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Abstract 

This paper pr-esents a brief description of r-ec_erlt wor~: on i~ayeslan 
Credibility through the hierarchical normal linear mode], l h~s 
work was funded during the summer o÷ 1986 by the Actuarial 

Education and Research Fund. Details of the resear(ih car~ be found 

in the papers Klugman (1987a) and Klugman (1987b). 

(~. Introdu~:t i on 

l he term credibility has been used to mean a vat ietv of triings 

and most often it implies a restriction to linear estimators. This 

is usually done to avoid makinq a distributior7a] assumption. Least 

squares estimates of means will then depend on the underlylng 

distribution only through the first two moments. However, if too 

much emphasis is placed on linearity one may lose sight of the 

original objective, the estimation of a set of parameters, in the 

insurance setting this is usually the estimation of expected losses 

or loss ratios. The goal ~ then, is the same as in any statistical 

estimation problem: to find point estimates, to "find measures of 

the accuracy of the point estimate (standard errors), and to verify 

the assumptions made (or the model used). It is not possible to 

perform the last two tasks unless some assumption is made with 

regard to the underlying distribution of the observations. 

In this research the normal distribution was selected as the 

model to use. The reasons for this choice are given in Section I. 

The next step is to select an estimation method. Arguments for a 

hierarchical Bayesian model are presented in Section 2. In Section 

3 the most general solution for linear models is presented. In 

Section 4 the specific solution for the simplest model is Qiven. 

Ir, Sec:tic:ir~ 5 a number of models are preserlted that (:an be solved 

with the approach given in Section 3. Finally, in bt:"ctlc~n 6 somme 

tI-~;iES ~or future research are preser~ted. 
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1. l h e  N o r m a ]  M o d e ]  

there are two reasons ~or ~hc~osJng the normal distributi~n. 

l t~e first is ~omput:stloila[ (:onvenience. Quite simply, it is 

(re]atlveIy~ easy to obtair~ answers. As our computational ability 

increases, this advantage is likely to disappear, lhe second 

reason is a more practical one. Those who make no distributional 

assumptions solve the problem by restricting attention to 

estimators that are linear in the data. It turns out that these 

same linear estimators ~oI low from the normal model. Furthermore, 

most practitioners estimate the second moments by using sums of 

squares. While their estimators are unbiased regardless of the 

underlying distribution, any optimality properties relate to the 

normal model. 

2. The estimation method 

Several methods are currently in use for performing the 

estimation. All of them agree on the point estimator to use in the 

case where the population variances are known. The divergence 

comes in the estimation of these variances. Most of these methods 

can be categorized as empirical Bayes methods if one is willing to 

adopt a loose definition. By an empirical Bayes method I mean any 

method that first finds the Bayes solution in the case where all 

second moments are known, and then uses any reasonable technique 

for estimating the variances. The usual choice is to find unbiased 

estimators based on carefully selected sums of squares. This is 

the method used by BLihlmann and Straub (1972) in their classic 

paper that introduced actuaries to this approach and has continued 

to be advocated. In a more recent paper Venter (1985) extends this 

procedure to more complicated models. 

There are three major drawbacks to this approach. The first 

is that the estimates can easily fall outside the parameter space. 

This is because they are basically method of moments estimates. A 

second is that standard errors are not available. There is r~o way 

to account rod ~ the variability introduced via the estimation of the 
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variances. FinalLy, because the method itself provides n o  

guidelirles ~:or divinJncj the variance estimates, e,,:terlsion to 

e:omp i i e:at ed m~;:del ~ becomes vet y d i f f i c:u I t . 

I adv()(:~te a true Ba~,esian approach. That i S, pr] or 

distributions for all parameters must tie give~ arid must themselves 

be free of unknown parameters. OrIce this is established it is 

met-ely a matter of  applyinw the rules of  probability to obt~in the 

posterior distribution of any parameter of interest. If the 

posterior mean is used as the point estimate and the posterior 

variance used as a measure of error, the first two objections in 

the preceding paragraph are met. The diTficulty associateO with 

complex models will depend on the computational difficulty of 

obtaining the posterior distribution. But the diTficu]ty is always 

computational and never conceptual. 

3. The Hierarchical Normal Linear Model 

This model, introduced by Lindley and Smitl7 (1972), provides 

considerable flexibility, yet is not too difficult to manipulate. 

The model begins by assuming that the observations are recorded in 

a column vector Y. It is further assumed that given a vector 0 

and a matrix G 

YIO,G ~ N(A0,G) 

where A is a matrix of known constants. Our goal is to estimate 

the elements of the vector O. All credibility type estimation 

procedures are based on an assumption that there is some 

relationship between the parameters in 0. Here it is modeled by 

assuming 

O I p , H  ~ N(BJm,H} 

where B is a matrix of known constants. The parameters ~, G, 

and H are nuisanEe parameters. The empirical Bayesian 

temporarily acts as if they are kr~(:)wn and rinds the pc)sterior mean 

of 0 using tf',e above as the prior distribution, lo have a true 
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Bayesian approach a prior free of parameters must be specified, 

that is 

p(p,G,H).  

Obtaining the solution is a matter of performing the 

probability manipulations. ]he r-esults are given below. 

Let 

A = (A'G-IA) -I 

= (B,H-IB)-I 

~ = A + H. 

The least squares estimates are 

= AA'G-Iy and 

p = (B,~-IB)-IB,~-I~. 

The c o n d i t i o n a l  d i s t r i b u t i o n  of elY,G,H 

w i t h  mean vec to r  

= (H-I + A-I)-I (A-i~ + H-IBm) 

is multivariate normal 

and covariance matrix 

V = (A - 1  - H - 1 B N B ' H  - 1  + H - l )  - 1  

The posterior density of G,HIY is proportional to 

p(G,H) (IAI/IGI)I/2(I (B'~-IB)-Ii/I~I) I/2 

>:: exp[-(Y-AO) '8 - I (Y -AO) /2  - (e-B~) ,9-1 (e -B~) /2 ] .  
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The posterior mean can be obtained by inteqr atinn: 

Iy, I  = J ~ i P ( G , H I Y ) d G d l . ~  E(e i 

where ~i is t h e  ith eJement (il e. 

]-he posterior variance is 

Vat ~8i Iy) = f (ei>2p(G,F41Y)dGdH - [E(Oi Iy) ]2 + fviiP(G,HIY)dGdH 

where vii is the ith diagonal element of V. 

A final item of interest is the predictive density of the next 

observation from the Ith class. In particular, if Xi le i ~ N(ei,s> 

then 

E(X i IY) = E(e i IY) 

and 

Var(XilY) = V a t ( e l  IY) + E ( s l Y )  

where  s i s  a f u n c t i o n  o f  t i l e  e l e m e n t s  o f  G and t h e  f i n a l  

e x p e c t a t i o n  i s  w i t h  r e s p e c t  t o  p ( G , H I Y ) .  

4. The s i m p l e s t  case  

The most e l e m e n t a r y  case  i s  one n w h i c h  t h e r e  a r e  k c l a s s e s  

o f  i n s u r e d s  and n i o b s e r v a t i o n s  have  been t a k e n  f r o m  each c l a s s .  

The o b j e c t i v e  i s  t o  e s t i m a t e  e l ,  t h e  mean l o s s  ( o r  l o s s  r a t i o >  

f r o m  t h e  i t h  c l a s s .  The model becomes 

YijlOi,~2 ~ N(O i ,~2/Pij) 

e i t!.l, 'r 2 ,,~ N(p ,T2> 

where Pi ] i s a measure ol the volume of busJ r~,.~ss i:(?r the ]th 

observation from class i. Applying) the above Formulas reveals 
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that given ¢~, ~, and the data, • is multlvariate normal with 

means 

where 

~'i = ~jPijYi]/'~'jF'ij and 

[~ = ~iwi~i/~rWr . 

The variance is ~2(l-wi)[l + (1-wl)/3rW r] 
~i and ~s i s  ~ 2 ( l - w i )  ( l -Ws) /~rW r .  

while the covariance of 

The other important quantity is the posterior density of the 

variances. It is 

? ? ? - (N-k) /2  ( 7 2 } -  ( k - i )  / 2 [ i ] i  w p ( ~ 2 , f ~ i y  ) ,K p ( ~ , ~ )  (¢2) i / l i w i ] I / 2  

x e x p [ - ~ i j ( y i j - e  i ) ~ / 2 ~  ~ - Eiwi  ~i i )~/2~ 2] 

where N = ~ i n i  i s  t he  t o t a l  number of o b s e r v a t i o n s .  The p r l o r  

d i s t r i b u t i o n  can be s e l e c t e d  t o  p r o v i d e  v i r t u a l l y  no i n f o r m a t i o n  o r  

an i n v e r s e  gamma d i s t r i b u t i o n  can be used i f  the  i n v e s t i g a t o r  has 

a good i dea  abou t  t h e s e  v a r i a n c e s .  O b t a i n i n g  t h e  e s t i m a t e s  and 

t h e i r  v a r i a n c e s  i s  now a m a t t e r  o f  p e r f o r m i n g  a t w o - d i m e n s i o n a l  

i n t e g r a l .  One d imens ion  can be accomp l i shed  a n a l y t i c a l l y ,  l e a v i n g  

a s i n g l e  i n t e g r a t i o n  t h a t  must be pe r fo rmed  n u m e r i c a l l y .  The 

f u n c t i o n s  a re  s u f f i c i e n t l y  we l l  behaved t o  make t h i s  a r e l a t i v e l y  

s i m p l e  p r o c e s s .  

In Klugman (1987a) two da ta  s e t s  a re  a n a l y z e d  u s i n g  the  above 

f o r m u l a s .  One s e t  i n c l u d e d  the  r e s u l t s  of  t he  f o l l o w i n g  year  and 

so the  pe r fo rmance  o f  t he  e s t i m a t e s  c o u l d  be e v a l u a t e d .  The 

r e s u l t s  were s u p e r i o r  t o  t h o s e  o b t a i n e d  u s i n g  the  f o r m u l a s  of  

BLihlmann and S t raub  (1972) .  
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5. Other models 

A variety of inter estir~g models that are relevant tc) 

estimation o+ insurance losses fit the framework of the 

hierarchical normal linear model. A few examples are qiven if* this 

section. To simplify the writing of the models, the elements heine; 

conditioned Llpon are omitted from the le+t hand side. it shc)uld be 

obvious what they are. 

A. UT~eqLia~ var l aT~c P 

A model with the variance varying from class to class is given 

by 

Yij ~ N(ei'~i2/Pi]) 

e i ~ N(M,T 2 ) 
? 

~ i -  ~ I n v e r s e  Gamma(v,:() 

p ( p , ~ 2 , v , i ) .  

It turns out that the individual variances are estimated by a 

weighted average of the sample variance from the ith group and the 

harmonic mean of the k sample variances. 

B. Uncertalnty 

This model allows the group mean to fluctuate over time. 

simplest version treats it is a purely random process. More 

complex models could introduce autoregressive or linear trend 

relationships. 

The 

Yij ~ N(~ij'~IF'ij) 
? 

8 i ~ N(~,~ 2) 
p ( p , ~ 2 , ~ , x 2 )  

IF, is mode} is examined ~n K]uaman(1987b). 
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C. 7~me serles, state space 

The Kalman filter has become popular as a general model f o r  

insurance losses. It is similar to the uncertainty model but is 

more structured, there are two processes at work. One governs the 

year to year changes in the parameters, the other describes how 

the parameters affect the observations. A model describing a 

linear trend with noise is 

Yij ~ N(ei] 'q21F'i]) 

ei] ~ N(~i + ~i ,j-i '~) 

p (~i , q-" ,s~> . 

The second level indicates that the mean loss in year j is the 

previous year's loss plus a constant (the slope) that may vary from 

group to group but remains fixed over time plus some random 

movement. 

D. Whittaker graduatzon 

T h i s  e x a m p l e  shows t h a t  t h e r e  a r e  o t h e r  p r o b l e m s  o f  i n t e r e s t  

t o  a c t u a r i e s  t h a t  can a l s o  be s o l v e d  w i t h  t h i s  mode l .  L e t  t h e  e 
i 

be a sequence  o f  t r u e  m o r t a l i t y  r a t e s  and l e t  t h e  Yi be e s t i m a t e s  

based  on e x p e r i e n c e  a t  age i .  C o n s i d e r  t h e  f o l l o w i n g  mode l :  

Y i  ~ N ( e i ' q 2 / P i  ) 

( 0 1 , . . . , e n )  ' ~ N[ ( O , . .  . ,O) " , H / X ]  

p ((7 ~ , ~) . 

~2 The posterior mean of 0 given the structural parameters and 

is 

(F'/~ 2 + ~ H - 1 ) - I F . Y I ~  2 

where  P i s  a d i a g o n a l  m a t r i x  w i t h  t h e  Pi on t h e  d i a g o n a l .  Bu t  

t h i s  i s  j u s t  t h e  f o r m u l a  f o r  a W h i t t a k e r  g r a d u a t i o n  i f  t h e  m a t r i x  

H Is selected in the appropriate manner. What is interesting is 

that the techniques of Bayesian analysis make it possible to 

-8- 



Bayesian Cred ib i l i t y  

estimate the smoothing parameter ~ and also to estimate the 

standard error in the results aTter the graduation has been 

performed. 

6. Future work 

There are a number of problems that remain to be investiqat~d. 

A few oT them are listed below: 

Working out the details for the models presented in the 

previous section as well as other models not given there. 

Investigating, probably through simulation studies, the 

sensitivity of the results to the normality assumption. 

Development of methods for non-normal models. 
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