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ANALYSIS OF A GENERALIZED PENALTY FUNCTION
IN A SEMI-MARKOVIAN RISK MODEL

Eric C. K. Cheung* and David Landriault†

ABSTRACT

In this paper an extension of the semi-Markovian risk model studied by Albrecher and Boxma
(2005) is considered by allowing for general interclaim times. In such a model, we follow the
ideas of Cheung et al. (2010b) and consider a generalization of the Gerber-Shiu function by
incorporating two more random variables in the traditional penalty function, namely, the mini-
mum surplus level before ruin and the surplus level immediately after the second last claim prior
to ruin. It is shown that the generalized Gerber-Shiu function satisfies a matrix defective renewal
equation. Detailed examples are also considered when either the interclaim times or the claim
sizes are exponentially distributed. Finally, we also consider the case where the claim arrival process
follows a Markovian arrival process. Probabilistic arguments are used to derive the discounted joint
distribution of four random variables of interest in this risk model by capitalizing on an existing
connection with a particular fluid flow process.

1. INTRODUCTION

In recent years various generalizations of the classical compound Poisson risk model have been pro-
posed. Among those generalizations, risk models with an underlying Markovian environmental process,
which include the semi-Markovian risk model, the Markov-modulated (or regime-switching) risk model,
and the risk model with Markovian arrival process (MAP), have attracted a great deal of interest in
the ruin theory literature (see, e.g., Ahn et al. 2007; Albrecher and Boxma 2005; Asmussen 1989;
Badescu et al. 2005; Janssen and Reinhard 1985; Li and Lu 2007, and references therein). Through
the use of an underlying Markov process for the evolution among a set of economic environments,
insurance claims can be modeled with a higher degree of complexity insofar as claim frequencies and/
or severities are concerned.

In this paper we propose to generalize the semi-Markovian risk model studied by Albrecher and
Boxma (2005) by relaxing some assumptions pertaining to the interclaim time distribution. The risk
model of interest in this paper is described as follows. Let Z0 be the environmental state at time 0 and
Zi be the environmental state immediately following the ith claim. We assume that is a time-�{Z }i i�0

homogeneous and irreducible discrete-time Markov chain on the state space E � {1, 2, . . . , m}
(m � �) with one-period transition probability matrix P � Let T0 � 0 and Ti be the time ofm[p ] .i j i, j�1

the ith claim (i � 1, 2, . . .). The claim counting process {Nt}t�0 is defined as Nt � sup{i � � : Ti

� t}. In addition, let Vi � Ti � Ti�1 be the time between the (i � 1)–th and the ith claim arrivals
(i � 1, 2, . . .). It is assumed that Vi �Zi�1 � j has density kj, cumulative distribution function (c.d.f.)
Kj, Laplace transform � e�sxkj(x) dx, and mean �j. Also, let Yi be the size of the ith claim�k̃ (s) �j 0

(i � 1, 2, . . .). We assume that Yi �Zi � j has density bj, c.d.f. Bj, survival function Laplace transformB̄ ,j
� e�sybj(y) dy, and mean �j. Furthermore, conditional on the interclaim times� � �b̃ (s) � {Z } , {V }j 0 i i�0 i i�0
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and the claim sizes are all mutually independent. Combining all the above assumptions, it follows�{Y }i i�0

that

Pr(Y � y, V � t, Z � k �Z � j) � K (t)p B (y), (1.1)i i i i�1 j jk k

for i � 1, 2, . . . and j, k � 1, 2, . . . , m. We remark that when the kj’s are exponential densities, (1.1)
reduces to equation (2) of Albrecher and Boxma (2005).

The surplus process {Ut}t�0 is defined as
Nt

U � u � ct � Y , t � 0, (1.2)�t i
i�1

where c is the premium income received per unit time. Let T � inf{t � 0 : Ut � 0} be the time to
ruin with T � � if ruin does not occur. For convenience, we also introduce the sequence where�{R }n n�0

R0 � u and Rn � u � (cVi � Yi) (n � 1, 2, . . .). Note that Rn corresponds to the surplus leveln�i�1

immediately after the payment of the nth claim (n � 1, 2, . . .). For the surplus process defined in
(1.2) with dynamics (1.1), we are interested in evaluating the Gerber-Shiu function with a generalized
penalty function that incorporates the surplus prior to ruin UT�, the deficit at ruin �UT �, the last
minimum before ruin XT (� inf0�s�TUs), and the surplus level immediately after the second last claim
before ruin (see Cheung et al. 2010a,b). The generalized Gerber-Shiu function is defined asRN �1T

��T� (u) � E[e w(U , �U � , X , R )1(T � �)1(Z � j) �Z � i, U � u], u � 0, (1.3)�,i j T� T T N �1 N 0 0T T

where � � 0, w : �4 → � is the so-called penalty function satisfying some mild integrability conditions
and 1(A) is the indicator function of the event A. Note that the expected discounted penalty function
proposed by Gerber and Shiu (1998) is a special case of (1.3) with w(x, y, z, v) � w12(x, y). Contrary
to the ‘‘original’’ Gerber-Shiu function, its extended version (1.3) allows for the analysis of the last
ladder height before ruin �UT � � XT and the last interclaim time prior to ruin � (UT� � /c,V R )N NT T�1

among other quantities of possible interest (see Cheung et al. 2010a,b for further details).
In Section 2 we show that the generalized Gerber-Shiu function (1.3) satisfies a matrix defective

renewal equation, and its solution is then derived. In Section 3 we identify the discounted joint distri-
bution of (UT�, �UT �, XT, and the discounted marginal distribution of the last ladder height beforeR )N �1T

ruin. Special cases of the risk model defined in (1.2) with dynamics (1.1) are considered in more detail
in Sections 4 and 5. Section 6 discusses the discounted joint distribution of (UT�, �Ut �, XT, in aR )N �1T

MAP risk model via a well-established connection to a fluid flow process. Finally, Section 7 contains a
short comparison of the analytic approach (Sections 2 to 5) and the probabilistic approach (Section
6) discussed in this paper.

2. MATRIX DEFECTIVE RENEWAL EQUATION AND ITS SOLUTION

As pointed out by Landriault and Willmot (2009), the joint density of T, UT� and �UT � takes a different
form depending on whether ruin occurs on the first claim (NT � 1) or on any subsequent claim to the
first (NT � 1). This is also the case for the joint distribution of T, UT�, �UT �, and for similar reasonsRN �1T

(see Cheung et al. 2010b).
For ruin occurring on the first claim, the joint density of (UT�, �UT �) at (x, y) together with Z1 � j

given that Z0 � i and U0 � u is easily found to be

x � u�1h* (x, y �u) � c k p b (x � y), x � u; y � 0. (2.1)� �1,i j i i j jc

In this case it is clear that T � (x � u)/c and � R0 � u. In matrix notation, one rewrites (2.1)RN �1T

as

x � u�1h*(x, y �u) � c k Pb(x � y), x � u; y � 0,� �1 c



ANALYSIS OF A GENERALIZED PENALTY FUNCTION IN A SEMI-MARKOVIAN RISK MODEL 499

where (x, y �u) � (x, y �u)] k(t) � diag{k1(t), . . . , km(t)}, and b(y) � diag{b1(y), . . . ,mh* [h* ,1 1,i j i, j�1

bm(y)}. If ruin occurs on claims subsequent to the first, we denote the joint density of (T, UT�,
�UT �, at (t, x, y, v) together with � j, given that Z0 � i and U0 � u by (t, x, y, v �u) forR ) Z h*N �1 N 2,i jT T

t, y � 0 and x � v � 0.
For future reference, it is convenient to define the discounted (with respect to T) densities

��(x�u)/ch* (x, y �u) � e h* (x, y �u), x � u; y � 0, (2.2)1,�,i j 1,i j

and

�
��th* (x, y, v �u) � � e h* (t, x, y, v �u) dt, y � 0; x � v � 0.2,�,i j 2,i j

0

The matrix versions of the above two discounted densities are denoted by (x, y �u) �h*1,�

(x, y �u)] and (x, y, v �u) � (x, y, v �u)] respectively. We remark that the abovem m[h* h* [h* ,1,�,i j i, j�1 2,� 2,�,i j i, j�1

discounted densities have been studied extensively in the classical compound Poisson model by Cheung
et al. (2010a) and in a dependent risk model with bivariate phase-type distributions by Badescu et al.
(2009). It is also clear from (2.1) and (2.2) that

h* (x, y �u) � h* (x � u, y � u �0), x � u; y � 0. (2.3)1,� 1,�

Our goal is to derive a matrix defective renewal equation for the Gerber-Shiu function defined in
(1.3). By conditioning on the first drop of the surplus level below its initial level u (which may occur
on the first claim or its subsequent claims) and keeping track of the underlying environmental states
in the process, one arrives at

m u � � x

� (u) � � � h* (x, y �0) dx � � � h* (x, y, v �0) dv dx � (u � y) dy � v (u), (2.4)� � 	�,ik 1,�,i j 2,�,i j �,jk �,ik
0 0 0 0j�1

where

� �

v (u) �� � w(x � u, y � u, u, u)h* (x, y �0) dx dy�,ik 1,�,ik
u 0

� � x

� � � � w(x � u, y � u, u, v � u)h* (x, y, v �0) dv dx dy. (2.5)2,�,ik
u 0 0

In matrix form, (2.4) and (2.5) can, respectively, be rewritten as

u � � x

� (u) � � � h* (x, y �0) dx � � � h* (x, y, v �0) dv dx � (u � y) dy � v (u) (2.6)� 	� 1,� 2,� � �
0 0 0 0

and

� �

v (u) � � � w(x � u, y � u, u, u)h* (x, y �0) dx dy� 1,�
u 0

� � x

� � � � w(x � u, y � u, u, v � u)h* (x, y, v �0) dv dx dy, (2.7)2,�
u 0 0

where ��(u) � [��,ik(u)] and v�(u) � [v�,ik(u)] Lettingm m .i,k�1 i,k�1

� � x

f (y) � � h* (x, y �0) dx � � � h* (x, y, v �0) dv dx (2.8)� 1,� 2,�
0 0 0



500 NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 13, NUMBER 4

be the matrix version of the ladder height density, (2.6) becomes

u

� (u) � � f (y)� (u � y) dy � v (u). (2.9)� � � �
0

Note that the matrix �� defined as

�

� � � f (y) dy (2.10)� �
0

is strictly substochastic under either � � 0 or the so-called positive security loading condition

m

� (c� � � ) � 0� j j j
j�1

is fulfilled, where � � (�1, �2, . . . , �m) is the stationary distribution of the Markov chain .�{Z }i i�0

Therefore, (2.9) can be viewed as a matrix version of a defective renewal equation.
Next we consider the particular Gerber-Shiu function ��(u) with w(x, y, z, v) � 1 that we shall

denote by ��(u). As we shall see, the solution ��(u) to (2.9) can be expressed in terms of the particular
Gerber-Shiu function ��(u). For the scalar case, we refer interested readers to Lin and Willmot (1999).
From (2.7), (2.8), and (2.9), ��(u) satisfies

u �

� (u) � � f (y)� (u � y) dy � � f (y) dy. (2.11)� � � �
0 u

Taking Laplace transforms on both sides of (2.11) yields

˜� � f (s)� �˜ ˜ ˜� (s) � f (s)� (s) � . (2.12)� � � s

For the remainder of this paper, we shall use a tilde ( ) to denote the Laplace transform of a function.˜
Also, we use the convention that the Laplace transform of a matrix is the matrix containing the Laplace
transforms of its individual elements. Simple algebraic manipulations of (2.12) lead to

˜� � f (s)� ��1˜ ˜� (s) � [I � f (s)]� � s

˜I � f (s) � (I � � )� ��1˜� [I � f (s)]� s
�1˜I � [I � f (s)] (I � � )� ��

s
�1˜� � ([I � f (s)] � I)(I � � )� � �� , (2.13)

s

where I is the identity matrix of the appropriate dimension. Note that the inverse [I � is known�1f̃ (s)]�

to exist given that is strictly substochastic,f̃ (s)�

� �
�syf̃ (s) � � e f (y) dy � � f (y) dy � � .� � � �

0 0

Given that �� � ��(0), it is immediate from (2.13) that

�
n¯� (u) � F* (u)(I � � ), (2.14)�� � �

n�1
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where � dy is the survival function associated to the (defective) density then � n nF̄* (u) � f* (y) f* (u),� u � �

n-fold (matrix) convolution of f�(u). Note that ��(u) can be viewed as a matrix version of a compound
geometric tail.

Now, taking the Laplace transform on both sides of (2.9) followed by some simple manipulations
yield

�1˜ ˜� (s) � [I � f (s)] v (s)˜� � �

�1˜� v (s) � ([I � f (s)] � I)v (s)˜ ˜� � �

�1 �1˜� v (s) � {([I � f (s)] � I)(I � � )}(I � � ) v (s), (2.15)˜ ˜� � � � �

where, from (2.13), it is clear that ([I � � I)(I � ��) corresponds to the Laplace transform�1f̃ (s)]�

of
�

n��	(u) � f* (u)(I � � ), u � 0. (2.16)�� � �
n�1

Inverting the Laplace transforms in (2.15) leads to
u

�1� (u) � v (u) � � �	(u � y)(I � � ) v (y) dy, (2.17)� � � � �
0

which is the general solution to the matrix defective renewal equation (2.9). If v�(y) is differentiable,
an alternative representation for ��(u) is found by integrating by parts (2.17). Omitting the details
here, one easily finds

u
�1 �1 �1� (u) � (I � � ) v (u) � � (u)(I � � ) v (0) � � � (u � y)(I � � ) v	(y) dy. (2.18)� � � � � � � � �

0

3. SOME DISCOUNTED JOINT DISTRIBUTIONS

In this section it is shown that the discounted joint density of (UT�, �UT �, XT, (together with theR )N �1T

environment state at ruin can be expressed in terms of the discounted densities (x, y �0)Z ) h*N 1,�T

and (x, y, v �0). Let �1234,�(u) and �124,�(u) be the Gerber-Shiu function with penalty functionh*2,�

w(x, y, z, v) � and w(x, y, z, v) � respectively. From (2.7) and (2.9), it is�s x�s y�s z�s v �s x�s y�s v1 2 3 4 1 2 4e e ,
clear that

u
�s u3� (u) � � f (y)� (u � y) dy � e v (u) (3.1)1234,� � 1234,� 124,�

0

and
u

� (u) � � f (y)� (u � y) dy � v (u), (3.2)124,� � 124,� 124,�
0

where
� �

�s x�s y�s u1 2 4v (u) � � � e h* (x � u, y � u �0) dx dy124,� 1,�
0 u

� � x
�s x�s y�s v1 2 4� � � � e h* (x � u, y � u, v � u �0) dv dx dy.2,�

0 u u
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From (2.17), the solution to (3.1) can be expressed as

u
�s u �1 �s z3 3� (u) � e v (u) � � �	(u � z)(I � � ) e v (z) dz1234,� 124,� � � 124,�

0

� �
�s x�s y�s u�s u1 2 3 4� � � e {h* (x � u, y � u �0)} dx dy1,�

0 u

� � x
�s x�s y�s u�s v1 2 3 4� � � � e {h* (x � u, y � u, v � u �0)} dv dx dy2,�

0 u u

u � �
�s x�s y�s z�s z �11 2 3 4� � � � e {�	(u � z)(I � � ) h* (x � z, y � z �0)} dx dy dz� � 1,�

0 0 z

u � � x
�s x�s y�s z�s v1 2 3 4� � � � � e

0 0 z z

�1	 {�	(u � z)(I � � ) h* (x � z, y � z, v � z �0)} dv dx dy dz.� � 2,�

Given that Z0 � i and U0 � u, (UT�, �UT �, XT, has discounted densities with environmental stateR )N �1T

at ruin � j on the subspace of �4. By the uniqueness of Laplace transforms, the above quantity isZNT

given by extracting the (i, j)–th element of the following matrices:

1. (x, y �u) � (x � u, y � u �0) on {(x, y, z, v) �x � u, y � 0, z � u, v � u}: contribution forh** h*12,� 1,�

ruin occurring on the first claim
2. (x, y, v �u) � (x � u, y � u, v � u �0) on {(x, y, z, v) �x � u, y � 0, z � u, u � v � x}:h** h*124,� 2,�

contribution for ruin occurring on the first drop in surplus excluding the first claim
3. (x, y, z �u) � (u � z)(I � ��)�1 (x � z, y � z �0) on {(x, y, z, v) �x � z, y � 0, 0 �h** ��	 h*123,� � 1,�

z � u, v � z}: contribution for an arbitrary number of drops bringing the surplus to level z followed
by ruin on the next claim

4. (x, y, z, v �u) � (u � z)(I � ��)�1 (x � z, y � z, v � z �0) on {(x, y, z, v) �z � v � x,h** ��	 h*� � 2,�

y � 0, 0 � z � u}: contribution for an arbitrary number of drops bringing the surplus to level z
followed by ruin occurring on the next drop in surplus excluding the next claim.

Given that both the quantities �� and (u) are functions of (x, y �0) and (x, y, v �0) (see eqs.�	 h* h*� 1,� 2,�

[2.8]), [2.10], and [2.16])), it follows that the discounted joint density of (UT�, �UT �, XT, canR )N �1T

be expressed in terms of the discounted densities (x, y �0) and (x, y, v �0) only. An expressionh* h*1,� 2,�

for (x, y �0) has been found in (2.2) together with (2.1). However, the same cannot be said ofh*1,�

(x, y, v �0). In general, it is not easy to find an expression for (x, y, v �0). Such an explicith* h*2,� 2,�

expression typically can be derived by restricting the interclaim time densities kj’s and/or the claim
size densities bj’s to be from a specific class of distributions (see Sections 4 and 5 for more details).
Assuming that an expression for (x, y, v �0) has been identified, this leads to a complete character-h*2,�

ization of the general Gerber-Shiu function ��(u) via

� �

� (u) � � � w(x, y, u, u)h** (x, y �u) dx dy� 12,�
0 u

� � x

� � � � w(x, y, u, v)h** (x, y, v �u) dv dx dy124,�
0 u u

u � �

� � � � w(x, y, z, z)h** (x, y, z �u) dx dy dz123,�
0 0 z

u � � x

� � � � � w(x, y, z, v)h**(x, y, z, v �u) dv dx dy dz.�
0 0 z z
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From the use of our generalized penalty function, one may be interested to analyze various quantities
related to the last ladder height before ruin �UT � � XT via the selection of a penalty function of the
form w(x, y, z, v) � w5(y � z) (see Cheung et al. 2010b). Let

��T� (u) � E[e w ( �U � � X )1(T � �)1(Z � j) �Z � i, U � u]5,�,i j 5 T T N 0 0T

and define �5,�(u) � [�5,�,i j(u)] From (2.7), (2.8), and (2.9), it is clear thatm .i, j�1

u �

� (u) � � f (y)� (u � y) dy � � w (y)f (y) dy,5,� � 5,� 5 �
0 u

for which, using (2.18), its solution is given by
� �

�1 �1� (u) � (I � � ) � w (y)f (y) dy � � (u)(I � � ) � w (y)f (y) dy5,� � 5 � � � 5 �
u 0

u
�1� � � (u � y)(I � � ) w (y)f (y) dy. (3.3)� � 5 �

0

By further assuming w5(y) � we can analytically invert (3.3) with respect to s5 to get the dis-�s y5e ,
counted (defective) density of the last ladder height before ruin, namely,

�1{� (u � y) � � (u)}(I � � ) f (y), y � u� � � �f (u, y) � . (3.4)� �15,� {I � � (u)}(I � � ) f (y), y � u� � �

Note that (3.4) provides an expression for the discounted density of the last ladder height before ruin
f5,�(u, y) in terms of the generic discounted ladder height density f�(y) only, as both �� and ��(u) are
functions of f�(y) (see eqs. [2.10] and [2.14]).

4. EXPONENTIAL INTERCLAIM TIMES

In this section we consider the semi-Markovian risk model (1.2) with dynamics (1.1) in which the
interclaim time densities are exponential, that is, kj(t) � 
j This corresponds to the risk�
 tje (t�0).
model studied by Albrecher and Boxma (2005).

4.1 Discounted Joint Density of (UT�, �UT �, R )N �1T

As discussed in Section 3, it is sufficient to determine (x, y, v �0) to compute the Gerber-Shiuh*2,�

function ��(u). With that in mind, let us consider the Gerber-Shiu function �124,�(u) with penalty
function w(x, y, z, v) � By conditioning on the time and amount of the first claim, we�s x�s y�s v1 2 4e .
have

m� u�ct
�(
 ��)ti� (u) � � 
 e p � b (y)� (u � ct � y) dy dt�124,�,ik i i j j 124,�,jk

0 0j�1

� �
�(
 ��)t �s (u�ct)�s (y�u�ct)�s ui 1 2 4� � 
 e p � b (y)e dy dti ik k

0 u�ct

m � t
i �((
 ��)/c)(t�u)i� p � e � b (y)� (t � y) dy dt� i j j 124,�,jk
u 0c j�1

�
i �(s �s )u �((
 ��)/c�s )(t�u)1 4 i 1� p e � e {� b (t)} dt, (4.1)ik s k2uc
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where the Dickson-Hipp operator �s (see, e.g., Dickson and Hipp 2001) is defined as
�

�s(x�y)� f(y) � � e f(x) dx, y � 0,s
y

for Re(s) � 0. Differentiating on both sides of (4.1) with respect to u, one obtains the integro-
differential equation

m u
 � � 
i i�	 (u) � � (u) � p � b (y)� (u � y) dy�124,�,ik 124,�,ik i j j 124,�, jk
0c c j�1


 
i i�(s �s )u �(s �s )u1 4 1 4� p e {� b (u)} � p s e {� � b (u)}. (4.2)ik s k ik 4 (
 ��)/c�s s k2 i 1 2c c

By taking the Laplace transform on both sides of (4.2) and rearranging terms, we arrive at
m
 � � 
i i˜ ˜ ˜s � � (s) � p b (s)� (s)�� � 124,�,ik i j j 124,�,jkc c j�1


 
i i� � (0) � p {� � b (0)} � p s {� � � b (0)}. (4.3)124,�,ik ik s�s �s s k ik 4 s�s �s (
 ��)/c�s s k1 4 2 1 4 i 1 2c c

One can rewrite (4.3) in matrix form as
m˜A (s)� (s) � c� (0) � �P� 	(0) � s �[p � � � b (0)] , (4.4)� 124,� 124,� s�s �s 4 ik s�s �s (
 ��)/c�s s k i,k�11 4 1 4 i 1 2

with

˜A (s) � (cs � �)I � � � �Pb(s),�

where � � diag{
1, . . . , 
m} and 	(u) � diag b1(u), . . . , bm(u)}. Throughout this paper it is{� �s s2 2

assumed that the Dickson-Hipp operator applied to a matrix is simply the matrix of the Dickson-Hipp
operator applied to every single element of the matrix. Letting (s) be the adjoint matrix of A�(s),A*�
one can rewrite (4.4) as

A*(s)(c� (0)) � 
 (s) � � (s)� 124,� s ,s s ,s1 4 1 4�̃ (s) � , (4.5)124,� det A (s)�

where


 (s) � A*(s)�P� 	(0)s ,s � s�s �s1 4 1 4

and
m� (s) � s A*(s)�[p � � � b (0)] .s ,s 4 � jk s�s �s (
 ��)/c�s s k j,k�11 4 1 4 j 1 2

We point out that Albrecher and Boxma (2005, Proposition 2.1) have shown that det A�(s) � 0 has
m solutions with nonnegative real parts, say, {�1, . . . , �m}, when either � � 0 or �j(c � �j) �m �1� 
j�1 j

0. To determine �124,�(0) in (4.5), we follow the ideas of Section 2.2 of Li and Lu (2008). Assuming
that every element of (�i) is finite for i � 1, 2, . . . , m, it follows from (4.5) that�̃124,�

A*(� )(c� (0)) � 
 (� ) � � (� ). (4.6)� i 124,� s ,s i s ,s i1 4 1 4

Because (4.6) holds true for i �1, 2, . . . , m, repeated applications of divided differences yields
�1 �1� (0) � c {A*[� , . . . , � ]} {
 [� , . . . , � ] � � [� , . . . , � ]}, (4.7)124,� � 1 m s ,s 1 m s ,s 1 m1 4 1 4

where [�1, . . . , �m], [�1, . . . , �m], and [�1, . . . , �m] are the mth divided differences ofA* 
 �� s ,s s ,s1 4 1 4

the matrices (s), (s), and (s), respectively. Analogous to equation (2.6) of Li and Lu (2008),A* 
 �� s ,s s ,s1 4 1 4

we have that
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m
m�i
 [� , . . . , � ] � A*[� , . . . , � ]�P(�1) (� . . . � )	(0)�s ,s 1 m � 1 i � �s �s � �s �s1 4 i 1 4 m 1 4

i�1

and
m

m�i m� [� , . . . , � ] � s A*[� , . . . , � ]�(�1) [p (� . . . � � � b (0))] .�s ,s 1 m 4 � 1 i jk � �s �s � �s �s (
 ��)/c�s s k j,k�11 4 i 1 4 m 1 4 j 1 2
i�1

Using Property 6 of Li and Garrido (2004, Section 3) followed by a change in the order of summation,
one arrives at

m m � 	(0)� �s �sl 1 4
 [� , . . . , � ] � A*[� , . . . , � ]�P� �s ,s 1 m � 1 i1 4 �	(� )i�1 l�i i l

m l A*[� , . . . , � ]� 1 i� �P� 	(0) (4.8)� �� � � �s �sl 1 4�	(� )l�1 i�1 i l

and
m m 1 m� [� , . . . , � ] � s A*[� , . . . , � ]� [p (� � � b (0))]� �s ,s 1 m 4 � 1 i jk � �s �s (
 ��)/c�s s k j,k�11 4 l 1 4 j 1 2�	(� )i�1 l�i i l

m l A*[� , . . . , � ]� 1 i m� s �[p (� � � b (0))] , (4.9)� �� �4 jk � �s �s (
 ��)/c�s s k j,k�1l 1 4 j 1 2�	(� )l�1 i�1 i l

where �i(s) � (s ��n) and thusm
n�i

m

�	(� ) � (� � � ). (4.10)
i l l n
n�i,n
l

Simple manipulations of (4.9) lead to

� [� , . . . , � ]s ,s 1 m1 4

mm l 
 � �A*[� , . . . , � ] j� 1 i� � p s � � � (� � � b (0))� �� � � � � �jk 4 l � �s �s (
 ��)/c�s s kl 1 4 j 1 2�	(� ) cl�1 i�1 j,k�1i l

mm l 
 � �A*[� , . . . , � ] j� 1 i� � p � � (� � � b (0))� �� � � � � �jk l � �s �s (
 ��)/c�s s kl 1 4 j 1 2�	(� ) cl�1 i�1 j,k�1i l

m l A*[� , . . . , � ]� 1 i m� �[p � � b (0)]� �� � jk (
 ��)/c�s s k j,k�1j 1 2�	(� )l�1 i�1 i l

m l A*[� , . . . , � ]� 1 i� �P� 	(0)� �� � � �s �sl 1 4�	(� )l�1 i�1 i l

mm l 
 � �A*[� , . . . , � ] j� 1 i� � p � � (� � � b (0)) ,� �� � � � � �jk l � �s �s (
 ��)/c�s s kl 1 4 j 1 2�	(� ) cl�1 i�1 j,k�1i l
(4.11)

where the last line follows from Property 2 in Section 3 of Li and Garrido (2004). Substituting (4.8)
and (4.11) in (4.7), it is immediate that

m
�1 m� (0) � c C �[p � � b (0)]�124,� l,� jk (
 ��)/c�s s k j,k�1j 1 2

l�1

mm 
 � �j�1� c C � p � � (� � � b (0)) , (4.12)� � � � �l,� jk l � �s �s (
 ��)/c�s s kl 1 4 j 1 2cl�1 j,k�1
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where

l A*[� , . . . , � ]� 1 i�1C � {A*[� , . . . , � ]} . (4.13)�l,� � 1 m �	(� )i�1 i l

Thus, it remains to invert (4.12) with respect to s1, s2, and s4 to obtain (x, y, v �0) (andh*2,�

(x, y �0) as a by-product). Note thath*1,�

� �
�((
 ��)/c�s )x �s (y�x)j 1 2� � b (0) � � e � e b (y) dy dx(
 ��)/c�s s k kj 1 2 0 x

� �
�s x�s y �((
 ��)/c)x1 2 j� � � e {e b (x � y)} dy dx (4.14)k

0 0

and

� � �
�(� �s �s )v �((
 ��)/c�s )(x�v) �s (y�x)l 1 4 j 1 2� � � b (0) � � e � e � e b (y) dy dx dv� �s �s (
 ��)/c�s s k kl 1 4 j 1 2 0 v x

� � �
�s x�s y�s v �� v�((
 ��)/c)(x�v)1 2 4 l j� � � � e {e b (x � y)} dy dx dv. (4.15)k

0 v 0

Substituting (4.14) and (4.15) in (4.12), Laplace transform inversions yield

m
�1 �(���I)(x/c)h* (x, y �0) � c C �e Pb(x � y), x, y � 0, (4.16)�� �1,� l,�

l�1

and

m
�2 �� v �(���I)(x�v)/clh* (x, y, v �0) � c e C �(� � (� � c� )I)e Pb(x � y), y � 0; x � v � 0.�2,� l,� l

l�1

(4.17)

We remark that from (2.1) and (2.2), it is clear that

�1 �(���I)(x/c)h* (x, y �0) � c �e Pb(x � y), x, y � 0. (4.18)1,�

Indeed, (4.16) is consistent with (4.18) because Cl,� � I. To see this, note from (4.10) and (4.13)m�l�1

that

m m l A*[� , . . . , � ]� 1 i�1C � {A*[� , . . . , � ]}� � �� �l,� � 1 m m
 (� � � )l�1 l�1 i�1 n�i,n
l l n

m m 1�1� {A*[� , . . . , � ]} A*[� , . . . , � ]� �� 1 m � 1 i m
 (� � � )i�1 l�i n�i,n
l l n

� I,

where the third line follows from the second by using a result of divided differences, namely,

m 1 0, i � 1, 2, . . . , m � 1
�� �m 1, i � m
 (� � � )l�i n�i,n
l l n

(see, e.g., Klugman et al. 2008, eq. 3.19).
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Interestingly, using (4.18), one can rewrite (4.17) as
m

�� vlh* (x, y, v �0) � e D h* (x � v, y � v �0), y � 0; x � v � 0, (4.19)�2,� l,� 1,�
l�1

where the matrix Dl,� is defined as
�1D � c C (� � (� � c� )I).l,� l,� l

Finally, the ladder height matrix f�(y) can easily be obtained by letting s1 � s4 � 0 in (4.12) and
then inverting the resulting equation with respect to s2. One finds that

m
�1f (y) � c C �P� b(y),�� l,� �l

l�1

and therefore by (2.10) we have
m

�1 ¯� � c C �P� B(0),�� l,� �l
l�1

where � diag{ . . . ,¯ ¯ ¯ ¯B(y) B (y), B (y), B (y)}.1 2 m

4.2 The Gerber-Shiu Function �124,�(u)
In this subsection we consider the Gerber-Shiu function �124,�(u) with penalty function w(x, y, z, v)
� w124(x, y, v). It is clear that �124,�(u) satisfies the matrix defective renewal equation (3.2) with

� �

v (u) � � � w (x, y, u)h* (x � u, y � u �0) dx dy124,� 124 1,�
0 u

� � x

� � � � w (x, y, v)h* (x � u, y � u, v � u �0) dv dx dy. (4.20)124 2,�
0 u u

Letting
� �


 (u) � � � w (x, y, u)h* (x � u, y � u �0) dx dy (4.21)� 124 1,�
0 u

and using (4.19), (4.20) can be rewritten as
m � � x

�� (v�u)lv (u) � 
 (u) � D � � � w (x, y, v)e h* (x � v, y � v �0) dv dx dy�124,� � l,� 124 1,�
0 u ul�1

m � � �
�� (v�u)l� 
 (u) � D � e � � w (x, y, v)h* (x � v, y � v �0) dx dy dv� � 	� l,� 124 1,�

u 0 vl�1

m �
�� (v�u)l� 
 (u) � D � e 
 (v) dv�� l,� �

ul�1

m

� 
 (u) � D � 
 (u). (4.22)�� l,� � �l
l�1
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Using (2.17) with v�(u) replaced by v124,�(u) obtained in (4.22), one finds that

m u
�1� (u) � 
 (u) � D � 
 (u) � � �	(u � v)(I � � ) 
 (v) dv�124,� � l,� � � � � �l 0l�1

mu
�1� � �	(u � y)(I � � ) D � 
 (y) dy�� 	� � l,� � �l0 l�1

m� u
�� (v�u) �1l� 
 (u) � � e D 
 (v) dv � � {�	(u � v)(I � � ) }
 (v) dv�� 	� l,� � � � �

u 0l�1

mu v
�1 �� (v�y)l� � � �	(u � y)(I � � ) e D dy 
 (v) dv�� 	� � l,� �

0 0 l�1

m� u
�1 �� (v�y)l� � � �	(u � y)(I � � ) e D dy 
 (v) dv.�� 	� � l,� �

u 0 l�1

Clearly, �124,�(u) can be expressed as

�

� (u) � 
 (u) � � � (u, v)
 (v) dv, (4.23)124,� � � �
0

where

�1 v �1 m �� (v�y)l��	(u � v)(I � � ) � � �	(u � y)(I � � ) (� e D ) dy, v � u� � 0 � � l�1 l,�� (u, v) � . (4.24)� m �� (v�u) u �1 m �� (v�y)� l l� e D � � �	(u � y)(I � � ) (� e D ) dy, v � ul�1 l,� 0 � � l�1 l,�

When m � 1, the risk model reduces to the classical compound Poisson risk model. It is not hard
to see that (4.23) and (4.24) reduce to equations (17) and (18), respectively, in Cheung et al. (2010a).
A probabilistic interpretation of (4.23) is provided next. First, using (2.3), (4.21) becomes

� �


 (u) � � � w (x, y, u)h* (x, y �u) dx dy, (4.25)� 124 1,�
0 u

which implies that 
�(u) is the contribution to the Gerber-Shiu function �124,�(u) for ruin occurring
on the first claim. Thus, the integral term ��(u, v)
�(v) dv in (4.23) shall be the contribution to��0

�124,�(u) due to ruin occurring as a result of at least two claims. Indeed, from an initial surplus of u,
the surplus process drops to level v immediately after an arbitrary number of claims before ruin (with
contribution ��(u, v) to �124,�(u)) followed by the subsequent claim possibly causing ruin (with con-
tribution 
�(v) to �124,�(u)). Integrating over the possible values of v, this gives rise to the integral
term ��(u, v)
�(v) dv.��0

To further justify our interpretation of ��(u, v), let us revisit the Gerber-Shiu function �124,�(u) by
separating cases where ruin occurs on the first claim or not, namely,

� � � � x

� (u) � � � w (x, y, u)h* (x, y �u) dx dy � � � � w (x, y, v)h* (x, y, v �u) dv dx dy124,� 124 1,� 124 2,�
0 u 0 0 0

� � x

� 
 (u) � � � � w (x, y, v)h* (x, y, v �u) dv dx dy.� 124 2,�
0 0 0

(4.26)

On the other hand, by substituting (4.25) into the integral term in (4.23) followed by a change of
order of integration, one obtains

� � x

� (u) � 
 (u) � � � � w (x, y, v)� (u, v)h* (x, y �v) dv dx dy. (4.27)124,� � 124 � 1,�
0 0 0
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A comparison of (4.26) and (4.27) implies that

h* (x, y, v �u) � � (u, v)h* (x, y �v), y � 0; x � v � 0. (4.28)2,� � 1,�

The above equation expresses the discounted joint density of (UT�, �UT � , for ruin on claimsR )NT�1

subsequent to the first claim (with initial surplus u) in terms of the discounted joint density of (UT�,
�UT �) for ruin on the first claim (with initial surplus v). From the definition of (x, y, v �u), theh*2,�

surplus level immediately after the second last claim prior to ruin has to be v, and, from this new
surplus level v, the next claim shall cause ruin, which is represented by the term (x, y �v) on theh*1,�

right-hand side of (4.28). One concludes that, given Z0 � i and U0 � u, has density [�0(u, v)�(v)]iRN �1T

at v (for v � 0) with a single mass point of

Pr(R � u �Z � i, U � u) � [�(u)] ,N �1 0 0 iT

where �(u) � (x, y �u)1) dx dy (u � 0) with 1 a column vector of ones of appropriate� �� � (h*0 u 1,0

dimension, and [a]i is the ith element of a column vector a.

5. EXPONENTIAL CLAIM SIZES

In this section we consider another special case of the semi-Markovian risk model described in Section
1 in which the claim size densities bj’s are exponential (i.e., bj(y) � for y � 0) and the interclaim�� yj� ej
time densities kj’s are general density functions. Again our objective is to identify (x, y, v �0) in thish*2,�

model. For that purpose, let �124,�(u) � [�124,�,i j(u)] be the particular Gerber-Shiu function ��(u)m
i, j�1

with penalty function w(x, y, z, v) � w2(y). Contrary to Section 4.1, the authors believe that�s x�s v1 4e
the use of an analytic approach (e.g., conditioning on the time and the amount of the first claim) alone
does not lead to an expression for (x, y, v �0) in the present case. The interested reader is referredh*2,�

to Cheung et al. (2009, 2010b), Landriault and Willmot (2008), and Willmot (2007) for risk models
with arbitrary interclaim times in which a similar problem arises. In a similar fashion, we first identify
the form of the solution to �124,�,i j(u) via a probabilistic approach. This combined with the analytic
approach described above leads to an explicit expression for �124,�,i j(u). A similar procedure has been
used in Cheung et al. (2009). Because of the similarity, we omit the rather tedious algebra here and
only state the results.

Let �ε1, . . . , �εm be the m roots with negative real parts to the generalized Lundberg equation

˜ ˜det(I � k(� � cs)Pb(s)) � 0

For simplicity, we assume that ε1, . . . , εm, �1, . . . , �m and �1 � s1 � s4, . . . , �m � s1 � s4 are all
distinct. One finds that

m
�ε u �(� �s �s )uk j 1 4� (u) � � e � � e , u � 0. (5.1)�124,�,i j ij,k i j

k�1

The coefficients �i j,k’s and �i j’s in the solution (5.1) are determined as follows:

• For each fixed j � 1, 2, . . . , m, {�1j, �2j, . . . , �mj} satisfies the following system of equations:
m �l˜ ˜� � k (� � c(� � s � s )) p � � p � k (� � c(� � s ))w (� ),� ˜ij i j 1 4 il lj i j j i j 1 2 j� � (� � s � s )l�1 l j 1 4

for i � 1, 2, . . . , m.
• Once the solution for the �i j’s have been found, one solves for the �i j,k’s via the system of equations

m �l˜� � k (� � cε ) p � , i, j, k � 1, 2, . . . , m, (5.2)�i j,k i k il lj,k� � εl�1 l k



510 NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 13, NUMBER 4

and

m � �lj,k lj
� � 0, j, l � 1, 2, . . . , m. (5.3)�

� � ε � � (� � s � s )k�1 l k l j 1 4

Note that, for any fixed j, k � 1, 2, . . . , m, one of the m equations (i � 1, 2, . . . , m) in (5.2) is
redundant. Therefore, combining the resulting m2(m � 1) equations with the m2 equations in (5.3)
yields a system of m3 linear equations to solve for the �i j,k’s.

This results in a complete characterization of �124,�(u). Finally, choosing w2(y) � it is clear�s y2e ,
that �124,�(u) corresponds to the joint Laplace transform of (T, UT�, �UT � , Note that the coef-R ).N �1T

ficients �i j,k’s and �i j’s in (5.1) depend on s1, s2, and s4. Therefore, it seems unlikely that in general
the Laplace transform inversion with respect to the arguments s1, s2, and s4 can be done analytically.

6. MAP RISK MODEL AND FLUID FLOW TECHNIQUES

So far, we have analyzed the generalized Gerber-Shiu function ��(u) for the semi-Markovian risk model
described in Section 1. We have shown that in principle it is sufficient to determine (x, y, v �0) toh*2,�

compute ��(u), and in Section 4.1 an explicit expression for (x, y, v �0) is derived when the inter-h*2,�

claim time densities kj’s are exponential. It is worth pointing out that a similar analysis could have
been performed for the class of risk models with Markovian claim arrivals (see, e.g., Neuts 1989;
Latouche and Ramaswami 1999). Readers should keep in mind, however, that the semi-Markovian risk
model described in Section 1 and the risk model with Markovian claim arrivals are not special cases of
one another. Thus, instead of relying on the analytic approach used in the previous sections, we propose
to derive the discounted joint density of (UT�, �UT � , XT, when claims follow a MAP via a purelyR )N �1T

probabilistic approach. Our methodology is based on an existing connection between a MAP risk process
and a fluid flow process (see, e.g., Asmussen et al. 2002; Badescu et al. 2005; Ramaswami 2006, and
references therein).

6.1 The MAP Risk Model
We assume that the claim number process {Nt}t�0 is a MAP with representation MAP(�, G0, G1) of
order M. A MAP is a two-dimensional Markov process on the state space � 	 {1, . . . , M} for which
the first dimension reflects the evolution of the total number of claims over time and the second refers
to the evolution of an underlying homogeneous continuous-time Markov chain (CTMC) {J*(t)}t�0 with
finite state space E* � {1, . . . , M}. For such a process, transitions of the MAP are subdivided into
two categories:

• Transitions of the CTMC from state i to state j ( j 
 i) without an accompanying claim (type 1).
• Transitions of the CTMC from state i to state j (with the possibility of i � j) with an accompanying

claim (type 2).

Transitions of type 1 are governed by the generator G0, for which its (i, j)–th element G0 [i, j] (G0[i,
j] � 0) corresponds to the instantaneous rate of transition from state i to state j 
 i in E* without an
accompanying claim. Type 2 transitions are governed by the generator G1 for which its (i, j)–th element
G1[i, j] (G1[i, j] � 0) corresponds to the instantaneous rate of transition from state i to state j in E*
with an accompanying claim. The diagonal elements of G0 are assumed to be negative and such that
the sum of the elements on each row of the matrix G0 � G1 are all zero. We denote by � the initial
probability vector of the underlying CTMC at time 0. For type 2 transitions, we further assume that
the distribution of the accompanying claim size may depend on the state of the CTMC immediately
before and after the transition. Thus, for a type 2 transition of the CTMC from state i to state j, the
accompanying claim size is assumed to have density bi j. With Yi denoting the size of the ith claim and
c the premium income per unit time, the surplus process {Ut}t�0 under a MAP risk model is also given
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by (1.2). The definitions of the time of ruin T and the random variables UT�, �UT � , XT and areRN �1T

identical to those given in Section 1 and are not repeated here.

6.2 Fluid Flow Process and Related Quantities
Underlying the fluid flow processes in this paper is an irreducible CTMC {J(t)}t�0 defining an environ-
mental process. The states of this process are referred to as ‘‘phases.’’ We assume that the CTMC
{J(t)}t�0 has state space S � S1 � S2, where the set S1 contains the phases when the fluid flow increases
(the interclaim intervals in the associated MAP risk model), and the set S2 contains the phases when
the fluid flow decreases (the claim sizes in the associated MAP risk model). The infinitesimal generator
associated with {J(t)}t�0 is then partitioned as

Q Q11 12Q � ,� �Q Q21 22

where the matrices Q i j (i, j � 1, 2) contain the transition rates from states in Si to states in Sj. The
fluid flow process of interest is (�, �) � {F(t), J(t)}t�0, where the fluid level � accumulates (depletes)
at constant rate c during a sojourn of the CTMC � in S1(S2). By incising out times spent in S2 and
pasting the rest of � together gives rise to the surplus process {Ut}t�0 of the MAP risk model (see
Figure 1 of Badescu et al. 2005). Interested readers are also referred to Badescu et al. (2005) and
Ramaswami (2006), for example, for construction of the generator Q in terms of the generators G0,
G1 and the parameters of the claim size distributions bi j’s. We remark that to use fluid flow techniques
to analyze the MAP risk model, all the densities bi j’s have to be phase-type distributed. Furthermore,
because every decrease of the surplus process (due to a claim), say, of size y, is represented by a
decreasing segment of length y/c in the corresponding fluid flow process, the generators Q21 and Q22

always depend on c, and we shall emphasize this dependency by writing Q21,c and Q22,c instead of Q21

and Q22, respectively, and in general we have Q21,c � cQ21,1 and Q22,c � cQ22,1 (see Badescu et al. 2007a,
Examples 2.1 and 2.2).

In the above fluid flow process, we are mainly interested in the quantities �(0, 0), 0�(0, x), and
�(x, 0). The first two quantities represent, respectively, the first return time of the fluid to level 0
and the first passage time of the fluid to level x avoiding level 0 en route, both given that the process
starts at level 0 at time 0, and �(x, 0) is the first passage time of the fluid to level 0 given that the
process starts at level x at time 0. Then we define the �S1 � 	 �S2 � matrix �(�), the �S1 � 	 �S1 � matrix

(0, x, �) and the �S1 � 	 �S2 � matrix (x, 0, �) with (i, j)–th element byˆ ˆf f0 11 12

���(0,0)[�(�)] � E[e 1(J(�(0,0)) � j) �J(0) � i], i � S ; j � S ,i j 1 2

�� �(0,x)0ˆ[ f (0, x, �)] � E[e 1(J( �(0, x)) � j) �J(0) � i], i � S ; j � S ,0 11 i j 0 1 1

and

���(x,0)ˆ[ f (x, 0, �)] � E[e 1(J(�(x, 0)) � j) �J(0) � i], i � S ; j � S .12 i j 1 2

Ahn and Ramaswami (2005) provide an algorithm which converges quadratically to compute �(�). On
the other hand, the evaluation of (0, x, �) can be done using Theorem 1 and Lemma 2 of Rama-f̂0 11
swami (2006) while (x, 0, �) can be obtained via Theorem 3 of Ahn and Ramaswami (2005). It isf̂12
also shown that (0, x, �) and (x, 0, �) depend solely on �(�) apart from some other knownˆ ˆf f0 11 12
parameters of the model.

Associated to the fluid flow process (�, �) is the reflected fluid flow process (�r, �) in which the
fluid level �r accumulates (depletes) at constant rate c during a sojourn of the CTMC � in S2(S1). In
this reflected model, we are interested in the Laplace transform of x�r(0, 0), the first return time of
�r to level 0 avoiding level x en route given that �r starts at level 0 at time 0, namely the �S2 � 	 �S1 �
matrix x�r(�) with (i, j)–th element
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x rx r �� � (0,0) x r[ � (�)] � E[e 1(J( � (0, 0)) � j) �J(0) � i], i � S ; j � S .i j 2 1

For computation of the matrix x�r(�), we refer the reader to Theorem 4 of Ramaswami (2006).
Now we have all the necessary components for the derivation of the discounted joint density of

(UT�, �UT �, XT, in the MAP risk model.R )N �1T

6.3 Discounted Joint Density of (UT�, �UT �, XT, R )N �1T

By analyzing all possible sample paths of the MAP risk process and the corresponding fluid flow process
(see, e.g., Ramaswami 2006; Ahn et al. 2007; Badescu et al. 2007a,b), the discounted joint density of
(UT�, �UT � , XT, given that the risk process has an initial surplus of U0 � u and the fluid flowR )N �1T

process starts in state i � S1 is given by the ith element of the following �S1 � column vectors:

1. For ruin on the first claim, on {(x, y, z, v) �x � u, y � 0, z � u, v � u},

�1 (Q ��I)(x�u)/c11h***(x, y �u) � c e Q eQ (x�y)q12,� 12 22,1 21,1

2. For ruin on the first drop in surplus due to ruin on other than the first claim, on {(x, y, z, v) �x �
u, y � 0, z � u, u � v � x},

� ���(v�u)/(2c) ˆh***(x, y, v �u) � e f 0, v � u, �� � � �124,� 0 11 2 2
�1

� �v�u r	 I � � � Q h***(x, y �v)� � � � �� 21,1 12,�2 2

3. For an arbitrary number of drops bringing the surplus to level z followed by ruin on the next claim,
on {(x, y, z, v) �x � z, y � 0, 0 � z � u, v � z},

�
�(u�z)/(2c)ˆh***(x, y, z �u) � e f u � z, 0, Q h***(x, y �z)� �123,� 12 21,1 12,�2

4. For an arbitrary number of drops bringing the surplus to level z followed by ruin occurring on the
next drop in surplus excluding the next claim, on {(x, y, z, v) �z � v � x, y � 0, 0 � z � u},

�
�(u�z)/(2c)ˆh***(x, y, z, v �u) � e f u � z, 0, Q h***(x, y, v �z),� �� 12 21,1 124,�2

where q21,1 � Q21,11.

7. CONCLUDING REMARKS

In Section 6 sample path arguments are used to derive the discounted joint density of (UT�, �UT � , XT,
in the MAP risk model via its well-known connection to a fluid flow process. Central to theR )N �1T

representation of this joint density is �(�), the Laplace transform of the busy period in a fluid flow
model, for which a quadratically convergent algorithm is available. When compared to the analytic
approach used in Sections 2 to 5, this approach does not require solving for the roots of a generalized
Lundberg equation for which numerical problems shall be expected when the number of environmental
states becomes large. On the other hand, a drawback of the fluid flow technique in Section 6 is that
all the interclaim times and claim sizes have to be phase-type distributed, and this poses a problem in
modeling heavy-tailed distributions. Such a shortcoming is not present in general with the analytic
approach developed in Sections 2 to 5.

To conclude, the authors believe that it is important to understand the advantages/disadvantages of
the two approaches. Neither approach is perfect, both having their own strenghts and weaknesses. One
should see them as a complement to each other and (we hope) as a source of insights for future
research.
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15(2): 123–34.
KLUGMAN, S. A., H. H. PANJER, AND G. E. WILLMOT. 2008. Loss Models: From Data to Decisions. 3rd ed. New York: Wiley.
LANDRIAULT, D., AND G. E. WILLMOT. 2008. On the Gerber-Shiu Discounted Penalty Function in the Sparre Andersen Model with an

Arbitrary Interclaim Time Distribution, Insurance: Mathematics and Economics 42(2): 600–608.
LANDRIAULT, D., AND G. E. WILLMOT. 2009. On the Joint Distributions of the Time to Ruin, the Surplus Prior to Ruin, and the Deficit

at Ruin in the Classical Risk Model. North American Actuarial Journal 13(2): 252–70.
LATOUCHE, G., AND V. RAMASWAMI. 1999. Introduction to Matrix Analytic Methods in Stochastic Modeling. Philadelphia: ASA SIAM.
LI, S., AND J. GARRIDO. 2004. On Ruin for the Erlang(n) Risk Process. Insurance: Mathematics and Economics 34(3): 391–408.
LI, S., AND Y. LU. 2007. Moments of the Dividend Payments and Related Problems in a Markov-Modulated Risk Model. North American

Actuarial Journal 11(2): 65–76.
LI, S., AND Y. LU. 2008. The Decompositions of the Discounted Penalty Functions and Dividends-Penalty Identity in a Markov-Modulated

Risk Model. ASTIN Bulletin 38(1): 53–71.
LIN, X. S., AND G. E. WILLMOT. 1999. Analysis of a Defective Renewal Equation Arising in Ruin Theory. Insurance: Mathematics and

Economics 25(1): 63–84.
NEUTS, M. F. 1989. Structured Stochastic Matrices of M/G/1 Type and Their Applications. New York: Marcel Dekker.
RAMASWAMI, V. 2006. Passage Times in Fluid Models with Application to Risk Processes. Methodology and Computing in Applied

Probability 8(4): 497–515.
WILLMOT, G. E. 2007. On the Discounted Penalty Function in the Renewal Risk Model with General Interclaim Times. Insurance:

Mathematics and Economics 41(1): 17–31.

Discussions on this paper can be submitted until April 1, 2010. The authors reserve the right to reply to any
discussion. Please see the Submission Guidelines for Authors on the inside back cover for instructions on the
submission of discussions.


