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Abstract

This paper presents a brief description ot recent work on Kavesian
Credibility through the hierarchical normal linear model. This
work was funded during the summer of 1986 by the Actuarial
Education and Research Fund. Details of the research can be found
in the papers FKlugman (17287a) and klugman (1787b).

U. Introduction

The term credibility has been used to mean a varisty of things
and most often it implies a restriction to linear estimators. This
is usually done to avoid making & distributional assumption. Least
squares estimates of means will then depend on the underlying
distribution only through the first two moments. However, if too
much emphasis is placed on linearity one may lose sight of the
origirnal objective, the estimation of a set of parameters. In the
insurance setting this is usually the estimation of expected losses
or loss ratios. The goal, then, is the same as in any statistical
estimation problem: to find point estimates, to find measures of
the accuracy of the point estimate (standard errors), and to verify
the assumptions made (or the model used). It is not possible to
perform the last two tasks unless some assumption is made with

regard to the underlying distribution of the observations.

In this research the normal distribution was selected as the
model to use. The reasons for this choice are given i1n Section 1.
The next step is to select an estimation method. Arguments for a
hierarchical Bayesian model are presented in Section 2. In Section
T the most general solution for linear models is presented. In
Section 4 the specific solution for the simplest model 1s given.

In Section S a number of models are presented that can be solved
with the approach given in Section k. Finally, 1n Section &6 some

topics for tuture research are presented.
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1. The Normal Model

There are two reasons tor choosing the normal distribuation.
The t1rst 1s computational convenience. Quite simply, it 1a
(relatively) easy to obtairn answers. As our co@putational ability
increases, this advantage 1s lirkely to disappear. The second
reason 1 a more practical one. Those who make no distributional
assumptions solve the problem by restricting attention to
estimators that are linear 1n the data. It twns out that these
same linear estimators tollow from the normal model. Furthermore,
most practitioners estimate the second moments by using sums of
squares. While their estimators are unbiased regardless of the
underlying distribution, any optimality properties relate to the

normal model.

2. The estimation method

Several methods are currently in use for performing the
estimation. All of them agree on the point estimator to use in the
case where the population variances are known. The divergence
comes in the estimation of these variances. Most of these methods
can be categorized as empirical HEayes methods if one is willing to
adopt a loose definition. By an empirical BRayes method I mean any
method that first finds the Bayes solution in the case where all
second moments are known, and then uses any reasonable techniqgue
for estimating the variances. The usual choice is to find unbiased
estimators based on carefully selected sums of squares. This is
the method used by Buhlmann and Straub (1972) in their classic
paper that introduced actuaries to this approach and has continued
to be advocated. In a more recent paper Venter (19835) extends this

procedure to more complicated models.

There are three major drawbacks to this approach. The first
is that the estimates can easily fall outside the parameter space.
This 1s because they are basically method of moments estimates. A
second is that standard errors are not available. There is no way

to account for the variability introduced via the estimation of the
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variances. Finally, because the method itsel+f provides no
guidelines for divining the variance estimates, extension to

complicated models becomes very ditticult.

I advocate a true Bavegsian approach. That 15, praior
distributions for all parameters must be given and must themselves
be free of unknown parameters. Once this is established 1t is

merely a matter of applying the rules of probability to obtain the

o T Sk e

variance used as a measure of ervror, the tirst two objections in
the preceding paragraph are met. The difficulty associated with
complex models will depend on the computational difficulty of
obtaining the posterior distribution. But the difficulty 1s always

computational and never conceptual.

2. The Hierarchical Normal Linear Model

This model, introduced by Lindley and Smith (1972, provides
conziderable flexibility, yet is not too difficult to manipulate.
The model begins by assuming that the observations are recorded in
a column vector Y. It is further assumed that given a vector @

and a matrix G

Yie,5 ~ N(AD,G)
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Hayesian approach a prior free of parameters must be specified,

that is

p(p,G,H).

Obtaining the solution i1s a matter of performing the

probability manipulations. The results are given below.
Let
A= e eyt

g o= (B H g 7!
A+ H.

L3
[}

The least squares estimates are

8 = AA°G iy  and

no= (vl e y1g,

The conditional distribution of €61Y,G,H 1s multivariate normal

with mean vector

8= (vl + ahH A"l + wlpp -
and covariance matrix

V= (A7l - Wl s T T
The posterior density ot G,HIY 1s proportional to

pG,H) UAIZIGD Y E (e v tm "1/ 1w /2
= expl-(v-a8) ‘6~ L(y-a8)/2 - (8-Bp) v~ 1 (B-Bu) /21
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The posterior mean can be obtained by integration:

ECe, 1Y) = 18, pi6,HIY) dBdH

where @ 15 the 1th element of 6.

1

The posterior variance is
Var (8, 1Y) = S (&) “p(G,HIY)dBdH ~ [E(6 1Y) 1= + fv,. p(G,HIY)dGAH
where v, 4 i1s the ith diagonal element of V.

1

A final item of interest is the predictive density ot the next
observaticon from the 1th class. In particular, 3f X 1€, ~ N(&,6,s)
then

E(X 1Y) = E(8, 1Y)
and

Var(XilY) = Var(eilY) + E(slY)

where s is a function of the elements of G and the final

expectation is with respect to p(G,HIY). N

4. The simplest case

The most elementary case is one in which there are k classes

of insureds and n; observations have been taken from each class.

The objective 1s to estimate 6 the mean loss (or loss ratio?

it
from the i1th class. The model becomes

Yijlei,v‘ ~ N(ei,o‘/Fij)
el!p,wz ~ N(p,Tz)

where FiJ 15 a measure o+ the volume of business for the ath

observation from class 1i. Applying the above formulas reveals
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S. Other models

A variety of interesting models that are relevant to
estimation of insuwance losses fit the framework of the
hierarchical normal linear model. A few examples are given in this
section. TJo simplify the writing of the models, the elements being
conditioned upon are omitted from the le+t hand side. It should be

obvious what they are.
A. tinequal vartlance

A model with the variance varying from class to class is given
by

Yij ~ N(el,oi‘/Fij)

0, ~ N(pu,79)

-

ci* ~ Inverse Gamma(w, A}

p(p,TE,v,A).

It turns out that the individual variances are estimated by a
weighted average ot the sample variance from the ith group and the

harmonic mean of the k sample variances.
B. Uncertainty

This model allows the group mean to fluctuate over time. The
simplest version treats it is a purely random process. More
complex models could introduce autoregressive or linear trend

relationships.

Vi o~ NGeg ,0°/F O
% '\-N(el,w“
e, -~ N, 1<)

p(p,oz,Tz,wz)

This model is erxamined 1in Eluaman (1287b) .
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C. Time series, state space

The Kalman filter has become popular as a general model for
insurance losses. It 1s similar to the wuncertainty madel but 1s
more structured. There are two processes at work. 0One governs the
vear to year changes in the parameters. The other describes how
the parameters affect the observations. A model describing a

linear trend with noise is

Y
6

iy % NGO eT/F

ijg ™ N(g; + BI‘J_I,TL)

> -~
p(pi,a*,T‘).

The second level indicates that the mean loss in year j 1is the
previous year's loss plus a constant (the slope) that may vary from
group to group but remains fixed over time plus some random

movement.
D. Hhittaker graduatiorn

This example shows that there are other problems of interest
to actuaries that can also be solved with this model. Let the 6;
be a sequence of true mortality rates and let the Y, be estimates

based on experience at age 1i. Consider the foliowing model:

. 2
Y, ~ N8, ,02/F )
(@),0..,0,)  ~ NL(O,...,0) ,H/AJ

piogl,A).

The posterior mean of © given the structural parameters ¢ and

A is
(Fso< + an~ 1 "lpyso=

where F is a diagonal matrix with the F;, on the diagonal. FBut
this is just the formula for a Whittaker graduation 14 the matrin
H 135 selected in the appropriate manner. What is interesting is

that the techniques of Bayesian analysis make 1t possible to

-8 -
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estimate the smoothing parameter A and also to estimate the
standard error in the results atter the graduation has been

performed.

6. Future work

There are a number of problems that remain to be investigated.

A few of them are listed below:

Working out the details for the models presented in the

previous section as well as other models not given there.

Investigating, probably through simulation studies, the

sensitivity of the results to the normality assumption.

Pevelopment of methods for non-normal models.
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