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T 
~ topic of this paper is of more than an academic interest, since 
this type of policy fulfils the specifications of a "split-dollar" or 
"minimum-deposit" sales approach quite adequately. 

The problem of determining the level premium for a policy providing 
for payment of the reserve in addition to the face amount has been treated 
a number of times in the actuarial literature (RAIA, XXH,  216; Life 
Contingencies--Jordan 120; TSA, VIII, I0; Tim Proceedings of t~  Con- 
ference of Actuaries in Public Practice, X, 99, and X_I, 115). However, in 
actual practice it is the cash value (not the reserve) which is paid in 
addition to the face amount as a death benefit. This is understandable, 
since only rarely does the imured know what the policy reserves are. 
Where the cash values are equal to the net level reserves the mathemat- 
ics is relatively straightforward. This paper concerns the situation where 
cash values are less than the net level reserves. 

Setting down the classic retrospective formula, 
tt  

~,P'_(I+,).-'+'= V:+(M:-M;+.)(t+i).+. (I) 
I 

where x = issue age 

t = policy year 

n = number d years during which additional benefit is returned 

P , '  = net premium payable in tth policy year 

M'=~_, , C, 
,V,  = terminal reserve at end of n years. 

Varying the parameter P;, we have the following: 

If P ; = P ~ L  for l<_t<_.n,  then 

p , , L . ~  = . v .  + (1 + i ) ~  (M" - M:+.), (2) 

giving the formula for the net level premium where the cash value is equal 
to the full net level reserve. 

* Mr. Wilson, not a member of the Society, is president of Actuarial Computing 
Service in Atlanta, Georgia. 
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If 

419 

P=t = cs 

p I  = #fer  for 2 < t < n ,  
then 

t ~ , , ~ . ~ - n  = ,,.v, + (1 + i ) ~  (~¢" - M ~ . )  - (1 + i)-  c, (3) 

giving the formula for the net premium where the cash value is equal to 
the full preliminary term reserve. 

If 

p t = #. for 2 < t < n, 

then 

O,'&,-~ = ,V= + (1 + i)~-'(M" -- M ~ ' )  + (1 + i)'(,~P,+l -- c®). (4) 

Formulas (3) and (4) will suffice for the net premium~ where the cash 
value is equal to the CRVM reserve and where there is no uniform equiva- 
lent amount concept. 

If 

D. 
t - -  ~,L for 2 < t < s ,  

p ~ _ p .  + ( p ~ L _  c.)  N . + t - - N . + .  -- -- 

and 
t - p ~  L for s < t < n P = -  - , ( 5 )  

then 

P ~ .  ~ = ' V : +  ( I + i)=+~(M'-- ~ . '+ ' )  

D. 
={_ (p:.t,__ c:) [ ( I  "q-i)"-- +,--=~( I q- i )"-"  N=+,----N.+;] 

gives the formula for net premium~ for cash values which grade uniformly 
from the first full preliminary term reserve into the net level reserve at  
the end of the sth year. If s is greater than n (the cash values reach the net 
level reserve after attained age x + n), then the term g~-tl + ~ , , : . ~ 1  is 
substituted for ~,--=n(1 + i) H in formula (5). 

If 
p~ = s D p : _  K ,  

/~  = .s.Dp,, for 2 ~ t _< n, 
and 

"CV~ = Cash value at  end of n years, 
then 

,4Dp,,.~ = ,,CV= + (1 + i)  ='~ (M_ ~ --  M ~ )  + g ( 1  + i )* .  (6 )  
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Multiplying equation (6) by v", we get 

ADP, 'a~ = ,,CV,.v" + (1 + i)*(M'~ -- M;.,,) + K .  (6.1) 

However, the values so arrived at could possibly be negative during the 
early years, which presents a practical if not legal problem in defining 
the death benefits. Now let a be the largest integer for which ,,CV, < 0, 
then (6.1) becomes 

(6.2) 

+ ~ . + ~ [  v " - ' . C V . +  (1 " *+" ' - M '  +*)  (M_ '+ .  ,+,)]  + K .  

If K is a constant, then this is the net premium formula producing a nor- 
mal set of cash values which grade uniformly from an initial expense 
allowance. 

However, if 

K = [(.02 + .25aDP °~) :F .03]ELA + [.4aPP, • .04 ELA] (7) 

where E L A  is the equivalent level amount, then we have net premium 
formulas for a face plus cash value plan generating "minimum values." 
Our problem now is to derive the E L A .  

Now, by definition, the net single premium for the policy is 

A', --- aop,.?l~:~ + "P,(;i, -- ?i~:,-q) -- K . (8) 

Substituting the value of K from equation (6.2) in equation (8), we get 

A ' = a D P . a  +'P~ + A  1 , :.-7 [ a . -  a.:~l =:~ 

+ ~ , + ~  [ v . . . .  , C V . +  ( 1 + i)*+~(M,'+~- M_'+.) 1 

- , , p  [a ~+P-~.  a_-~] 

= AI..~+ [v . . . .  C V . +  ( 1 + i )~+°(M,+o-  M-+.) 1 
(9)  

: " - ' ~ -  /9-"7- 

_D_~.+. +~) (M~+.- ,+.) a ~ +  [ v - - - . C V , + ( 1  " "+o ' M' l 

+~+*[ as&( a+.:.__~n " _ a ~ q )  + % (  a+o - a.+.:.--~) l ,  
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or 

. D=+, --;~.+.(~r' --M ~ ~] ELA = A,' ~ ÷ - - ~ -  [ ~ - - . C V  + ( 1 . ,  , - . .+ .  ~+., 

D*+~*[.ne.(a.+~.~--~- ~_-~) +"P.(a+.- a +,,:~--~. ) ] 
+ 19,, " -  

" , a  s • 

(1o) 

Equations (6.2), (7), and (10) enable us to calculate adjusted premiums 
for a face plus cash value policy with "minimum values." Values of 
1,000 M'. based on the 1958 CSO Table at various interest rates are pre- 
sented in Table 1. 



TABLE 1 

VALUES OF 1,000 M; BASED ON 1958 CSO TABLE 

Male 2.3 ' 2.75 3 3.25 3.5 
Issue Age Per Ceat I Per Cent Per Cent Per Cent Per Cent 

0 . . . . . .  !" 572. 070059 
1 . . . . . .  

2 . . . . .  

3 . . . . . .  

4 . . . . . .  

5 . . . . . .  

6 . . . . . .  

7 . . . . . .  

8 . . . .  , .  

9 . . . . . .  

I0 . . . . . .  
11 . . . . . .  
12 . . . . . .  
13 . . . . . .  
14 . . . . . .  

15 . . . . . .  
16 . . . . . .  
17 . . . . . .  
18 . . . . . .  
19 . . . . . .  

2 0  . . . . . .  

21 . . . . . .  
22 . . . . . .  
2 3  . . . . . .  

24 . . . . . .  

25 . . . . . .  
26 . . . . . .  
27 . . . . . .  
28 . . . . . .  
29 . . . . . .  

3 0  . . . . . .  

31 . . . . . .  
32 . . . . . .  
3 3  . . . . . .  

3 4  . . . . . .  

35 . . . . . .  
36 . . . . . .  
37 . . . . . .  
38 . . . . . .  
39 . . . . . .  

4 0  . . . . . .  

41 . . . . . .  
~2 . . . . . .  
~ 3  . . . . . .  

114 . . . . . .  

4 6  . . . . . .  

47 . . . . . .  

~ 9  . . . . . .  

849.117128 
842.209811 
840.554655 
839.123167 
837.800490 

836.563102 
835.399028 
834.305346 
833.271224 
832.286304 

831.541092 
830.418905 
829.504303 
828.590293 
827.656087 

826.696330 
825.712840 
824.700731 
823.662018 
822.604877 

821.543031 
820.47731O 
819.414344 
818.360280 
817.315341 

816.285131 
815.269497 
814.263235 
813.266512 
812.274554 

811.282941 
810.292254 
809.298485 
808.302392 
807.300383 

806.289104 
805.257270 
804.198442 
803.102830 
801.953807 

8O0.743421 
799.4608O6 
798.099567 
796.637418 
?95.128983 

793.509452 
791.791327 
789.964727 
788.020659 
785.948055 

695.816979 
688.926468 
687.259454 
685.858244 
684.548393 

683.325986 
682.178803 
681.103613 
680.089449 
679,125888 

678.203423 
677.305619 
676.417366 
675.531848 
674.628966 

673.703647 
672. 757753 
671. 786703 
670. 792552 
669.783225 

668. 771873 
667.759301 
666.751804 
665. 755174 
664.769576 

663.800235 
662.846934 
661.904727 
660.973724 
660.049425 

659.127696 
658.209069 
657.289826 
656.370674 
655.448313 

654.519684 
653.574485 
652.606918 
651.608174 
650.563290 

649.465283 
648.304584 
647.075731 
645.777005 
644.403923 

642.952544 
641.416554 
639. 787562 
638.058028 
636.218629 

565.196273 
563.537341 
562.146309 
560.849129 

559.641485 
558.510907 
557.453853 
556.459215 
555.516499 

554.616181 
553.742059 
552.879335 
552.021355 
551.148674 

550,256477 
549.346656 
548.414905 
547.463303 
546,499520 

545.536147 
544,573953 
543.618905 
542.676452 
541. 746693 

540.834489 
539.939557 
539.057188 
538.187426 
537.326024 

536.469102 
535,617136 
534.766668 
533,918349 
533.069134 

532.216224 
531,350202 
530.465838 
529.555193 
528.604790 

527.608492 
526.557865 
525.448247 
524.278382 
523.044541 

521.743509 
520.369973 
518.916806 
517.377694 
515.744786 

472.011771 
465.154628 
463.503720 
462.122768 
460.838106 

459.645012 
458.53076O 
457.491492 
456.515958 
455.593588 

454.714834 
453.863714 
453.025726 
452.194364 
451.350804 

450.490468 
449.615261 
448.721129 
447.810159 
446.889762 

445.971984 
445.057548 
444.152101 
443.260758 
442.383551 

441.524991 
440.684726 
439.858262 
439.045580 
438.242657 

437.445844 
436.655558 
435.868572 
435.085475 
434.303449 

433.519922 
432. 726276 
431.917783 
431.087280 
430.222616 

429.318392 
428.367169 
427.364969 
426.310913 
425.201905 

424.035336 
422.806738 
421.510060 
420.140017 
418.690001 

390.944423 
384.103843 
382.4609O1 
381.089932 
379.817637 

378.638883 
377.540682 
376.518859 
375.562018 
374.659507 

373.801750 
372.972973 
372.158954 
371.353322 
370.537845 

369.708159 
368.866170 
368. OO8O52 
367.135886 
366.256823 

365.382379 
364.513224 
363.654692 
362.811575 
361.983832 

361.175642 
360.386584 
359.612361 
358.852887 
358.1O4346 

357.363296 
356.630091 
355.901711 
355.178682 
354.458386 

353.738450 
353.010978 
352.271687 
351.514104 
350.727265 

349.906414 
349.O44983 
348.13958O 
347.189629 
346.192568 

345.146289 
344.047039 
342.889679 
341.669790 
340.381812 
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I 
M a l e  2 .5  2 . 7 5  3 / 3 . 2 5  3 .5  

Ittue Age Per Cent Per Cent Per Cent ! Per Cent Per Cemt 

50 . . . . . .  I 339.020997 
5 1  . . . . .  

52 ..... 

53 ..... 

54 ..... 

5 5  . . . . .  

56 . . . . .  
57 . . . . .  
58 . . . . .  
59 . . . . . .  

60 ...... 

61 . . . . . .  
62 . . . . . .  
6 3 °  . . . . .  

6 4  . . . . . .  

65 ...... 

66 ...... 

67 ...... 

68 ...... 

69 ...... 

7 0  . . . . . .  

71 ...... 

72 ...... 

73 ...... 

74 ...... 

7 6  . . . . . .  

77 . . . . . .  
78 . . . . . .  
79 . . . . . .  

~ 0 . . . . . .  

81 . . . . . .  
8 2  . . . . . .  

8 3  . . . . . .  

8 4  . . . . . .  

8 6 °  . . . . .  

87 . . . . . .  
8 8  . . . . . .  

8 9  . . . . . .  

9 0  . . . . . .  

91 . . . . . .  
92 . . . . . .  
9 3  . . . . . .  

9 4  . . . . . .  

9 5  . . . . . .  

~6°  . . . . .  

97 . . . . . .  
9 8  . . . . . .  

783. 736878 
781.375291 
778.852538 
776.161658 
773.291269 

770.231168 
766.969751 
763.491717 
759.780916 
755.820507 

751.595299 

747.085O02 
742.273886 
737.143127 
731.672153 

725.838436 
719.615878 
712.973403 
705.877339 
698.291901 

690.193668 
681.568904 
672.417649 
662.747676 
652.571992 

641.881826 
63O.648601 
618.821494 
606.332718 
593.102152 

579.066626 
564.183985 
548.427304 
531. 790068 
514.275652 

495.885199 
476.612089 
456.446227 
435.37081O 
413.352279 

390.330933 
366.213641 
340.866180 
314.108406 
285.7O0234 

255.382654 
222.564949 
186.051953 
142.615166 
84.645590 

634.261023 
632.175343 
629.952747 
627.587796 
625.071216 

622.394837 
619.549325 
616.522204 
613.300351 
609.870145 

606.219495 
602.332083 
598.195324 
593.794543 
589.113368 

584.133960 
578.835579 
573.193408 
567.18O621 
560.768805 

553.940189 
546.685284 
539.006240 
530.911670 
522.414502 

513.509438 
504.174765 
494.370497 
484 .O42916 
473.128535 

461.578280 
449.360709 
436.457O9O 
422.865504 
4O8.592128 

393.641290 
378.011009 
361.696502 
344.687632 
326.960869 

308.471857 
289.149765 
268.891507 
247.558225 
224.971218 

200.910101 
174.935885 
146.107274 
111.895497 
66.348813 

514.011160 
512.168596 
510.209841 
508.130689 
505.923602 

503.582065 
501.098599 
498.463042 
495.664751 
492.692730 

489.537387 
486.18556O 
482.627398 
478.851329 
474.844418 

470.592577 
466.079350 
461.284944 
456.188010 
450.766018 

445.O05585 
438.900402 
432.453980 
425.675224 
418.576386 

411.155244 
403.394754 
395.263643 
386.719317 
377.711429 

368.201877 
358.167325 
347.595033 
336.486099 
324.848229 

312.687571 
300.005125 
286.799636 
273.065527 
258.786475 

243.929576 
228.440956 
212.241269 
195.223336 
177.249134 

158.148149 
137.578395 
114.803797 
87.842349 
52.033551 

417.154275 
415.525999 
413.799236 
411.970774 
410.034502 

407.985252 
405.817051 
403.521639 
401.090396 
398.514463 

395. 786262 
392.895192 
389.833582 
386.592341 
383.161282 

379.529308 
375.683390 
371.607759 
367.285446 
362.698610 

357.837265 
352.697449 
347.283494 
341.604217 
335.671343 

329.483778 
323.029114 
316.282568 
309.210334 
301. ?7245? 

293.939365 
285.693843 
277.O27485 
267.943279 
258.449585 

248.553442 
238.257670 
227.563233 
216.467628 
204.959712 

193.015072 
180.592700 
167.631492 
154.048532 
139.737134 

124.565469 
108.266799 
90.264661 
69.004747 
40.838290 

337.581658 
336.058946 
334.450447 
332.751223 

330.957195 
329.063617 
327.063782 
324.950723 
322. 717318 

320.357606 
317.863063 
315.227752 
312.444561 
309.505493 

306.401834 
303.123291 
299.657316 
295.990437 
292.108547 

288.004273 
283.675380 
279.126613 
274.366449 
269.405741 

264.244572 
258.873615 
253.273342 
247.416896 
241.272544 

234.817339 
228.038666 
220.931229 
213.499102 
205. 750722 

197.693394 
189.330939 
180.665656 
171.697036 
162.417596 

152.809297 
142.840832 
132.465100 
121.617894 
110.216499 

98.159073 
85.237183 
70.999001 
54.225316 
32.054741 
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DISCUSSION OF PRECEDING PAPER 

CECIL J. NESBITT: 

The subject of this paper is difficult because there are several stages in 
the mathematics where more than one reasonable choice exists, and the 
various choices made lead to different outcomes. I t  is important, then, 
to have full specifications of each problem to be solved and a complete 
definition of notations used. To illustrate, let us consider a problem cor- 
responding to the authors' formula (5). We might specify full preliminary 
term insurance for the first year with cash value of zero at the end of the 
year. For the next s - 1 years, we might specify modified net premiums 
(cash value premiums) ~ such that 

= vq~t(1 + ~+~CV) + vp~+~.t+~CV -- ~CV, (1 < t < s ) ,  (1) 

where £ V  denotes the cash value at the end of year t. We have already 
specified ~CV = 0, and we further specify ,CV = ,V,  where ,V is the 
reserve on some net-level premium basis with annual premium P. For 
years s to n, we require 

P = vq~+~(1 + ,+iV) + vp~t . ,+lV -- W ,  (2) 

with .V to be the ordinary life net level-premium reserve ,V., or some 
other appropriate value, depending on the net level-premium assumption 
for years n + h, h > 0. From equations (I) and (2), we find 

(~ - vq.+,)( l  + i)"-'  = A[(1 + i )"-' ,CV] (I < t < s) , 

(P - vqz+,)(l + i )"- '  = 4[(1 + i)"- ' ,V] (s < t < n ) .  

On summing, and noting that ,CV = ,V,  we get 

t~g';-~(1 + i)"-" + P~,_--q - (1 + i)'+"(~¢;+1 - ~r;+,) = .V. (3) 

As yet, we have not specified P fully. One possibility is to require that 
p = paL,  as given by the authors' formula (2), then ,V -- ,V ~L, the net 
level-premium reserve at the end of s years for an insurance of I plus the 
net level-premium reserve, with ,V -- ,V,. If such pn, .  is substituted in 
our formula (3), then fl may be determined as 

= { . v +  ( 1 + / )  .+ . (~r .+ ,  _ ~t. '+.) _ p N L ~ _ _ ~ } / L - - ~ (  l + i ) " - "  

and is sufficient to provide the death benefits of 1 q- ~CV, 2 < t _< s for 
years 2 to s, and to provide ,V N~ at  the end of s years. Here, the CV  
grade from 0 at t = 1 to ,W ¢L at t - s, but would not necessarily agree 
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with the authors' values based on their formula (5). Their formula re- 
solves the indeterminacy of our formula (3), which has two unknowns, 

and P, by requiring that 

c, + B N ,+I - -  N,+,  = p N , - -  N,+,  ( 4 )  
D, D,  ' 

or, that net level-premiums of P shall be equivalent to net premiums of 
c~ in the first year and of B in years 2 to s. 

By utilizing our formula (4), to substitute for B in our equation (3), 
one obtains the authors' formula (5), with their p a l  replaced by P. The 
P so obtained is not the same as the p a l  of the authors' formula (2) but 
is more subtle, being the net level premium for an insurance of 1 plus the 
cash values which depend on 15, which depends on P through our relation 
(4). 

In the foregoing, we have assumed s < n. If s > n, further specifica- 
tion would be necessary, particularly in regard to ,V. However, if the 
specifications are clearly set out, then it is generally easy to write equa- 
tions such as (1) and (2) for the various insurance years, and then by 
summation obtain the required premiums and cash values. 

The authors' formulas (6) and following leave one uncertain, as they 
have not defined what they mean by ,,CV, and "P,. I expect that their 
formulas present only one of a number of choices that would yield ad- 
justed premiums for a face plus cash value policy with "minimum values," 
and some clarification of their choice would be desirable. 

The primary purpose of the paper seems to be to provide formulas for 
cash value premiums, and these would lead to formulas for the cash 
values. There remains the question as to what formulas would be used for 
reserves, which question is analogous for this type of insurance to that 
considered by D. C. BalUie in his "Actuarial Note--Cash Value as Death 
Benefit," which appears in this number of the Transactions. 

FRANKLIN C. SMITH: 

Since I have been doing a considerable amount of work in this same 
area, I was interested in the authors' treatment of this subject. 

In the section of the paper which deals with the case in which the 
additional death benefit is the Commissioners' Reserve, the authors state 
that their formulas can be used "where there is no uniform equivalent 
amount concept." Since the plan under consideration involves varying 
death benefits, I fail to see how there can be no uniform equivalent 
amount concept. Furthermore, in my opinion the authors have not used 
the Commissioners' Method to produce formula (4). Since their approach 
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would produce reserves which are larger than Commissioners' Reserves, 
there can be no legal objection. I merely object to the use of the label 
"Commissioners' Reserve." 

I believe that the derivation of working formulas for the case in which 
the added death benefit is the Commissioner's Reserve is more compli- 
cated than the paper shows. For example, let us consider an n-pay life 
plan with the added death benefit in effect for n years where n < 20. 
Then, in my opinion the equation corresponding to the authors' equation 
(4) should be 

Bit~ = A ~ - ~ V  ~ + (1 + i )*(M" --  M ' + , )  + E Z R A  "1,P~-1 --  (1 + 1V)c,, 

which contains the three unknowns 3, ELRA, and 1V. A second equation 
can be obtained by writing a prospective formula for the first reserve; 
thus 

1V = E L R A  " A,,+1 --  Ba~+1:~---ATI ; 

and a third equation can be obtained by writing a retrospective formula 
for the same reserve; thus 

aV = {~ - c,  --  [ E L R A  .~P .+ ,  - (1 + zV)c=]}(1 + 0 ,  

from which 
xV = ( # -  E L R A ' x g P v ,  x )~ , .  

From these three equations we can get 

A . + ~ V ' * +  ( l + i ) ' ( M ' - + x - - M ' . ~ )  
0= 

a ~ - - ~ + ( 1 -  a.:,o a*:~7--~)r k, 

At the end of this discussion I have appended the results for a fifteen-pay 
life issued at age 50 with both the authors' treatment and mine. In this 
material P denotes the factor used to obtain the added death benefit. 

An attack similar to the above can be used on any basic plan in those 
cases which are not eligible for full preliminary term valuation. 

The authors derive formulas for grading from the first full preliminary 
term reserve to the sth net level reserve. The paper does not treat the 
problem of grading from a non-zero first year Commissioners' Reserve to 
a subsequent net level reserve. I t  may be remarked that such cases can 
be handled, but, since they involve five equations in five unknowns, I 
shall not take time to do so here. 

In discussing the case in which the added death benefit is the minimum 
cash value, the authors introduce the symbol "P. in equation (8) without 
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defining it. Furthermore, since the basic plan has not been described, it is 
not possible to deduce with certainty just what this symbol represents. I 
suspect that the basic plan is an ordinary life plan with the added benefit 
payable for n years and with the premium reducing at the end of n years. 
If this surmise is correct, then °P, must denote the adjusted premium 
after the nth year, and it should be pointed out that aDp~ and ap, must 
be in the same ratio as the gross premiums for the respective periods. 

APPENDIX 

15-PAY LIFE, AGE AT ISSUE 50 

1958 CSO 3 PER CENT 

Go,,', AND WILSOn" 
P -- 54.11149 P 
fl = 54.57177 fl 
E L R A  ~ 1132.20 

S i i I T H  

= 54. 53731 
u 54.53731 

E L R A  ~ 1131.48 

Year 

1 . . . . .  

2 . . . . .  

3 . . . . .  

4 . . . . .  

5 . . . . .  

6 . . . . .  

7 . . . . .  

8 . . . . .  

9 . . . . .  

10 . . . . .  
11 . . . . . .  
12 . . . . . .  
13 . . . . . .  
14 . . . . . .  
15 . . . . . .  

Amount of 
Insurance 

1;1,014.13 
1,061.19 
1,108.80 
1 , 1 5 6 . 9 1  
1,205.45 
1,254.35 
1,303.50 
1,352.80 
1,402.12 
1,451.33 
1,500.26 
1,548.77 
1,596.65 
1,6%3.72 
1,689.73 

Commissioners' 
R e s e r v e  

$ 9.19 
56.52 

104.42 
152.83 
201.68 
250.89 
300.37 
350.01 
399.68 
449.25 
498.56 
547.46 
595.76 
643.26 
689.73 

Year 

I . . . . .  

2 . . . . .  

3 . . . . .  

4 . . . . .  

5 . . . . .  

6 . . . . .  

7 . . . . .  

8 . . . . .  

9 . . . . .  

10 . . . . .  
11 . . . . .  

1 2 . . . . .  
13 . . . . .  ! 
14 . . . . .  i 
15 . . . . .  I 

Amount of 
Insurance 

I;1,009.18 
1,056.52 
1,104.43 
1,152.85 
1,201.71 
1,250.93 
1,300.42 
1,350.07 
1,399.74 
1,449.32 
1,498.63 
1,547.53 
1,595.82 
1,6%3.29 
1,689.73 

Commissioners' 
Reserve 

$ 9.18 
56.52 

104.43 
152.85 
201.71 
250.93 
300.42 
350.07 
399.74 
449.32 
498.63 
547.53 
595.82 
643.29 
689.73 

ERSTON L. UARSlZA~L: 
I am not entirely sure whether it is quite safe for me to make my 

appearance at this particular time. Several years ago one of our younger 
actuaries told me that I did not know how unpopular I was among the 
younger generation of actuaries. He himself had completed all his asso- 
ciateship examinations, except Part 4. 

My rather insignificant actuarial note appeared in the program of the 
October meeting of the American Institute of Actuaries exactly thirty 
years ago. It did not make much impression and lay dormant for several 
years until the Education Committee discovered it and recommended it 
fo r  r e a d i n g  fo r  P a r t  4 of t h e  e x a m i n a t i o n s .  S o m e  of t h e  s t u d e n t s  t o o k  a 
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look at it and decided that, since they had not heard of any such policy 
as I described, they would spend their study time more profitably on some 
more important subject. And that was all right until the Examination 
Committee discovered it and commenced putting it into Part 4 of the 
examinations. Then they blamed me because they did not pass it. 

It is quite obvious that Mr. Gold was one of those who took my actu- 
arial note more seriously. I want to congratulatc him and Mr. Wilson on 
their excellent paper. It is appropriate at this time of course, because, as 
stated in their paper, the cash value is the amount that is usually paid on 
that type of policy. When I presented my original paper, however, 
practically no one was issuing that kind of a policy, and my only excuse 
for presenting it was the fact that legislators of some of the states peri- 
odically submitted bills to their legislatures that would require all life 
insurance companies to pay thc entire reserve in addition to the face 
amount of the policy on all forms of policies, the theory, of coursc, being 
that otherwise the company was confiscating the reserve. 

So, I did not invent the policy. In fact, I did not prepare the policy for 
any company. But a number of years previously when I was a young 
consulting actuary, I was asked by a very small western company, not 
now in existcnce, to furnish reserves for a policy of this type that had been ...... 
prepared for it by another actuary of whom I had never heard and who 
had died before furnishing the company with any table of reserves for 
the policy. When some of my more experienced actuarial friends were 
unable to tell me where to find such reserves or how to compute them, I 
had to try it myself. I t  was then that I discovered that, by preparing a 
new kind of commutation column, I could compute the reserve about as 
easily as for more usual policy forms. And I want to congratulate Pro- 
lessor Jordan, Professor Nesbitt, Professor Greville, and Mr. Nowlin on 
their improvements over my method of approach and development of the 
formula. 

I also wish to thank Mr. Gold and Mr. Wilson for the pleasant ex- 
perience of having my paper referred to thirty years after it was presented. 
I hope that, when they are old men, they will have a similar pleasure. I t  
has been said that that is one form of immortality. 

(AUTHORS' REVIEW 01~ DISCUSSION) 

MELVIN L. GOLD AND DAVID T. WILSON: 

The purpose of the paper was to provide some formulas for net pre- 
miums producing cash values less than net level reserves. As was so aptly 
remarked, "there are several stages in the mathematics where more than 
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one reasonable choice exists." I would like to thank Professor Nesbitt  
and Mr. Smith for showing us what happens if we follow different tan- 
gents. 

As Professor Nesbitt  brought out, there is a subtle difference between 
the net level premiums of equations (2) and (5). Thus, if a policy is 
brought out where cash values grade to the net level reserves at duration 
s and where the reserves are net level all the way, at  time s the cash values 
and reserves are not necessarily identical. Mr. Smith presumed correctly; 
the basic plan is an ordinary life plan with the added benefit payable for 
n years and with the premium reducing at the end of n years and aPz is 
the adjusted premium after the nth year. 

I would like to thank Dr. Marshall for giving us some background 
material on his classical paper and for his kind remarks. I t  is not every 
day that a younger actuary has his paper commented on by a man of Dr.  
Marshall's renown. 


