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INTRODUCTION 

I 
T IS the practice of life insurance companies to collect premiums in 
advance, that is, at the beginning of each policy year or, in the case 
of premiums payable m times per year, at the beginning of each 

1~ruth part of a policy year. Many companies now provide in their policies 
that, when death occurs, a pro rata premium refund will be made. This 
refund covers the period from either the date of death or the end of the 
policy month of death to the date to which premiums have been paid. 
Also, companies generally take pride in the payment of claims promptly 
after the receipt of proof of death. Most of the companies that make pre- 
mium refunds at death use the continuous functions basis to calculate 
reserves and nonforfeiture benefits, because that basis provides for im- 
mediate payment of death claims and in an indirect manner provides for 
the loss of part of the net premium in the year of death. 

An alternative to the continuous functions basis is the apportionable 
basis. The apportionable basis (as used in this paper) provides for imme- 
diate payment of death claims and is based on an apportionable net pre- 
mium (see Jordan, Life Contingencies, p. 85). The apportionable net pre- 
mium is payable in advance, in accordance with the practice noted above, 
and at death a pro rata refund of the apportionable net premium is made, 
based on the period from the moment of death to the date to which pre- 
miums have been paid. 

In this paper a new function, the apportionable annuity due, will be 
defined and derived and formulas for net premiums and terminal reserves 
on the apportionable basis will be developed. Then an investigation will 
be made of the relationship of net premiums and terminal reserves on the 
apportionable basis to the corresponding functions on the continuous 
functions basis. 

Jordan (op. dL, pp. 85, 86) gives the usual formula for apportionable 
premiums, based on the assumption that claims are paid at the end of 
the year of death. This formula could be modified to provide for immedi- 
ate payment of claims; but another approach, which depends less on gen- 
eral reasoning, is used in this paper. The derivations in this paper are 
based on the assumption of a uniform distribution of deaths within each 
year of age. This makes possible direct comparison of premiums and re- 
serves on the apportionable basis with those on the continuous functions 
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basis, since the figures on the continuous functions basis, as published by  
the Society of Actuaries in Monetary Tables Based on 1958 C.S.O. Table, 
are also based on the assumption of a uniform distribution of deaths. 

A P P O R T I O N A B L E  A N N U I T Y  D U E  
.,Im] 

The apportionable annuity due, which will be denoted by a~:~, is a life 
annuity due payable m times per year for n years with a pro rata refund 
by the payee at the moment  of death. This may  be more easily understood 
if a comparison is made with the complete annuity. In  the case of the 
complete annuity, payments  are made at  the end of each period, and at 
the death of the annuitant the payer of the annuity makes a pro rata  pay- 
ment  covering the period from the time of the last payment  to the moment  
of death. In  the case of the apportionable annuity due, payments  are 
made at the beginning of each period, and at  the death of the annuitant  
the payer  of the annuity receives a pro rata refund covering the period 
from the moment  of death to the time that  the next payment  would have 
been due. 

The apportionable annuity due may  be represented as 

• ""' ~ ' ~  "'" (1) ax:nN = a z : ~  ~ ~ z : ~ ,  

aim} where %:~ is the present value of the refund due at the moment  of death. 
In  very basic terms, 

v rPx 
r~O 

(2) 
m--1 lira ] 

X v ./.~?~+~ ~ ( 1 - - m t )  v ,p~+~+./,.#~+.+,/m+flt . 
a ~ O  ~" 0 m 

Under the assumption of a uniform distribution of deaths, 

$ 
. /~p .+.  = 1 q.+. 

and 
Ix+r+alm+t - - d / d t ( l ~ + . + . / , ~ + , ) _  d.+. 

lz+r+*/ m + t lz+r+s/ra 

for 0 _< s ~ m --  1 and 0 < t < 1/m. Using these relationships, the 
above formula simplifies to 

x:n l - -  'tn, 

(3) 
~ t  7~_oL'-lr f0 l/~ ]f m 

m r - o  - -o  
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This can be rearranged as 

,,-, ~r'- '  ( &)]("-' .) • :.~=~L Z ~"" . - °  ' -  ,_Z ~'~p 

Now, using the exact relationships 
m--1 
~.~ val . = m d  

d(m) ' 

~ s  v . / .  = m r  i - - i ( ' )  

• - o  ~ d ( m )  {(m) , 

and 

we have 
f ll,n 1 d ( ' )  

(1 -- mr) v*dt . . . .  
"o ~ ~2 ' 
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(4) 

..l=1 l r m d  mr  i - - i ( - ) ] a  -H 1 my  i - i ( - )  
a . : ~ = ~ L d ~  ~ / - ~  J *:~f m d( "~ i ( - ~  ( l + i ) a * : ~  

(5)  
a ( - )  l ~ d  [ _ , [~ ~, Jd(-, a,:~ (1 +i)o:.~1. m 

Since a.:~ = a.:~ -- 1 + .E .  and, under the assumption of a uniform dis- 
tribution of deaths, 

A , _  i . : . t-- ~-(1 --da'~:~i--,,E.), 

we have, finally, 

..I.I id i - - i ( ' )  [ 1 1]  ~i 
%:*q=i( ' )d( ' )  ax:~ i ( . ) d ( . i ( 1 - - . E . ) - -  d2-) ~j . :~.  (6)  

Considering formulas (1) and (6) together, we see that 

0 [ . , _  [ d l  > 1 ] ~ ,  ~:~ - ~ j ~:.~. ( 7 )  

It  can be shown that 

d C') --2-ram 4 12m* 720m 4 ~ ' ' " '  
so that 

• . l - }  • a ( . )  1 ($ 1 
ax:~-- =:.-q-- ~ (~  q- 1-~m)~. :~  • (g )  
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APPORTIONABLE NET PREMIUMS AND TEP~IINAL RESERVES 

Once the apportionable annuity due has been defined and a formula 
for calculating its value has been derived, the formulas for net premiums 
and terminal reserves on the apportionable basis are easily determined. 
Let  us define the following generalized expressions: P V F B ~  is the present 
value at age x of some future benefit (not taking into account any provi- 
sion for pro rata premium refund at death); ,p{,-I is the net apportionable 
yearly premium payable m times per year for n years for the same benefit; 
and ~VI,.I is the terminal reserve at duration t on the apportionable basis 
for the same benefit. Then, 

,,p{ ,, I -- P V F B ,  
a{.,} ( 9 )  

and 

and 

,~Vlm} = P V F B ~ , -  .pt, .1 ?i~'~:~i-~ (t < n ) ,  (10) 

7V I"l = P V F B x + ,  (t > n ) .  (1 1) 

To illustrate, the formulas for whole life insurance are 

pir ,  j (  A ,  ) = A x  ( 1 2 )  
a [ Z  } 

tVt,.I ( A . )  = A , + ,  - -  ..A,2, at,~_~ . ( 1 3 )  
a U , 

DISCOUNTED CONTINUOUS YEARLY PREMIUM 

Before net premiums and terminal reserves on the apportionable and 
continuous functions bases are compared, a discussion of the discounted 
continuous yearly premium is in order. 

The continuous yearly premium is based on two assumptions. The first 
is that the premium is payable continuously during each year of the pre- 
mium paying period, and the second is that claims are paid immediately 
at death. The latter assumption conforms to actual practice, but  the 
former assumption is artificial. The assumption of continuous payment 
of premiums is a convenient one, because it takes into account that only 
a fraction of a year's premium is retained in the year of death by a com- 
pany which collects premiums in advance and makes a pro rata premium 
refund at death. 

In  order to get away from the artificiality of the assumption of con- 
tinuous premium payments, the discounted continuous yearly premium 
has been defined. This is the net premium payable at the beginning of each 
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policy year, which is equivalent to the continuous yearly premium pay- 
able during each policy year. Let ,i s be a generalized expression for the 
continuous yearly premium payable for n years and ~ be a generalized 
expression for the corresponding discounted continuous yearly premium. 
The discounted continuous yearly premium is conventionally calculated 
as follows: 

./3a = ~ a ~  (14) 
or  

- d nP'=x.P. (151 

In formula (14) the continuous yearly premium is discounted for interest 
only and not for mortality (the discounting does not take into account 

TABLE 1 

NET LEVEL PREMIUMS PER $1,000 INSURANCE 
BASED ON 1958 C.S.O. MORTALITY TABLE AND 3 PER CENT INTEREST 

Age 
a t  

Issue 

35.. 

65.. 

Plan 

Whole life 
20-pay life 
20-year term 
20-year endowment 
Whole life 
20-pay life 
20-year term 
20-year endowment 
Whole llfe 
20-pay life 
20-year term 
20-year endowment 

Discounted Continuous 
Yearly Continuous 

Yearly 
Premium Premium 

$ 6.229 $ 6.138 
11.669 11.498 

1.465 1.443 
37.483 36.934 
16.918 16.671 
25.019 24.652 

5.349 5.271 
39.171 38.597 
68.977 67.968 
71.943 70.890 
62. 241 61.331 
73.214 72.143 

Apportionable 
Annual 

Premium 

$ 6.138 
11.498 

1.443 
36.934 
16.670 
24.652 

5.271 
38.597 
67.956 
70.880 
61.321 
72.132 

that only a fraction of the continuous yearly premium would be collected 
in the year of death); therefore the discounted premium is based on the 
implicit assumption that there will be a premium refund at death. The 
amount of this refund and a comparison of the discounted continuous 
yearly premium with the apportionable annual premium will be taken up 
in the following section. 

COMPARISON OF NET PREMIUMS ON APPORTIONABLE 

AND CONTINUOUS ]~UNCTIONS BAS]~S 

Table I shows continuous yearly premiums, discounted continuous 
yearly premiums, and apportionable annual premiums for several com- 
binations of plan and age at issue, using 1958 C.S.O. mortality and 3 
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per cent interest. The apportionable annual premium is payable at the 
beginning of each year and provides for immediate payment of death 
claims. It can be seen in Table 1 that the discounted continuous premium 
and the apportionable premium are approximately equal and that the 
apportionable premium is the smaller of the two in the cases in which 
they differ. This approximate equality is reasonable because both premi- 
ums are payable at the beginning of each year, provide for a partial pre- 
mium refund at death, and provide for the same insurance benefit (that 
is, P V F B ,  is the same in both cases). 

To enable us to demonstrate mathematically the relationship between 
the apportionable premium and the discounted continuous premium, let 
us express the apportionable annuity due as a function of a continuous 
annuity: 

..{1] ( 1  1)  A~ 
a~:.-7=a~: ~ -  j - - ~  .:~ (from formula [6]) ( 16 ) 

= l [ d a  _ (  1 d 1 -- ~)Ax:~]  (1 7) 

d A1 = d [ 1 - - A : ~ - - ( 1 - - ~ a , : ~ - - , E ~ ) + ~  ~:,--]] (18)  

1 ( ~  _ A  1 . d i A~:~)  = j  a~:~ ~:~+~ ~ . (19)  

By a similar process it can be shown that 

and 

we have 

d{m )x:~__ d-(-~m)$ ~ / ~i ~a ~5 ) Am("*)x:n--] 
ax:~+d-~) [ , i - T ~ + ~ + T 6 , 1 6 0 m O  ~-... , ( 21 ) 

Ax(•) where ,:,-7 is a term insurance with the death benefit payable at the end 
of the l/ruth part of a year in which death occurs. Now, since 

, ,p = P V F B .  ( 2 2 ) 
5 ~:.- 1 

d _ 
,,pa = ~_ ,,p, ( 15 ) 

,,pa = d P V F B .  ( 2 3 ) 

..111 a a ( a  , a~ a5 ) A  1 
ax:~=d - ex:~+d \ ]2-e36-6 4 20,160 ~-"" -:--q" (20) 
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so that 
, ,~ t= PVFB.  

( ~ / a l a , : ~ "  

Taking formulas (9) and (20) together, we have 

,,p~} = PVFB,, 
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( 2 4 )  

• A 1 " ( 2 5 )  ( 8 / d )  a~:~[ 1 + ( ~ /12  + 8 V 3 6 0 +  . . )  ( ,:~/a~:~)] 

The quantity 

A 1 
1 + ( 8 / 1 2  + 8 ' / 3 6 0  + . . . )  _~:~ 

ax:~ 

is positive and generally differs from 1 by a relatively small amount. 
Therefore formulas (24) and (23) demonstrate that ,ptlt is approximately 

1 . equal to but  smaller than ~P~.I Since the ratio of Ax:~ to ax:;7 normally 
increases as x increases, the difference between ~ and nP {tl normally 
increases as x increases. 

The reason that ~p{l} is less than ~/~l is that a smaller percentage of 
,,ptll is refunded in the year of death than of ~3d. If death occurs at dura- 
tion i (0 < t < 1) after the beginning of the policy year of death, then, 
on the apportionable basis, (1 - t) ,pill  would be refunded. Boermeester 
(TASA,  L, 73) has pointed out that, on the continuous functions basis, 
if ~ is collected at the beginning of each year, then the theoretical 
amount to be refunded at death is 

. P (  a n -- a,-]) ( 1 q-i)  ' = .Pa,-=~ .pa 1 -- v ' - '  - - -  d ( 2 6 )  

Now 
1 _  v l - t  1 _  ( l _ d ) l - t  

= d ( 2 7 )  

ffi (1 - -  0 -4- ~ t (1  - -  t) d - F  . . . ,  ( 2 8 )  

1 - -  v 1 - t  
• " d > 1  - - t .  ( 2 9 )  

Since a smaller percentage of ~pl~l is refunded in the year of death, a 
larger percentage o f ,P l~  is retained in the year of death; therefore . P  txl is 
slightly smaller than ,,/Sd. 

l The differences in some cases are too small to show up in Table I, which has been 
carried to 3 decimal places. To illustrate, if Table I were carried to 5 decimal places, 
the discounted continuous premium for twenty-payment life issued at  age 5 would be 
11.49795, and the apportionable premium would be 11.49791. 
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COMPARISON OF TERMINAL RESERVES ON APPORTIONABLE 

AND CONTINUOUS FUNCTIONS BASES 

Table  2 shows terminal  reserves on the continuous and apport ionable  

bases for several combinat ions of plan, age a t  issue, and duration.  Again 

1958 C.S.O. mor ta l i ty  and 3 per cent  interest  have  been used. The  re- 

serves on the continuous basis have  been taken from Volume I I  of 

TABLE 2 

NET LEVEL PREMIUM TERMINAL RESERVES PER $1,000 INSURANCE 
BASED ON 1958 C.S.O. MORTALITY TABLE AND 3 PER CENT INTEREST 

20-YEAR 
WHOLE LIFE 20-PAY LIFE 20-YEA2 TERM 

ENDOWMENT 
A~E DunA- ] 
AT TION 

ISSUE Con- Appor- Appor- ! Appor- Appor- 
tlnuous tion- Con- Con- Con- tinuous tion- tion- tion- tinuous tinuous 

able able able able 

. . . . . .  1 $ 4.955 4.955 10.485 10.485 0.12 $ 0.125 36.705 36.70 
5 26.79 26.79 56.20 56.19 1.04 1.04 195.74 195.74 

10 , 58.01 58.01 121.73 121.73 2.21 2.21 424.11 424.11 
15 92.81 92.81 196.71 196.71 1.81 1.81 689.77 689.77 
20 132.27 132.27 283.30 283.30 . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

35 

65 . . . . .  

40 t353.16 353.16 
60 636.81 636.80 
80 859.76 859.75 
90 938.01 937.99 

1 14.64 14.64 
5 76.48 76.47 

10 1159.96 159.95 
15 i 249.20 249.19 
20 342.07 342.06 
30 528.32 528.30 
50 817.87 817.84 

919.45 919.49 
1 37.88 37.87 
5 182.37 182.34 

10 i345.33 345.27 
15 I 492.54 492.45 
20 613.87 613.76 
30 829.30 829.16 

22.87 22.87 2 . 8 8 ]  2.88 37.25 37.25 
120.46 120.46' 13.66 13.66 197.30 197.30 
256.18 256.18 22.52 22.52 424.29 424.29 
408.82 408.82 21.21 21.21 687.70 687.70 
581.57 581.57 . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

40.94 40.931 30.93 30.93 42.25 42.25 
200.19 200.171 141.89 141.87 207.83 207.81 
392.23 392.19 238.81 238.77 412.33 412.29 
598.69 598.64 251.46i 251.43 644.17 644.13 
884.17 884.17: . . . . . . .  . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . .  : . . . . . . .  . . . . . . . . . . . . . . . . . . . . .  

Monetary Tables Based on 1958 C.S.O. Table, published by the Society of 

Actuaries.  In  Table  2 the reserves on the two bases are approximate ly  

equal, and the reserves on the apport ionable basis are the smaller of the 

two in the cases in which they  differ. The  approximate  equal i ty  of the 

reserves is reasonable, because the reserves are based on approximate ly  

equal  net  premiums providing for identical  insurance benefits (PVFBx+, 
is the same in both  cases). 



APPORTIONABLE BASIS FOR PREMIUMS AND RESERVES 21 

Let ~f" be a generalized expression for the terminal reserve at duration 
t on the continuous functions basis. Then 

~fr = PVFB,a - ,  - , ~  ~,+t:~---E (30) 

¢~z+ t :n_"~- I 
= PVFB~+ t - -  P V F B ,  - -  

Taking formulas (10) and (20) together, we have 

~V I11 = P V F B ~ , -  ~PtlJg~t:~--=~ 

0~111 
z +  t :n--'~-I 

= P V F B . + t  --  P V F B .  

× 

( t <  n) .  (31)  

= P V F B , + t  --  PVFB~ 

( 8 / d l a . + t : . _ - z N + ( 8 / d ) ( ~ / 1 2 + 8 * / 3 6 0 +  ) A  • • " x + t : n - - : Y I  

(32) 

(33)  

(34)  

X 

A 1 ( 8 / d ) a . : ~ . . b  ( ~ / d )  (8 /12 -F  88/360-F. . . )  . :~ 

= P V F B . + t  --  P V F B ,  

1 a.+t:~_--=~-F ( ~/12 -F ~8/360 + . . .  ) ( 8 / i )  ~.+t:;----/1 

a.:.N+ ( 8/12 + ~ ' /360 + . . . )  (~ / i )  .~t.:~ 

a,+,:.--~ 
IV I~1 = P V F B . +  t -- PVFB,~ 

1 + ( ~ ' / 1 2 i +  U / 3 6 0 i + . . .  )P(-~.~-t:.--~) 
X 

1 + ( ~ ' / 1 2 i +  ~ * / 3 6 0 i + . . .  ) P ( . ~ : ~ )  
(t<n). 

(35)  

(36)  

Comparison of formulas (31) and (36) reveals that ~'V Ill is approximately 
equal to 7] ?, because 

1 + ( 8 2 / 1 2 i +  84/360i+. . . ) i s (~I .~t:~_---~)  _ 1 .  ( 3 7 )  

1 + ( 83 /12 i+  8 ' / 3 6 0 i + . . .  )/3(~i~:~) 

Let us note at this point the easily derived relationship 

,¢(A~:~) = [P(A~ , : . . _ ,~ )  - P(A~:~)]a~ , : ._ - -~ .  (38) 

Returning to formulas (31) and (36), we see that (for t < n) 
7fr z '~V{'I , (39) 

ItUSHMORE MUTUAL 1JFE 
LIBRARY 
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according as 

1 --k ( ~ / 1 2 i - - b  ~ * / 3 6 0 i + . . .  )P(A,~_,:~_--/i) > 
( 4 0 )  

o r  

P(A.~, :~--n) ~ P(A':~), (41) 
o r  

,¢(A~:~) ~ 0.  (42) 

Since ,V (A~:~) is positive for most combinations of x, r~, and t, it follows 
that ~'V Ill is usually smaller than ]'V. At the juvenile ages, where the 
rate of mortality decreases with increasing age, ,l~" (A~:~--~ is sometimes 
negative, in which case ~V Ill is larger than ]'V. 

I t  has been shown that the apportionable annual premium is always 
smaller than the corresponding discounted continuous yearly premium 
and that, when death occurs, the percentage of the apportionable pre- 
mium to be refunded is less than the theoretical percentage of the dis- 
counted continuous premium to be refunded. Thus at death a smaller 
amount of premium is refunded on the apportionable basis than on the 
continuous functions basis. The terminal reserve on either the apportion- 
able or continuous functions basis contains an unspecified additional 
amount because of the refund of premium feature, and it is reasonable 
that the absolute value of this additional amount should be less on the 
apportionable basis because the amount refunded at death is less. Since 
the additional amount of reserve is related to the reserve for a term insur- 
ance for the premium-paying period (see Jordan, op. dr., p. 105), it is 
also reasonable that the additional amount of reserve for the refund of 
premium feature should be positive or negative according as the reserve 
for the term insurance is positive or negative. This explains why ~V Ilj < 
~'V when ,V (A~:~) > 0, and vice versa. 

$LrM:MARY 

In  this paper there has been defined and derived a new function, the 
apportionable annuity due, which is the key to net premiums and reserves 
on the apportionable basis. The chief advantages of the apportionable 
basis over the continuous functions basis are that the apportionable basis 
takes account of the refund of net premium at death in a more direct 
manner and that it involves only one net premium rather than two, which 
are involved in the continuous functions basis. 

The question "What  is the difference between the apportionable basis 
and the continuous functions basis?" has been investigated. From a theo- 
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retical viewpoint, we find that  there are differences and that net premi- 
ums and reserves on the apportionable basis have, with few exceptions, 
lower values than the corresponding functions on the continuous func- 
tions basis. From a practical viewpoint, we find that the differences are 
not great and that one basis is a practical substitute for the other. 

Because monetary tables based on the 1958 C.S.O. Table and on the 
continuous functions basis are already in print and in use, and because 
values in these tables are so dose to the corresponding values on the 
apportionable basis, it is not likely that the continuous functions basis 
will be abandoned at this time in favor of the apportionable basis. How- 
ever, it seems inevitable that  at some time in the future a new mortality 
table for valuation of life insurance will be promulgated. At that time con- 
sideration might be given to publishing functions on the apportionable 
basis. 


