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AN ANALYSIS OF THE INCREASE IN LIFE
EXPECTANCY—ACTUARIAL NOTE

WILLIAM H. CROSSON

over the past sixty years, the question is often raised as to the pro-
portion of the increase in life expectancy at a given age that can be
attributed to the change in mortality rates at and over some higher age.
If we denote by x the younger age, whose increase in expectancy is to
be analyzed, and by y the older.age involved, two direct methods of
attacking this problem suggest themselves, namely,

(1) to assign as attributable to the change in mortality rates at ages y and
over, the excess of the expectancy at age », computed on the assump-
tion of mortality improvement at and over age ¥ but no improvement
below age y, over the expectancy at age x, computed on the assump-
tion of no mortality improvement at any age, and

(2) to assign as attributable to the change in mortality rates at ages ¥
and over, the excess of the expectancy at age ¥, computed on the
assumption of mortality improvement at all ages, over the expectancy
at age x, computed on the assumption of mortality improvement for
ages under ¥ but no improvement for ages ¥ and over.

IN CONSIDERING the improvement in mortality that has been occurring

In symbols, letting primed functions denote mortality after improve-
ment and unprimed functions denote mortality before improvement,

Method (1) gives
. (3zzrl—_z'l+u—:pz' gl’l) - 3z=v—zpz(g;— gv)’
and Method (2) gives
3;_ ( 31:17‘—7\"'".,—:1’;' gv) = y—zp;( g:/_ 3y) ?

as the portion of the improvement in expectancy at age x that can be
attributed to the change in mortality rates at ages y and over.
Formulas (1) and (2) will be identical if, and only if, either

_ ’ o _ o
v_zpz— ”_xpz or e,=¢, .

Thus, if there has been no change in mortality rates below age v, or if
there has been no change at and above age y, then Methods (1) and (2)
will produce identical results.
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TABLE 1

ANALYSIS OF INCREASE IN LIFE EXPECTANCY AT CERTAIN AGES
1900-1902 TO 1959

IncrREASE DUE SoLELY TO MORTALITY
Lurs Bxrcrave — Dersovnss o
Crass AcGE, 2 INCREASE AcE, » ABILITY OF SUR-
1900-1902 1959 At Ages y and Over | At Ages under y VIVAL TO AGE y
White males.......... 0 48.23 67.3 19.07 25 5.16 (27%) 12.43 (65%) 1.48(8 %)
25 38.52 45.5 6.98 45 2.48 (36 ) 4.14 (59 ) 0.36(5 )
45 24.21 27.2 2.99 65 0.76 (25 ) 2.12 (71 ) 0.11(4 )
65 11.51 12.7 1.19 85 0.09(8 ) 1.06 (89 ) 0.04(3 )
White females . ....... 0 51.08 73.9 22.82 25 8.54 (37%) 12.03 (53%) 2.25 (10%)
25 40.05 51.2 11.15 45 5.74 (51 ) 4.54 (41 0.87(8 )
45 25.51 32.3 6.79 65 2.28(34 ) 3.90 (57 ) 0.61(9 )
65 12.23 15.6 3.37 85 0.05(1 ) 3.28 (98 ) 0.04(1 )
Nonwhite males....... 0 32,54 60.9 28.36 25 4.63 $16%) 20.38 (72%) 3.35(12%)
25 32.21 40.9 8.69 45 3.25(37 ) 4.76 (55 ) 0.68(8 )
45 20.09 24.5 4.41 65 1.03(23 ) 3.10 (71 ) 0.28(6 )
65 10.38 12.5 2.12 85 0.45(21 ) 1.24 (59 ) 0.43(20 )
Nonwhite females . .. .. 0 35.04 66.2 31.16 25 6.36 (20%) 20.47 (66%) 4.33 (14%)
25 33.90 45.3 11.40 45 5.11 (45 5.19(45 ) 1.10(10 ;
45 21.36 28.1 6.74 65 1.99 (30 ) 4.07 (60 ) 0.68 (10
65 11.38 15.2 3.82 85 0.57(15 ) 2.73(711 ) 0.52(14 )

NoTe.—Numbers in parentheses denote the percentage of the total increase.
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The discrepancy of results obtained under the two methods outlined
above arises because of the different relative priorities that are assigned
to mortality improvement below and above age y. This is because the
improvement in mortality at ages under y produces a greater number of
survivors at age y to participate in the increased expectancy at that age.
A complete analysis of the increase in expectancy at age x thus involves
three components:

(1) The increase due solely to mortality improvement at ages y and over,

Q -]
”_zpz( e; - eu) H
(2) The increase due solely to mortality improvement at ages under ¥,

cé:::u—:zl_ é,zmtz—l-l_ (u—zpslc_v—zﬁx) : gﬂ =( 3;_ gz) —u—-zp;( glll_ eov) ’
and
(3) The additional increase due to the increased probability of survival
to age y to participate in the increased expectancy at that age,

(poati— 08— &).

It is elementary to show that this analysis accounts for the entire
increase in life expectancy at age =.

I have computed some analyses of the increase in life expectancy in
accordance with this analysis, and the results are shown in Table 1.
The data used are obtained from Vital Stalistics of the United Stales,
1959, Section 5, ‘‘Life Tables,” Table 5-C, published by the U.S. Depart-
ment of Health, Education, and Welfare, Public Health Service, National
Office of Vital Statistics.



DISCUSSION OF PRECEDING PAPER

GEORGE C. CAMPBELL:

The expectation of life receives considerable publicity in the popular
press—perhaps more than any other actuarial statistic. Usually reference
is made to the expectation of life at birth. In some cases such articles have
failed to make clear that much of the improvement in the expectation of

TABLE 1
ANALYVSIS OF INCREASE IN LIFE EXPECTANCY AT BIRTH, 1900-1902 TO 1959

INCREASE
IncrEASE DUE SOLELY TO DuE JOINTLY
INCREASE I¥ MozrTALITY IMPROVEMENT T0 INCREASED
Lire ExrECT- Ax.
ALYSIS SURVIVAL TO
ANCY AT BrRTH | * AGE ¥ AGE ¥y AND
1900-1902
INCREASED
To 1959 At Ages v At Ages EXPECTANCY
and Over under y AT AGE y
White males. ... .. 19.07 1 11.78 (62)* 5.84 (30)* 1.46 (8)*
(48.23-67.3) S 8.06 (42) 9.40 (49) 1.61 (9)
10 7.13 (37) 10.36 (54) 1.59 (9)
25 5.16 27) 12.43 (65) 1.48 (8)
35 3.28(17) 14.57 (76) 1.22 (7)
45 1.83 (10) 16.37 (86) | 0.87 (4)
55 0.93 (5) 17.60 (92) 0.53 (3)
65 0.47 (2) | 18.29(96) | 0.32 (2)
White females. . . . 22.82 1 16.02 (70) 5.17 (23) 1.63 (1)
(51.08-73.9) 5 12.24 (54) 8.49(37){ 2.09 (9)
10 11.16 (49) 9.51(42) | 2.15 (9)
25 8.54 (37) 12.03 (53) 2.25 (10)
35 6.23 (27) 14.39(63) | 2.20 (10)
45 4.39(19) | 16.42(72) | 2.00 (9)
55 2.87 (13) 18.26 (80) 1.70 ()
65 1.48 (6) ] 20.10(88){ 1.25 (6)
Nonwhite males. .. 28.36 1 15.34 (54) 8.81 (31) 4.2% (15)
(32.54-60.9) 5 9.30 (33) 14.73 (52) | 4.34 (15)
10 7.90 (28) | 16.32(58) | 4.14 (14)
25 4.63 (16) 20.38 (72) 3.35(12)
35 2.86(10) | 22.95(81) { 2.56 (9)
45 1.73 (6) | 24.76(87) | 1.87 (7)
55 0.87 (3) 26.33 (93) 1.16 (4)
65 0.40 (1) { 27.29(96) | 0.66 (3)
Nonwhite females. 31.16 1 19.21 (62) 7.68 (25) | 4.27 (13)
(35.04-66.2) 5 12.50 (40) 13.65 (44) 5.01 (16)
10 10.80 (35) 15.39 (49) | 4.97 (16)
25 6.36 (20) | 20.47 (66) | 4.33 (14)
35 4.35(14) | 23.14(74) | 3.67 (12)
45 2.85 (9| 25.34(81) | 2.97 (10)
55 1.63 (5| 27.37(88) 1 2.16 (7)
65 0.84 (3) | 28.86(93) | 1.46 (&)

* Numbers in parentheses denote the percentage of the total increase. Adjustments to add where
needed made in last column. '
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390 ANALYSIS OF THE INCREASE IN LIFE EXPECTANCY

life at birth has come from the important decrease in death rates at the
lower ages.

Mr. Crosson has contributed a neat formula for breaking the expecta-
tion of life at any age into its components, reflecting the improvement in
mortality rates before and after any given higher age.

Because of the popular interest in the expectation of life at birth, this
expectation has been analyzed by Mr. Crosson’s formula for a number of
additional ages. The results are tabulated in Table 1.

MOHAMED F. AMER:

Reading Mr. Crosson’s paper was a fascinating adventure with the life
expectancy function. The purpose of this discussion is threefold: (1) to
discuss the results of the paper mathematically; (2) to present an alterna-
tive analysis of the increase in the life expectancy; and (3) to present
generalized formulas for the breakdown of the increase in the life ex-

pectancy.
By definition
[Trvar [T [l
© 0 [ y—z

Similarly, for é,.
If

./D-u—z l’l:‘ ”

is considered as the portion of the life expectancy at age x relating to

ages under y, and
[oAa

vz

as that relating to ages y and over, then increase in life expectancy at
ages y and over due to mortality improvement is

Lt [l

S ) S ke
L L,

Increase in life expectancy at ages under y due to mortality improve-

ment is
y—z —2
St [ bt
d ~2 =&l (3)
l’ l z:y—z| zy—z "

z

=y—zpi.€;—u—z?z.e°y' (2)

Expressions (2) and (3) are not the same as those given in the paper.
What, then, is the reason for the difference? How would the author’s
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formulas be deduced mathematically? What is the significance of the
breakdown given by equations (2) and (3) above?

In what follows, the breakdown of the increase in life expectancy given
in the paper will be referred to as Breakdown A; that given by equations
(2) and (3) above by Breakdown B.

Assume that a new mortality table differs from the older one in that
mortality below age y has improved and that above y has stayed un-
changed. Thus the increase in life expectancy is

[Tuvar [Thiar ""z;+,dt+ STh
v -

] 7

z x

(4)

S bt fy_":z,ﬂdt

B A i I RV A

T x

This is the second component in Breakdown A given in the paper.

If, however, we assume the new mortality table shows only mortality
improvement at ages over y, with the mortality under y staying the same
as the older table, then the increase in life expectancy is

j A7 f Lt id!

-f ‘pdt+f b Dl )

_fo”—’,pzdz—fo"’u_z?z. pdt=_ p(&—E).

This is the first component in Breakdown A.
The third component

(v—zP;—u—sz) (é;_éu) (6)

can be proved mathematically also, but it is easier to get it by general
reasoning or as a balancing item.

The difference between Breakdowns A and B is that the former results
from assuming mortality improvement in certain age ranges and tracing
the total effect of that on the life expectancy, while the latter assumes
mortality improvement at all ages and breaks the effect into before and
after certain age y.

GENERALIZED FORMULAS

Instead of having a single analysis age y, # analysis ages x1, 22, . . . , %a,
might be introduced.
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1. Generalization of Breakdown B

The increase in life expectancy between ages x; and x4 is

Zi+l_z Z"+1_=
St [ ke
- (7
= z'-—zpz’ ¢ ézll— z‘-_H—zP:’r' é’,i+l - z‘-—sz' eczi +2;“2P2 : é’i+l
=f(x:) — f(%it1) (8)
where
f ( xi) = zi—zPalr' é,zl, - z‘-—zpz' é"‘i .
So
f(x)=¢él—é.
and

f(w)=0.

If x; = 9, 41 = w, expression (8) boils down to expression (2). If x; =
%, £iy1 = 9, expression (8) boils down to expression (3).

The sum of the # + 1 components = f(x) — f(w) = é, — &, thus ac-
counts for the total increase in the life expectancy.

2. Generalization of Breakdown A

Assume mortality improvement between ages «; and x;1; only. Then

@
A lé'f'ldt z;—z zi4172 ,
—7/_'=£ t?zdl'i_f'_ z,-—'zpz' t—z;{-szidt

+ [ : L a9
zi—zpz zH_]—:iPzi t—zi+l+zpzi+l
3i+1—2
= Y . I
=i +IF=PZ e:,—:?;f—‘?ﬂ'l"i—zh ’i+1_’ip’iezi+1 :
Similarly,

[=+]
f lz+tdt
0 g Lo . .
A =l el o Tae e gy —aia €5y

- - (10)
!

. f0 l,ﬂdt_fo Lot

STy ]

x
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oy .
=, . e — — f ————
zimafz zpzib =z | zpEp— g |

(11)

+ (’i+l—zip;i - ’i+1_‘£P’i ) e’t’+l ] .

If x; = x, %41 = 1y, expression (11) boils down to expression (4). If x; = y
and x,, = o, expression (11) boils down to expression (5).

Thus formula (11) would not automatically take care of the total in-
crease in the life expectancy, since the third component in Breakdown A
is missing.

To get a generalized formula for this third component, subtract ex-
pression (11) from expression (8) thus

ey
f(xi) - f( xH‘l) - z,'—sz [82{225-1-1-‘2" i - ezi:"""ﬂ_zi |
(12)
+ (zi_,_l—z‘-p;,- - z"+1—z.'?2.' ) é’i-}—l ] .
If x; = x and x;;y = ¥, expression (12) boils down to
- (y—zp;_y—zpz)éy . (13)
TABLE 1
ANALYSIS OF INCREASE IN LIFE EXPECTANCY AT
CERTAIN AGES, 1900-1902 TO 1959
Lire IncreASE DUE TO
EXPECTANCY ANAL- MORTALITY IMPROVEMENT
AGE IN-
Crass . copass | Y518
1900- 1959 AcE ¥ At Ages y At Ages
1902 and Over under y
White males. ... 0 |48.23 | 67.3 | 19.07 25 14.79 (78%)* 4.28 (22%,)*
25 38.52:| 45.5 6.98 | 45 5.78 (83) 1.20 (17)
45 24.21 | 27.2 2,991 65 1.89 (63) 1.10 37)
65 11.51 ) 12.7 1.19 85 0.34 (29) 0.85(1)
White females. . 0 51.08 | 73.9 | 22.82 25 18.89 (83) 3.93(17)
25 40.05 | 51.2 | 11.15 45 9.88 (89) 1.27 (11)
45 25.51 1 32.3 6.79 | 65 5.10(75) 1.69 (25)
65 12,23 1 15.6 3.37 85 0.71 (21) 2.66 (79)
Nonwhite males. 0 [32.54]60.9|28.36| 25 |20.37(72) 7.99 (28)
25 32.21 1 40.9 8.69 45 7.00 (80) 1.69 (20)
45 20.09 | 24.5 4.41 65 2.67 (60) 1.74 (40)
65 [ 1038 |12.5| 2.12 | 85 1.30 (61) 0.82 (39)
Nonwhite fe-
males........ 0 [ 3504 66.2|31.16 25 23.57 (76) 7.59 (24)
25 3300 | 45.3 | 11.40( 45 9.70 (85) 1.70 (15)
45 21.36 | 28.1 6.74 65 4.69 (70) 2.05 (30)
65 11.38 | 15.2 3.82 85 1.84 (48) 1.98 (52)

* Numbers in parentheses denote the percentage of the total increase.
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If x; = y and ®;1, = o, expression (12) boils down to

(y—z?i—y—zp:)é; . (14)

Obviously, (13) 4 (14) is the third component in Breakdown A.
So if we were to break the increase into two components, rather than
three, the preceeding analysis suggests breaking the third components to

(13) and (14) to correspond, respectively, to before and after y.
Combining (13) with (4) and (14) with (5), we get

e;:y_zl_euz:;'_—z—l ( 15)
and
y—ele 6oy D6, . (16)

It is interesting to see that (15) and (16) are exactly what Breakdown
B gave.

Table 1 shows the same analysis of the increase in the life expectancy
as that at the end of the paper, but with Breakdown B.

I wish to express my thanks to Mr. Frederic Seltzer (A.S.A.) for his
reading of the manuscripts of this discussion and his suggestions.

THOMAS N. E. GREVILLE:

Mr. Crosson has presented an interesting analysis of the problem of de-
termining what part of an observed increase in life expectancy at age x is
attributable to reduction in mortality rates above a specified older age y.
He resolves the increase in life expectancy at age x into three components,
of which the first is unquestionably due to mortality improvement at ages
y and over, and the second is unquestionably due to mortality at ages
under y, while the third component may be described as the “interac-
tion”’ of the first two. According to the point of view adopted, we may
conclude that the answer to the question originally proposed is either the
first component only or the sum of the first and third components.

It is the purpose of this discussion to point out that there is also a
middle ground in which one seeks to apportion the third component
equitably between the first two. It is theoretically possible to make this
apportionment exactly if one assumes that a mortality table is available
for every point in time during the period over which the increase in life
expectancy has occurred.

In order to show this, it is notationally convenient to consider the prob-
lem first in a general setting and then to apply the results obtained to the
specific case at hand. Suppose that a quantity X is a function of m vari-
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ables, 21, %3, . . . , #m, €ach of which in turn is a function of the time vari-
able ¢. In other words,
X(t)=F[x1(t)7x2(t),'°-7xm(t)]- (1)
If we now consider the increase in X over the time interval O to n, we have
X(n)—x(0)= [ £Xar, (2)
o dt
But it follows from (1) that
dX _ oF dz , oF du, OF dzn
dt  ox, dt+ax2 dt+"'+8x,,. dt -’ (3)
Substitution of (3) in (2) gives
. » aF dx;
X(n)—X(O)—gfo 52, 3t 4 (4)

and the ith term of the summation may be regarded as the portion of the
increase in X due to the change in the variable x;.

In the case at hand (using a notation which seeks to bring out the
dependence on ¢) we have

é,( i) = é,w—:;l( t) +,_,?,( t)év(t) .
Using D, to denote differentiation with respect to ¢, it follows that
D‘é;= D‘é :U—_zl_*_éllD‘ V—IP=+V—IPZD150' (S)

z

where the dependence on ¢ is still assumed but not explicitly indicated.
Substitution of (5) in (4) gives

8é,= b+ [6,D, pai+ [, _pDédt  (6)

where A indicates the increase between { = O and ¢ = ».

Again the increase in life expectancy at age x has been resolved into
three components, but they differ somewhat from those exhibited by Mr.
Crosson. The three terms of the right member of (6) represent the increase
in life expectancy at age x due, respectively, to (i) the change in é&,3=3,
(ii) the change in y_;p., and (iii) the change in ¢;. Thus, the first two terms
both clearly relate to the ages under y, and the third term alone provides
the answer to the problem originally proposed.

On certain simple assumptions regarding the pattern of mortality im-
provement over time, the integrals in (6) can be evaluated. Perhaps the
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most obvious assumption, and the simplest algebraically, is that both
v—zP- and e, have increased arithmetically, so that

. . t o,
e, (1) =e,,(0)+;Ae,,,

and a similar equation holds for y_,p.. On this basis the portion of the in-
crease in ¢, attributable to ages y and over (the third term of the right
member of [6]) is, using Mr. Crosson’s notation,

(6~ g ymtetute,

It is easily verified that this is the result that would be obtained by assign-
ing exactly half of Mr. Crosson’s third component to ages y and over.
The assumption just considered leaves something to be desired from
the standpoint of logical consistency, since it postulates a different his-
torical pattern of mortality improvement at ages between x and y and at
ages y and over. A more logically consistent assumption (which also per-
mits us to evaluate explicitly the integrals in [6]) is that the life ex-
pectancy e, at every age 3 has increased linearly. This would imply that

=2 (0)F(t/n)Ay—: | s
6,(0)+(t/n)Aé,

Substitution of this result in the third term of the right member of (6)
gives, after some algebraic manipulation,

Aysl s — 8,87 Bumzle &0 7

Aé, ey

ysDo () =

which can also be written as

A, | €z — e,,A,,—sz[l +5 . Aev +3 (ﬂ +. ]

Table 1 shows the results of a.pplying formula (7) to the same data
used by Mr. Crosson (except that those pertaining to age 65 and analysis
age 85 have been omitted). It will be noted that with few exceptions this
method attributes somewhat more than half of Mr. Crosson’s third com-
ponent to ages y and over.

As the assumption underlying formula (7) is stated in terms of (whole)
life expectancy, it is natural to inquire just what this implies with regard
to the pattern of decline in mortality rates. Since

de .
'a_j=”zez—11
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linear increase in e, at all ages implies linear change in u.es as well. It fol-
lows that

ﬂs(o)és(o)'!"(t/"’)A(ﬂséu)
€.(0)+(t/n)Aé, ‘

It is not difficult to show that if Ay, is negative, the above expression hasa .
negative first derivative and a positive second derivative with respect to
t throughout the time interval under consideration. This implies a force
of mortality declining at a steadily diminishing rate, an assumption that
seems to accord reasonably well with mortality changes in the recent past.

p.(2) =

TABLE 1

ANALYSIS OF INCREASE IN LIFE EXPECTANCY
AT CERTAIN AGES, 1900-1902 TO 1959

Increase Due to
Analysis Total Mortality Improve-
Class Age (x) Age (y) Increase ment at Ages (y)
and Over

White males. ....... 0 25 19.07 5.96 (319%)
25 45 6.98 2.65 (389%)
4 65 2.99 0.83 (2850)
White females. . .... 0 25 22.82 9.79 (43%,)
25 45 11.15 6.20 (56%)
45 65 6.79 2.59 (38%,)
Nonwhite males. . .. 0 25 28.36 6.43 (23%)
25 45 8.69 3.60 (419
45 65 4.41 1.17 (21%)
Nonwhite females. . . 0 25 31.16 8.75 (28%)
25 45 11.40 5.70 (50%)
45 65 6.74 2.35 (35%)

(AUTHOR’S REVIEW OF DISCUSSION)

WILLIAM H. CROSSON:

T am pleased that my little paper provoked such able discussions by
Dr. Greville, Mr. Campbell, and Mr. Amer. They constitute valuable
additions to the paper.

Mr.-Campbell’s table analyzing the increase in life expectancy at birth
is quite a useful addition to my paper. His table shows that, of the total
increase in life expectancy at birth, roughly 50 per cent is due to the
change in mortality rates below age 10, roughly 75 per cent is due to
changes below age 40, and 90-95 per cent is due to changes below age 65.

The discussion by Mr. Amer was very interesting to me, as it presents
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a different viewpoint on the problem of analyzing changes in life ex-
pectancies. In fact, I had a great deal of difficulty with his discussion until
Irealized that Mr. Amer was, in fact, answering a question different from
the one posed in my paper. The question I was attempting to answer is,
“What proportion of the increase in expectancy at age x is due to the
change in mortality rates at and over age y?”’ Mr. Amer’s question is,
“What proportion of the increase in expectancy at age x is the increase in
the (y—=x) years deferred life-expectancy at age x?” It is not surprising
that two such diverse questions should evoke such diverse answers. I
would suggest the following captions for the last two columns in his table:
“Increase Due to Change in Life-Expectancy at Age 2" “Deferred to Age
¥’ and “Temporary to Age y.”

I am indebted to Dr. Greville for presenting two alternative methods
of disposing of the troublesome ‘“third element,” the result of the inter-
action of mortality improvement below age y and mortality improvement
above age y. In my own mind, I have considered allocating this “third
element” among the first and second by prorating. Any reasonable dispo-
sition of this amount would probably be satisfactory in view of its small-
ness. Dr. Greville’s “half-and-half”’ proposal appeals to me because it is
easy to accomplish. His formula (7) has most appeal from a theoretical
point of view. I am grateful for his table that presents the results of an
application of formula (7). Dr. Greville states that the formula for ,_.$.(¢)
appearing just before formula (7) is implied by the assumption in the
next preceding sentence. I am afraid that it does not follow from the
assumption but would so follow if the assumption were changed to “the
life expectancies at every age z, immediate and deferred, for every period
of deferment, have increased linearly.”

I am indebted to Mr. David Good for the following example that
illustrates the point that the formula for ,_.p(¢) is more complex than
the formula given by Dr. Greville:

x (23 F 23 3’: Pz
0........ 2 A 4 1
1. 3 H 3 1
2. 1 H 2 1
3. 3 H 1 1
L 0 0 0 0

This table is consistent with the formula, expressed symbolically by

e
1+6+1-

p=



DISCUSSION 399

If e,(?) is linear, then

eo(t) =2(1+1¢),
e(t)y =3(1+1),

_4(14)
1"’(‘)“'3"-{-—37'
and
2
1] eo(?) =‘6‘(§l'_}':'%tz)—,

and not, as in Dr. Greville’s formula,
1le(d) =2-344(1-3—%-3) =2(2+31).
By Dr. Greville’s formula

po(t)=§L2_'*.'3_t)_

10¢

I am grateful for the discussions, and I feel that the value of the paper
has thereby been immeasurably increased.



