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1, Intrecfuction

1the rurrose of

classzical resulis of ruin theory will be Zerive

ere bdieved to be new; on the other hund some ma%

will te obtzined that

these results shz2ll nov be described,

this rote is twofold., Cn the one hané,
¢ by meth
hemeticel

seem to be of an independent interest.

ofs
resnuits

Cne of

et Il,?.z,... be nositive independent end identicezliy distributed

randon varizbles with common mear s . Let S,=0 and
-

Sk = Xl+'..+}:k for k= 1,2,.-.

then we shall derive the following result:
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“0eg net l:rend on thne aistritution of the xi's, and
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is tae constani M

(nonrendoa) end S, =k E

nonirivial Zormes Ior tne values of two crdinery
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thezn cne =zxn2 its exrects

the series in b, Gepends only on their mean.
.ote the: even in tue “"deserministic" speciel cese, wnere Xi.

Thearex 1 ;

(1)
eTel 25 2
taion exicte.

thatv

series.



In “neorem 1 the existence of only the first moment oi the xi's
sssuneG. if nigher order moments exist, we ey expand tae series
in Fneorem 1 in terums of powers of a. Comparing the coefficients of
K .o obtain this way the following two identities:
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frox {3) b toking th ' 3 tespect to x irn (3},

o Gireet derivation of foruule (3) will be riven ir ssetion 0.
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Z. zae risk Process whu WO Cless cal formu_as Ifor usy

in vae context of ruin theory we shall use as much &s possiile
the notaticn of bovwers et al. {1587, chapier 1Z). iius we corsiger

an insurance company whose surplus at time t is
U(t) = u + ct - 5(t) . (4)

Zere u ® U is the initial surplus, ¢ the rate at waich the premiums
are received, and S(t) are the aggregate claims beiween O and 3. =%

is essumed that { S(t)} is & com:ound Poisson process,

(S4]
T

3(8) = Xp + Xy + eee T X4y o {

where X. snould be interpreted as the azount of the ith cleim,
and L(t) ithe nuuber of claims pevween C exd T, shne cosmon distri-

.

bution function of tne Xi's is denoted by P(x); we assume that
¥(U) = 0 (no negative claims). The average clairm amount is cenoied
5y M , and A is the perameter ol the process {L(%)} . If
course e ussume tiet ¢ » AAM ., we continue to use the nosation

(17; iben (5) can be wriiten as 3(t) = Sﬁ(t)

+€ saell now assume u=0D, i.e, U(%t) = ¢t - 3(t). “he feollowiig

result is cliassical:

sieciem ¢: a. Given U(t) = = , the conditicnal prodbadilisy

that UiT)¢ x for 0¢T<1t (i.e.,, thet tue ievel =
R " i 6o g o s <o X
is atieinel for tne Tirst Time et Time T, is rr)

k. Given U{t)} = x , the conditional procebiliis; let

VT, 25FTor =T <4 (i.e., that ruin hzs nLos
= 3 % X
occurel by time t, is e
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“he eyuvaliity of the two contitvional protabilities can Le obiuiued
from the noiion of dual eventis, see Feller (1365, for.aia (f.1) of
chapter X1i), and iz valid under mcore general essuupiions, ilowever,
simpie exzpressions Ior this probability are oal; otveined, il iae
process {U(t)} is s=ip-free in the posiiive Gireciion. Zor Ene
sake oI completeness we sitetch a proof, whicn is essentizlly tae

elezant proo given by iLelbaen and Zaezendinck (13935).
= F & Y \

-

£rooi: a, We define

Jiven U{%) = = , +the process {H(T)} ig = conditiongl) mortirecles
ser 02T 2%, e stop this orocess et the first time T whex
g2thar W) = =, 2.e. M{T) =0, ox V(T) = = - c{t-T) , i.e.
T = ¢ . Then the crxtioncl stoppins theorezm tells us that the
fritiz) value, {2) = =, is equzl to the empectel wvelue of I =zt

g 8, 55 < 3 P - - S SR R I W
he stonnirng tize; Wut ithe letter is sizply ¢ timess the zrobsbilii;

Y, o ve aefine T = UITY/T . Siven U(R) = x , the

=
cmqn - i b E i P e e P b - =3 - -
srioEes {h\ ,} is & Tegioveyd Sartidgrle. Ve sien SLiE prooess
S T T 2 . — & dtn e "T\ - 2 3 = 'n'z" . e
2t the tnet bime T vhen either T(T) =0, i.es MDY =02, 2%

nemari: ~ne coandition "given U(t) = x" cen be repiecec b, ine

condition "given U(t) = x anc ii{t) = &"; the odrool is resdiiy

- P~
vel

"
ct

s e
Cim

0 this sironger condition, wna vie I'€S.LIing coafiTliousl

sro-enilities ere stil

-
ol
.
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e 3til11 zssume =0 , The nroceszs {U(t)} erceses the level =

of claims between O and % = (3]
conditioncl probebility, given SI: s for zn uncrossing =t the level

b d Letween the kth and the (k+l)st clainm is the Poiszon prebebirisr

._ [
2 (s -L}‘) -2(g, +x) rer
£ £ 1 ] \71
-t
in 0
where we huve set .

2 = b . 'S')

r 4

Eance the »robability for an uncrossing 2%t the level x tetveen

the th ond the {k+1)st clzip is

E in i<
a (u-_,+?.) ) -2(S 4-7;) \
E = e ‘\“i “ (v
!
Sinilzxl-r, ueing vheorem 22, one seses thut the provehisizy 4thot

vil) sver evpes the level x i
r k=2
= _[& 'S+ /V -2.3. +x) -
x = e T\t % (L3
=D !

e (since U(t) = 0 for .o 00 ),

Zeh vrores Tneorex la.
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‘irst =-r-lus pelow itne initial level

As a first epplicaticn to ruin theory vwe snall prove Ilieorem 12,2
of bowers et al. (12587, seciion 12.5). rfor sim.licity we assume u=J;
Tnus the event that the surpius falls below the inivial level for
the first time is ideniical to tae event ithat ruin occurs.

Using (7) and Theurem 2b we see that the condiiional proba-
pility, given Sk, for survival through the first x cizims and for
an upcrossing ati the level x béiween <he Xth end the (Z+1)st cleix

is
k k-1
a~ (3, +x) 9 o
k e~ (57x) (12)

x
:

B

If we multiply this expression by Adt [1-P(x-y)] = a ax [1-s(xfy)]
we ootain the ccnditional prooavility thet iiie surpius immeciately
before the (krl)st claim is beiween x and x ~ dx , and thst ruin
occurs with the (k+l)s%i claim, sucn tnat ihne resulting deficii
excedes y. -afing expecvations, integraiing over x and sumning

over k we see that ihe probability that ruin occurs and taat ae

aeficit &t tne time of ruin excedes y is

T=-1 -]
o ‘ oK (823" 1 P S R .
JE; x E[ - e i - [;—F(a)] cz s VLT
=0 < y

villich, beczuse oi Tneorem lz, is simply

a0
e § (1] . {aerd
-

2or y=0 this yields tne prooesbility cl ruin with no irizizal
surplus:

[ -
o 3 — A 3
Vv = = ' - 2 = = . . -
| J > S [-L '\2)] cz apm = VLD

c
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1T we denote by H(y) the conditionel distribution functicn of

tne delicit at the time of ruin, given tnat ruin oscurs, ve see

o

from (1¢) a2nd (1%) that

.Y '
‘H(y) = 3 8[1—?(2)] iz . (18}

3. & probabilistic proof of sueorem 1b

For a particular level x > 0 We consider the number o up-
crossings. This random variable has a geometric disvribution:
Saca wime <lhe process {U(t)} crosses tne level x, ine prooabilisy
t2at this is the last upcrossing is 1-1(2) , @na viae provetilivy
that there will be anoher upcrossing &% x is T(C) . Jhus ice

exzpected nuaber of upcrossings at x is

1 s 1 £
TTc, = Iram °* Wl

on the otner Iand uhe enpected unumver o0f upcrozsings &t R is also
oostiped by summing (¥; over L. Suuating the resuliing expression

witn (17, Jielés Iheoreu 1b.
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€. A comvuzatiouel oroof of -neorem 1
£, a compuvatlonzs Droof o- -aeorem L

~et ii(z) denote tiie womentizenerating functiion ol the X.'s; ior
simplicity we assume that i.x(z) exists for all z. In the following
resuit D denotes the dsrivative operator with respect o the

varieble z.

Lemma: For O« ac

*
2
U
*
[N
N
a)
o

3
M3

X '

2k
k!
ok ?
- = [{H\Z*a)-_,_}vl I(afa)] ¥z “)
n=1

femaruss: 1, Ia g, We suppose X#U; in b. tiais restricilon is v

-
-wd o

necS8Sary.
2j .e note thnev t. is tie derivative of a. (with respect 10 L.

“TS0i: «€ 3nell prove G, (T.e Proof of &, is similer;. .siug

e corra2siiifing Laylor series ve get
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5 K i _xz
2 & [ ] .

= = LSS R
Z T LK Z A_'a;‘v‘_ ;JJ [L-L(Z'r&).. e \—“a’] %
£=0 =0 Jde

oo n n ; ’ o
S oz @ et e ]
n=0 ~° 3=0

sy vne binomial formula tnis is indeed

oo n - -
Z 'a;_ -bn [{-‘:(z"a)—l}‘l ex\".'“)J ,

r “:
=\

e

waicn compleves tue prool.
Laeorem 1 is obtained Zrox tne remme by letting 2z - ~-a .
o see T.is ouserve taat M{0) = 1 and M'(0) = /u imply that
s O e . x?':-:*‘ _
i 'L[{.-r.z-a}-a.}n e’ “’] =0 i0r z = =a
[Wetet

.

n : 3B T )
D [{..v\;t-a)-d.}h e\ ")] =nlM icrz=-2a .
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+he wropcbiiitr of ruin

! - . 5
%, Tro exvregzions for th 12

ae return to the modei of ruin theory with an arbitrary Initiel
swplus u ® 5. if ruin occurs, there is necessarily a _.ast upecrossing
& the level O (since U(t) = 0 for t = o ). Thus the probability of

I'in is identical to the probevility of such a last upcrossing at
the level O.

sSupvose tnat Sk is given. If Sk £ u, an uperossing at O beiween
tie kth and the (k+l)st claim is not possible. If S, » u, an up-
Crogsing zt O takes place between the kih and the (k+l)st claim,

i? the number of claims by time <t = (Sk-u)/c is exacily k. “Then
this is the last uperossing at O, if the surplus process woes rnot
resurn to the origin, Thus the probability that the last upcrossing

a2} the level U taxes place between the kth and tie (z+1)st claim is
. . N
Y
- [ a® (Sy=u)y
5| ———t—=
k!

—
e
(&}

s

é'a(sk'“)] - {1-T(0)}

for k¥ = 1,2,.00 » 1t follows that the probebiliiy of ruin is given

by she foruuia

- a (5, -w)k .
T = 2 E[—-——lf-—* e a(°:;‘“)] fr-T@Y . =D
£=14 Ko

It is indiructive to consider two speciel ceses. rirst we set u=C
in (Z7). Using Cheorem 1b we get

o = 22 {1-T2Y , (22

which cunfirmz (15). Then we consider the case, whexre all ciaims are

of ¢cosstant size, say cne., _hen the provability of ruin is

a8 g 2
> e® {g-u) A oo _
T.C-) = , e~BlEW (s . )

= 78 ~



of we start the summation with k=0 and subtract the terms tuat

we have added, we get

(ul af (k-u)¥ -
Fw) = 1 - = g Bl gy (39
x=0 K¢

Tais is e classical formula, see Tor example Feller (1966,
formula (2,11) of chapter XIV). In (30) the number of terms is
fizite (for any given u), but the signs are alternatiing. .hus
Tor larwze values of u the series in (29) migni be preferavle fro=
a numerical point of view,
Tnere is another expression for the probability of ruin. lhe
orobabilitvy tnat iue process {U(t)} has exacily = recora _ovws
and thet its minaum is negative is
(kK -1¢0) Y YR Fim
F@® {1-T(0) {1-7 )y Ll
where H is given by (i6). -t follows taat

00 .
T = & TEF {i-a"w]) {1-Fay (52)
K=1

snich is toe well xuown convoluticz formule for the prowvadilisy

c. ruii.
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Jo £ icentity

From fcrwlas (27) and (J2, we €7 an iceniisy ihet i¢ o an

=) interest:

inaspeaien®

.
R
k., k. ¥k

= gl a M {l-d (u)} .

PN S 4 <~ »S < - e 2 b < L Y.
shide 2 L1ES Tor & Dn thexr 4F fs simgre
b - <=
& resiciement of
S . S 4 E-d - - e.4 - -
I2 e exreor: the left haxnd side i= powrers of & zZni comTaiTe
1=
RN L a2 - ol wie - PR} S AT At - -~ 4.
the coeflicients 2f &7, we cet the fallouwirns »zmul b
- -

133
]

Soralloyr: T'or

At
vaale

ey
® (AP

ekl A AP ccnd T
Ve wam' Ao W e

-

Ao ™ o d myea s L. - ana Y b e i | e > 1.,
fetmivutiong, s fop ensuyle Teller (1254, favenl:

— i~



TY NUTMEErS X,7y 4Kogeee the followips nlgebosi

(xl.x) -x=x ’ (3¢)

croument that is illustrated in firure 1, The ifez is that the

irclusion=-ziiclusion Irre mroce

20r arpitrary £ vae icentiity is 2s follows:
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Geometric Intervretation Of Formula (

— -

22

)
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I~

3y

= 2 (X, x, TeseTH, X))
! 1,74, i -

& e
s - o b
=T (xlw-xzw-...-u:k-rx) -

1L .k

i c. . S T _1\E
- T k: Z \xil' 12"000 xik-2+x) csw T ( l) .

= xlxzo--xk .

7nis formula can be verified by induction. wuppose it is irue
for X. Jhen we replace in (37) x by y, and integrate over y irom
x to X, . X. The result is the corresponding formula for krl,
Sormula (3) can now be readily ottained from (37). If we re-

place X, by the random varizble Xi {1 =1,2,ee0,k) 2nd t2ite ex-

pectations, we zet

wnich is esuivalent to (3).
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