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]. INTRODUCTION

1.1. The purpose of this paper is to survey some new results concerning the
term structure of interest rates and discuss actuarial applications. The term
structure of interest rates exhibits the relationship among the yields on default
free debt instruments of different maturities. Although there is a considerable
volume of literature dealing with the determinants of the term structure the
analysis has until recently been presented for the most part in a deterministic (i.e.
non-stochastic) framework. This constrasts with the treatment of capital assets
where equilibrium prices have been obtained under the assumption that returns
on these assets are random variables.

1.2. This new approach to the term structure has been developed indepen-
dently by a number of authors. These include Vasicek,*? Cox, Ingersoll and
Ross,» Brennan and Schwartz'¥ and Richard.'®’ Although the details differ the
central idea is to assume that the spot rate r{f) follows a Gaussian Markov
process. The arbitrage principle together with some assumption about investors
tastes is invoked to obtain the price of a pure discount bond (i.c. a zero coupon
bond) of arbitrary maturity. The process followed by the spot rate determines the
behaviour of the yield curve. Without empirical testing of these models it is not
possible to state which best describes the real world situation.

1.3. There are a number of possibie actuarial applications of these results. The
present paper examines the concept of immunization within the framework of
these models. 1t will be shown that Redington’s'® basic idea is still valid although
there are important differences within the framework of the stochastic model of
the term structure. Recently Shedden'® has extended some of Redington’s results
to cope with a non-level but deterministic yield curve. In the finance literature
Fisher and Weil™ and Bierwag'® have studied immunization in the case of
coupon paying bonds. Cox, Ingersoll and Ross® have independently extended
the concept of immunization to the case of stochastic models in a manner similar
to that developed in §3.

2. STOCHASTIC TERM STRUCTURE MODELS

2.1. The development given in the first part of this section is a summary of that
given by Vasicek." Vasicek’s basic assumptions are:

(a) The spot rate follows a continuous Markov process.
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(b) The price P(¢.5) at time 1 of a pure discount bond which matures at time s
(r<s) is determined by the assessment at time ¢, of the segment {A T,
t < T< s} of the spot rate process over the term of the bend.

(c) The market is efficient and investors act rationally.

2.2. Assumption (a) implies that the spot interest rate /(1) can be written in the
form of a stochastic differential equation

dr = flr.0dr+ pir.nds (H

where d7 is a Wiener process with zero mean and variance dr. The functions f{r 1)
and [p(r.0)]? are the instantancous drift and variance of the process.

2.3. Assumption (b) implies that the bond price is a function of ¢, s and r(1).
Since (1) is a stochastic variable we need to use lto’s lemma''® to differentiate P.
Hence

P 2
dP= %’Qm‘z-dzﬂ—«[d ) @

2.4. Now we can substitute for dr from (1) in the first term of the right-hand

side. Since 47 is of order J dr,
{dr)? =p? di + higher order terms in dt. Thus [2] becomes

oP &P apP
dP[ +f +§’ ]d+p5r—dz‘ (3)
=Pudl+Podz'
62
where u= { +f +1ip az]P 4)
anda——l—p%? (5

Equation (3) holds for bonds of all maturities.

2.5. The development is completed by invoking assumption {c) to prevent
riskless arbitrage by reasoning similar to that used to derive the Black Scholes
option pricing formula '’ By constructing a portfolio consisting of two bonds of
different maturities Vasicek shows that the ratio (u(t,s)—r(1))/e(t,5) cannot
depend on 5. In particular if this ratio is zero the expected instantaneous returns
on all bonds are the same. This corresponds to one version of the Expectations
Hypothesis. We shall make this assumption throughout the rest of the paper
although it is possible to obtain more general results by assuming a non-zero
value for this ratio. Non-zero values can be chosen to correspond to a liquidity
premium theory of the term structure.

2.6. The Expectations Hypothesis under these conditions leads to a partial
differential equation for the price of a unit discount bond.
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Since p(t,5)=r(t) we obtain from equation (4)

oP  aP 0P
e 27 p—
% +f0' +4ip Fw rP=0 (6)

2.7. Atmaturity the bond price is unity by assumption so that P(s,s,r)=1 and
this furnishes the boundary condition necessary to solve (6). To proceed further it
is necessary to make more specific assumptions about the stochastic process (1)
followed by the interest rate. Vasicek has suggested the following process

dr=a(y ~r)dt + pd7 M

where a, y and p are positive constants. This corresponds to the Ornstein—Uhlen-
beck process and has been used carlier by Beckman''? to model investment
returns. In the present context it has the attractive property that the local interest
rate wanders randomly around a long term trend. The further it is away from the
trend the stronger is the force which tends to pull it back. Furthermore the
mathematics are relatively simple. One disadvantage is that there is a possibility
of negative interest rates. However, if the rate does become negative it will be
pulied back towards the long-term rate which is positive. To exclude negative
interest rates r=0 could be made a reflecting barrier but this would probably be
somewhat less tractable.

2.8. When the interest rate is given by (7) the solution to (6) obtained by
Vasicek is

P(t,5,r)=explFla, THD —r)— TD——E—(Ra.D)’l (8)

where T =(s—1)

|
F(a,T):;(l —exp(—aT))
p?
b=

By the properties of the Ornstein—Uhlenbeck process the spot interest rate is
normally distributed with conditional mean

E{r()=y+(r{f)—7) exp(—aT) v
and variance
var,(r(s)):%[l —exp{ —2aT) (10)

2.9. Cox, Ingersoll and Ross'? exclude the possibility of negative interest rates
by assuming that the dynamics of the spot rate are given by

dr=x(u—r)dt+ Jo*r di 1)
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where «, y and g are positive constants. The transition probability density of this
process has been derived by Feller'' ¥ in terms of Bessel functions. The boundary
classification criteria have also been developed by Feller. 1f 2xu/0? > 1 the origin
is an inaccessible boundary so that negative interest rates are ruled out. Jack-
son'** gives a lucid analysis of a number of stochastic models similar to equation
(11). The solution 1o the differential equation (6) obtained by Cox, Ingersoll and
Ross'? for the interest rate dynamics given by (11)1s

P(r.1.5) = A(Dexp( - rB(T) (12)
where
A(T)= 2hexpl(x —4)T)/2 ?:z
(A +x)(1 —exp(—AT)+ 2hexp(—AT)
2(1 — —~A
B = (1 ~exp(~47)) o

A+ %)) —exp(—AT}4 2hexp( —AT)}
A =x?420?

2.10. Both of the solutions (8) and (12) give yield curves which are increasing
for low values of the current rate r(r) and decreasing for high values of the current
rate. In each case there is a range of values which produces a humped yield curve.

2.11. Readers unfamiliar with the methods mentioned in this section will find

helpful background material in Cox and Millar"® and a more advanced
approach in McKean.'®

3. MATCHING OF ASSETS AND LIABILITIES—IMMUNIZATION

3.1. The importance of the maturity structure of the liabilities in selecting
appropriate assets has been widely recognized in actuarial circles. The classic
paper is by Redington'®) who showed that under certain assumptions it was
possible to develop an immunization strategy. It will be shown in this section that
the thrust of Redington's approach is still valid under the equilibrium theories of
the term structure just outlined. The actual term structure mode! used to derive
Redington’s result does not represent an equilibrium situation since it admits
arbitrage profits. This point was alluded to by C. D. Rich in the discussion of
Redington’s paper. It is hoped that the analysis presented here will resolve this
paradox.

3.2. First we restate Redington’s basic result. Assume that an insurance
company’s liabilities can be represented by

Lr (O<T< )

where L, represents the net Lability payment at time 7 hence. It 1s assumed that
Ly is known with certainty. In the same way A, denotes the asset proceeds
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payable at time T Let & (assumed constant) represent the force of interest (i.e. the
interest rate under continuous compounding, following conventional actuarial
notation). Assume that the yield curve is level. Suppose

VA=VL 13)

where VA = [Arexp(—6T)dT
0

and VL ={Lrexp(—8T)dT
[}

If in the next instant é changes by a small amount ¢ the new values of ¥4 and VL
are VA’ and VL’. By using a Taylor series expansion for VA’ — VL', Redington
showed that as long as

VA _avL
95 06 (14)
and
2VA VL
EYTRRGrYS
then
VA'> VL'

3.3. Asa simple illustration, consider a single premium pure endowment due in
10 years. Ignore mortality. The face value of the contract is 100 and the liability is
met by investing part of the premium in a 5-year discount bond and the balance in
a 15-year discount bond. If 6 =0-08 then the value of the endowment is

100 exp( —-8) =44-9328964

To achieve immunization the amounts of the premium to be invested in the 2
bonds are given by the solution of the following pair of simultaneous equations.
{The 5-year bond promises 4, units at maturity while the 15-year bond promises
A, units at maturity.)

Ay exp(—4)+ 4; exp(—1-2)=100 exp( —-8)
5 Ay exp(—-4)+ 15 4, exp(— 1-2) = 1000 exp{ —-8)
This gives
Ay =50 exp( —-4)=33-5160023
A2 =50 exp(-4) =74-5912349,
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VA VL .

a6t aat

25 A, exp( —-4)+ 225 4; exp{ — 1-2) — 10000 exp{ — 8)
= 1250 exp(— 8){1 +9—8]>0

3.4. In the absence of transactions costs this result implies the existence of
arbitrage profits for an investor who can borrow and iend at the same rate. The
underlying model of the term structure is not an equilibrium model. It is of some
interest therefore to approach the immunization problem within the framework
of the term structure models developed in §2.

3.5. First, however, some brief comments are in order. Notice that the arbi-
trage situation given in the example does not depend on the particular numerical
values selected. A more general algebraic development is possible. Also note that
the statement J changes to (d+¢) in the next instant was somewhat loose. This
really means that é has stochastic properties and that if 4 is a continuous function
of time a change in  may induce additional changes in the value of discount
bonds because time to maturity has been reduced.

3.6. Recall from §2 that under uncertainty a pure discount bond of maturity T
has value P(r,T) where r is the current spot interest rate and P satisfies equation
(6). If assets and habilities are perfectly matched

Ar=Lrforall T

In this case the value of

[- o] a0

then j;P(r, NArdT= {P(V,T)Lr dar

In this case of absolute matching the fund is perfectly immunized irrespective of
the bond pricing process.

3.7. It is still possible to achieve an immunized position when bond prices are
given by P(r,T) without going to the extreme of absolute matching. What is not
possible, however, is to obtain arbitrage profits in these circumstances. This is
not surprising since arbitrage arguments played a decisive role in setting up the
equation for the bond price in the first place. The immunized position conditional
on the current rate 7 is obtained by arranging that the stochastic component
vanishes. If

VA=VL (15

where VA ={P(r,NA, dT
VL={P(r,DL.dT.
the stochastic component of the return will be [from (3)]
( dVA  OVL\,.

ovd _ 16
P oy TP )2 (16)
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By selecting the assets so that

va_ ot (17)

the position will be immunized and the total return will be zero.

3.8. Notice that if (15) alone is satisfied the presence of the non-zero stochastic
component indicates that the expected return will zero (E(d7) =0). Further the
immunization position given by (17) is valid only for the current interest rate and
the current maturity structure of the liabilities. The immunization position has to
be adjusted continuously to accommodate changes in these parameters.

Notice also that to obtain

aviL

ar

we need o know
P
5;‘(’» n

for all maturities T of interest. This parstial derivative will be obtained from an
equation like equation (8) (Vasicek)!" or equation (12) (Cox, Ingersoll and
Ross).'

The mean term of the assets is given by

VA
or

VA

In the finance literature this concept is known as duration. To achieve immuniza-
tion under the stochastic models the mean term of the assets has to be made equal
to the mean term of the liabilities as in Redington’s theory.

3.9. To illustrate numerically some of the differences between the term struc-
ture models considered, Table 1 has been prepared. This table gives the prices of
pure discount bonds (100 = maturity value) for maturities of 5, 10 and 15 years.
The mean terms of the bonds are also given. The parameter values for the Vasicek
model and the Cox, Ingersoll and Ross model have been deliberately selected to
provide broad agreement between these two models. To achieve this the long-
term mean in both cases has been set equal to -07. The speed of adjustment is the
same in both cases, a =k =1 and when r=-07 the infinitesimal variances are
equal

0% x 07 = 0002 = p?
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Table 1. Bond Prices and Mean Terms of Discount Bonds (Face Value= 100)
under Various Term Struciure Models

(i) Flat Yield Curve

Instantancous Interes! Rate (continuous compounding)

Maturity 5°, 6°, 7. 8, 9,
Mcan Mecan Mcan Mean Mean
Prwe Term Pre Term Priee Term Priwe Term Price Term
hJ 7788 s 74 08 hY 70-47 A 670} h) 6370 s
10 60-6% 10 54-88 10 49-66 10 493 10 40-66 10
15 4724 15 4066 15 M9 is W12 15 2592 15
a0 [ L4 0 a0 o © 0 a0 0 @

(ii) Vasicek Model p? =-0002. y=07, a="1

Maturity 5% 6% 1% 8% 9%
5 7646 393 73-51 393 7067 393 6795 393 6533 393
10 §7:31 632 53-79 632 50-50 6-32 47-41 6-32 4450 6:32
IS 42-64 777 39-45 7 36-50 777 3377 777 3125 7-717
® 0 10 0 10 0 10 0 10 0 10
(i) Cox. Ingersoll, Ross model 03 =-002857, u=-07,x="1
Maturity 5% 6% 7%, 8%, 9%
5 7640 390 73-48 3-90 70-67 390 6797 390 6537 3.9
10 5707 614 53-67 6-14 50-47 614 47-46 6-14 44-64 614
15 4221 739 3920 739 3641 739 338t 739 34 T
o (1] 887 0 8-87 0 887 0 B-87 V] 887

3.10. Notice that the prices given by models (i1) and (iii) are very similar as we
would expect by construction. For current interest rates below the long-term
mean the stochastic models give lower bond prices than those given by the
deterministic model (i). For high current interest rates the reverse is true. These
features result from the mean reversion property of the interest rate in the
stochastic models.

3.11. Under the deterministic model the mean term of a T period bond is equal
to T. In the stochastic models the mean term of a T year bond is a more
complicated function of T and in both cases it is bounded as T—oo0. For model
(ii) the limiting value of the mean term for a very long bond is

Lim. (I—exp(—al)) _1
T—w© a Ta

In the case of model (ii1) the limit is
2
K420t 4+«

3.12. It may be of interest to obtain the immunized strategy for the 10-year
single premium pure endowment policy discussed earlier. The amounts 1, and 4,
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for a given (current) interest rate r(f) and a specified term structure model are
obtained by solving

Ay P(r,5)+ A, P(r,15) =100 P(r,10)

;_laf(,,s) Hzag(r,lS)= IO&E {r,10)
or or or

For the deterministic model P(r, T) =exp(—rT) and for models (ii) and (iii) A(r,T7)
is given by equations (8) and (12). The values of 4, and 4, for the parameter
values used to obtain Table | are given in Table 2. While the immunization
strategies do not differ too much between the stochastic models, the results for
model (i) are quite different from the other two. The stochastic models require
greater investment in the 15-year bond.

Table 2: Amounts of 5-year and 15-year Discount Bonds to Immunize a
10-year Single Premium Pure Endowment (mortality ignored). The
Face Value of the Endowment is 100

Instantaneous Model (i) Model (i) Model (iii)
interest detenninistic Vasicek Cox, Ingersoll, Ross

rate flat term parameter values parameter values

% structure in Table | in Table |

4 A3 i A3 A 4;

5 38-94 64:20 28-29 83-66 2672 86-34
6 37-41 67-49 2763 84-88 26-12 87-93
7 3523 7095 2698 86-12 25-54 89-04
8 33-52 74-59 26-34 87-38 24-98 9014
9 31-88 78-42 2572 88-65 24-42 91-30

3.13. To see why the stochastic models give rise to relatively greater investment
in the long-term asset the following comments may be helpful. Under the
deterministic model a small change in the local interest rate induces a movement
in the level of the entire yield curve. Thus it can have a dramatic impact on the
price of a long-term bond. In this model the price of a long bond is very sensitive
{o interest rate changes. The mean term which can be taken as a measure of the
riskiness of the bond with respect to movements in the interest rate isequal to T,
the time 10 maturity. In both stochastic models the local interest rate displays
mean reversion. Thus changes in the spot rate have a more pronounced effect on
the yields of shorter dated bonds. In model (ii) the mean terms of the 5-, 10- and
tS-year bonds are 3-93, 6:32 and 7-77. The increase in riskiness in moving to
longer maturities is not as dramatic as under the deterministic model. When the
immunization strategy is implemented it is not surprising to find that the stochas-
tic model gives rise to greater investment in the longer-term bond.
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4.  CONCLUSION

4.1. The immunization strategy just outlined depends of course on the validity
of the underlying model. To implement it correctly one needs also to know the
value of the underlying parameters which give the local dynamics of the spotrate.
Nevertheless it is contended that the stochastic approach provides a valuable
approach to the problem.

4.2, It is worth pointing out that by assuming that the net liability outflow is
certain at time T we are ignoring mortality and other contingencies. In the case of
acompany with a large portfolio of contracts this procedure can be justified by an
appeal to the law of large numbers. 1t is usual to think of the law of large numbers
as being required to reduce mortality risk. In the present context it is also
required (indirectly) to reduce investment risk.

4.3. There arc other problems in actuarial science which can be attacked within
the framework of a stochastic term structure. These include a range of situations
where financial options are granted to an insured. For example an endowment
insurance maturing at age 65 may include guaranteed conversion rates (to a life
annuity). The valuation of an option of this type could be placed on a more
scientific basis within the framework of a stochastic model of interest rates. In
fact many of the features and riders found in insurance contracts can be regarded
as options. These may involve financial options, mortality options or combina-
tions of the two. It is suggested that the stochastic models discussed in this paper
will prove useful in pricing such options.

4.4. 1 am grateful to my colleagues, Professors J. D. Murray and M. J. Brennan
for useful comments.
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