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I. INTRODUCTION 

T 
ROWBRI~E [6] has developed a family of aggregate actuarial cost 
methods without supplemental liability, x I t  would seem of interest 
to attempt to develop a corresponding family of accrued benefit 

actuarial cost methods with similar flexibility. The recent legislative 
activity in Canada on the subject of compulsory portable pensions and 
the discussion of related proposals in the United States have tended to 
sharpen the interest in accrued benefit actuarial cost methods. 

In addition to this motivation for attempting such a development, the 
extensive discussion of pension funding in an economy characterized by 
inflationary tendencies at the Seventeenth International Congress of 
Actuaries has also served to create interest in flexible actuarial cost 
methods. Several papers presented at that Congress discussed proposals 
to defer pension funding. (See especially Ammeter [1] and Laing [4].) 

In this paper no attempt will be made to pass judgment on the pos- 
sible impact of deferred funding on the security of pension expectations 
or on its probable success in minimizing real pension costs. However, a 
family of accrued benefit actuarial cost methods will be developed which 
will permit the purchase of retirement income at either an accelerating 
or decelerating rate. 

II. THE STATIONARY~ UNIT BENEFIT MODEL 

In discussing actuarial cost methods, use of the superb framework pro- 
vided by Trowbridge's fundamental paper [5] is almost obligatory. In 

* Mr. Cooper is a student of the Society of Actuaries. 

1 In this paper an attempt will be made to utilize the actuarial cost (pension-funding) 
terminology developed by the Committee on Pension and Profit-sharing Terminology 
and reported in the Journal of Insuranse, X X X  (1963), 456-64. This terminology is 
used by McGiU in his book Fundamentals of Pri~ate Pensions (2d ed.), which is now 
read by students preparing for Part 8 of the examinations of the Society. 
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this section, therefore, we will adopt his strict assumptions in order to 
concentrate attention on the family of actuarial cost methods being de- 
veloped; that is, we shall assume that  the population under study is sta- 
tionary, with all entrants at age a and all retirements at age r. We will 
assume that pension benefits will be paid at an annual rate of one to all 
lives above age r. For reasons of convenience only, we shall adopt a con- 
tinuous model rather than the discrete one used by Trowbridge. 

We define re(x), a < x < r as the rate at which retirement income is 
being purchased at age x for a member of the pension group. We shall 
call the function denoted by re(x) a pension purchase density function 
(p.p.d.f.). Our discussion will center on p.p.d.f.'s such that re(x) >_ O, 
a ~_ x "~ r, and 

f, ' m ( x ) d x  = 1 B 

Note the formal similarity between the p.p.d.f, and the probability densi- 
ty function for an absolutely continuous random variable. 

We define the cumulative pension purchase function (c.p.p.f.), denoted 
by M(x) ,  as 

M ( x )  = m ( t ) d t ,  a <  x <  r .  

Certain properties of the cumulative pension purchase function are im- 
mediately apparent. Note that  M(x)  = O, x < a, M(r)  -- l, and M(x)  
never decreases. I t  is not surprising, in view of the definition of the 
p.p.d.f., that there is a striking formal similarity between the c.p.p.f. 
and a cumulative distribution function of an absolutely continuous 
random variable. 

One may define an actuarial cost method by specifying the p.p.d.f. 
The normal cost will be 

~ ' l , m (  x ) , - , I  a, d x ,  

and the accrued liability for active lives will be given by 

f l,~(xlr-xl axdx. 

Integration by parts will establish the equation of equilibrium, 

We let re(x)' denote the first derivative of re(x). If M ( x ) "  = re(x)' < O, 
we will say that the actuarial cost method defined by re(x) results in 
decelerating funding at age x, and, if M(x)  '~ = re(x)'  > O, we will say 
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that the method results in accelerating funding at age x.  I f  re(x) '  < O, 
a < x < r, we will say that the actuarial cost method associated with 
re(x) is a decelerating actuarial cost method, and, if re(x)  p > O, a < x < r, 
we will call the associated actuarial cost method an accelerating cost 
method. If ml(x) is associated with a decelerating cost method and m2(x) 
is associated with an accelerating cost method, a simple argument--strik- 
ingly similar to that used in Lidstone's theorem of life contingencies-- 
will show that  Ml(x) > M , ( x ) ,  a < x < r. 

Note that re(x) --- 1 / ( r -  a) defines the individual accrued benefit 
actuarial cost method (unit credit funding). The actuarial cost method is 
characterized by re(x)  t = O, and correspondingly this method is neither 
an accelerating nor decelerating method. 

Setting re(x)  = (~-~[ ~)/(~--I d,. ~o.~_-~ defines a projected benefit meth- 
od with individual level costs and a supplemental liability (entry age nor- 
real funding). I t  is easy to confirm that for this method 

. , ( x )  t = - + - < 0 ,  a < x < r ,  

which implies that it is a decelerating cost method. 
The fact that the entry age normal actuarial cost method is a decelerat- 

ing actuarial cost method is an important, albeit somewhat belabored, 
actuarial fact. Certain important practical implications of this character- 
istic of the entry age normal actuarial cost method have been discussed 
recently by Griffin [3] (see especially the section of the paper entitled 
"Actuarial Liability" v. "Cost of Accrued Benefits"). 

If the p.p.d.f, has one mass point at age r - - t ha t  is, if re(x) = 0 when 
a <<_ x < r and re(x) = 1 when x = r - - then  the result is terminal funding. 
At the other extreme, if the p.p.d.f, has one mass point at age a - - tha t  is, 
if re(x) = 1 when x = a and re(x)  = 0 when a < x _< r - - then the result 
is initial funding. Note that in these two cases the analogy is with a ran- 
dom variable with a degenerate distribution rather than with an absolute- 
ly continuous random variable. The c.p.p.f's in these cases become step 
functions with single jumps of height one at, respectively, x = r and 
x = a .  

There is no limit to the number of possible choices of re(x),  hence no 
limit to the number of actuarial cost methods. For example, setting 
re(x)  = e"/(e '"  -- # )  will define an actuarial cost method. I fs  > O, this 
method will result in an accelerating cost method; if s < O, this method 
will result in a decelerating one. 

As s--* O, we note that this p.p.d.f, approaches 1 / ( r  --  a), which is, 
of course, the p.p.d.f, associated with the accrued benefit actuarial cost 
method (unit credit funding). 
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A linear p.p.d.f, may be determined by selecting constants b and c 
that will satisfy the equation 

f * ( b + c x ) d x =  ( r - - a ) [ b +  c( r + a ) / 2 ]  = 1 ,  

subject to the conditions b + ca > 0 and b + cr > O. 
In a paper on a practical subject, such as actuarial cost methods, a 

numerical example that illustrates the ideas being discussed is traditional. 
There seems to be no better way to develop an illustration on the subject 
than to start with the stationary population model used by Trowbridge 
[5]. The interest and mortality assumptions (2½ per cent interest and 1937 
Standard Annuity Mortality) currently seem unrealistic but  have been 
used to facilitate more direct comparison with earlier work on actuarial 
cost methods. 

In Table 1 a continuous model is used, unlike the discrete model used 
in earlier illustrations using these assumptions. The trapezoidal rule and 
the usual actuarial approximations were used whenever it was necessary 
to approximate the value of an integral. Therefore, the equation of equi- 
librium will not be exactly satisfied by the approximations. 

III .  SOME PRACTICAL EXTENSIONS 

In order to remove the unit benefit assumption made previously, we 
shall define b(i, x~) to be the symbol for the estimated annual pension 
payment rate commencing at age r to be paid to life i from among the 
group of n active lives in the pension group, when the estimate is made 
at attained age x~ for life i. Then the accrued liability for the active lives 
of a pension group, using an actuarial cost method defined by the p.p.d.f. 
re(x), is 

~ b(i, x~)Mi(x~),-,il a**. 

The c.p.p.f, is indexed with i to allow for possible variations in the age 
at entry among the individual members of the active group. Upon the 
establishment of the pension plan, a similar computation including pen- 
sions awarded to lives already beyond age r would yield the initial 
accrued liability. The corresponding normal cost would be 

~ b ( i, x~)m,( x~),-,~l a.,. 

The p.p.d.f, is indexed with i to allow for possible individual variations 
in the age at entry. 
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Changes in the estimated annual rate of pension payment commencing 
at age r, along with other deviations from expected results, would cause 
the accrued liability, as determined by periodic valuations, to differ from 
that expected. The immediate method of adjusting for these gains and 
the computation of a special 10 per cent Treasury base for the losses, 
using the same methods that are currently used with the accrued benefit 
actuarial cost method, could be employed. 

IV. SOME GENERAL CONSIDERATIONS 

In Section II it was pointed out that accelerating funding, when 
pushed to the limit, results in terminal funding. It  would unduly expand 
the scope of this technical paper to repeat the many persuasive argu- 
ments in favor of higher levels of pension funding than result from the 
use of the terminal method. Nevertheless, for the sake of completeness, 
it should be pointed out that accelerating funding might be used to permit 
retention of funds with the sponsoring company for a longer period of 
time. Of course, if the outlook is not as good for the sponsoring company 
as for the economy as a whole, it would be wise to invest outside the com- 
pany (decelerating funding). According to Bronson [2, p. 76] decelerating 
funding takes the "calculated risk that future taxes will not be higher than 
today's rates. Or, again, that tomorrow's dollars will not be cheaper than 
those of today." Accelerating funding would involve taking the opposite 
chances. Accelerating funding also lessens the impact of withdrawals on 
estimated costs and thus makes projections of this perplexing factor less 
critical to the determination of the estimated required contribution. 

The generalized concept of individual funding methods developed in 
this paper introduces flexibility into individual actuarial cost methods as 
Trowbridge's unfunded family of methods does for aggregate methods. 
This might become very important ff vesting becomes compulsory. To 
determine an individual's benefit upon leaving his job, one would need 
only to know the p.p.d.f, and the worker's age at entry and at with- 
drawal. In fact, such regulations might set minimum funding by specify- 
ing a minimum p.p.d.f., and sponsoring organizations might in turn be 
guided by this minimum in selecting their p.p.d.f.'s. 
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DISCUSSION OF P R E C E D I N G  PAPER 

CHARLES L. TROWBRIDGE: 

Mr. Cooper and Dr. Hickman are to be congratulated on an interesting 
generalization of the accrued benefit actuarial cost method. Essentially 
they have retained the principle that a portion re(x) of the ultimate pen- 
sion should be funded at each age x but abandoned the principle that 
re(x) is necessarily constant. By varying the mathematical form of re(x), 
they produce initial funding, terminal funding, unit credit, and entry age 
normal as special cases. 

Though they do not claim to have done so, it appears that they have 
in almost the same way generalized the entry age normal method. The 
principle behind entry age normal is that an amount ~r (for a unit of 
pension) is to be accumulated by level contributions from entry age a to 
retirement age r. If we retain the concept of contributions at each age 
a < x < r but  abandon the requirement that all be equal, we obtain a 
family of projected benefit cost methods of the entry age normal type. 
Actually, it is the same family as that so well outlined in the paper before 
US. 

I t  appears that the family from the paper can be put  into entry age 
normal dress by a single transformation. Define a function 

n ( x )  = m ( x ) . r - * l a X - = m ( x )  Dr a r  " ~  " 

Then if re(x) is the Cooper-Hickman pension purchase density function 
(p.p.d.f.), we might call its transposed form n(x) the pension funding 
density function (p.f.d.f.). 

f r  D~ 
n ( x )  . - ~  dx = 1, 

and n(x) can be viewed as the portion of the ultimate contribution 
(viewed as a unit payable at age r) to be made at age x. 

If the first derivative n'(x) is zero for a < x < r, n(x) is a constant 
equal to Dr/(N, -- Nr), and the traditional level form of entry age nor- 
mal results. In this case 

Dx D~ 
re(x)  = n ( x ) " f f ~  = ~ - ~ r - r - ° l  ao/r-~I a~" ao:~_--_-~, 

as shown in the paper. This is levdfunding from an n(x) viewpoint, just 
as it is a decelerating pension purchase from an re(x) viewpoint. 

60 
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If the first derivative m'(x) is zero for a <_ x <_ r, re(x) is a constant 
equal to 1/(r -- a), but n'(x) > 0 and n(x) is an increasing function of 
x, [D,/(r -- a)D,]. Hence, traditional unit credit is accelerating funding 
from an n(x) viewpoint, just as it is levd pension purchase from an re(x) 
viewpoint. 

Perhaps Cooper and Hickman can develop this duality of their gen- 
eralization more elegantly in their reply to the discussion. 

cEc~ j. NESBITT: 

I heard of the paper before I saw a copy and wondered on what 
principle a new family of actuarial cost methods had been defined which 
did not fall under Taylor's generalized family of aggregate actuarial cost 
methods. The words "accrued benefit" in the title make clear the distinc- 
tion. In the present paper, a modified unit credit funding principle is 
utilized rather than an aggregate funding principle. 

On reading the paper, my thoughts went off in a tangential direction 
to wonder whether density and cumulative functions could be useful for 
life insurance premiums and reserves. A distinction arises immediately in 
that ordinarily the full face amount of insurance is available from issue 
and only the maturity value is deferred, as in the case of a pension benefit. 
This introduces complications, as will be seen. 

To follow the paper's notations as closely as possible, let us consider a 
unit endowment insurance, issued at age a, maturing with a value of 1 at 
age r, having continuous premiums payable at annual rate 7r(x) at age x 
and with reserve V(x) at age x. Let  re(x) be a maturity fund density 
function (m.f.d.f.) and M(x) a corresponding cumulative maturity fund 
function (c.m.f.f.). We take as our starting point the reserve V(x), which 
is chosen to satisfy V(a) = O, V(r) = 1, and the reserve equation 

dV(x)/dx = It(x) + ~V(x) -/~,[1 - V(x)]. 

If we consider the reserve as accumulating under interest only, then 
we may take 

V(x) = U(x)v ~-= 
o r  

M ( x )  = V(x) (1  + 0 ~-= . 

I t  is evident  that M(a)  = O, M(r) -- 1, but  it  is not  at all clear that M(x) 
never decreases. W e  find next  that  

re(x) = ( t  + i ) - - = [ d V ( x ) / d x  - *V(x) l  

= ( t  + i ) ~ { ~ ( x )  - M t  - v ( x ) ] }  
o r  

,~(x) = m(x)v  ~-~ + ~ [ 1  - V ( x ) ] ,  
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which is interpretable immediately. For the level premium case, ,r(x) = 
P(.zI~:,_---~-3)~ and V(x)  -- ~-~V(,ff~:~---~-O~, and there would be a good chance 
that  re(x)  remains positive. 

For the reserve considered accumulating under benefit of both interest 
and survivorship, we would take 

V(x)  = M I ( x ) ( D d D , )  

o r  

M~(x)  = V ( x ) ( D , / D r ) .  

Then 

rex(x) = ( D J D , ) [ d V ( x ) / d x  --  (~= + 8)V(x)] = (D=/Dr)[~r(x) --  ~=] 

and 
,r(x) = m l ( x ) ( D ~ / D , )  + ~=. 

For the level premium case, 

mi(x )  = (D,/D,)[P(~,:~_-~-3)~ -- Iz=] 

and at  the higher ages might be negative. 
We have emerged with a family of funding methods for endowment 

insurance with c.m.f.f, taken either as V(x)(1 + i) "--~ or V ( x ) ( D J D ~ ) ,  
depending on whether we regard the reserve as accumulating under 
interest only or under both interest and survivorship. From the second of 
these, we can obtain the family in the paper if we now assume that  
V(r)  = ~r and that  V(x)  satisfies 

d V ( x ) / d x  = ~r(x) + (g= + 8 )V(x )  . 

Also, we need here to take 

Mx(x)  = [ V ( x ) / V ( r ) ] ( D , / D r ) .  

One finds 

o r  

~ I ( X )  = (D~/D,)[,r(x)/V(r)l 

~r(x) = m x ( x ) ( D d D x ) V ( r )  , 

which is comparable to the authors'  formulas. 
If, however, we followed the here somewhat artificial approach of 

regarding the reserve as accumulating under interest only, then 

M ( x )  = [ V ( x ) / V ( r ) ] ( 1  + i) ~-~ , 

re(x) = (1 + i ) ' - ~ [ d V ( x ) / d x  --  8 V ( x ) ] / V ( r )  

= (1 + i),- .[~.(x) + u.v(x)]/V(r), 
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and 
~ .  = m(x)V(r)v ~-~ - ~ V ( x )  

= V ( r ) v " - - ~ [ m ( x )  - #~M(x) ] .  

On a discrete basis, it is possible that funding controlled by density 
functions may be made practical for either insurance or pension benefits. 
At any rate, the authors have introduced an interesting generalization 
that has been a pleasure to explore. 

(AUTHORS ~ REVIEW Or DISCUSSION) 

SX~VE~ L. COOPE~ AND JA~ES C. HICK~AN: 

Mr. Barnet Berin, in a very helpful personal letter to the authors, 
mildly objected to the title of this paper. He suggested that "A General 
Family of Actuarial Cost Methods" would have been a more appropriate 
title. However, it remained for Mr. Trowbridge to indicate specifically 
how easUy some of the ideas developed in this paper may be modified to 
furnish additional insights into actuarial cost methods. 

Trowbridge defined a pension funding density function (p.f.d.f.), which 
he denoted by n(x). Any function which satisfies the following two condi- 
tions may serve as a p.f.d.f, and thus define an actuarial cost method: 

~(x)  > 0 ,  a < x < r ,  (1) 

~ r [ n ( x ) D ~ / D r ] d x =  1. (2)  

The p.f.d.f, is related to the pension purchase density function (p.p.d.f.), 
which is defined in the paper and denoted by re(x), by 

n(x) = [m(x)D~]/D~,. 

The basic equation of equilibrium for a stationary population with 
unit annual retirement benefits becomes, in terms of the p.f.d.f., 

In this equation the first term represents the ultimate annual contribution 
rate, and the term in braces represents the ultimate fund. 

In the short summary tabulation on page 64, the p.p.d.f, and the 
p.f.d.f, are exhibited for the common actuarial cost methods mentioned 
in the paper. 

I t  is also of interest to examine the derivative of the p.f.d.f. We have 

dn(x)/dx -- (DID,)  {[dm(x)/dx] + re(x) (u, + $) } • 
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Using this equation and Trowbridge's comments concerning level 
p.f.d.f.'s, it is easy to see that, if the p.p.d.f, is level or increasing, the 
associated p.f.d.f, is increasing. 

Let  us also exhibit the derivative of the p.p.d.f. We have 

dm(x) /dx  = (Dx/D,){[dn(x)/dx] -- n(x)(g., + $)} . 

Using this equation and Trowbridge's comments concerning level 
p.f.d.f.'s, it is easy to see that, if the p.f.d.f, is level or decreasing, the 
associated p.p.d.f, is decreasing. 

Method p.p.d.f, p.f.d.f. 
ra(x) n(x) 

Entry age nor- 
mal . . . . . . . . .  

Unit credit . . . .  
Terminal . . . . . .  

Initial . . . . . . . . .  

D, / (Ro-~) ,  a<x<r 
1/(r--a), a<_x<_r 

fO, a<_x <r 
\ l , x=r  

fJ ,x=a 
\0, a <x<r 

D,I(N~--~,), a<x<r 
Drl[(r--a) D=], a<_x<r 
O, a<_x<r 
1~ X=T 

D#D~, x = a 
O, a <x<r 

The authors acknowledge that they are somewhat overwhelmed by 
the fascinating extension of the application of density functions in the 
mathematics of life contingencies made by Professor Nesbitt. The authors 
had a much more modest extension in mind. I t  had occurrred to them 
that if re(x) denotes a postretirement insurance purchased density func- 
tion and M(x)  denotes a cumulative postretirement insurance purchased 
function, the general equation of equilibrium for a stationary population 
with unit insurance benefits on a pay-as-you-go basis before retirement 
and fully paid after retirement would be given by 

[ ( l ~ - l r )  + ~ ' m  ( x )lx r-=] ~=dx]  

The authors have little to offer in the way of extending Nesbitt 's dis- 
cussion other than to point out the insights into the nature of premiums 
that may be obtained by interpreting the expressions for lr(x), the annual 
premium rate. 

The authors would also like to stress, with respect to the results that 
satisfy the differential equation 

dV( . ) /dx  = . ( z )  + (~. + ~)V(x) , 

that Nesbitt 's ~r(x) corresponds to Trowbridge's p.f.d.f., n(x). 
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When this paper was written, it was conjectured that the key idea 
would be of interest primarily for its utihty as a unifying idea for teaching 
the properties of various actuarial cost methods. The authors want to 
thank Trowbridge and Nesbitt for showing how one simple idea can 
spawn several better ideas. The authors also want to thank the second 
author's son, Charles Hickman, for taking several days of his summer 
vacation to help develop the numerical example. 


