = - [T.p(x) ], (u, x), (2.13)
where
fx e P—y) kpl(u_w dy, Xx=u
aw®) =47 [e ) @.14)
e p(x—u) + e plx—y) Pidy x> u.
0 1- ¢, ’

Next, let us directly identify the coefficient of e™ in (2.13). The right-hand side of (2.13) can be
rewritten as

M)l = [ e {5 PG + o, x)} dy, (2.15)
C 0 C

which immediately yields

A
G, %, ) = —pl + y)a,(u, x). (2.16)

In light of (2.2), the inversion of (2.16) w.r.t. the Laplace transform argument & allows for the
identification of the densities h, and h,. To this end, we use a similar line of logic as in Dickson and
Willmot (2005) by first inverting the right-hand side of (2.16) w.r.t. p and then use the Lagrangian
identity (see, e.g., Goulden and Jackson 1983) to identify the joint densities h; and h,.

To invert the right-hand side of (2.16) w.r.t. p, we first point out that, using (2.8), an alternative
definition for (2.14) is given by
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S ()" | e aznu - y) dy, x =
a,(u, x) = 4" (2.17)

o) u
e P 4 2 (d)p)nj e*p(xiv)a;:-n(u — y) dy, X > U.
n=1 0

From Dickson and Willmot (2005, p. 52) (by noting that their H}*(u) is equivalent to our
(cd,/N)" AZ™(u), we have

A (u) = <£>n f: e b, (u, t) dt, u =0, (2.18)

P
where

n—1 -1
b,(u, t) = Z,) (7) (F(ni J' (u — )" PH)PpF I + u — x) dx,

and p**(P*") is the density (c.d.f.) associated with the n-fold convolution of p with itself (with
P*9%(x) = 1 for x = 0). Now, differentiating (2.18) w.r.t. u leads to

a:)m(u) - <£>n J:c 67Pt€11(u, t) dta u = 07 (219)

where

£,u, 0 = 20 b0, 0

HE (?) (=D’ 9 (L” (u — x)"'PH)p* It + u — x) dx)
J

A \i) Ty

0

n—1

j=0

:Li(f:x p”(t+x)dx>

I'n) ou
+ ; (]) (F(ylg P (f: X" P (u — x)p* I (t + x) dx)

=$3WV+M+2<JF£J%“ww—mwwm+mm. (2.20)

Substituting (2.19) into (2.17) results in

i < )n f e P@—y) [r e (u—uy,0) dt] dy, XxX=u

e —p(x—u) + 2 < ) f e*p(x*y) |:f e*Ptgn(u -y, t) dt:| dy’ X > Uu.
0

n=1

a,(u, x) = (2.21)

Letting

Xw 0 = > (%) 6, 0, (222)

n=1
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(2.21) becomes

U
= JO JO e Py — & + v, t) dt dy

= f f e y(u—x +y,t—y)dtdy, (2.23)
0 Jy

for & = u, while

a,(u, x) = e P + f e Py |:f e Px(u — v, t) dt:| dy
0

0

e P (1 + f f e Pty (u — y, t) dt dy)
0o Jo

e P (1 + JO L e x(y, t —y) dt dy>, (2.24)

when & > u. Changing the order of integration in (2.23) and (2.24) leads to

ap(u,x)ZJ(v e""{J x(u—x+y,t—y)dy}dt+f e“’t{ﬁ X(u—ery,t—y)dy}dt,
) 0 x )

for x = u, and
e P <1 + fo et {fo x(y, t —y) dy} dt + J e " {J Xy, t =) dy} dt)
u 0

X ut+t—x
= e Pl 4 f e Pt {J x(v,u+t—x—1y) dy} dt

a,(u, x)

x— 0

+ Jx e ™ {J'o xX(v,u +t—x—y) dy} de,

for x > u, respectively. It follows that

J e "B(u, t, x) dt, X =u
0
a,(u, x) = - : (2.25)
e P 4 f e "B(u, t, x) dt, x>u
where
tAX
f X —x + v, t —v)dy, x=wuandt>0
0
B(u, t, x) = wt ((—x)A0) (2.26)
f Xy, u+t—x—y)dy, x>uandt>x —u
0

and (¢t /\ x) holds for min (¢, x).
Combining (2.25) and (2.16), we have now inverted the trivariate Laplace transform of T, U(T™) and
U(T)| w.r.t. the Laplace transform arguments p, s, and . However, to identify the densities h, and h,
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in (1.6), we shall invert m; (u) w.r.t. 8, s, and . As pointed out by De Vylder and Goovaerts (1998)
and Lin and Willmot (1999), an application of Lagrange’s implicit function theorem on the analytic
function e~ yields

=<} 1 )\ n o0
e—pt — e—(8+)\)t/c + Z _ (_) tJ (a + t)n—le—(8+)\)((¢+t)/cpe:~rz(a) da. (227)
0

—1n! \c
First, by substituting (2.27) in (2.25) for x = u, one finds

o] e} 1
a,(u, x) = f e BBy ¢ x) dt + Y, —
0

n=1 n'

A n o0 o0
<g> J() J; tan—le—(8+}\)(¢/cpe:~n(a _ t)B(u, ¢, x) da dt

)

o o 1 )\ n o) a
= f() e {ce B (u, ct, x)} dt + Zl - (:) J( e~ ®FNa/cgn-1 JO tp*(a — t)B(u, t, x) dt da,
(2.28)

for & = w. Substituting the variables a and ¢ in the second term on the right-hand side of (2.28), it
follows that

o, (u, x) = f e {ce ™ MB(u, ct, x)} dt + 21 7% (7\) J( e~ @M=l f ap*™(t — a)B(u, a, x) da dt

0 C ) 0
= J' e *{ce MB(u, ct, x)} dt
0

N j b {Cem s Q0" gp-x-n(ct — @B, a, x) da} dt, (2.29)
0 0

) n=1 n!

for x = u. Combining (2.29) and (2.16),

e’

o 5,3) = | e 0B, et Wps + ) d

+ j: 67& {)\e}\t (i M

n=1 n!

rt % p*'(ct — a)B(u, a, x) da> p(x + y)} dt, (2.30)

0

for x = u. Comparing (2.2) and (2.30), one concludes that h,(u, x, y) = 0 and

D"
!

f T et — @B, a, %) da) ple + ),

0o ct

hy(u, t, x,y) = Ne™™ <B(u, ct, x) + 2,
-1

foroe =wuandt,y = 0.
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Along the same lines, substituting (2.27) in (2.25) for x > u yields

1 /" *
ap(x, u) = e~ GFN@—w/e 4 2 <_) (x _ u) f AV le—®+Nase -n(a _ (x _ u)) da

nln c

+ f e CTNVeB(y ¢, x) dt

- = q n )
+ J E - (é) tf an*lef(SJr)\)u/cp»:en(a _ t) da B(u’ t, x) dt
xX—U p=1 n! \c t
* )\ n —
%e vy Bl mx—w—wﬁ

+ fw e {ce MB(u, ct, x)} dt

o0

e [N J'
(JC*M)/L

(x—w)/c
* SO L

+ J e ™ {ce“ > Q" f — p*(ct — a)B(u, a, x) da} (2.31)
(x—w)/c n=1 n! x—u Ct

for x > u. From (2.31) and (2.16), it follows that

- x—u)/c A —AX—u)/c,
&@u&y)=ea“)/{;e“ pr—nw}

<[ ﬂ{-ﬂg“”x‘”wm—w—mm@+m}h

(x—w)/c >

+ r e {Ae™MB(u, ct, x)p(x + ¥)} dt

(x—w)/c
n f o { e <2 O\t) J %p-::-n(ct — a)B(u, a, x) da) p(x + y)} dt, (2.32)
(x—u)/c n=1 x—u C

for x > u. Comparing (2.2) and (2.32), it is immediate that, for x > u,

—A(a u)/c,

hy(u, x,y) = ple+y), »y>0,

while
hZ(u, ta X, y) = O
fort = (x — w)/c,y > 0, and

X —Uu

()\t)” . P (u + ct — x)
Mot . x.3) = A | Bl et x) + 3 “ Pl + ),
el + f o p*(ct — a)B(u, a, x) da

X—u

for t > (x — u)/c, vy > 0. We summarize the results obtained thus far for the joint distribution of
(T, U(T), |[U(T)|) in Theorem 1.
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Theorem 1
In the classical compound Poisson risk model with an initial surplus of u, the joint density of the time
to ruin T, the surplus immediately prior to ruin U(T™), and the deficit at ruin |U(T)| is defined as follows:

a On{(t, x,y) : t = (x —w)/c,x >u,y > 0}, the joint density of (T, U(T"), |[U(T)|) is given by
By, ,3) = S e DG+ y): (2.33)

b. On {(t, x,y) : t # (x — uw)/c, x > 0,y > 0}, the joint density of (T, U(T"), |U(T)|) is given by

hz(u, t, %, )
e ™M (B(u ct, x) + E ()\t)"j

ct

0

p*(ct — a)B(u, a, x) da) plx +y), x=ut>0,

x — u *n _|_ t _
O P et = x) .
plx +ty),x>ut>

= Ne M B(u ct, x) + 2 ( ' < q
n=1 M. + f a p*"(ct - a)B(ua a, DC) da

C

0, x>u,t<x;u, (2.34)

for y > 0.

We point out that (2.33) has been identified by Gerber and Shiu (1997). As mentioned in the
introduction, (2.33) is the contribution to the joint distribution of (T, U(T"), |[U(T)|) of the first claim
causing ruin. This can be seen by providing a probabilistic interpretation to the density h,(u, x, v).
Indeed, for an initial surplus u < x,

hy(u, %, y) dx dy = e "¢ [\e™! dx] [p(x + ) dy],

which means that h,(u, x, ¥) dx dy is interpreted as the probability that no claim occurs by time
(x — w)/c; at level «x, the surplus process does not reach level & + dx (i.e., that there is a claim
within ¢! dx after reaching the surplus level x); and that the size of this claim is between x + y and
x + v + dy. Note that such a contribution does not exist for & =< u given that, if ruin occurs at the
time of the first claim, the surplus prior to ruin cannot be x.

For the remainder of this section, we identify the bivariate distributions of (T, U(T")) and
(U(TY), |U(T)]). The joint distribution of (T, |U(T)|) will be treated separately in Section 3.

Corollary 1

In the classical compound Poisson risk model with an initial surplus u, the joint density of the time to
ruin T and the surplus immediately prior to ruin U(T™) are given as follows:

a. On {(t,x) : t = (x — w)/c, x > u}, the joint density of (T, U(T")) is given by

A _
Ryp (U, x) = — e NT0/P(x);
: c
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b. On {(t,x) : t # (x — w)/c, x > 0}, the joint density of (T, U(T")) is given by

kiss(u, t, x)

Ae M (B(u ct, x) + 2 ()\t)” f p*(ct — a)Bu, a, x) da) Px), x=u,t>0

X~ u .
(g — _
)" ct pre > —w) _ X —u

@ g P(x), x> u, t >
+ f ot p*(ct — a)B(u, a, x) da
x—u C

= Ihe ™| B(u, ct, x) + E Q0"

n=1 n' c

X —Uu

0, x>u,t<

PrOOF
Letting & = 0 in (1.6), one finds

My, o(w) = f e dlvTuw/esy (f h,(u, x, y) dy) dx + J f g RS <f hs(u, t, x, y) dy> dx dt.
” u 0 0 Jo 0

Letting ki, (u, ®) = [ hy(u, x, ) dy and ky,,(u, t, x) = [§ hy(u, t, x, y) dy together with (1.7),

o0

mgo(w) = J e ™ <e_a(x_u)/ck12 1(u, x) + J e "Ry 5(u, t, X) dt) dux.

0 : 0 :
Using Theorem 1, the proof immediately follows. L]
Corollary 2
In the classical compound Poisson risk model with an initial surplus u, the joint density k,, of the surplus
prior to ruin U(T™) and the deficit at ruin |U(T)| is of the form

A
as(at, %, %) = = o, WG + ),

Sfor any x, y > 0 where

Pl — %) — Y _
70 R 5
oy, u) = , 2.3
S —— X >u
— ¥(0)

with Ji(u) being the infinite-time ruin probability with an initial surplus of u.
PrOOF
This result immediately follows from (2.16) at & = 0. L]

We point out that Corollary 2 is in agreement with a result of Dickson (1992).
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3. DENSITY OF THE TIME TO RUIN AND THE DEFICIT AT RUIN
For the density of the time to ruin and the deficit at ruin, we let s = 0 in (1.6) to obtain

my, (W) = fu f() e ¥ Tw/emwp (u, x, v) dy dx + f() f() e W Jo hy(u, t, %, v) dx dy dt

- fo fo e {Ch1 (w, u + ct, y) + fo hy(u, t, x, v) dx} dy dt.

Letting

ma,o,z(u) = L L e_at_zykm(u» t,y) dt dy, 3.1)

the joint density of (T, |[U(T)]) is given by
u+ct

k13(u7 t7 y) = Chl(”? u + Ct7 y) + f h2(u7 ta X, y) dxa tvy > 0 (32)

0

(because h,(u, t, x, y) = 0 for x > u + ct). However, the integral in (3.2) seems rather tedious to
perform directly involving the quantity B (among others). In the following corollary, we use an alter-
native approach to derive an expression for the joint density of (T, |[U(T)|).

Corollary 3

In the classical compound Poisson risk model, the joint (defective) density of the time to ruin T and the
deficit at ruin |U(T)| is given by

kis(u, t,y) = e ™ <l(u, ct,y) + §1 % f:t 2 p*i(et — x)l(u, x, y) dx) , 3.3)

where
lu, t,y) =pu +t+y) + j: f; pla+y+o)xlu—a,t — o) dvda. (3.4)

PROOF

From (2.4) and (2.9) at s = 0, it is clear that

u k -
My (W) = % <Tszp(u) + fo [T.T,p(a)] pl(u_id)a) da)

J R {5 (Tpp(u Ty + f T+ )] ’%1(“_4_“) da)} dy. 3.5)
0 c 0 d)p

In addition, using (2.8), (2.19), and (2.22), one arrives at

k,(u — a) 0 o
[T,p(a + 3)] ﬁ = (fo e "pla+vy+t) dt)(fo e "x(u — a, v) d@)

0

= f: e M {f pla+y+o)xu—a, t—v) dfo} dt. (3.6)
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Combining (3.5) and (3.6) yields

S S P
My (W) = fo fo e P {; pu+t+ y)} dt dy

0 0 )\' u t
+ f f e P {—f f pla+y+o)xlu—a,t—ov)do da} dt dy
o Jo cJo Jo
o0 o0 B B A
= f f e P {— l(u, t, y)} dt dy. 3.7
0 0 (]

The use of the Lagrangian identity (2.27) in (3.7) together with (3.1) leads to (3.3). L]

It should be noted that, using a probabilitic argument, Dickson (2008) obtained the joint density of
the time to ruin and the deficit at ruin in the the framework of the classical compound Poisson risk
model for some particular individual claim amount distributions.

4. Mixep ERLANG CLAIM SIZES

In this section we particularize the results obtained in Section 2 regarding the joint distribution of the
time to ruin, the surplus prior to ruin, and the deficit at ruin assuming mixed Erlang claim sizes with
the same scale parameter. This is a large and flexible class of distributions that includes (e.g., Willmot
and Woo 2007) and approximates (e.g., Lee and Lin 2009) many commonly used models. Thus, we
assume that the claim size density is of the form

B’L i—1 —Bx

p(x) = 2 “i— e 70 (4.1)

where {q;}2; is a probability mass function (p.m.f). For notational convenience, we define ¢, = 0. The
associated c.d.f. can be expressed as

* i,—Bx
mm=§gﬁ%¥—, x>0,

where Q; = 2i_, q. It is well known that the j-fold convolution of the density (4.1) has a c.d.f. of the
form

ot i,—Bx
PH(x) = 2) Qi _(sz’e - x >0,

where Q¥ = X _, ¢ with coefficients {¢;}~, obtained via the relationship
> a5 | =2 g 5
i=0 i=0
It is clear that because g, = 0, we have ¢} = 0 for i < j. Nonetheless for simplicity we continue to

include these quantities in the subsequent analysis.
From Dickson and Willmot (2005, p. 56), we know

MWO—e&Eva (4.2)

m=0



ON THE JOINT DISTRIBUTIONS OF THE TIME TO RUIN 265

forn =1, 2, ... where
w=n3 Vo
n,m u) =n . . OLn jm u),
b =0 jtm — e
and
> n+i+k
g . )W; ikt U
0Ln,jnn(ﬁl’l“) E q1+m+71 Z 78 (n + l + k)‘ . (43)

Differentiating (4.3) w.r.t. u, one finds

d m+i—1)! itk
— ) = p Bu m—j) 2~ ~ 7" vjRi+mtk+1
du (an,],m(u’)) € 2 ql+m+1 1' 2 Q B (n +1i+ k _ 1)'
. *® n+i+k
_ Bu (n—j) (n +ti- 1)' w#jRitm+k+1 u
Be 12:0 q1+m+1 ’L’ k§=:() Qk B (n +i+ k)’
ot n+i+k—1
= o Bu n—j) M #jRi+tm+k+1 u 4.4
© 120"”"’“ il ,;)q"ﬁ m+ithk—1) (44)
From (2.22) together with (2.20) and (4.2),
- o —1)«" d "
= )7Bt —_ ( _ R
Substituting (4.4) into (4.5), we can write
X(u, t) = e POTO i i g e ﬁ, (4.6)
=0 m=0 " l' m'
where
m n + N L1 Ny 111;1 = T - —n—i T ’
gl, = ( 7:0]!(1’[ + 1 _])! = q+ +1 1/! ql B
for [, m = 0, 1, . . . Using the representation (4.5) for x(u, t), one easily deduces that (2.26) for

x = u becomes

© o tAx _ _|__ l — ay)m
B(u, t, x) = e P>+ X % szf W x T oy do
=0 m=0 0 Al m!
- - * ® (u _ x)l—k JL/\x %*k (t _ ‘U)m
— Bu—x+t) - 7 o —— d ). 47
¢ 22l 2 C—R! Jo B mt & 4.7

Inverting the order of summation w.r.t. the variables [ and k in (4.7), one readily obtains

Blu, t,x) = e i i Tim (W — %) f oo ‘b)'n dv,

k=0 m=0

for x = u where

l

e u
Tk,m(u) =€ Bu IZ() €l+k,m l_' .
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Given that

thx Lk m
ot (t — v
f ) k) L A
o k! m!

it follows that

eiBt E E Tk,m(u - X

k=0 m=0

e P E S, Tl -

=0 m=0

Bu, t, x) =

Simple algebraic manipulations of (4.8) yield

for & = u, where

and

o,(u, x) =

Using (4.9), we have the following:

e for ct < x,

J(a —p*(ct — a)B(u, a, x) da

) Ct

[n'1+k+1
m+k+ 1)! >
(m+k+ D x>t
i x1n+k+1—i ([ _ x)l - t’
tm+k+1
m+k+ 1) >
) ( +k+ D! x>t
m+k+1*i (t _ x)l (48)
%) 2 ; ;o <t
Sm+k+1-9 @
ti
i S (¢ — % (4.9)
P> o(u, x), x<t
i=0
i—1
nl(u) = E Tk,i*l*k(u)
k=0
m+k+1
mz() I;) m km+i(u - X).
Z u — x) t_e Blet—a) i ‘*"BJ‘M e_B“a—ida
ni( 0 ct = q; G= 1) .
S S . (1 (et — a)tatt?
—Bet ) _ x i 1 d
e 1:21 ”f]l(u x) 7:21 4q; IIB 0o ot (] _ 1)' i a
S R (<0
Bet + . — smpj €O 7
) ;‘0 ndu x);q’ d G+j+ 1)
J
- (Ct) S @@+ 1)!(cBt)!
Bet — wn 0 ) AFPR) ) (410)
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e for ct > x,

Ja —p*(ct — a)B(u, a, x) da

0o ct

©

= e P L of <E q" 1), (ct — a)’” 1> le % n,(u — x) da
+ ¢ B J <i q" ' (ct — a)’~ 1> 2 (a — ) o,(u, x) da

j=1 1)'

= (1 (et — a) Tt ad Tt
— e_BCt (u — x #nQj -
;“1( )A; G G=1 @

g N S B [0 (et =) (@ = x)
+ e B« (u, x = a
Z‘)U’( ); Gl TGy 0

o B] (Ct _ x)] 1-k xk+i+2
+ D)my(u — .
2 D "")qu cuzoj—l—k)v(k+ +2)!

da

da

P B (ct — x)"it? (ct — x)"™
+ Bet ) I + 1 + . .
¢ Z‘) oi(u, x) ,21 4"\ @D G+j+ D S TG+ (4.11)

From (2.34) together with (4.9), (4.10), and (4.11), it follows that

hZ(uv tv X, y)

)

— he Pl [E €O = 3 <To(t) 3 (o DB 1?““‘”")](2 W ) )

= @+j+ 1D = @ — D!

for et < x < u, and

hZ(uv t’ X, y)

S o, x) <o(t)+2 © (B(“_x))'“((”D“””) <

i=0 @+j+D!
; (ct — x) Si+1 3 xkrit2
+»,»:21 ol 2 — k) ; Z o TV G )

— NPy 3 w) |

i=1 (1_1)’

for x = u and x < ct where {r;(t)}/2, is the p.m.f. of a compound Poisson random variable with Poisson
parameter Nt and secondary dlStI‘lbllthl’l with p.m.f. {qg,};=;. Thus, r,(t) = exp{—At} and

—\t

O\t)”e .
r(t)—E ", j=1,2,...

J

Note that the p.m.f. {r;(t)};2, can be calculated recursively using Panjer’s formula (see. e.g., Klugman
et al. 2008).
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Now, for (2.26) at x > u, the use of (4.6) yields

*© ® u+((t—x)N0) .\l _ _ m
o' (ut+t X ké)
B, t,x) = e PO Y > g, f e )

dv,
=0 m=0 0 I m!
where
(l’ _ (x _ u))m+l+1 -
Jqu((tx)AO) ‘El (’LL +t—x — ‘U)m . (m + l + 1)' P X
0 I m! vV = m u171+l+1—i (t _ x)i _
, t
—om+I1+1—1)! 1!
Letting wy = 0 and w; = Z{Z§ {;; ., fori =1,2,. .., as well as
* o um+l+1
s;,\u) = —,
1( ) z E: clm+1 + l 4 1)'
foru=0andi=0,1, ..., it follows that
o Bl (- u))z M x >t
i!
Bu, t, x) = (t - x x) . (4.12)
eB(t(vu))Eg() x <t

i=0

Using (4.12), we have the following:

e for ct < x,

ct
J %p*”(ct — a)B(u, a, x) da
x—u C

= e Blet—(x—w) J’Ct a (i qi-::-n ' _Bj (Ct _ a)j—1> i @, (@ — (w— u))l d

x—u Cl \j=1 ° (J - 1)’ i=0 1!
oo oo -t N _ 1 _ _

= e B o S gengi J° a (et —ay! (@ — (x u))
= ‘=Y xuct (G — 1)! 1!

> * - W) g — — — _ L
. . a X u (ct X u a =
— e—B(ct—(x—u)) E qinB; J ( ( ) ) l

i=0 j:l 0 ct (] — 1)!

= e*ﬁ(ct*(x w))

HMg

- B’ iy @+ Det +jlx —w)
2 0 W) G+ 1+
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e for ct > x,

Jm —tp et — a)B(u, a, x) da

o © X _ -1 . . i
— e*B(ct*(‘x*u)) E oy 2 q’nﬁy j g (Ct a)7 (a (‘X? U)) da
j=1 x

e G i
= ¢ Pl=(x—w) 20 2 g j a + (o:t —u (ct — (o(cj—_ul))!— a)i! %ida

o0 ct—x i—1 i
. atxct—x—a) «a

+ e Bl N gy E n Jf —da
i=0 l( )]‘21 a B 0 ct (] - 1)' 1!

ule+i+l x — k + 1 u
— x)i 1k k+1+2

= o Blet—(—u) i i n g 2 (Ct
i=0 =

o G — 1 —k)! cttk +1i + 1)!
(et — x)™(et@ + 1) + xj)
4 o Bl——w) n g
¢ Z‘) (u)Eq, B ct@i +j + 1)!
From (2.34) together with (4.9), (4.10), and (4.11), it follows that
hy(u, t, %, y)
S (et—(x—w) x—uw Bi(u + ct — x)i !
ro(t W, - + T, (t -
= )\efs(cr(x'*u)) 0() 120 il ct lzl () (1 B 1)! (2 qu (x +y)k 1)
n 2 (OB E (et = w—w)(E At Dettje —w) s (k= 1! ’
=0 ct@@ + 1 +j)!

forx>uandx—u<ct<x,and

hy(u, t, %, y)

o ‘ o0 ot(i 1 . o k k—1
= he P B nOBet — x)! 3 s (et - ) % <2 q—kﬁ(;‘”fg? ) :

uk+i+1x_ k+1 u
— x)i 1k k+1i+2

= - < (ct
f;’ff(t)ﬁ,;) 2 e —Y ctk +i+ 1)!
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for u < x < ct. Finally,

)\ 7§ - * Bl(x + y)'i—le—[?)(x-%—y)
h ) Ny = - C()‘ ) i )
1, x, ) = e (; a; Y

for x > w.

We remark that the joint cumulative distribution function of T, U(T") and |U(T)| are obtainable by
appropriate intregration of h; and h, w.r.t. the variables t, x, and y, respectively. This is a straightforward
but tedious exercise and actually results in generalizations of the finite-time ruin probabilities given
in Dickson and Willmot (2005). The details are omitted.
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DISCUSSIONS

DAviID C. M. DICKSON*

The authors are to be congratulated for their considerable efforts in obtaining expressions for the joint
distribution of the time to ruin, the surplus prior to ruin, and the deficit at ruin. In Dickson (2007) I
also considered this problem but approached it from a different standpoint. In this discussion I present
an alternative representation for the joint density of the time to ruin and the deficit at ruin for the
claim size distribution considered in Section 4. I believe this representation is of interest not only
because of its links with the present paper, but also because it ties in with a result given in Cheung et
al. (2008).

If we let

(0"

g, t) =2 e P (%)

n=1

denote the density function of the aggregate claim amount S(t), then, using the notation of Corollary
3, my formulae are

k500, t,v) = Ne Mp(ct +y) + N f gg(ct —x, Op(x + ) dx (D.1)
0
and

u+ct
kis(u, t,v) = Ae ™ Mp(u +ct +y) + A f Su + ct — x, Opx + y) dx
0

—c j; gu + c(t —s),t — s)k;3(0, s, y) ds. (D.2)

Now let 1, denote the Erlang(i, B) density function and assume, as in Section 4, that the individual
claim amount distribution is an infinite mixture of Erlang distributions with scale parameter B so that

o

1 i—1,—Bx
pe) = 3 0 P = S .

Then we know from Willmot (2007) that

plx +y) =p! ; ;2:1 Y1 T TR (X)) (D.3)

We can exploit this factorization in formula (D.1) to show that

ki3(0, ¢, v) = ; h(0, OT,(v);

here
)\e—()\ﬂac)z > ()\t)n > (BCt)H—k
h.(0,¢t) =
J( ’ ) Z qﬁ’k 1 nzo E)ql (/L + k)',
where, for convenience, we define q(")‘“) =landg® =0fori=1,2,3,... (with g as defined in the
paper).

* David Dickson FFA, FIAA, PhD is a Professor in the Centre for Actuarial Studies, Department of Economics, University of Melbourne, Victoria
3054, Australia, dcmnd@unimelb.edu.au.
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Applying this factorization of k,;(0, t, y) and the factorization (D.3) in formula (D.2) we see that
ki5(u, t, v) also factorizes as

k13(u7 L, y) = ; hj(u’ t)Tj(y)a

where

*© u-+tct
h(u, t) = % Qi (e_“'rk(u + ct) + J glu + ct — x, t)T,(x) dx)
k=1 ~

—c f(:g(u +c(t — ), t = 9h(0, s) ds. (D.4)

This factorization is no surprise: from Cheung et al. (2008) we know that when p is a finite mixture
of Erlang densities with scale parameter B, then ky;(u, t, y) is a finite mixture of the same densities.
However, the mixing parameters are not identified there.

As

) = Bixiflefﬁx
pHx) =2 at

= @)
we see that it is possible to obtain formulae for the functions h;(u, t). (For example, solutions for the
special case ¢, = 1 are given in Dickson 2007.) However, if our objective is simply to obtain numerical
values for these functions, then numerical integration of (D.4) may well suffice, particularly if we use
mathematical software that performs numerical integration.
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JAE-KYunG Woo*

Professors Landriault and Willmot provide an insightful paper presenting a sharp distinction of the
joint density of (T, U(T™), |U(T)|) between the cases where ruin occurs on the first claim and on the
subsequent claims. In this discussion the joint density of those three variables together with the surplus
immediately after the second to last claim before ruin (denoted by Ryq_,) is derived. See Cheung et
al. (2009) for further details related to this quantity in the classical risk model. I use the same notation
as in the present paper.

Using the discounted joint density of the surplus before ruin (x), the deficit at ruin (y), and the
surplus after the second to last claim before ruin (v) denoted by h3;(u, x, v, v) for ruin on more than
one claim, (2.2) may be expressed as

g, 3) = e OOR(u, x,9) + [ Ry ) d
s

where hi;(u, x, v, v) = [§ e ™hi(u, t, x, y, v) dt.

* Jae-Kyung Woo is a PhD student in the Department of Statistics and Actuarial Science, University of Waterloo, 200 University Ave. W., Waterloo,
Ontario, Canada N2L 3G1, jkwoo@math.uwaterloo.ca.



ON THE JOINT DISTRIBUTIONS OF THE TIME TO RUIN 273

Furthermore, Cheung et al. (2009) show that h3;(u, x, v, ©) is given by

A
hs(u, x, v, v) = —e OO + y)73(u, v), x> (D.1)
’ c

where

1 + 5
{kp(u — o) + <)\ P p) f e PR (u — y) dy}, v<u
0

Ts(u, v) = ! b
d ’
A o —p@—u N —p—y
< P p){e plo—w) 4 7 p fo e PR (U — y) dy}, v > u.

Since (A + 8)/c — p) = W)p(p),

1

{kp(“ - o) + %j j e PETTIR (u — y)p(x) dy dx}, v<u
o Jo

P
0

{f e Pty () dx +
0

(U, ) = .

1_

1
A 0 u _ e

— f f e PR (u — y)p(x) dy dx}, v > u.
c b, Jo Jo

Also, using the form of k (u) given by (2.8), it follows that

E (b)" {a;"”(u - 2) + % f f e*"(““”*»")a;""(u — y)p(x) dy dx}, v<u
= o Jo
(U, V) = }

)\ © © © u
E {J; e—p(xw—u)p(x) dx + Zl ((bp)n fo fo e—p(x+-v—y)a;:-n(u — V)p(x) dy le}, T

0

Then from (2.19) and (2.10), we may rewrite the above expression of 75(u, v) as

TS(uv ‘Z’)
o0 )\ n (e} B )\ o] ké) (=] B o
> () { | Cemt v a2 ] e @y ope) de dy dx} © <u
a1 \C 0 cJo Jo Jo
A 0 - -~ ad A n fo fu (o - o
A {f e PO dt + D) () J J J e P toIE (y — v Op(x) dt dy dx}, v > u.
C 0 n=1 C 0 0 0
(D.2)
By introducing the function
o0 )\ n
X(u’ [) = E - gn(u’ [)7
n=1 c
it is clear that (D.2) may be reduced to
o0 )\ Eo) () ()
fo e Px(u — v, t) dt + o jo fo fo e PErE ey (u — 3, Hp(x) dt dx dy, v<u
(W, V) = (D.3)

)\ 0 U 0 0
- {J( e PErTUn(e) dt + JO fo J:) e Pty (y — vy, H)p(x) dt dx dy}, v > u.

C )

In order to apply Lagrange’s implicit function theorem on the analytic function e™™ as Landriault and
Willmot did, we first need to rearrange (D.3) in the form of [ e * - dt as follows.
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For v < wu in (D.3), changing a variable from (¢t + x + © — y) to (t) on the second integral on the
right-hand side yields

fo L jo e Py (u — y, Op(x) dt dx dy = J'O fo Lﬁy ey —y, t —x — v + y)p(x) de dx dy,

and interchanging the order of integration two times results in
Ll o oo
J f J e x(u -y, t —x — v+ y)plx) dt de dy
0 JOo Jxtv—y

v o t—ov+y
= J f J e "y(u —v, t —x — v+ y)px) dx dt dy
0 Jo—y JC

)

v (T © (v t—ov+y
B (f f * f f ){j e Px(u —y,t —v+y—x)plx) dxdy dt}
0 Jo—t k) [0} 0

max(v—t,0) JO

Similarly, for v > w in (D.3), by a change of variable from (t + x + v — y) to (¢) followed by inter-
changing the order of integration,

J J j e "(u —wy, t —x — v+ y)plx) dt de dy
0 JO Jxtv—y

u 0 t—ov+y
f f f e Px(u—y,t—x — v+ y)p) dx dt dy
0 Jou—y JO

v u ©  fu t—o+y
=<f f +f J'>{J' eP‘x(u—y,t—@+y—x)p(x)dxdydt}
v—u Jo—t v JO 0

u t—ov+ty
= f e " {f f Xuw —y, )pt —v +vy—x) dx dy} dt. (D.5)

max(v—t,0) JO

Therefore, combining the expressions (D.4) and (D.5) leads (D.3) to

To(U, ©) = f e "Blu, t, ) dt, (D.6)
max(v—u,0)
where
)\ k)
x(u — o, t) + — r(u, t, v, y) dy, v<uandt> 0
C Jmax(v—t,0)
Blu, t,v) = y
—{p(t—‘v+u)+f r(u,t,‘v,y)dy}, v>uandt > v — u,
C max(v—t,0)

and r(u, t, v, y) = [ x(u — y, 0)p(t — v +y — x) dx.
We would like to apply the result of Lagrange’s implicit function theorem on the analytic function

e P given by (2.27), that is,
<§)n
o c
e P = o~ (/O 4 2

n=1 n!

¢ f @ lem WFdapn (g — ) da. D.7)
t
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Replacement of the expression for e in (D.7) by the right-hand side of (D.6) yields
Ts(u, v) = f e (/g ¢ ) dt
max(v—u,0)
& n
o] C o) e}
+ > ' f f ta" e (O F/apEn (g — B (u, t, ©) da dt. (D.8S)
n=1 N. max(v—u,0) Jt

For v < w, interchanging the order of integration and variables between t and « in the second term
on the right-hand side of (D.8), one finds

e_((}\+6)/c) (x_.v)T?) (u, nz})

A n
o0 el g fo's} a
— J;) e—((}\+8)/c)(t+x—-v)B(u’ t, ‘U) dt + E — JO fo tan—le—(()\+5)/C)(a+x—~v)p-::-n(a _ t)B(u, t, ‘U) dt da
n=1 .

(o)

fe’e] o) 0 t
— J;) e—(()\+8)/c)(t+x—-v)B(u, t, v) dt + Z ol J;J J;J atn—le—(()\+8)/c)(t+x—=u)p-::-n(t — @)Bu, a, v) da dt.
n=1 .

Changing a variable from (t/c) to (t) yields
f e*B(tJr((x*-v)/c)){Cef)\(tJr((xﬂv)/c))B(u’ Ct, %‘)} dt

NG

oo o0 ct
+ 2 f e B+ ((@—v)/e) {Cex(w((x-u)/c)) j a(ct)wlp-x-n(ct — a)B(u, a, v) da} dt
= n! Jo 0

o0

= f e ™{ce™MB(u, ct —x + v, 0)}dt + f

(x—v)/c (x—v)/c
X — 0 "
Nt —
C

* ct—x+ov
a
X e | ce™ f —— "t —x + v — )R, a, v) da| dt.
E - . B, a, v)

(D.9)
Thus substituting (D.9) into the right-hand side of (D.1) and comparing the coefficient of e results

m
© C
RS, b, v, 2) = Ne™ | Bus et = & + v, T) + 2, n!
n=1 :

ct—x+ov a
X poammmwer U (Sl i i + D.1
JO ot —xro Pt o - @B, av)da) ple +y), (D.10)

forv <wandt> (x — v)/c.
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Similarly, for © > w, by interchanging the order of integration and changing variables, (D.8) becomes

e*(()ﬁrﬁ)/c) (907ro),.‘.8 (u’ ‘U)

\ n
o0 ® g 0 a
:J e—(()\+8)/c)(t+x—o)B(u, t, ‘U) dt + E f J tan—1e—(()\+8)/c)(a+x—~v)p»::-n(a _ t)B(u, t, ‘U) dt da
v—u n=1 n! v—u Jo—u
\ n
:J e—(()\+8)/c)(t+x—¢)B(u, t, ﬂv) dt + 2 | f J atn—le—(()\+8)/c)(t+x—o)p-::-n(t — a)B(u, a, ‘U) da dt.
v—u n=1 N o—u Jo—u

By changing variables from (t/c) to (t) and then from {t + (x — v)/c} to (¢t), it follows that

f e*S(tJr((xﬂv)/c)){Cef)\(tJr((x*’c)/c))B(u’ Ct, 7))} dt

(v—w)/c
\ n

n!

+ 2
n=1

(v—u)/c

o ct
| e {ce)‘(”((x'”)/“)) | ateor e — wp a o) da} de
VU

o

= f e ®ce MB(u, ct —x + v, v)} dt + J'
(

x—u)/c (x—u)/c
X — O "
© C

ct—x+v
a
X e | ce™ J —p"(ct —x + v — )P, a, v) da| dt.
1121 n! v—u Ct_x+‘vp ( )B( ’ ’U)

Therefore,

hi(u, t, 0, v,0) = Xe ™ |B(u, ct —x +o,0) + D, '
n=1 n.

ct—x+v a
X —_— p*" —x + v — + D.11
Lu ct—x+oP (ct —x+v - a)p,a,v)da| plx+y), ( )

for v > u and t > (x — w)/c. Combining (D.10) and (D.11) summarizes the explicit form of
h3(u, t, x, y, v) given by

hi(u, t, x, y,v) = Ae Mplx + )M, t, x,v), &>,
where

T](u, t, x, r'U) = B(ua ct —x + 0, "U)

b))

Jct—x+‘v a
——— "ot —x + UV — «a u’acvda
max(@—u,0) Ct — & + O p ( )B( ) ) s

+ 2
n=1

for t > {x — min(v, w)}/c.



ON THE JOINT DISTRIBUTIONS OF THE TIME TO RUIN 277

REFERENCES

CHEUNG, E. C. K., D. LanpriavrLt, G. E. WiLLMoT AND J. K. Woo. 2009. Gerber-Shiu Analysis with a Generalized Penalty Function.
Scandinavian Actuarial Journal, in press.

HANs U. GERBER* AND ELIAs S. W. SHIUT

The authors are to be congratulated for another outstanding ruin-probability paper. The Lagrange
inversion formula, in the hands of experts, is such a magnificent tool. A main purpose of this discussion
is to present an operator method for evaluating T,p(x), where T, is the Dickson-Hipp operator and p(x)
is a combination of Erlangs. The function

% Tpp(x) (D.1)

is ¢, (x) in the paper and g(x) in Gerber and Shiu (1998).
Let us now evaluate T,(x"e “), where n is a nonnegative integer and « is a positive constant. Equation
(9.6) in Gerber and Shiu (2005) shows that

T.= (] — D), (D.2)
where D is the differentiation operator. By the product rule, we have
D[e”f(x)] = be"f(x) + e™Df(x)
e (bl + D)f(x),

from which the exponential shift formula follows,
h(D)[e"f(x)] = e"h(bI + D)f(x). (D.3)
In view of (D.2), we consider h(t) = 1/ (r — t); then the exponential shift formula (D.3) becomes
(1 = D) [5F@)] = &[T — (I + D)] " fw)
= e™[(r — D)I — D)] f(x)

e~ D\
r—b ("ﬂ) f).

Thus,
—ax D -1
Tr(xne—ax) — e <I — > xn
r+a r+a
e ™ D D \
= I _|_ xn
r+a r+a r+a
—ax n—1 _ 1 n—2 \
e | m D (D.4)
r+a r+a r + a)° (r + a)"
Let
Bixi 1o—Bx
= D.5
PE) =T, (D.5)
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T Elias S. W. Shiu, ASA, PhD, is Principal Financial Group Foundation Professor of Actuarial Science, Department of Statistics and Actuarial
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be an Erlang (i) density function; it then follows from (D.4) that

)“ V[0 + B B)x]’

T,p(x) = e < > (D.6)

Thus, by linearity, we now have a closed-form formula for each combination of Erlangs.

REMARKS
1. Further discussions on the operator method can be found in textbooks such as Agnew (1960), Ayres
(1952), Brand (1966), and Friedman (1969).
2. Formula (6.861) on page 225 of Agnew (1960) is
X (OC _ t)k71

1 2
T - L e e @ 0.7

Note that the resulting function and its first (k¢ — 1) derivatives vanish at x,.
. If we put k = 1 and x, = %, then the right-hand side of (D.7) is —T, f(x).
. For k = 1 and x, < «, (D.7) corresponds to A, f(x) in Section 3 of Albrecher et al. (2009). For
k =1 and x < x,, (D.7) corresponds to —B, f(x) in Albrecher et al. (2009).
. In the mathematics literature, a paper related to the Dickson-Hipp operator is Redheffer (1966).
6. We can take advantage of the fact that p satisfies Lundberg’s fundamental equation (eq. 1.1 in the
paper) to obtain

0o

n

X

T,p(x) = e™ [J: e ™p(z) ds — Jo

3+ N—cp
\

e "p(2) dz]

err — Py p({XZ) (D8)
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The authors wish to thank the discussants both for their interest in and for their contributions to the
paper.

The alternative representation for the bivariate density of the time of ruin and the deficit at ruin
given by David C. M. Dickson is a useful addition to the expression given in Section 3 of the paper.
The arguments leading up to (D.1-Dickson) and (D.2-Dickson) are essentially probabilistic in nature
and consequently are fundamentally different from the Laplace transform inversion argument employed
by ourselves. It would be interesting to know if and when one formula is better suited for computational
purposes than the other.
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Also, we strongly agree that the mixed Erlang claim size is extremely flexible from an analytic stand-
point, and continue to be amazed by the uncomplicated (albeit algebraically tedious) nature of the
ensuing formulas which may be obtained, even for quite complicated quantities such as those discussed
in this and other risk theoretic contexts. It is curious that the factorization formula (D.3-Dickson) is
precisely what allows for the derivation of such simple formulas in the present application, both by
ourselves and in the discussion by David C. M. Dickson.

We also wish to thank Jae-Kyung Woo for her valuable addition to our results by her inclusion of the
random variable representing the surplus immediately following the second last claim before ruin. This
variable has various useful applications, and it is convenient for mathematical purposes to extend its
definition to the initial surplus u for the situation where ruin occurs on the first claim. Of course, as
is clear from her discussion this additional definition is not needed as the focus is on the joint density
for ruin on claims subsequent to the first.

It is instructive to note that the relatively complicated structure of the joint distribution (whereby
a different density for ruin on the first claim exists on a subspace) arises when the time of ruin and
the surplus immediately prior to ruin are both involved. This is due to the simple functional relationship
between theses two variables, which is actually linear in this situation. This phenomenum occurred
both with the densities discussed in the paper and with that derived in the discussion. It is interesting
that the structure of the joint distribution of the time of ruin and the deficit at ruin is much simpler,
and also why it is not easily recoverable from the trivariate distribution. Furthermore, it also provides
insight into the reason why a different argument (given by David C. M. Dickson) may be used when
the surplus immediately prior to ruin is not involved.

Turning next to the discussion by Hans U. Gerber and Elias S. W. Shiu, we remark that the Dickson-
Hipp transform of a gamma kernel (including the Erlang special case) is, apart from multiplicative
constants, the complement of the incomplete gamma function. In the Erlang special case with the
shape parameter a positive integer, the finite sum representation (D.6-Gerber and Shiu) may be ob-
tained in a variety of ways (e.g., by induction, Laplace transform inversion, renewal theoretic arguments,
etc.), but the operator calculus derivation provided here is interesting indeed.

Again, we thank the discussants for their contributions.

Discussions on this paper can be submitted until October 1, 2009. The authors reserve the right to reply to
any discussion. Please see the Submission Guidelines for Authors on the inside back cover for instructions
on the submission of discussions.



