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1, .!.r.'t:'ce.uction 

are belie-led to be nel't; on the o~her h!md SOl:le mathE::!.£.. tic:::l reS111 te 

\·:ill1:e obtl:.ined. that see:l to be of on indepen5e::.f interest. Cne of 

these results shall no,·, be deecribed. 

~e~ y.1':Z:~"" be :",os1 ti ve indepe:1dent go. ident1ct.lly c'! istrj bu"';e:' 

ra::.:' 0:1 var1d;les ~'~i th CO:1.~on ~e~ I" • Let Sn=O c.nd ., 

~or k = 1,2, ••• 

'l'!'le ore::-. 1: .I"or x > 0 a.."'ld 1 O<e.<}i .. ak (S,.+x)K-l e-a(s~"'xJl ~ ... [ ... ' 

!:.L .l:i 
K=O k! 

E' .. !1'5, 

00 
[ e.

K l~k.,.::::)K 
e-a {Sk,.-x)1 h E.. E 

k=a k! 

k! 

= 1 
x 

-L-= I-a,., 

value o~ the ~eries in ~ Qepends only on their mean. 

:') ~ ~.ote the.".; even !.u tAe "lie .. er.J1:inistic" special. ce.se, 'l'lOere X.' .... 

(l) 

i~ tile cons-want,M (noIlrendo::.lJ and Sit = k,M , '1heare:::. 1 G.!. ... es 

non .. rivial ::'or::l -':'P.S :for the val1.l.es of two crdinar:t series. 
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::i:n :;:'neorem 1 tne existence of only the first ~oment of -;ne .i:i I s 

is assuneci. If i.igiler order moments exist, we rJ2.y expanci 'trle series 

in iheorem 1 in terms of po.ters of a. ':::omparing the coefficien;;s of 

a k -.Ie obtain this way the following tilO icienti ties: 

E r (S. .+x)k-l] 
.IC-J = 0 (2) 

from~, and 

= (3) 
j! C~-j)! 

from h, both ,r,.IiO. for !~ = 1,2, •••• l;ote th!it (2) C2.n lie o'ct~ .. ined 
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~. :::,e risk process <;.llv. -; .. 10 cle.s::;ical formulas f~r u=J 

In t:le context of ruin theory we shall use as much as po~sL,le 

"the llota"ticn of l:so.,ers et al. (1~87, chapter 12). J:i1UB we coz:.sicier 

an insurance company "lhose surplus at time t is 

U(t) = u + ct - Set) 

~ere u ~ 0 is the initial s~plus, c the rate at which the premiums 

are received, and S(tj are the aggregate claims between 0 and "to :t 

is assumed that {S(t)} is a com~:,ound ?oisson process, 

~lhere X.; should be interpreted as the amount of the i th claim, 

and 1; (t) the r.\l;;lber of claims 'oe"'"een C ar.d t. ::rle co::;mOll dis-;:-i­

bution function of the Xi's is denoted by ?(x); we assume that 

~«(;) = 0 (no r.egative claims;. 1he average clam B.!:;o:;.nt is c.e:.oteo. 

by P ,anci ). is 10he paramete:- 0:: the process {l;(t) l • ::f 

course ~'le :",sS1.4:!le ti:.at c > A", • fie contir...ue to use t.he notation 

can be .rr;;' tten as ~(t) = 

•• e st-.e.ll now ass·..une u=O, i.e. \.l(t) = ct - Set). :'::ll.e fo.llc,i'i:.€; 

r~s·~t is classical; 

:;","eCl'em .:: !.: Given U(t) = A , the conciitionaJ. probabi::'i-;y 

that u(,j < x for 0 c l' < t (i.e., tha~ ,;~e ~cv=l ~ 

is attaine! for t~e first time at time t) is 

h <7i".ren u(i) = x , the conditional pro·~a.bili-;;:, 

U(Tj ~ 0 for 0 ~ T ~ t (i.e., that ruin ~s ~ot. 

o~c~'e~ by t~e t; is 
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:::he e~l~ali "y o!' tile tiro cOll6.i tiol~al pro::abi:a ties:::an 1e obtt.ille6. 

from tie no"~ion 01· dual events, see F'eller (:'966, f:;r;_"..8.a (~.lJ oi 

chapter XII). ~1.d is valie: under m:re general assLUptions. ~io·.;ev",r, 

:>imple e:,:pI"essions for this probability are o~:· 0:' " ... L'led, :L.:' t:u.e 

process {U(t) \ is s:.ip-!'ree in tne posi ti ve uirectioIJ.. :: or tile 

sake 0: COI:lj.;leiieness we sketch a proof, 'l'lhicn is essen-:i<=.lly "".e 

elegant proof'given by ~elbaen and ~aezend:nck (l93~). 

£l:.Q.Q£: ~ we define 

x - D(1) 
:·i(T) = 

t-T 

e::'::!1s:: "JeT) ::. :.: , : .• e. ::(1) = 0 , 0::- u(r) = 7. - c(t-T) 

... ~.- ... "..:(T) < .... ~,...~ .. .... " _""'_ 1.0-..1._ 

.... -. ::(1') = -':'(1)/, 

... 
~ . 

~ c , -. -. 

r,erna.r~~: . ~:ne condition "given U(t) = x" can be replp,cec. b~' tr!e 

c::m6.:i.tion "(1;i-.rel'l \.i(t) = x ~:..n~ ii(t) = 

x 
ct • 
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'7 
< • 

.. E: :3til1 r;.:;sU!::e '.l=0 • :');e :!,:'ocess p;(t)l C:'CSE'€S ";:-:'c 2.e-.rel ;~ 

be";~~e-:,n t~e l::t1':. c;.!).:l t!1e (:.+ 1) st c11:.i::, 1f ;;.nc. o:r.J.~! i~ t!1.e !_u.'::ber 

0:' clEt.i~s be"t1·recr. 0 c.nd t = (Sl{ ..... ~~)/c is el:actl;- ~{ • T!:"J.s t::€ 

::: 0:-10.1-: ion1:.1 probability, Given Sk ' for an u!,crossi:r.g at -:!1.e le.el 

y. 1e-:,·reel'l the kt!':. anc. the (k ... l)st c1ai~ is the ?ois~on prc~libi.!.g:· 

1::: k ;;. (S._-Lx) ( , 
___ .:iL.:.....__ E' -a. ~k +x, 

!? = 

,- , ... ~. 

c 

thE: (l~-t-l)~t clc.iD i~ 

E l_a_k_(_~.::}:_+_Y._)_lC 
k! 

_,,(c-. + ... ,] e -\.;):: .. ~ I 

(:. ) 

( ... ' ~I 

'::;in::.1:::..r:~·, '.1sine :rl:eo::-e::: 22., oue sees th;;;. t the pro"!:"'"!:;i.!.:!. t;~. tl:::-:: 

,.. '.(--, 
E [ 

::;..' t ::" +" ) .. -
x ----~.~.-~.---

K! 

' ... , ... 
.~ ,] e-e.\:::.-=. +x, 1,.1: ) 
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AS a first applicatien to ruin 'theory ~;e shall jJrove : 'heorem ::::.2 

~hus the event that the surp~us falls below tne ini'tio.l level for 

the first time is identical to tile event that ruin occurs. 

using (7) and Theurem 2b we see that tne condition&l proba-

oility, given Sk' for s~:ival thro~h the first k claims and for 

an upcrossing at the level x between the jtth and the \ ~~·l) s t cl::;.i~ 

is 
ak (Bk+X)k-l 

x 
:ltl 

-a(I::>, +x) e A (12) 

If we ::lul tiply this expression by >. dt ll-F(xTY)] = a dx [~-':'-(XT:; J] 
,;;e obtain the cCl1a.i tional pro·oabili ty that -:~.e surp:'us ilZleo.ia'telj-

before the (k ... l)st claim is between x ana. x T dx , <>.no. that ruin 

occurs 'lith the , (j;:-rl)s-;; clai4J, such that 'tile resulting deficit 

excedes y. ~~ing expectations, integrating over x ano. s~ng 
oye:' k .ve see that the probability 'tz-.a-: r...u.n OCC'.U'S ar.a tila-: ~":e 

<iefi~i t G. t the til;.-= of r '.ll.ll e;:{cedes :i is 

Qj) 
00 ak 

Z.- x " l L 
:.,:=:, 

(S, ·;·x)k-l 
x 

',I 
A. 

-a(S, -r~~)] e A a 5 [l-?(Z)] liz 
y 

~·i:.ich, beci:;.use of 'J:neorem .;.a, is s:'mply 
GO 

a 5 (l-r(~)] dz 
.J 

su;"plu..;: 
eo 

r~:"i = ~ 5 (~-E\Z)] ci.z = ap 
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li we denote by n(y) the co~ditional uistribution f"~c~ion of 

"tile deficit at the ti::le of r~n, given "that ruin oocurs, ~le see 

from (:1';') and (15) thaI; 

" H(y) = 
y 
S [l-?(z)j dz 
o 

:5. j." probabilistic proof of :';:leorem 1i> 

For a particular level x > 0 we consiaer the n~ber of up-

crossings. This random variable has a geometric disl;ri~ution: 

(16) 

.clacn -..i:Ila ",,:le p:.'ocess (i.i(t)} crosses "tHe level x, t!le pro"oabi:it:," 

t:lat this is the last upcrossing is 1-1(:::) , c.n"- "t~le proba";;,ili".;y 

tha t there ".-:ill be 2llotiler upcrossir.g 1:::';; A is r ( ~ j • :':h:.<s ... i:e 

e::pected nt.U:lber of upcrossings at x is 

, 
1-:1\(;; = ---L. 

1-a l" • (17; 

.:in tlle o-:her :2..na t~e e:.pected ~:.u=.iJer 0; -.:..:.>crozsil;.gs :::. t j~ is c:.i.so 

uo;;~illeci. oj' s~-::n:.:-.g (jj over ~ • .r.:'-l.uating -:i:le res....:. ... ill6 bApressi . .m 

,-;1"tIl (17 i :; ielc.s :heore:l lb. 

-168 -



(;. ,;I. cOi.l':,)-v:;;atioli.al 'Droof 0:: :':neorem 1 

~et ~;( z j ci.enote t~le :.:oment;enerating function 0,,:: i:he X " 's; i'.)r 
l. 

simplici ty 'Iole assume that ~'!(zJ exists for al~ z. III the fo:lo\"ii115 

result D denotes 'the derivative operator ".;i th respect ~o t!i.e 

-.;arie:ole z. 

and 

, .. 
... J 

necassar:~ • 

00 

2 
k=~ 

oe 

= z.. 
n=l 

,) .i e note tAe.'t ,. 
~ 

and -}-t ~z c. -a 

"T 

ls t l:.e derivative of ~ 
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00 

L. 
,. 

a'" . .k ["( ,jr xz] 
'7i -J .'. Z) e .. 
"'-. 

:f 
,- eI" 

( -aj j CiA ok L oj f (-., eX~:''''i:i.i] 
k! 

.;..-
j! 

;.J J.oj, z-:-a)"- . 
:i.:=J j=O 

~,;ow we il':,tro~ucc the ::e'\'/ Su:.'2LUatiOll vc.riaiJle n=k'rj allC oiJtain 

n 

[~ 

:":'-.eorem 1 is ootc:.ined ::ro=. tile ~mma 0;)' let~ing z .. -a • 

:: 0 se c 't:..is 0 ;;sE;l'Ve t:la -: Pl{ 0) = 1 'and W (0) .. ~. imply that 

-n-l[{_.," ,', o}n eX(:;'i6.J1 
-' .. ·.I,·.u-d.)-.... = C ::or z = -a 

, un = L.. r i'or z = 
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k (.-. +x)~':-l E.. ..;)~... 

,_ , 
_'I. • 

~- r, .... , .. _ .... ., ... ~;,- ....... :.--

lar,:,e rl~~ters tells us th.~t 

;3~._ +:-: 
-- ~ )-C 

k! 00 

J., n '-_ A 
... 00 

,_ ... 
:To e O

- •• 

.... -- -, 

".:':"~ ... :.~= ( .... I 
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;,e ret-.ll'n to the ruodel of ruin theor:t- -,oil th an <'xui --crar:i :'r.i tiel 

s"rplus u ~ ::;. :i.f ruin occurs. there is necessarily- a :"ast upcrossin; 

et the level 0 (since D ( t) .. DO tor t .. -OQ ). ThUS the probabil1 tY of 

~n is iaentic~ to the probability of such a last upcrossing at 

the level O. _ 

.::iUtl_ pose -;;iult d- is given. If S. ~ u, an upcrossing at 0 bet,;een 
J:I: .it 

t~e kth and the (k-rl)st claim is not possible. If ::)~ >u, ::an up-

Cl'ossing at 0 t~es place bet~Teen the kth a;-.d tile (k-rl)st claim. 

it the nuober of claims b:,- ti:ne t = (:3k-uj/c is eXE'_c'~ly .it. '.:.:nen 

this is the last upcrossing at G, if the surplus pro~ess uoes not 

return to the origin. Thus the probability that the last upcrossing 

a~ the level (I tues place bet~reen the :..:th e.na. ti:e (~-, 'l) st clai::l is 

k 
(Sk-U)+ 

k! 

fot' It = 1,2, •••• It follol.,s that the probability of ruin is giVen 

by the foruuls_ 

'T(u) = 

It 15 instrtioti'Ve to consider two spec1e.l. cases. ji'irst we set u=:-

i:-, \ 2"; ). ~sing:':heorem lb we get 

= ~ . { 1- t«(i)l. .L-al' J 

· .. r':'ch c,mfirm3 (15). :hen W6 consider -;;he case, .-;hel·e- all c:"a:..cs lire 

of-co.:.stan-;; size, say one. :"hen the probabi::'ity ot' rllin is 
00 

t:~- J 2-
...:~ [u-c:'l '., ..... 

-&(k-u; e 
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:..f we start -;;he sUllll2tion .,ith k=O c..nd su·otrac"C the term:;; tila" 

we he.ve ac.oed, we get 

1'(u) = l. 
(ul 
z.. 
k=O 

k it a (k-u) 

:ltl 
-a(k-u) e (l-a) 

ihl.s is a classical formula, see for example Feller (1966, 

formula (2.11~ of chapter XIV). In (30) the number of terms is 

fi!".J.te (for any iSiven u), but the signs are alternating.":hus 

~or lar~e values of u -;;he series in (2~) ~ght be preferable fro~ 

a n~erical point of view. 

~nere is another expression for the probability of rui~. ~he 

probatili ty ti18.t tile process {-..; (t)} has ej~act:'y z.: Ncora. :O;·,S 

~.d t~ct its mi~~ is negative is 

.,here H is given by (l6). :t folloT;lS ~ha-;; 

1(,·,k (1 :.;*~' 'J {--t'_·\ ""J - .. ", I\.U, .l \V, J 

,;nicn is tne wel: ~O.ill convohl'~io~ formula for the proIJabi.:i-;;y 

0': rui;: .• 

- 173-



;t. P.J.:. Lent:..ty 

:~:e :::-e:-:. -;: 3'0::- t\ ~ C :.r.e. C' < 

,e !::..Ye 

.,., 
-I' 

'. 

~ .., ..:..,4, ••• 

k 
L 
j=O 

(-"JJ 
\ -

~:. ::" , .. < f"I. ':'s 

't:·.1s 

( '.. ) k ~-..;-U ~ 

.-.~ 
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?cr r-,..."',; +,..,,_,.,. 
'-~_ .... _ J_ t ·- _ t. -u--'e"s _... x "''''e ,'.I. .• ~~..:. J_.,io,!, 2' ••• ~ .... 

:"c.el:ti ties hold: 

- Yo = (31 ) 

+ ~ ( .... +~\3 
tl "1 J. J 

1 '% 
+ .". (7. ... +:-:)"" + o ~. 

, '% 

'6 x..l = , '7.~ , 
\ ....... " 

:~elOe fl):-;:I111r~s can be veri:'ied :y ::lore or le310 tec.i:::us c<.lc'.ll::.tio::::. 

:-'!I':':r tc fi~;i !:';, and. in paro;iculp.r. to rel'reseno; i -;; ~ra.fl"'~icaJ.':~·! 

"' or fI.rO:;' trf'...r" ... o; •• e iiienti t:i is e.s follows: 
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-.-.- ,"' --.~"" 

+ 

+ 
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• 'T 

:, 
(X., -rX .... T •• • TX~ +X) ..... 

... &. Jl: 

:.:Ais formula ean be verified by induction. ~uppose it is true 

for ~. ~hen we replace in (37) x by y, and in~egrate over y from 

x to xk+l~x. ~he result is the corresponding formula for kTl. 

;ormula (3) can now be readily obtained ~rom (37)0 If we re-

place xi by the random variable Xi (i = 1, ~ , ••• , k) and tej~e ex­

pec~ations, we get 

, '-J ~ _ '__ '.6, 
"':T ;;[t s . .,-z} -
"'. K 

(_l)k x~ - ••• + = 

!'lnich is e~~uivalen~ to (3). 
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