Quantitative Finance and Investments Core Formula Sheet

Spring 2015/Fall 2015

Morning and afternoon exam booklets will include a formula package identical to the one attached to this
study note. The exam committee believe that by providing many key formulas, candidates will be able to
focus more of their exam preparation time on the application of the formulas and concepts to demonstrate
their understanding of the syllabus material and less time on the memorization of the formulas.

The formula sheet was developed sequentially by reviewing the syllabus material for each major syllabus
topic. Candidates should be able to follow the flow of the formula package easily. We recommend that
candidates use the formula package concurrently with the syllabus material. Not every formula in the
syllabus is in the formula package. Candidates are responsible for all formulas on the syllabus,
including those not on the formula sheet.

Candidates should carefully observe the sometimes subtle differences in formulas and their application to
slightly different situations. For example, there are several versions of the Black-Scholes-Merton option
pricing formula to differentiate between instruments paying dividends, tied to an index, etc. Candidates will
be expected to recognize the correct formula to apply in a specific situation of an exam question.

Candidates will note that the formula package does not generally provide names or definitions of the formula
or symbols used in the formula. With the wide variety of references and authors of the syllabus, candidates
should recognize that the letter conventions and use of symbols may vary from one part of the syllabus to
another and thus from one formula to another.

We trust that you will find the inclusion of the formula package to be a valuable study aide that will allow
for more of your preparation time to be spent on mastering the learning objectives and learning outcomes.

In sources where some equations are numbered and others are not (nn) denotes that there is no number
assigned to that particular equation.



An Introduction to the Mathematics of Financial Derivatives, 3rd Edition, A.
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Chapter 7
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Chapter 8
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(8.7) ANy = { 0 with probability 1 — Adt
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- _ | wS; with probability p;
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(page 170) dS; = apdt + o¢dWy, t >0
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(10.79)  Y(t) =Y _ N;(t)Pi(t)
=1
(10.80)  dY(t) = Ni(t)dPi(t) + Y dN;(t)P;(t) + Y  dN;(t)dP;(t)
=1 =1 =1
(1081) dSt = atdt + O'tth + th, t Z 0
(10.82)  E[AJ] =0
k
(10.83)  AJ, = AN, — [/\th (Z aipi>]
i=1
k
(10.84)  ar= o+ N\ (Z aipi)
=1
b 1
(10.85)  dF(Si,t) = |Fy+ X\ Y _(F(Se + ai,t) — F(Sy,t))pi + §Fsso2 dt + F,dS; + dJp
1=1
k
(10.86)  dJp = [F(Sy,t) — F(S7,t)] — A lZ(F(St + a;,t) — F(Sy, t))pi] dt
1=1
(10.87) Sy =limS,, s<t
s—t
Chapter 11
(1124) dS; = /J/Stdt + O'Stth, te [0, OO)
(11.30) S, = Spella=307)t+oW}
(1134) dSt = ’I”Stdt + O'Stth, t e [0, OO)
(11.38) Sy = {Soe(rfég%T} [eaWT]
(11.42)  Z, =™
(11.50)  z, =E[Z] =37t
(11.55) Sy = e "TVE,[Sy]



(11.72)  dS; = pSydt + o+/SidWy, t € [0,00)
(11.74)  dS; = A — S)dt + oS, dW;

(11.78) dS; = —uSidt + odW;

(11.79)  dS; = pdt + o, dWy,

(

page 191) doy = Moo — op)dt + aodWa

| 1 with probability \dt
(page 193)  dN; = { 0 with probability 1 — Ad¢

t
dSt * ok T J
(11.84) = = (= N'K")dt + cdWy + (e — 1)dN,
t

(page 194) S, = Spelr—atwlt+X(to,v.0)

T — Qg)2> gt/uflefg/u dg

194 jo,v,0) = e -
(page 194) f(x;o,v,0) /0 o\27g xXp ( 202g vtV (t/v)

Chapter 12
(12.3) P, = 6,F(S,,1) + 625,
(124) dPt = 91dFt + BQdSt
(125) dSy = G,(St, t)dt + O'(St, t)th, t e [O, OO)
1
(126) de = Ftdt + = 5 ggO't dt + F dSt

1
(12.7)  dF, = |Fsa; + §F550t2 + Fy| dt + FyordW,

(12.10) 6, =1
(12.11) 6y = —F,
1
(12.12)  dP; = Fydt + §Fssot dt
1

(12.16)  r(F(Si,t) — FoSy) = Fy + 5Fssaf

1
(12.17) —rF+rFSSt+Ft+§FSSaf =0, 0<S, 0<t<T
(1223) Pt = F(St,t) - FS(St,t)St
(12.24)  dP, = dF(S;,t) — F,dS; — SydF, — dF,(S, t)dSt

(12.26)  dP; = dF(S;,t) — FydS; — S; H st + FasuSy + 5 Foss0t 282\ dt + F,s0S:dW;

(12.28)  dP; = dF(S;,t) — FydS; — Si[Fys(pp — 1) S;dt] — FusoS2dW,;

Fyso; S’th



page 202) AW} = (edW; + (1 — r)dt)

(

(12.29)  aoF + a1 FsS; + asFy +a3Fss =0, 0< S, 0<t<T
(12.30)  F(Sp,T) =G(Sr,T)

(1232)  FE+F,=0, 0<S;, 0<t<T

(12.33)  F(Si,t) =aS; —at+ 8

(12.44)  F(S,t) = et

(12.46) —03F+F;y =0

(12.47)  F(S;,t) = %a(st —S0)* + ?a(t —t0)? + B(t —to)

(12.53)  F(Si,t) = —10(S; —4)> = 3(t—2)?, —10<t<10, —10< S, <10
Chapter 13
(131) a(St,t) = /Lst
(13.2) o(Sy,t) =085, te0,00)
1

(13.3) —rF +7rF,S; + F; + §oQFSSSt? =0, 0<S;, 0<t<T
(13.4) F(T) = max[Str — K, 0]
(13.6)  F(S;,t) = S;N(dy) — Ke " T N(dy)

In(5: LoH)(T -t
137)  dy = n(Z) + (r+50°)( )

oVIT —t
(13.8) dgzdl—a\/T—t

S
13.9 N(dy) = e 2% dx

(13.12)  a(S,.t) = uS,
(1313) O'(St,t> = J(St7t)st, te [0, OO)

1
(13.14) —rF +1rF,S; + F; + 5a(St,t)QFsssf =0, 0<S;, 0<t<T

(13.15) F(T) = max[Sr — K, 0]

1
(13.34) rF —rF,S; — 6 — F; — 5Fsso—f =0
(13.35) F(Sir, Sor, T) = max|[0, max(Sir, Sor) — K| (multi-asset option)
(13.36) F(Si1, Sor, T) = max|0, (S17 — Sor) — K| (spread call option)
(13.37) F(Sir, Sor, T) = max|0, (01 S17 + 02521r) — K] (portfolio call option)
(13.38) F(Sir, Sor, T) = max[0, (S17 — K1), (Sor — K2)] (dual strike call option)
AF AF 1 , ,A%F



AF  Fy—Fij
(13.48) A ! A7 J
AF F; — F;

(13.49) TSA—S ~rS;— AS LJ

AF Fiy1, — F
(1350)  rS3c~ rsj%

AzF - F7;+17' —Fi' Fi'_Fifl,' 1
(13:51) AS? "~ { AS T As ]] AS
Chapter 14

(14.7) /Oo dP(z) = 1
(149) B[z — Bla]? = / (2 — B[] dP(z1)
(14.29) [1 — Rt ]
(14.31) [ St+1:| Sy
(14.41) 2 ~ N(0,1)
(14.42)  dP(z) = \/12?@—%@0261%
(14.43)  &(z) = emhar”
(14.44) [dP(2)][¢ ()] = V;?ef%(z?)mfémd%
(14.45) dQ(z) = V%e_%(z‘_“ydzt
(14.47)  dQ(z¢) = &(21)dP(2)
(14.48)  &(z0) " 'dQ(z:) = dP(z)



Zot — M2

o
1 -3 2=, oz — e ]Ql{ 1 Ml}

e
274/ |9

2
_ | 01 012
(14.54) 0= [ 12 02 }

(14.53)  f(211,220) =

(14.55) Q| = 0?03 — 03y
(1456) d]P)(th, th) = f(th, th)dzltdZQt

(14.57) &(z1¢, 221) :exp{—[ Z1t, 22t ]Q*l { Z; } + %[ Hi, M2 ]971 [ Z; }}

(14.58) dQ(z1¢, z2t) = §(214, 22¢)dP (214, 22¢)

1 ~3[ z1 22 ]Ql[ z” }
(14.59) dQ(z1¢, 221) p— ] e 2t 1 dzypdzoy
(14.60)  &(z) = e =@ wtan' @
(14.74)  dQ(z) = &(z)dP ()
(14.75)  dP(z) = &(2¢) " 1dQ(2)
(14.76) & = elJo XudWum3 [ X0du) 4 [0, 77
(1477) E [efJ Xid“} <o, telo,T]

t u
(14.83) E[/ ngdeSUu] :/ £ X AW,
0 0

t
(14.84) Wy =W, 7/ Xydu, tel0,T)
0

(14.85)  Q(A) = E7[1aér]

(14.86)  dW; = dW, — X,dt
(14.93)  dQ = &rdP

(14.122) A UA,U---UA, =Q
(14.123) 14, +1a, +...14, =10
(14.127)  E7[Zi14,] = Q(4))

(14138)  EF[g(X,)] = / o) (x)dz
(page 248) 9(Xy) = Zih(Xy)

(14140)  E'lg(X0)] = [ h(e)f(w)dz = EAR(X)
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Chapter 15

(15.2)  Y; ~ N(ut,o?t)

(15.4)  M(\) = E[e¥*}]

(15.10)  M(\) = eutt3o?23%)

(15.15) Sy = Spe¥* ,t €0, 00)

(15.25)  E[Sy|Su,u < t] = Syett=)F30° (=)

(15.30)  Z, =e S,

(15.31)  E%[e 8|Sy, u < t] =e ™S,

(15.32)  EQZ|Zy,u < t] = Z,

(15.38) EQ {e”(t*“)SJSu,u < t} = G e W ep(t=w+50%(t=u) where under Q,Y; ~ N(pt,o?t)

3
EQ [e_”St|Su, u < t] =e ™S,

dSt = TStdt + O'Stth*

p=r—

dSt = /Ltdt + O'tth
d[e_TtSt] = e_rt [Mt - ’I’St]dt + e_TtO'tth

( )

( )

( )

(15.58)  C; =E2 {e_T(T_t) max{Sr — K, 0}]
( )

( )

(15.92)  dW; = dX, + dW,

gt

(15.97)  dX, = {M} dt

(15.98) dle” S = e "o dW}
(15.111)  d[e " F (S, t)] = e "o  FydWy

Chapter 17

(page 282) Ry, =(1+r,A)

(page 282) Ry, = (14 r,A)

(page 282) B = B(t1,t3)

(page 282) Bt1 = B(tla T)

(page 282) B;, = B(t3,T)
1 Rthgz Rth}ng Rth;tig J Rth(tiQ 4 wuu
0 (Ftl - L;SLQ) (Ftl - ng) (Ftl - Ltg) (Ft1 - Ltg) wud

(17.6) B; | =11 1 1 1 i
sl oo |
Cy, (Ohe Ct CL! Ciy
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(17.13) 1= Ry RLY™ + Ry, Ry " + Ry, R ™ + Ry, R %
(17.14)  Qij = (1 +74,) (1 + 7 )"
(17.15) 1= Quu + Qud + Qau + Qua

r 1
17.18 B =FEQ }
R (o Ty

r B,
17.21 B, =E® 3
w2 By _<1+n1><1+n2>}

1

17.22 0=E® F,, — L
(17.22) [(1+7’t1)(1+n2)[ u tz]}

r 1
17.23 C,, =EQ C
Ar28) O =E T ) }

1 Ly
(17.31) F, = — EQ { : ]
1 1
EQ W} (7)) (L +7,)
(17.36)  Bj, =" + gt 4 P 4 g
1 .

(1738) Tij = Btgl ’lr/) ’

(17.39) 1 = Tyu + Tud + Tdu + Tdd
(17.46)  F, = E7[L,,]
(17.52) Cyy = Nmax[Ls, — K, 0]

1
(T+7,) 1+ 74,)
(17.55)  Cy, = B E"[max[L,, — K, 0]]

G o(Cr
(17.56) St]Et(ST>

(17.57) Céf) = ES (W)

(17.53)  C;, =E© { max[Ly, — K, 0]

St
2 =1 —
(page 290) Y og ( K >

(age 201 L = / T (1 - Fly))evdy
(17.63)  F(L:T,S) = s_% <§Ei g _ 1)

(1764) O0=To<Ti<Th<---<Ty
(17.65) A, =Ty —Tpi=0,1,2,..., M — 1
P(thn) - P(t7Tn+1)
AR P(t,Tht)
- 1
17.71)  P(Ty,Tysr) = [ —————

Jj=1

(17.66)  Ly(t) =
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n—1 1

(17.72)  P(t,T,) = P(t,T;) H

- T <t<T
LT AL (T mLs =

(17.75) tTlH1+AL )
7=0

n—1
iz w55m
1o (1 + AL (Ty))
(17.78)  dLy(t) = pun(t) L (t)dt + Ly, ()07 (£)dW;,0 <t < Tpyyn =1,2,..., M

(17.103)  pn(t) = Z 2 fi)A L( )(U)J(t)
=t it

(17.77)  D,(t) =

(17.105)  V; =E2 [e— S rudu (g, LT)Né}
(17.110)  V; = EF[B(t,T + 8)(F; — L)NJ]
(17.111)  V; = B(t, T + 6)EF[(F;, — Ly)N?]
(17.112)  F, = EF[Ly]

(page 296) Cr =max[Lr_5 — K, 0]

(17.113) €, =E® [e* Sradup, oK 0]}

Chapter 18

(18.3)  B(t,T) = BIDT=8 " ¢ o
(18.12)  B(t,T) = E2 [e— I d}

— IOg E? |:€7 ftT Tsdsj|
T—1
(18.33) B(t,T)=e" S F(ts)ds

(1840)  F(t.T) = lim 28BGT) —log B, T+ 4)
A—0 A
log B(t,T) — log B(t,U)
U—T

(18.20)  R(t,T) =

(page 311) F(t,T,U) =

Chapter 19

(19.14)  dB; = u(t, T, B;)Bidt + o(t, T, B;) B;dV,"
(19.15)  dB; = ryBydt + o (t, T, By) B,dW,

90 (1, T, B(.T)) 0 (t, T, B(t,T))
oT } di+ [ ar

(19.22)  dF(t,T) = a(F(t,T),t)dt + b(F(t,T),t)dW,
(19.25)  r, = F(t,t)

(19.21)  dF(t,T) = o(t, T, B(t,T)) AW,
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T t
/ b(s,u)du| ds —|—/ b(s, T)dWs
s 0

(19.26) re = F(0,t) + /Ot b(s,t) [/; b(s,u)du} ds + /Ot b(s,t)dWs

(19.33)  dF(t,T) = b*(T — t)dt + bdW,
(19.34)  dB(t,T) = r:B(t, T)dt + b(T — t)B(t,T)dW;

(page 325)  F(t,T) = F(0,T) + / (s, T)
0

1
(19.35) . = F(0,t) + §b2t2 + bW,

(19.36)  dry = (F4(0,t) + b*t)dt + bdW;
OF(0,t)
ot

Paul Wilmott Introduces Quantitative Finance, 2nd Edition, P. Wilmott
Chapter 6

vV o1, 0%V 1%
+ -0

(19.37)  F,(0,t) =

(6.6) 2 T3 SerrS%frV:O

(6.7) %—Y + %0’252% + (r— D)Sg—‘; —rV =0

(6.8) %/ + 30252% + (r— rf)sg—g —rV =0

(6.9) %—‘; + 30232% +(r+ q)S(Z—‘; —rV =0

(6.10) % + %UQFQ% +-1V =0
Chapter 8

as’

—r(T— ee]
(8.7  V(St) = e(t)/ e*(log(s/sl)ﬂ“%"2)(T*t))2/ZUQ(T*t)Payoff(Sl)?
0

o/ 2m(T —t)

Call option value
Se=PT=YN(dy) — Ee~"T=Y N (dy)
d . log(S/E)+(T7D+%02)(T7t)
L= ovT—t
d _ log(S/E)+(r—D—30%)(T—t)
2 = o/T—t
= dl — oV T—1t

Put option value
—Se PIT=ON(—dy) + Ee "T=) N(—dy)

Binary call option value
e—r(T—t)N(dQ)

Binary put option value
e "T=Y(1 — N(dy))
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Delta of common contracts

Call e PT=YN(dy)
Put e_[()(T_)t) (N(dy) —1)
—r(T—t /
Binary call PT\/TL#M
Binary put —657\/%((12)
7 T 1,.2
N'(z) = \/%e*W
Gamma of common contracts
e—D(T—t)N/(dl)
Call 77 5 iTT]ﬁ(d )
Put 73%7?_15 1/
Binary call ——e( 02§2(ci7£i\ft)(d2)
—r(T—t 1(A.
Binary Put e Uzszélivt)(dz)
Thetas of common contracts
cSe " PT-YN'(d _D(T— o (T—
Call _&TN + DSN(dy)e PT=t) — pEe="(T=O) N (dy)
— T—t ’
Put __oSe . T_I\t/ (—d1) _DSN(_dl)e—D(T—t) +TE6—T(T—t)N(_d2)
Binary call  re” TN (dy) + e T IN'(dy) (i — 25725
Binary put  re" 0 (1 = N(dy)) — e " T IN'(dy) (e — 5725
Speed of common contracts
e—D(T—t) ’
Call 7W]\it()dl) (dl“”O’\/T*t)
—D(T—t ’
Put _W{tgﬁ (i +oV/T—1)
Binary call —CUTIW <—2d1 + i}%)
. e—r(T—t) ! _
Binary put WN_SM (—2d1 + (17\/%)
Vegas of common contracts
Call ST —te PT=YN'(d,)
Put SVT —te PT=YN'(dy)
Binary call ~ —e "(TON'(dy) L
Binary put e "IN (dy) &
Rhos of common contracts
Call E(T —t)e " T=Y) N (dy)
Put —E(T — t)e "= N (—dy)
Binary call —(T — t)e " T=IN(dy) + Y=Le 7T N'(dy)
Binary put —(T —t)e"T=D(1 — N(dp)) — Ye=Le " T N'(d,)

Sensitivity to dividend for common contracts

Call
Put

Binary call
Binary put

—(T — t)Se PT=N(dy)
(T — t)Se=PT= N (~d;)
_ \/T—tefr(Tft)N/(dQ)

a

\/’J;—te—r(T—t)N/(d2)




Chapter 9

All formulas are in Section 9.3

LN
_ 2
= NZRi

i=1
_Si—Sia
Si—1

0?2 =ac?+(1—a)— ZR2

=Xo2_; + (1 - A)Ri

=ad’? + (1 —a)Aon_y + (1 = NR})

E U?L-ﬁ-k] = E[U’72L+k—l]
2

Ol = 2 + (E[UQ] — 62) (1- V)k

n

1 — C; H;L; H; L;
Garman & Klass: O'Zk = 4 (0.5 (log ( )) —0.0191og <02> log ( 0?2 ) —2log (01> log (Ol>>
1« ; H; ; L;
a2 il -
Rogers & Satchell: o, = P (1 (C >log <O > + log (C > log (Oz>)

Chapter 10

Section 10.4, one time step mark-to-market profit (using Black-Scholes with o = &)

= %(02 — 5%)S2Tdt + (A" — A%)((u — r + D)Sdt + 0SdX)

Section 10.5, mark-to-market profit from today to tomorrow

= % (0® —5°%) S°Tdt
Chapter 14

N
(141) V = Pe_y(T_t) _|_ Z Cie_y(ti_t)

i=1

Chapter 16
vV 1,0V oV B

(16.5) AV —rVdt = w%—v(dX + Adt)
T

16



16.6 NAMED MODELS
16.6.1 Vasicek

dr = (n—~r)dt + /2dX

The value of a zero coupon bond is given by eA(tT)—rB(tT)
1

B=-(1- e_"’(T_t))
v
. 2
A= S (BT) T+ 0 - 38) - 224D

4y
16.6.2 Cox, Ingersoll & Ross

dr = (n —yr)dt + VardX
The value of a zero coupon bond is given by eA®HT)—rB®HT)
%A = aypzlog(a — B) + 1pablog((B 4 b)/b) — ayz loga

o 2(e¥1(T=t) — 1)
Bt:;T) = (v + 1) (e (T=0 — 1) + 2¢p,

U1 = /42 + 20 and ¥, = ——

a+b
ba_:lzw+\/'y2+2a
T a

16.6.3 Ho & Lee
dr = n(t)dt + /%dX
The value of a zero coupon bond is given by eAtT)—rB(GT)

B=T-t

T

A= —/t n(s)(T — s)ds + éB(T —t)3
2

0(0) =~ log Zua(#31) + Bt — 1)

Section 16.7

S
Forward price = =
orward price 7

0z 1 ,0°Z Y

with Z(r,T) = 1

Section 16.8

Futures price F(S,r,t) = 5
p(r,t)
2
o
op 1 ,0% dp 2(‘%) dp

with p(r,T) =1

17



Chapter 17
Section 17.2 Ho & Lee

dr = n(t)dt + edX
Z(r,t:T) = AT (Tt

A ) =tog (1) - (1 )2 tow(zun () - 3 )T 1

Section 17.3 The Extended Vasicek Model of Hull & White

dr = (n—yr)dt + cdX
dr = (n(t) —~r)dt + cdX
Z(rt:T) = eALT)—rB(t:T)

B(#T) = % (1-e)

Zu (5 T)

Zp(t*;t)

A(t;T) = log ( 5

0 . c? e ) 2 e
)—B(t;T)log(ZM(t ;t))_ﬁ (e VTt _ et t)) ((327('& ¢ —1)

Chapter 18
Section 18.3.1 Bond Options - Market Practice

Call option price: e "T=)(FN(d}) — EN(d}))
Put option price: e "T=)(EN(—dy) — FN(—d}))
log(F/E) + 0*(T —t)

oVT —t
dy=dy—oVT —t

di =

Section 18.4.3 Caps and Floors - Market Practice

Caplet price: e G (F(t,t;_1,t;)N(d}) — reN(db))
Floorlet price: e GO (—F(t,t;_1,t;)N(—d}) 4+ reN(—db))
d = log(F/re) + %0215%1

o\/ti—1

dlg = dll — 0 tz’—l
Section 18.6.1 Swaptions, Captions and Floortions - Market Practice

—2(T,—T)
1
Price of a payer swaption: fe_T(T_t) (1 — <1 + 2F> ) (FN(d}) — EN(d}))

1 —2(Ty—T)
Price of a receiver swaption: ?e_r(T_t) (1 — (1 + 2F> (EN(—d}) — FN(—d}))

7 log(F/E) + 302(T —t)
! oV —1t
dy=d} —oVT —t

18



Chapter 19

(19.1) Z(t:T) =e” ST F(t;s)ds
(19.2)  dZ(t;T) = u(t, T)Z(t;T)dt + o(t, T) Z(t; T)dX

(nn) F(;T) = 7(‘3% log Z(t;T)

(19.3)  dF(t;T) = a% <;02(t7T) — u(t, T)) dt — %a(t,T)dX

T
(19.5) dF(t;T) =v(t,T) (/ v(t, s)ds) dt +v(t,T)dX
N T N
(19.6) dF(t;T) = <Z v;(t, T)/ v;(t, s)ds) dt + Z vi(t, T)dX;
i=1 t i=1
(197) dZ; = rZ;dt + Z; Zz_: aijde

Jj=1

(198) dZ,' = (1 + TFL‘)dZi_H + TZi_HdFi + TO','FZ‘Zq;_;,_l (Z a¢+1,jpij) dt

i=1
(19.9) dF; = (Z M) o Fidt + 0, F;dX;
j

FAQ’s in Option Pricing Theory, P. Carr

T
(38)  Br=[V(S0,0;0n) = V(So,0;09)le"" + St f'(Sr) — f(Sr) +/ e" TN (0 — o)

(39) Nr = f'(St)

T
(40) P&Ly = NpSy — Br — f(S7) = [V (S0, 0;0:) — V (S0, 0; )] +/ eI (o} — 0o

0

The Handbook of Fixed Income Securities, 8th ed., F. Fabozzi

Page 202 Yo=

Managing Investment Portfolios, a dynamic process, Maginn, et al
Chapter 5

(5-1)  Un = E(Rp) —0.005RA02,

E —
52 SeRaio - )~ R
ap
E - E(Ry) -
(5-3) (Rpew) — RF >< (Rp) RF)COI‘I‘(RneUHRp)
Onew Op

(5-4)  UAMM = E(SR,,,) — 0.005R402(SR,)

19
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Modern Investment Management: An Equilibrium Approach, B. Litterman
(QFIC 106-13)

Chapter 10
(101)  Rpy— Ry =B(Rpt— Ryy) +e

(10.2) SR, =M1
i
(103) St = At — Lt
(104) Ft = At/Lt
Ay (L+ Rajer) — Le (1 + Rpeq1) — (Ae — Ly) (1 + Ry)]

E;]
10.6 RACS, =
( ) ! o¢[Ar (1 + Rar1) — Le (1 + R t41)]

Ot [St+1]
(10.8) A,
L
(1 - ﬂAt> (0% - pO’BO'E)
(10.9) —5
op+0p —2p0B0E
L L
Ho (BAt - 1) + R (1= B)
(10.10) ¢ !

HE — B
(1011) At+1 = At (1 + RA,t+1) - th (1 + RL’tJrl) and Lt+1 = Lt (1 + RL,t+1) (1 — p)

(10.13) By [Rypts1] = E[Fi 1] (1—=p)+p

Fy
. [1+E[RI]T

(10.A.1)  Rp,— Ryy=B(Rpt— Rpy) +e4
(10.A2)  V =Ce 7T
v dc

(10.A.4) o (T —t)dr + rdt

<1 - ﬂji) (J% - poEUB)

10.A4.14 =
(10 ) @ J% Jro?g — 2pogop
L L
uo (55 = 1) + S IR = 5) 4l
(10.A.16) a= ! ¢
HE — UB
14\
14+ p ! L= 1-p
10.4.22 EyF)=—""2=) Fb+p—-—"2—
(0.422)  Eolri] = (TE) Ry p—

20



Analysis of Financial Time Series, third edition, R. Tsay (QFIC 100-13)
Chapter 3

(3.2) pe = E(r|F_1), of = Var(r|F,_1) = E[(ry — p)?|Fr—1]

P q k
(33)  re=ptan pe=3 G-i— Y Oiaii, yp=re—do— Y Bitis
i=1 =1 i=1

(3.4) o2 =Var(ri|Fy_1) = Var(as| Fr_1)
(pl14) al=oap+aa;_+-tapa;_,, +e. t=m+1,....T
(SSRO — SSRl)/m

114 F=
(p114) SSR /(T —2m —1)
(3.5) ap = o6y, 0F =g +arai_y + -+ amai_,,
(p117) ar = o€, 07 =g+ aia;_,

3a3(1+ aq)
(1 —a1)(1 —3a3)

(p120)  flai,...,arla) = flar|Fr-1)flar—1|Fr—2) - f(amt1|Fn) flar, ... amla)

(p118)  E(a}) =

L 1 a?
¢
= I | exp (—> X flay,...,am|a)
=1 1/271'0}2 20? m

T
1 1a}
(p121) Lmagts - ar|Q, 1y Q) = — Z [2 In(o?) + 2%}
t=m+1 T
T 1)/2 2 —(v+1)/2
37 flefy) = —1w D2 <1 Q) v 2
T(v/2)y/(v—2)7 v—2
T
_ v+1 a? 1 9
(3.8) Uamyty - .-, or|a, Ay) = t:;ﬂ [2 In (1 + W= 2)02> + 5 In(c})

(p121)  L(amsrs ... arla,v, Am) = (T —m) {m [r (” ; 1)] ~m[r(3)]
—0.51n[(v — 2)7r]} Ui, - arle, Am)

ngi;@f[f(@et +o)]  ife<-—w/o
(3.9)  glelév) = 5 ¢

£ %Qf[(@et +@) /] ife>—w/0
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(p122)

(3.10)

(3.11)

(3.14)

(3.15)

(p132)
(3.17)
(p133)

(3.22)

(3.23)
(3.24)

(p143)
(p143)

(3.25)

(3.26)

(3.27)

(p144)

(p148)
(p148)

(p148)

SN LV o P NPT N B

Vrl(v/2) £ €
xp (=L |2z /AY
f@Fggﬁﬁﬁﬁgx’_m<x<“%0<vgw

o2 (0) = ap + Zaioi(ﬁ —4). where oj({—i)=aj , ;if—i<0

i=1

m S
GARCH (m,s) : a; = o€, 02 = ag + Zaiaf_i + Zﬂjaf_j

i=1 j=1
max(m,s) s
GARCH(m,s) : a = ag + Z (i + Bi)ai_; +m — Zﬁjnt—j
i=1 =1
E 4 1— 2
CARIELENCESAL I

[E(a?))? T1- (a1 + B1)% — 202
or(l) = ap + (a1 + Br)or(t—1), £>1
_ ao[l — (o + 1)1

l—an—f
oh(f) =op(1) + (= Dag, £>1
GARCH(1,1) =M : ry=p+ cat2 + ay, a; = o€y, Jtz =g + alaf_l + ﬂlotz_l
g(er) = Oer + y[lec| — E([ee])]

O+ —vE(ler]) if e >0
gler) = { (0 —v)er —vE(|e:]) if e <O

2v/v = 2T (v + 1)/2]
(v—=1DT'(v/2)yT
1+ BB+ + f_1B5*

EGARCH (m,s) : a; = os¢;, In(o?) = ap + —aB_  —a.Bm g(e—1)

a; = o6, (1 —ab) ln(af) = (1 -a)ag+g(e—1)

ai(£)

+ (a1 + B1) o (1)

E(le]) =

7 o J o+ (v+0)e ifeg1>0
(1 —aB)n(o}) = { v+ (= 0)(—€e—1) ife_1 <0

exp |(y+6) atl} ifai_1 >0
o
o} = 07 exp(a) \c:t_11|

Ot—1

exp |(y —0) ifa,_1 <0

01 = o expl(1 - an)ag] explg(ens1)]
B{explg()]} = exp (—7/2/7 ) [e@F0" 200 + 4) + =" 2 (y - 0)]

67(3) = 67°1(j — 1) exp(w) {exp[(0 + 7)?/2®(0 + ) + exp[(0 — 7)?/2®(y — 0) }
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Frequently Asked Questions in Quantative Finance, P. Wilmott
Q23 - Jensen’s Inequality (103-105)

If the payoff is a convex function, E[P(St)] > P(E[St])

E[f(S)]=E[f(S+e] =E |f(S)+ef'(5) + %ezf”(g) +-
~ £(5) + 34" (5)BIE]
= F(EIS)) + 3 £ (BIS)EI
The LHS is greater than the RHS by approximately % "(E[S])E[€*]

Q26 - Girsanov’s Theorem (113-115) The Theorem is:

Let W; be a Brownian motion with measure P and sample space 2. If ; is a previsible process satisfying

1

5 J: r 73)} < oo then there exists an equivalent measure ) on 2 such that W, =

the constraint Ep {exp( 0

W, + fot vsds is a Brownian motion.
Chapter 6 - The Most Popular Probability Distributions

Normal or Guassian:

1 z—a)?
f(z)mbexp<( 2b2) >,oo<z<oo,ua,02b2
Lognormal:

1 1 2 1, 2 2 2
f(a:):mbxexp f@(ln(as)—a) yx >0, 0 =exp a+§b , O :exp(2a+b)(exp(b)fl)
Poisson:

—Qa T
pla) =° .a e=0,1,...,p=a,0"=a
x!

Chi square (note that this is a generalization of the usual chi-square distribution):

e—(z+a)/2 oo xi—1+v/2ai

= - > = 2 =
f({E) 21//2 gt 221]“—\(1 + 0/2) , L =2 07 M v+a,o 2(U + 2@)
Gumbel:
1 — a—s 1
f(zx) = —exp S exp(—e ¥ ),—00<x <00, u=a+7b o’ =—m*b?wherey = 0.577216. ..
b b 6
Weibull:
c—1 2
- — 1 2 1
flo)=S(2¢ exp [~ (* o> a— atbl ct1 PEENE c+2\ (et
b b b c c c
Student’s t:

T c+1 z—a\2\ 2
flz) = ( )C) <1+(b)> ,oo<x<oo,uaforc>1,a2<C_C2>b2forc>2.
2



Pareto:

ba® a 9 a’b
f(x)zﬁ,$2a,uzailf0rb>l,o szorb>2
Uniform:

1 _a+bd 5, (b—a)?
f(a:)—b_a,a<x<b,,u— 5 0 =15

Inverse normal:

10 = e (2 (222) ) o> 0 = 02 = 2
)=\ g3 &P 2x a - TH=G o=

Gamma:
1 z—a\" a—x
f(x)bF(c)( 5 ) exp(b),IZa,uaerc,Jszc
Logistic
1 e 1
flx)=+ eXp(b) 55 —0 <z <00, p=a,c’=—mb
b (1+exp (254))
Laplace:
1 |z — al 2 2
f(x)fz—bexp B , —oo<xr <00, pu=a,oc°=2b
Cauchy:
1 .
f(z) = — 00 < & < 00, moments do not exist

Beta:
I(c+d) 3 de1 ad+bc cd(b — a)?
= —a)(b— <z <b u= =
A O T e L A I o i rur S il o o e
Exponential:

1 _
f(I)—beXp(abx), t>a, p=a+b, o? =0

Lévy:

no closed form for density function, @ = u, variance is infinite unless o = 2, when it is 0% = 2v
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Risk Management and Financial Institutions, second edition, J. Hull
Chapter 9-Volatility

(9.1) Prob(v > z) = Kz™¢

(9.5) 02 = Zaiui_i
i=1

(page 186) Z a; =1
i=1

m

(9.6) o2 =~V + Z aul

i=1

(9.7) 02 =w+ Z aul
i=1

9.8)  oZ=Xo2  +(1-Nu2_,

(9.9) 2 =4V +au? | + B0,

(9.10) JZ =w+ aui 1+ Boi_4

(9.14)  Elo2,)=Vi+ (a+pB)(or — V1)

(9.15)  o(T)* =252 {VL +—= [V(0) — VL)}

Ao(T) 1—e " o(0)
Ac(0) © aT  o(T)
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