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I. INTRODUCTION 

ROSS premium calculation methods may be arbitrarily separated 
into: (a) Type 1 methods--those which initially have commis- 
sions and other "per cent of premium" expenses in the de- 

nominator (Cammack [1] and Jenkins [2]) and (b) Type 2 methods--  
those which initially have commissions and other "per cent of premimn" 
expenses in the numerator (Hoskins [3], Rosser [5], and Anderson [6]). 

The traditional Type 1 methods directly calculate the gross premium 
that  will yield a specified margin for profit and contingencies over the 
gross premium calculation period. The main disadvantage of this ap- 
proach has been the lengthy asset share accumulation required to de- 
termine the incidence of profit. 

Type 2 methods require the use of a trial or preliminary gross premium 
in the initial calculations. Rosser's and Anderson's methods do not require 
the use of an asset share calculation to determine the incidence of profit. 

The purpose of this paper is to present: 
1. A Type 1 method of gross premium calculation which, in addition 

to combining the advantages of all previously published Type 1 and Type 
2 methods, has the following advantages: 

a) The cost of reinsurance is incorporated into the gross premium calculation 
and may be shown as a level annual cost over the gross premium calculation 
period. 

b) The effect on profit margins of a change in the retention limit may be 
quickly calculated without redoing the original calculation. 

c) The premiums needed to "break even" (e.g., amortize the initial invest- 
ment in surplus) at the end of each policy year are calculated as a by-product. 

d) The profit or loss generated in each policy year or over any number of 
policy years may be quickly calculated for any gross premium without redoing 
the original calculation or first using a trial gross premium. 

e) The gross premium that will produce any specified profit over any number 
of policy years may be directly solved for without redoing the original calcula- 
tion or first using a trial gross premium. 

f)  The premium that will produce a specified yield on surplus invested in new 
business [6] may be directly solved for by a flexible technique not first involving 
the use of the renewal net premium or any other preliminary gross premium. 
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2. A mathematical definition of a financially meaningful "average" 
policy size which recognizes the cost of reinsurance. 

3. Mathematical definitions of common measures of profit, and the 
mathematical relationships between them. 

4. Formulas expressing the effect of changes in various assumptions 
used in the gross premium calculation as a level annual cost over the 
gross premium calculation period. 

The method of gross premium calculation presented in this paper 
should eliminate the need for trial or preliminary gross nonparticipating 
premiums. 

This paper will emphasize the basic actuarial theory, as opposed to the 
art or philosophy, of rate-making. 

II. DE]~INITION OF SYMBOLS 

1. ~x]+t-1 = Mortality rate in policy year t. 
2. q[~xl+,-, = Withdrawal rate in policy year t (including conversions). 

(T) w 
3. q[xl+t-1 "----. q~[xl+t-1 -~ q[xl+'-l. 

.(T) = Probability of policy issued at age X staying in force at 4. q'[xl 
least t years. 

5. it = Net  interest rate earned on invested assets in policy 
year t. 

6. ( l q -  i)* = (1 -}-/0(1 + i2) . .  • (1 q- i,). 

~YIxl" 
8. Ct = Total  commission rate in policy year t. 
9. g~ = Per cent of gross premium paid out in other "per cent of 

premium" expenses in policy year t 
10. zt = The proportion of policy year t commissions that are not 

vested. 
11. /h = Probability of nonvested commissions being paid in 

policy year t if premium for that  year is collected. 
12. Hx = The level annual gross premium per $1,000 of insurance 

(excluding the policy fee). 

1 3 .  , / x  = - g , -  c , [1  - - 0 , ) l l .  

14. ,Fx = E ' / x "  
e m l  

15. j ,  = Rate of profit required in policy year t on surplus in- 
vested in new business. 

16. (1-I-j)* = (1 + j 0 ( 1  + j 2 ) . . .  (1 --l-jr). 
17. N = Gross premium calculation period. 
18. /(X, G) = Per cent of the policies issued at age X which have a 

face amount of G (thousands). 
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19. A, = Average policy size (in thousands) in policy year t. 
20. v4 = Level average policy size (in thousands) over the first t 

policy years. 
21. B = Policy fee. 
22. A = Traditional definition of average policy size (in thou- 

sands) : 

A= 2E/ x,a).a. 
O 

23. et = Expense per $1,000 of insurance in policy year t. 
24. e~ = Per policy expense in policy year t, including per policy 

expenses of conversions and payments of cash sur- 
render values, maturities, and death benefits. 

25. tCVx = Cash value per $1,000 of insurance at end of policy year t. 
26. tVx = Terminal reserve per $1,000 of insurance at end of policy 

year t. 
27. K = The retention limit (in thousands). 

NA - - K  
28. k = - -  > 0 .  

NA 

29. rx+,_l = Yearly Renewable Term (YRT) reinsurance premium 
(exclusive of any annual fee) per $1,000 of reinsurance 
in policy year t. 

30. B~ = Policy year t annual fee per policy reinsured under select 
and ultimate YRT reinsurance. 

31. gl = Per cent of policy year t YRT premiums (including any 
annual fee) reinsurer refunds to insurer for payment  of 
premium taxes. 

32. e~ = Total expense charge in the reinsurer's refund formula 
covering policy year t. 

33. Px  = Valuation renewal net premium. 
. . !  

34. ax+t_ 1 = The present value at the beginning of policy year t of a 
$1 life annuity due for the remainder of the premium 
payment period on the valuation basis (d x is defined 
as equal to zero). 

3.5. q[xl+t-x = Probability of conversion in policy year t. 
36. ~CMx = Present value at end of policy year t of future excess 

mortality per $1 of insurance converted at the end of 
policy year t. 

37. r = Per cent of reinsurer's "profit" that  is returned to ceding 
company under reinsurer's experience rating formula. 

38. m8 = Expected proportion of insurer's experience in policy 
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year t that the reinsurer pools with the experience of 
other ceding companies for experience refund purposes. 

39. (pr)~ = Expected ratio of total experience refund to total earned 
premium for policy year t under reinsurer's YRT risk 
pool. 

x / 1 , 0 0 0  -- ,Vx'h, 
40. i7,oV6 )[ ( , . + , - , -  1,ooo. 

--v.r (1--m,)(rx+~-l-- l ,O00 I1~ '~ • . v  qixl+t-l--et) 
- - v . m , .  ( pr ) t ' r  x+,-x-- v" g~.r x+~-l]. 

41. nRlx+e-I = BI(1 -- v'g'e). 
42. St = Survival benefit per $1,000 of insurance to those sur- 

viving policy year t. 

r el_ 1 '~ " 
43. h x  = [ e~+-~-~-T  1 , 0 0 0 .  ,, nq[xj+H+v, q t z l + H "  tCVx 

+ A t - - K *  aR~+t_x ~ +v'qtx l+~-I  
k : ;  ---ff: 

.(T) c, -] .,.:,( T ) 
• 1,000. tCMx + v. ptxl+t-l" otJt-1~Ixl • 

t 

44. ~Hx= ~,hx. 

I l L  CALCULATION O~" P R E S E N T  VALUE FACTORS 

The first step in the calculation of the gross premium is to compute the 
~,(7,) tfx, and tFx. In order to calculate these factors required values of t~Ixl, 

it is first necessary to decide upon (1) assumptions as to mortality, lapses, 
and interest earned on assets, and (2) the commissions and other "per 
cent of premium" expenses to be paid. 

[x], tfx, and ~Fx were defined and employed in Rosser's and Ander- 
son's papers. However, these papers employed Type 2 methods of gross 
premium calculation, which prevented development of the full potential 
of these factors. 

IV.  COST O~" R E I N S U R A N C E  

The second step in the gross premium calculation is to compute the 
cost of reinsurance. This cost has a definite effect on gross premiums and 
their profit margins. In this paper reinsurance shall, in all cases, mean 
Yearly Renewable Term (YRT) reinsurance. 

Traditionally, YRT reinsurance has been offered on an aggregate 
premium basis with the reinsurance premium per $1,000 of reinsurance 

A t - - K  aR]~+t_x q = 0 .  *IrKS__At ,  At \ "~ t - - 'K /  
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for any policy year varying only by attained age, except for the first- 
year premium rate being substantially (usually about 50 per cent) smaller 
than the renewal rate for the same attained age. 

Recently, reinsurers have also begun offering YRT reinsurance on a 
select and ultimate premium basis, with an annual fee (which may vary by 
policy year) per policy reinsured being charged in addition to the YRT 
premium per $1,000 of reinsurance. There are, at present, several different 
select and ultimate YRT premium structures being offered. These differ 
with regard to the select period and/or the size of the annual fee. 

If YRT reinsurance is experience-rated, the ceding company's experi- 
ence refund for any year will depend upon (a) its own experience, (b) the 
credibility given to this experience by the reinsurer (this is, of course, a 
function of the amount of insurance the insurer cedes to the reinsurer), 
(c) the reinsurer's over-all experience on "pooled" YRT reinsurance as- 
sumed, and (d) the reinsurer's experience rating formula and the basis of 
its application. As the various reinsurance companies use a number of 
different methods to calculate the noncreditable (or pooled) portion of an 
insurer's experience refund, the assumption is made that the noncredit- 
able portion of an insurer's experience refund for a policy year will be a 
per cent of the noncreditable portion of the YRT premium (excluding any 
annual fee) paid for that policy year. I t  has also been assumed that the 
premium tax and experience refunds for a policy year are, on the average, 
paid at the end of that policy year. 

Before incorporating the cost of reinsurance into the gross premium 
calculation, it is first necessary to define this cost for gross premium 
calculation purposes. 

Ormsby [7] dealt with the "out-of-pocket" cost of reinsurance, which 
may be defined prospectively as (a) the ceding company's reinsurance 
handling costs plus the reinsurer's expense and profit charge on the 
amounts of insurance issued in excess of the retention limit, less (b) the 
margin for profit in the additional gross premiums received on such in- 
surance. This "out-of-pocket" cost of reinsurance is especially suited to 
decisions concerning the adoption or expansion of a reinsurance program. 

Wooddy [8] gives several additional definitions of the cost of reinsur- 
ance. The definition that appears to be most suitable for inclusion in the 
gross premium calculation considers the cost of reinsurance as (a) outgo 
(e.g., reinsurance premiums), plus (b) the ceding company's administra- 
tive cost of handling the reinsurance, less (c) inflow (e.g., claims paid by 
reinsurer, premium tax and experience refunds). 

The ceding company's administrative cost of handling reinsurance is 
not directly proportional to the amount reinsured or the number of poli- 
cies reinsured. As this expense may be considered an integral part of a 
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company's issue and record-keeping expense and is, at least partially, 
offset by the many valuable services provided by reinsurers, the "cost" 
of reinsurance is now defined for gross premium calculation purposes as (a) 
outgo, less (c) inflow; with any amounts not actually paid to, or received 
from, the reinsurer being excluded from this definition. For YRT rein- 
surance, the cost of reinsurance for a specific policy year will be defined as 
(a) the reinsurance premium (including any annual fee) paid at the be- 
ginning of the policy year, less (b) the value, at the beginning of the policy 
year, of (i) that policy year's death claims paid by the reinsurer plus (ii) 
the premium tax and experience refunds for that policy year. The "cost" 
of reinsurance for policy year t may now be expressed as follows: 

a) Cost per $1,000 of insurance reinsured at beginning of policy year t: 

B 1 
R x + t - 1  

aRlx+t-x -1 A e -- K " 

b) Cost per $1,000 of insurance reinsured at issue: 

(~)FA.I , ~R~c+t-1] 
, - , p  xl L 

c) Cost per $i,000 of insurance in force at beginning of policy year t: 

±[ A,  ( A ,  -- K )  . aR lx+ , - l+  BRlx+,-I]. 

d) Cost per $1,000 of insurance issued: 

[ t -xpixl  A ,  ( A t - - K ) ' a R l x + t - l + B R 1 x + t - 1 ]  

The cost of reinsurance as a level annual cost over the gross premium 
calculation period may be expressed: 

a) In terms of each $1,000 of insurance reinsured at issue: 

N N 

t-lZ~txl ~ t-l~tx] 
1 t ~ l  

NR~c= '-~ -J 
u F x  N A -- K NFx 

1 A 1 
= ~Rx  -~ 

b) In terms of each $1,000 of insurance issued: 
NA - - K  

B 7-)1 
• N I I x  . 

= = 1 - - -  [ ± B o ,  
NA ( ~ r A - - K ) u ~ , X T N , ~ X ] .  

(1 )  

(2 )  
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As the gross premium calculation is being prepared from the ceding 
company's point of view, uniform underwriting and, hence, mortality is 
assumed for amounts of insurance above and below the retention limit. 
Because the subject of inserting contingency margins into the gross pre- 
mium calculation has, in the opinion of the author, been adequately 
covered in other papers (e.g., Anderson [6]), it has been assumed that 
actual future mortality will not fluctuate from that assumed in the gross 
premium calculation. This assumption does, however, inject an element 
of conservatism into the cost of reinsurance as mortality fluctuations can 
cause occasional negative experience refunds which, because of a limit 
(often 3 years) on the carryover of losses, may not be fully offset against 
future positive experience refunds. 

V. TIlE "AVERAGE" POLICY SIZE 

A. For the Gross Premium Calculation Period 

Whenever gross premiums are calculated, there is invariably a state- 
ment made regarding an assumed "average" policy size. This is usually 
defined as the total insurance issued divided by the number of policies 
issued (see definition 22). Unfortunately, this definition does not take 
into account the financial effect of the cost of reinsurance and will normal- 
ly produce an average policy size which will overstate the profit per $1,000 
of insurance issued. This overstatement will, of course, be insignificant for 
a large company with a very high retention limit and very little reinsur- 
ance ceded. 

If a company would issue a plan of insurance only for policy size NA 
and receive over the gross premium calculation period exactly the same 
profit per $1,000 of insurance issued that would be received if the plan 
were offered at the usual (from minimum policy size to limit of issue) 
range of policy sizes, ~¢A is the "average" policy size that should be used 
in calculating gross premiums. 

To define NA more explicitly, the present value at issue of per policy 
expenses (e~) and reinsurance costs to be incurred over the gross premium 
calculation period per $1,000 of insurance issued at age X under a policy 
of size NA should equal the present value at issue of the per policy ex- 
penses and cost of reinsurance to be incurred over the gross premium 
calculation period per $1,000 of insurance issued at age X if the policy is 
offered at the usual range of policy sizes. If NA is greater than the reten- 
tion limit, K, this definition is satisfied by equation (3). Solving this 
equation for NA leads to equation (4). If NA is smaller than or equal to 
K, this definition will be satisfied by equation (5), which, when solved, 
leads to equation (6). 
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In the above equations, the portion of the pblicy fee not paid out in 
commissions or other per cent of premium expenses is treated as a nega- 
tive per policy expense. The values of G used in these equations will, of 
course, represent appropriate policy size groupings. 

There will usually be two average policy sizes that will satisfy the 
definition of the average policy size. If this occurs, the two values of nA 
will be on opposite sides of the retention limit and will both yield an 
identical profit over the N-year gross premium calculation period. Their 
only difference will be in the incidence of profit earned over the gross 
premium calculation period. 

B. For Each Policy Year 

The level average policy size previously defined does not produce the 
exact incidence of profit per $1,000 of insurance issued that would be 
produced if the policy were issued at the usual range of policy sizes. In 
order to do this an average policy size must be calculated for each policy 
year. The average policy size for policy year t is calculated as shown in 
formulas (7) and (8) on page 244. 

I t  will not be unusual to have equations (7) and (8) both produce cor- 
rect values of A ~. A value of A, produced by equation (7) is correct if it is 
positive and is not greater than K. Conversely, a value of At produced by 
equation (8) is correct if it is greater than K. 

If Nil were substituted for At(t = 1, 2 . . . .  N) in ~rHx, there would be 
no change in the value at issue of the total amount of profit to be earned 
over the gross premium calculation period. 

VI. THE BREAK-EVEN PREMIUMS 

Once the "average" policy size has been determined, the break-even 
premiums may be calculated. The /-year break-even premium is the 
premium that will result in exactly zero profit at the end of policy year t. 
The/ ,year  break-even premium may be defined in two ways, depending 
upon what concept of profit is referred to. If actuarial profit is the profit 
referred to, the cash value will represent the insurer's policy liability and 
equation (9) will be used to define the/,year break-even premium. On the 
other hand, if annual statement (book) profit is the profit referred to, the 



A t ~  K: 

Ate,  ~-a~tx) • e: 

,-rv-.[xl" ,-rC-,lxle,-'~(t-xA -- K )  , -1Fx ,-:Rx'-[ 7~ ~.=, e; + ( , A  - K )  *,F~ ~,R.~+ (,A -- K)* - - , - - - -~  .= ,  

A t > K :  

A t  = 
~_ BR1 E (r) [ e l . -  x + t - l - - K ' a R l x + , - 1 ] , - ~  ixl 

,-"iRi 1 (7) 
(,_~-X:-- K) * ] 1 

,,= , , - , .v . . txl .e;+(,A--  j ,  x [  ,,,,xn (,A-Z-K)*Jt-,_-~t -<") e . + ( , _ , A - K ) , - ,  x[,-,Rx4 ,~R~ ]~ ..(,.) . - l = t x J -  ' * F "1 ' ( , - ~ - - - - - K ) * J  f - - , - , = t x : "  ~R~+ ,_ ,  

( 8 )  
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reserve will represent the insurer's policy liability and equation (10) will 
be used to define the t-year break-even premium. 

~,(~') 
,p~E = , H x  + ,r-.txl" , c g x  ( 9 ) 

tFx  

~,(T) 
,pB B = , H  x + t~lxl  " ,V x ( 10 ) 

rex 

If  there is a $B policy fee the ratebook break-even premium per $1,000, 
tP BE~M, iS defined as follows: 

tp~/M = ,pB~ _ B~ v4 .  (1 1) 

VII. CALCULATION OF THE VARIOUS MEASURES OF PROFIT 

In an actuarial report dealing with gross premium rates, there is a 
high probability of finding a phrase such as "This will produce at age 35 
a twenty-year profit of $5 per $1,000." This statement, unfortunately, is 
anything but clear. I t  could conceivably mean any of the following: 

a) A $5 profit accumulated at the end of the twentieth policy year for each 
$1,000 of insurance still in force at the end of the twentieth policy year, or 

b) A $5 profit accumulated at the end of the twentieth policy year for each 
$1,000 of insurance issued, or 

c) A profit accumulated at the end of the twentieth policy year which has a 
present value at issue of $5 per $1,000 of insurance issued, or 

d) A profit accumulated at the end of the twentieth policy year with a present 
value at issue of $5 per $1,000 of insurance still in force at the end of twenty 
years, or 

e) A $5 profit accumulated at the end of the twentieth policy year for each 
$1,000 of insurance still in force at the beginning of the twentieth policy year. 

The profit criteria referred to usually will depend on the gross premium 
calculation technique used by the actuary. There seems to be a general 
tendency to avoid precisely defining the "profit" referred to. As one of the 
primary functions of the actuary is to communicate his findings to 
management, more time should be devoted to this subject. 

Once NP Bg/M has been calculated, the N-year profit margin per 
$1,000 of insurance issued can be immediately calculated for any gross 
premium. This is defined as (a) the ratebook gross premium per $1,000, 
IIx, less (b) the N-year ratebook break-even premium per $1,000, NP B~/M, 
and is a sixth measure of profitability. 

The two main advantages of the N-year profit margin are that  (a) it is 
particularly meaningful to management, and (b) any of the other five 
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measures of profitability mentioned above may be quickly and easily 
determined for any proposed profit margin. This is shown as follows: 

I. The profit accumulated at the end of the Nth policy year for each 
$I,000 of insurance in force at the end of the Nth policy year is equal to 

(I-Ix -B~m. NFx 
-- Ni'x ) "~'-~ " (12A) 

2. The profit accumulated at the end of the Nth policy year for each 
$1,000 of insurance issued is equal to 

(IIx - N P ~ / U ) s F x ( 1  + i) N. (12B) 

3. The value at issue of the profit earned over the first N policy years 
for each $I,000 issued is equal to 

( n ~  - N P ~ / M ) N F , ,  . (I 2 c) 

4. The value at issue of the profit accumulated at the end of the Nth 
policy year for each $1,000 in force at the end of the Nth policy year is 
equal to 

(IIx -- ~¢p~Em) NFx 
(12D) 

5. The profit accumulated at the end of the Nth policy year for each 
$1,000 of insurance in force at the beginning of the Nth policy year is 
equal to 

( I I x - -  NP~cEm) NFx 
v. N_xE~x ~] (12E) 

Conversely, once NP~ ~/~ has been calculated, the gross premium that 
will yield a specified profit in terms of one of the five measures of profit- 
ability described above can be quickly solved for. For instance, referring 
to equation (12A) above, the gross premium, llx, that will accumulate a 
$50 profit at the end of the Nth policy year for each $i,000 of insurance 
still in force at the end of the Nth policy year is equal to 

7.(T) 
NP~Em+ 50 N~tXJ ( ! 3) 

NFX" 

I t  can easily be seen how similar equations would be developed from 
equations (12B) through (12E). This leads to the next step in the gross 
premium calculation process: determining the gross premium. 
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V I I I .  D E T E R M I N A T I O N  OF T I t E  G R O S S  P R E M I U M  

The final gross premium will depend primarily upon a company's 
desired competitive position and its profit objectives. Common profit 
objectives include the following: (a) a specified profit over a specified 
number of policy years, as shown in Section VII, and (b) amortization of 
the initial investment in new business by the end of a specified number 
of policy years. 

Even when the company's desired competitive position has been the 
dominating force in determining the final gross premium, management 
may have questions regarding (a) amount of "profit" and (b) time re- 
quired to recover the company's investment in new business (to "break- 
even"). The break-even premiums and present value factors may be used 
to answer such questions with little or no additional work. 

If, on the other hand, the final gross premium depends primarily upon 
the company's profit objectives, the gross premium that will satisfy these 
objectives has already been calculated (t-year break-even premiums) or 
may be readily calculated with little additional work (as shown in Section 
VII). 

Anderson's paper [6] introduced the revolutionary concept of solving 
for the gross premium that would produce a predetermined yield (which 
may vary by policy year) on surplus invested in new business. Anderson's 
method involved the use of the renewal net premium as a preliminary 
gross premium. 

The same gross premium may be solved for directly by a less lengthy 
technique not requiring the use of a preliminary gross premium. The 

• ! 
gross premmm, Px, as defined in Anderson's paper, may be solved for as 
follows: 

Px >- Px (no deficiency reserves): 

N 

,_, - . \ l - - T - I , /  
~, , (14A) 

( 1 ] , - ,  

with 

( r )  
~p~ ~ = , H  x + , E t x j  " ,V~ 

rex 
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Px < Px (deficiency reserves): 

N t IpBE/~I -- *~(T).., t__IpBE/M -- *~(T).I , I -[-i t-- I 

with 

• .(T) --(T) .., . / 1 q - i h  '-1 

-- ~(T) 
,p~E = ,H x -I- ,~txJ ( ,V x + l'xa'x +, ) 

,Fx + ,E~Ila'- [ , x+t 

where 
oFx  = oPec z / M  = O.  

Mr. Anderson also introduces the following two concepts: (a) treating 
indirect or other expense (et in this paper) as a multiple of the present 
value of commissions; (b) expressing the present value of the profit 
required to compensate for the use of surplus invested in the agency 
organization as a multiple of the present value of commissions. 

If "a" is defined as the multiple of the present value of commissions 
equal to the present value of indirect or other expenses and if "b" is the 
multiple of the present value of commissions equal to the present value of 
the profit required tO compensate for the use of surplus invested in the 
agency organization, then N/x and NFx would be modified as follows: 

N N 
E(T) , NFx= ~ * -  fx= 2--,'-' Ixll 1--g,--c,(l+a+b)[1--z,(1--S,)]}. (15) 

Px could then be solved for as shown in equations (14A) and (14B). 
Equation (15) shows that a and b may vary by policy year. 

Ix. OBTAINING T~rE INCIDENCE OF PROFIT 
Mter  the gross premium has been established along with the amount 

of (expected) profit over the gross premium calculation period, the next 
thing management will want to know is the incidence of profit. This may 
be easily accomplished once (a) the break-even premiums for the first 
N years and (b) the gross pren~ium, IIx, have been determined. The 
following equations illustrate how this may be done: 

1. Value at issue of the tth policy year's profit per $1,000 issued, ,Wx: 
,Wx = (Fix -- tPBE/M)tfx + (V-,-P BE~M- vPgE/M)t_tFx. (16A) 

(14 
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2. Value at beginning of policy year I of that policy year's profit per 
$I,000 issued, tXx: 

,X x  = ,Wx(1 + i) *-I . (16B) 

3. Value at end of policy year t of that policy year's profit per $1,000 in 
force at the beginning of policy year t, ,Zx: 

,Wx( 1 +i)  
, z .  - ,_IEt l  ( 1 6 c )  

4. Value at the beginning of policy year t of that policy year's profit 
per $1,000 in force at the beginning of policy year t, ,Yx:  

t W x  
, Y x  = , _ l E ~  t • ( 16D ) 

5. Value at end of policy year t of that policy year's profit per $1,000 
issued, ,Ux: 

,Ux = ,Wx(1 + i)*. (16E) 

X. THE VALUE OF BUSINESS IN I~ORCE 

Management may desire forecasts of the future values of business in 
force. While the actuary may not predict exactly what the actual market 
value will be m years in the future, he can give an estimate of this market 
value based on the best information at hand. 

The projected market value per $1,000 of insurance in force at the end 
of m years, ,,(MV)~, may be expressed as follows: 

, W x  
• =m+l ( 1 7 )  

,~ (MV)  ~x = 

This definition of market value discounts future book profits by the 
interest rate earned on assets. If the future book profits were discounted 
by the rate of profit required on surplus invested in new business, equa- 
tion (17) would be replaced by equation (18): 

,~(MV)'x = ( 1 8 )  

x I t ,  

This is the projected market value as defined in Mr. Anderson's paper 
[6]. 
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X L  VARIATION OF ASSUMPTIONS 

A. Commissions and Other Per Cent of Premium Expenses 
These expenses are included in the denominator of the N-year break- 

even premium. A change of At in ct will result in a new break-even 
premium, NPx B~, which is defined in equation (19). If the change of At is 
in gt, the new break-even premium would be defined by equation (20): 

nppxBl~ = Np~E NFx ( 19 ) 
N 

],_,El; 1 

~p,xSE = ~¢p~B NFx ( 20 ) 
N 

t - - I  

Equations (19) and (20) become approximations if there is a policy fee, 
as a change in nFx will then result in a change in the average policy size. 

B. Other Expenses 
Other expenses are primarily of two types: (a) "per policy" expenses 

and (b) expenses per $1,000 of insurance. 
A change, At, in the policy year t "per policy" expenses will cause the 

following change, ANP~ E, in the N-year break-even premium: 

N 
~m~ ~(T) 
~-1 " , - , ~ i x l  ( 2 1 )  

ANp~ ~ = 
A .  ~Fx 

If the change, At, were in the tth year expenses per $1,000 of insurance, 
the term "A" would be eliminated from the right-hand side of equation 
(21). 

C. Average Policy Size 
If the average policy size changes from NA to NA', the change, AnP~ E, 

in the N-year break-even premium, NP~ ~, will be as follows: 
Case 1: nA <_ K aiut NA' <_ K: 

N (T) , 

~ --_ ~A' ~ ,-,Ecx~ e, ( 22 ) ~rA'NA' ,_, 
A ~ p ~  ~ = 

NFx 
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Case 2: NA <_ K < ~A':  

N A - ,, A;' 4--, ,,( ~ ) 
~A-.  ~ -  ~Rlx (2 3) 

ANP~B = NFx~ ~_ NA' -- K aR1 x 4 - ~  
NA' ~rA' " 

Case 3: NA' <_ K < NA: 

~r A -- N A ' , ~  _(~,) 

N---A ."-N'--A-7 ,z~[_~ *-'jztxj " el N A _ K ~RXx g,R~x (24)  
ANP~cB = ~rFx ~v A N A " 

Case 4: ~zA > K and NA'  > K:  

NA - - N A ' , ~  .(~-) 
NA "zcA' .~..,,,-1~[xl" e~ 

t m l  

ANP~E = NFx ( 2 5 ) 

K ( N A ' - ~ r A  ) N A - - ~ t A '  
. - ; - ~  JR': ,  + - U ~ - U X  7 gR'~ . 

A simultaneous change, At, in per policy expenses, will cause 

zvA A' N 
----A----~ Z..~t-V~[xle~ 
Ig~ " N  ¢1 t~l 

NFx 

to be replaced in equations (22) through (25) by 

N 
~-~ --(T). -- T3(T) 

NA 
! 

z~ 

~ A  " N A ' N F x  

D. RetenHon Limit  

A change in the retention limit from K to K' will result in a change in 
the average size policy. Therefore, the effect on the N-year break-even 
premium may be found by first calculating the new average policy size 
and then applying the appropriate equation shown below: 

Case 1: NA <_ K and NA' <_ K ' :  

~rA -- N A ' t ~  ,-,(T) 
, - l ~ l x l  • e~ N A . u A '  t-1 (26 )  

A~_V~ E = 
NFX 
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Case 2: NA <_ K and uA'  > K': 

NA--NA' t --(T) , 
~--A --N--A-' *-t *-l/:,[xl e, 

A vPfc E = 
arFx 

Case 3: NA > K and NA' <_ K': 

N A - 2 v A ' ~ - ~  . . (r)  , 
ar----A "--NA ---7 ~ ,-1+u.,txl e, 

ANp~ E = 
ivFx 

Case 4: NA > K and NA' > K': 

~A -- ~A '  ~--~ E(r)  Z_,*-I txlel 
N A ' N A '  t=t 

&2vp~ E = 
NFx 

N A '  -- ,K'  g, Rlx  

N A -- K .  ~rR,x gR*x 
n A  NA " 

_~ 2 v A " K - N A ' K '  N A - - N A '  
:-7A7 ~Rb, q ~--A .-2-Y' "gR'~. 

A simultaneous change, A,, in per policy expenses will again cause 

NA -- NA,' t . ( r )  
~ ' -A-~- ;  *=1 *-,~lxl" e[ 

NFx 
to be replaced by 

N N 
N A ~ .r:,( T) ,, --  * - - I ~ [ x l  " / . a t - I -  (NA N A ' )  ~ ,,(T) - -  , - 1 / 5 [ x l "  e~ 

NA" N A "  2vFx 

(27) 

(28) 

(29) 

E. Combining Interest Rates 

If three N-year break-even premiums are calculated using interest rates 
of 3½ per cent, 3~ per cent, and 4 per cent (with all other assumptions the 
same), new N-year break-even premiums, based on different interest as- 
sumptions, may be calculated without redoing the original calculation. 
Thus the N-year break-even premium that is based upon 4 per cent 
interest the first a policy years, 3-~ per cent the next c(a + c = b) policy 
years, and 3{ per cent thereafter would be calculated as follows: 
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NpX B E = 

• O4E(T) ~ ~ .0378 )=,(T) "O~,~/-/X ] tx l / . oa78  ~r .0875 b/~txl .o31H x .038.(T) 
• °:Hx+ l - ortx - .o, EfIt( - + 

[x I 

.o4.,(T) ~ oaT8 , . (T)  
"°2F  7-" - .OS?F _ --°"IFx) ] 

In equation (30), a and b may assume any values that satisfy the 

inequality a -4- c < N + 1. 

F. Cash Value Replacing Reserve as Policy Liability 

Many of the older established companies which are not faced with de- 
pletion of surplus problems use the cash value instead of the reserve to 
represent the insurer's policy liability in the gross premium calculation. 
This will have the following effect on tWx: 

a tWx  (tCVx - -  . - ( r )  _ u_Wx)u_~txl . = ,Vx)dZlx I (,__~CVx - - ,-(T) (31) 

Similar formulas may be derived from Section IX to calculate the cor- 
responding changes in tXx, tZx, tUx, and tYx. 

XII. DEFICIENCY RESERVES 

Deficiency reserves need not have any effect upon the calculation of 
gross premiums. From an actuarial viewpoint deficiency reserves are 
simply surplus artificially earmarked by law. 

If annual statement (or book) profit is the profit used in the gross 
premium calculation, deficiency reserves will not affect the total profit 
earned over the life of the policy, may affect the total profit earned over the 
gross premium calculation period (depending upon whether they have 
disappeared by the end of this period), and will affect the incidence of 
profit. 

Deficiency reserves should be provided for in the gross premium cal- 
culation when the incidence of annual statement profit is of particular 
interest to management, particularly when a predetermined profit objec- 
tive influencing the selection of the gross premium is based on a desired 
incidence of annual statement profit (e.g., "amortization" of investment 
in surplus by the end of the tth policy year). 

The incidence of annual statement profit is most likely to be of concern 
to the management of small and/or new stock life insurers, particularly 
under situations such as the following: 

(30) 
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a) The insurer has a small surplus and will be in danger of becoming legally 
insolvent from depletion of surplus caused by new business production if produc- 
tion goals are based on earnings projections and gross premiums which have not 
taken the effect of deficiency reserves into account. 

b) The insurer's stock is wholly owned by a parent corporation which is 
interested in making a (legal) profit on, and receiving dividends from, this stock 
as soon as possible. 

c) The insurer plans to raise additional capital in a few years by means of a 
public stock offering and is concerned with the operating results which will be 
shown on the prospectus. 

If  deficiency reserves are to be provided for, the gross premium calcula- 
tion process will, of necessity, become more complicated and lengthy. 
The method of gross premium calculation presented in this paper can be 
adopted to handle this complication. This is illustrated by equations (32) 
and (33), which redefine the formulas for the t-year break-even premium 
and the value at issue of the tth policy year's profit per $1,000 issued, to 
provide for deficiency reserves. 

~, - -  ..(T) 
,e~cB = ~ n  x -1- ~ . t x )  ( Y x  + P x a ' x  +, ) 

?II  I~BEIM,~ .t ~ D B E I M  D B E I ~ I ~  
t W x  mmk X - - t  X ) t J X ' = ]  - (t--lzX - - t . t X  ) t - - l x ' X  

_{_~ , --(T) .., --(T) .., 
nX ( t~[x] a x  +, - -  , - 1 L l x l a x + , - 1  ) 

+ ( , _ i p ~ c ~ / ~ .  - ( ~ ) . ,  ~ E / M  --(~) a~+,)  
t - l ~ [ x l a x + , - 1  - -  t k ~ x  • t.~[xl • • ( 3 3 )  

XIII. S ~ Y  

The primary goal of this paper was to present the basic principles, and 
some of the more useful applications, of a direct comprehensive approach 
to the calculation of gross premiums. Level death benefits and level 
premiums were assumed in order to stress basic theory, which, in turn, can 
be applied to develop formula modifications for plans with special char- 
acteristics. 

The sections of this paper pertaining to the cost of reinsurance and the 
average policy size are equally applicable to participating insurance. On 
the other hand, determination of participating gross premiums and divi- 
dends would necessitate the involvement of substantial additional basic 
theory and techniques beyond the scope of this paper. 

I would like to thank Mr. Barnet N. Berin, Dr. Paul Markham Kahn, 
and the Committee on Papers for their invaluable suggestions on the 
presentation of this paper. 
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XIV. ILLUSTRATIVE EXAMPLES 
Example 1 

A --A ssumptiom 
Plan . . . . . . . . . . . . . . . . . . . . . . . . . .  30-Year Endowment 
Issue age (AT) . . . . . . . . . . . . . . . . .  35 
Gross premium calculation 

period (AT) . . . . . . . . . . . . . .  30 years 
Policy fee (B) . . . . . . . . . . . . . . . . .  Zero 
Policy size band . . . . . . . . . . . . . . .  $I0,000 through $75,000 
Retention limit (K) . . . . . . . . . . . .  $20,000 
Premium payment mode . . . . . . .  Annual 
Reinsurance . . . . . . . . . . . . . . . . . .  Nonrefund aggregate YRT 
Commissions (c~) : 

Policy Commission 
Year (100% vested) 

1 70% 
2 10 

3-10 5 
11-30 2 

Other "per cent of premium" ex- 
penses (gO . . . . . . . . . . . . . . . . . .  3% 

Other expenses: 

Type of Expense 

Per policy (excluding cost of paying death claims, cash 
surrender values, and maturities) .................... $75.00 

Per $I,000 .......................................... 4.50 
Per cash surrender or maturity ........................ 30.00 

Per death claim ..................................... 50.00 

Net rate earned on invested 

assets (it) .................. 3½% (all years) 

Other assumptions ............. See Table 1 

Policy Year(s) 
1 2-30 

$ 7.50 
.50 

30.00 
50.00 

B--Profit Objectives 
1. 20 per cent to 25 per cent yield on surplus invested in new business. 
2. Amortization of surplus invested in new business within seven 

policy years.  

C--Calculations 
The expected dis t r ibut ion of new business by  policy size is shown in 

Table  2. As the most  profitable pol icy size is the re tent ion limit,  there are 
two values of 3oA: $29,970 (equation [4]) and $16,850 (equation [6]). 

Table  3 shows the following informat ion:  (1) the present  value factors;  



T A B L E  1 

SCHEDULE OF ASSUMPTIONS 

d ~o 
I t Vas tC Vu q [sa]+t-t q [a~]+t-t rtt+t-t 

1 . . . . .  

2 . . . . .  

3 . . . . .  

4 . . . . .  

5 . . . . .  

6 . . . . .  

7 . . . . .  

8 . . . . .  

9 . . . . .  

10 . . . . .  
11 . . . . .  
12 . . . . .  
13 . . . . .  
14 . . . . .  
15 . . . . .  
16 . . . . .  
17 . . . . .  
18 . . . . .  
19 . . . . .  
20 . . . . .  
21 . . . . .  
22 . . . . .  
23 . . . . .  
24 . . . . .  
25 . . . . .  
26 . . . . .  
27 . . . . .  
28 . . . . .  
29 . . . . .  
30 . . . . .  

23.35 
47.31 
71.86 
97.01 

122.76 
149.10 
176.06 
203.67 
231.92 
260.86 
290.47 
320.80 
351.84 
383.64 
416.22 
449.62 
483.90 
519.11 
555.32 
592.61 
631.07 
670.82 
711.97 
754.70 
799.18 
845.65 
894.38 
945.70 

1,000.00 

13.00 
37.00 
62.00 
88.00 

114.00 
141.00 
168.00 
197.00 
225.00 
255.00 
285.00 
316.00 
348.00 
380.00 
414.00 
448.00 
483.00 
519.00 
556.00 
593.00 
632.00 
671.00 
712.00 
755.OO 
800.00 
846.00 
895.00 
946.00 

1,000.00 

.00085 

.00107 

.00130 

.00154 

.00179 

.00205 

.00233 

.00264 

.00298 

.00337 

.00382 

.00436 

.00499 
•00573 
•00661 
.00768 
.00855 
.00944 
•01035 
.01131 
.01232 
.01339 
.01454 
.01591 
.01740 
.01902 
.02077 
.02265 
.02464 
.02670 

• 250 
. 1 5 0  
. 1 0 0  
.088 
.080 
.072 

• .064 
• 058 
.054 
• 050 
.048 
.046 
.044 
.042 
.040 
.040 
.040 
.040 
.040 
.040 
.040 
.040 
• 040 
.040 
.040 
.040 
• 040 
.040 
.040 
.040 

$ 1.62 
3.39 
3 .60  
3.84 
4.09 
4.37 
4.69 
5.03 
5.39 
5.79 
6.24 
6.74 
7.28 
7.86 
8.50 
9 .16  
9.87 

10.62 
11.42 
12.29 
13.22 
14.24 
15.32 
16.48 
17.67 
18.98 
20.60 
22.30 
24.25 

T A B L E  2 

DISTRIBUTION OF NEW 

BUSINESS BY POLICY SIZE 

$t,0o0G I(35, G) 

$10 ,000  . . . . . . . . . . . . . . . . .  05 
12 ,000  . . . . . . . . . . . . . . . . .  06 
14 ,000 . . . . . . . . . . . . . . . . . .  08 
16 ,000 . . . . . . . . . . . . . . . . . .  13 
18,000 . . . . . . . . . . . . . . . . .  15 
20 ,000  . . . . . . . . . . . . . . . . .  32 
25 ,000  . . . . . . . . . . . . . . . . .  10 
30 ,000  . . . . . . . . . . . . . . . . .  05 
4 0 , 0 0 0  . . . . . . . . . . . . . . . . .  03 
50 ,000  . . . . . . . . . . . . . . . . .  02 
75 ,000  . . . . . . . . . . . . . . . . .  01"  

1 , 0 0  

$1,O00~G.f(35,G) = $20,470 
o 

$ 1 , 0 0 0 ~ ( a -  2 0 ) - f ( 3 5 , a )  = $2,750 
O ~ 2 ~  

$1,000. ,oA = $29,970 --Equation (4) 

$ 1 , 0 0 0 .  BoA = $ 1 6 , 8 5 0  - -  E q u a t i o n  (6) 
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TABLE 3 

C A L C U L A T I O N  O F  B R E A K - E V E N  P R E M I U M S  

}O 
¢J1 

1 . . . . . . . . . . .  

2 . . . . . . . . . .  

3 . . . . . . . . . .  

4 . . . . . . . .  . ,  

5 . . . . . . . . . .  

6 . . . . . . . . . .  

7 . . . . . . . . . .  

8 . . . . . . . . . .  

9 . . . . . . . . . .  

10 . . . . . . . . . .  
11 . . . . . . . . . .  
12 . . . . . . . . . .  
13 . . . . . . . . . .  
14 . . . . . . . . . .  
15 . . . . . . . . . .  
16 . . . . . . . . . .  
17 . . . . . . . . . .  
18 . . . . . . . . . .  
19 . . . . . . . . . .  
20 . . . . . . . . . .  
21 . . . . . . . . . .  
22 . . . . . . . . . .  
23 . . . . . . . . . .  
24 . . . . . . . . . .  
25 . . . . . . . . . .  
26 . . . . . . . . . .  
27 . . . . . . . . . .  
28 . . . . . . . . . .  
29 . . . . . . . . . .  
30 . . . . . . . . . .  

1 , 0 0 0  A t 

A t < K  

19,948 
13,406 
12,953 
12,912 
12,935 
12,915 
12,867 
12,872 
12,933 
13,023 
13,172 
13,410 
13,748 
14,272 
14,888 
15,950 
16,482 
16,968 
17,385 
17,745 
18,077 
18,351 
18,648 
19,141 
19,694 

A t > K  

24,205 
24,065 
24,054 
24,060 
24,054 
24,042 
24,044 
24,060 
24,085 
24,128 
24,206 
24,329 
24,568 
24,965 
26,292 
27,819 
31,080 
41,460 

20,167 
20,329 
20,452 
20,462 
20,470 

(1") 
t-aE[~s] 

1.00000 
.72381 
.59369 
.51551 
.45348 
.40231 
•35992 
.32468 
.29468 
.26849 
.24557 
.22497 
.20642 
.18967 
.17450 
.16074 
.14790 
.13596 
.12487 
.11458 
.10502 
.09616 
.08795 
.08034 
.07328 
.06674 
.06068 
.05506 
.04987 
.04507 
.04064 

tilts 

9.4611 
3.1300 
3.6580 
4.1604 
4. 4570 
4. 5049 
4.4081 
4. 2972 
4. 2497 
4.1306 
4.1192 
4.0784 
4.0247 
3.9658 
3.8900 
3. 9576 
3.9601 
3.9415 
3.9042 
3. 8536 
3. 7858 
3.7121 
3. 6268 
3. 5477 
3.4644 
3.3775 
3. 2831 
3. 1850 
3.0809 
3.0311 

this 

9.4611 
12.5911 
16.2491 
20.4095 
24.8665 
29.3714 
33.7795 
38.0767 
42.3264 
46.4570 
50.5762 
54.6546 
58.6793 
62.6451 
66.5351 
70.4927 
74.4528 
78.3943 
82.2985 
86.1521 
89.9379 
93.6500 
97.2768 

100.8245 
104.2889 
107.6664 
110.9495 
114.1345 
117.2154 
120.2465 

(T) 
rE[u] • t V n  

13.8627 
24.3888 
32.5871 
39.0281 
44.1838 
48.4098 
51.8814 
54.6834 
56.9526 
58.6858 
59.9588 
60.8461 
61.3961 
61.6663 
61.5589 
61.1303 
60.4246 
59.4796 
58.3197 
56.9854 
55.5026 
53.8937 
52.1732 
50.3687 
48.4942 
46.5615 
44.6027 
42.6227 
40.6400 

tHss 

+tE[nl'tVt~ 

9.4611 
26.4538 
40.6379 
52.9966 
63.8946 
73.5552 
82.1893 
89.9581 
97.0098 

103.4096 
109.2620 
114.6134 
119.5254 
124.0412 
128.2014, 
132.0516 
135.5831 
138.8189 
141.7781 
144.4718 
146.9233 
149.1526 
151.1705 
152.9977 
154.6576 
156.1606 
157.5110 
158.7372 
159.8381 
160.8865 

t f n  

.27O00 

.62971 

.54619 

.47427 

.41720 

.37013 

.33133 

.29871 

.27111 
•24701 
.23329 
.21372 
.19610 
•18019 
.16578 
.15270 
.14051 
.12916 
.11863 
.10885 
.09977 
.09135 
.08355 
.07632 
• 06962 
• 06340 
.05765 
.05231 
.04738 
.04282 

t Ft5 

• 27000 
.89971 

1.44590 
1.92017 
2.33737 
2. 70750 
3.03883 
3. 33754 
3. 60865 
3. 85566 
4.08895 
4. 30267 
4.49877 
4. 67896 
4.84474 
4.99744 
5.13795 
5.26711 
5.38574 
5.49459 
5. 59436 
5. 68571 
5. 76926 
5.84558 
5.91520 
5.97860 
6.03625 
6.08856 
6. 13594 
6.17876 

$35.0411 
29.4026 
28.1056 
27.6000 
27.3361 
27.1672 
27.0464 
26.9534 
26.8826 
26.8202 
26.7213 
26. 6377 
26. 5685 
26.5104 
26.4620 
26.4238 
26.3886 
26.3558 
26.3247 
26. 2935 
26. 2628 
26. 2329 
26. 2028 
26.1732 
26.1458 
26.1199 
26•0942 
26.0714 
26.0495 
26.0386 
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(2) the average size policy, A,, for each policy year ;  and (3) the calcula- 
t ion of the break-even premiums.  

The  gross premiums tha t  will yield 20 per  cent to 25 per  cent  on surplus 
inves ted  in new business are calculated as shown in Table  4. 

TABLE 4 

GROSS PREMIUMS THAT WILL 
YIELDj  PER CENT ON SURPLUS 

INVESTED IN NEW BUSINESS 

j iPt~ 

20% . . . . . . . . . . . . .  $27.08 
21 . . . . . . . . . . . . . . .  27.12 
22 . . . . . . . . . . . . . . .  27.16 
23 . . . . . . . . . . . . . . .  27.21 
24 . . . . . . . . . . . . . . .  27.25 
25 . . . . . . . . . . . . . . .  27.30 

30 _ . / 1 . 0 3 5 \  *-1 
Hey. 

;P~5 = 
80 

M t e r  a careful review a final gross p remium per  $1,000 of $27.17 is 
chosen. This  should yield sl ightly over 22 per  cent  on surplus invested in 
new business. The  insurer m a y  expect to amort ize surplus invested in 
new business at  the end of the sixth policy year.  Table  5 analyzes the 
expected financial results  as follows: 

Column (1) . . . . . . . .  /-year profit margin. 
Column (5) . . . . . . . .  Value at  issue of lth policy year's profit per $1,000 of 

insurance issued. 
Column (6) . . . . . . . .  Value at  issue of profit earned over first t policy years 

per $1,000 of insurance issued. 
Column (7) . . . . . . . .  Value at  beginning of policy year t of that policy year's 

profit per $1,000 of insurance in force at  the beginning 
of policy year I. 

Column (8) . . . . . . . .  Value at end of policy year t of that policy year's profit 
per $1,000 of insurance in force at  the beginning of 
policy year l. 

Column (9) . . . . . . . .  Value at  end of policy year t of that year's profit per 
$1,000 of insurance issued. 

Column (10) . . . . . . . .  Profit accumulated at  end of policy year t per $1,000 
of insurance issued. 

Column (11) . . . . . . . .  Projected market value of insurance in force at  end of 



T A B L E  5 

FINANCIAL ANALYSIS 

1 . . . .  
2 . . . .  
3 . . . .  

O) l (2) is)  

$ - 7 . 8 7 1 1  . 2 7 0 0 0  . . . . . . . .  
- 2 . 2 3 2 6  •62971 $ 5 . 6 3 8 5  
- . 9 3 5 ~  . 54619  1 . 2 9 7 0  

(I)- tFs6 I 
t-~F,s tw,s =~-~tw;, ~vss g ,~  tv,s  (6). (l.OSSP t_~(Mv)~s t_~(Mv){s 

t 

(4) (s) (6) (7) (8) (9) (i0) ( ~ )  (t2) 
- - J ~ l ~ l  I - - I  , I I _ _ - -  

. . . . . . .  $ - - 2 . 1 2 5 2 5 - - 2 . 1 2 5 2  $ - - 2 . 1 2 5 2 5 - - 2 . 1 9 9 6 5 - - 2 . 1 9 9 6 5 - -  2 . 1 9 9 6  $ 6 . 9 9  $ .01  

. 2 7 0 0 0  + •1165 - - 2 . 0 0 8 7  W 1 1610 -1-- •1666 W .1248 - 2 . 1 5 1 8  1 2 . 5 9  3 . 4 8  
• 89971 . 6 5 5 9  - 1 .352~ 11048 1 . 1 4 3 5  .7272 - 1 . 4 9 9 9  1 5 . 1 6  4 . 7 7  

4 . . . . . . . .  

5 . . . . . . . .  

6 . . . . . . . .  

7 . . . . . . . .  

8 . . . . . . . .  

9 . . . . . . . .  

10 . . . . . . . .  
11 . . . . . . . .  
12 . . . . . . . .  
13 . . . . . . . .  
14 . . . . . . . .  
15 . . . . . . . .  
16 . . . . . . . .  
17 . . . . . . . .  
18 . . . . . . . .  
19 . . . . . . . .  
20 . . . . . . . .  
~1 . . . . . . . .  
12 . . . . . . . .  
~3 . . . . . . . .  
~4 . . . . . . . .  
~5 . . . . . . . .  
.~6 . . . . . . . .  
!7 . . . . . . . .  
!8 . . . . . . . .  
~ 9  . . . . . . . .  

50 . . . . . . . .  

- -  .430C .47427  
- -  . 1661 •41720 
+ .002~ •37013 

• 123~ .33133  
.216~ •29871 
• 2874 .27111  
• 3498 .24701  
.4487 •23329 
.5323 .21372  
• 6015 . 1 9 6 1 0  
• 6596 . 18019 
• 7080 . 1 6 5 7 8  
• 7462 . 15270 
• 7814 .14051  
• 8142 •12916  
.8453  .11863  
• 8765 . 10885  
.9072  .09977  
• 9371 . 09135  
• 9672 . 08355  
• 9968 .07632  

1 . 0 2 4 2  .06962  
1 .0501  . 06340  
1 •0758 •05765 
1 . 0 9 8 6  •05231 
1 . 1 2 0 5  . 04738  
1 . 1 3 1 4  .04282  

• 5056  1 . 4 4 5 9 0  
. 2 6 3 9  1 . 9 2 0 1 7  
• 1689 2 . 3 3 7 3 7  
• 1208 2 . 7 0 7 5 0  
• 0930  3 . 0 3 8 8 3  
• 0708  3 . 3 3 7 5 4  
• 0624  3 . 6 0 8 6 5  
• 0989  3 . 8 5 5 6 6  
• 0836  4 . 0 8 8 9 5  
• 0692 4 . 3 0 2 6 7  
.0581  4 . 4 9 8 7 7  
. 0 4 8 4  4 . 6 7 8 9 6  
• 0382  4 . 8 4 4 7 4  
.0352  4 . 9 9 7 4 4  
• 0328  5 . 1 3 7 9 5  
.0311  5 . 2 6 7 1 1  
.0312  5 . 3 8 5 7 4  
• 0307 5 . 4 9 4 5 9  
• 0299 5 . 5 9 4 3 6  
• 0301 5 . 6 8 5 7 1  
• 0296  5 . 7 6 9 2 6  
• 0274  5 . 8 4 5 5 8  
. 0 2 5 9  5 . 9 1 5 2 0  
.0257  5 . 9 7 8 6 0  
. 0 2 2 8  6 . 0 3 6 2 5  
.0219  6 . 0 8 8 5 6  
• 0109 6 . 1 3 5 9 4  

6 . 1 7 8 7 6  

.5271  - -  .8257 1 . 0 2 2 5  1 . 0 5 8 3  
• 4374  - -  . 3883 .9645  .9983  
. 3 9 5 8  + . 0 0 7 5  . 9 8 3 8  1 . 0 1 8 2  
• 3680  .3755 1 . 0 2 2 4  1 . 0 5 8 2  
• 3473 .7228  i 1 . 0 6 9 7  1 .1071  
• 3142 1 . 0 3 7 0  1 . 0 6 6 2  1 .1035  
• 3116  1 . 3 4 8 6  1 . 1 6 0 6  1 .2072  
. 4 8 6 0  1 . 8 3 4 6  1 . 9 7 9 1  2 . 0 4 8 4  
• 4556  2.  2902 2 . 0 2 5 2  2 . 0 9 6 1  
• 4 1 5 7  2 .  7059 2 . 0 1 3 9  2 . 0 8 4 4  
.3802  3 . 0 8 6 1  2 . 0 0 4 5  2 . 0 7 4 7  
• 3438  3 . 4 2 9 9  1 . 9 7 0 2  2 . 0 3 9 2  
• 2 9 9 0  3 .  7289 1. 8601 1 .9252  
.2857 4 . 0 1 4 6  1 . 9 3 1 7  1 . 9 9 9 3  
• 2737 4 .  2883 2 . 0 1 3 1  2 . 0 8 3 6  
.2641 4 . 5 5 2 4  2 . 1 1 5 0  2 . 1 8 9 0  
.2634 4 . 8 1 5 8  2 . 2 9 8 8  2 . 3 7 9 3  
• 2592 5 . 0 7  50 2 . 4 6 8 1  2 .  5545 
.2529 5 . 3 2 7 9  2 . 6 3 0 0  2 . 7 2 2 1  
• 2519 5.  5798 2 . 8 6 4 1  2 . 9 6 4 3  
• 2468 5 . 8 2 6 6  3 . 0 7 1 9  3 . 1 7 9 4  
.2315 6 . 0 5 8 1  3 . 1 5 9 1  3 . 2 6 9 7  
• 2198 6 . 2 7 7 9  3 . 2 9 3 4  3 . 4 0 8 7  
• 2157 6 . 4 9 3 6  3 . 5 5 4 7  3 . 6 7 9 1  
• 1951 6 . 6 8 8 7  3 .  5434 3 .  6674  
.1864  6 . 8 7 5 1  3 . 7 3 7 7  3 . 8 6 8 5  
• 1153 6 . 9 9 0 4  2 . 5 5 8 2  2 . 6 4 7 7  

.6049  - -  .9475  1 6 . 1 8  4 . 9 7  
• 5195 •4612 1 7 • 2 4  5 . 2 9  
.4865  + . 0092  1 8 . 3 4  5 . 7 5  
.4682  .4777  1 9 . 4 0  6 . 2 7  
• 4573 .9518  2 0 . 3 7  6 . 8 6  
• 4282 1 . 4 1 3 3  2 1 . 2 7  7 . 5 2  
. 4 3 9 5  1 . 9 0 2 3  2 2 . 1 7  8 . 3 6  
• 7095 2 . 6 7 8 5  2 2 . 9 7  9 . 2 8  
• 6884 3 . 4 6 0 7  2 2 . 9 2  9 . 3 8  
. 6501  4 • 2 3 1 9  2 2 . 7 7  [ 9 . 4 6  
. 6 1 5 4  4 . 9 9 5 4  2 2 . 5 9  j 9 . 5 4  
. 5 7 6 0  5 . 7 4 6 3  2 2 . 3 7  ! 9 . 6 5  
• 5185 6 . 4 6 5 9  2 2 . 1 5  9 . 8 8  
• 5127 7 .2049  2 2 . 0 5  1 0 . 2 8  
. 5 0 8 4  7.965.5 2 1 . 8 9  1 0 . 6 5  
. 5077  8.752(] 2 1 . 6 4  1 1 . 0 3  
• 5241 9 •5824  2 1 . 2 8  1 1 . 6 0  
• 5338 10 .451~ 2 0 . 7 1  1 1 . 9 0  
• 5391 11 .3565  1 9 . 9 2  1 2 . 2 3  
• 5557 12 .3097  1 8 . 9 0  1 1 . 9 6  
. 5635  13 .3041  1 7 . 5 6  1 2 . 1 7  
. 6 3 7 4  14 .3167  1 5 . 8 8  1 1 . 6 4  
• 9997 15 .3555  1 3 . 9 7  1 0 . 7 3  
.5461  16 .4390  1 1 . 7 4  1 0 . 2 5  
.5112  1 7 . 5 2 5 5  9 . 0 2  8 . 6 7  
• 5055 18 .6444  6 . 0 5  5 . 8 0  
• 3236  19 .6206  2 . 5 6  2 . 5 0  
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policy year I -  I(oMV~5 = value at  issue), with 
future book profits discounted at  3½ per cent (it). 

Column (12) . . . . . . . .  Projected market value of insurance in force at  end of 
policy year t -- 1, with future book profits discounted 
at  22 per cent(j,).* 

In  Table  6 the 30-year break-even premiums for the different pol icy 
sizes (see Table  2), which are calculated using the appropr ia te  equations in 
subsection X I ,  C, are used to calculate the average 30-year break-even 
p remium and profi t  margin  per  $1,000 of insurance issued. These are 
shown to be equal  to the 30-year break-even premium (see Table  3) and  
the 30-year profit  margin  (see Column [1], Table  5) t ha t  are produced by  
the 30-year level average policy size ($16,850 or $29,970) shown in 
Table  2. 

TABLE 6 

MODEL OFFICE CALCULATION OF AVERAGE 30-YEAR 
PROFIT MARGIN PER $1,000 OF INSURANCE ISSUED 

10. 
12. 
14. 
16. 
18. 
20. 
25. 
30. 
40. 
50. 
75. 

G 
(t) (2) 

27.0017 
26.6069 
26.3250 
26.1132 
25.9488 
25.8171 
25.9501 
26.0390 
26.1497 
26.2163 
26.3051 

G.f (35, G) 
(3) 

.50 

.72 
1.12 
2.08 
2.70 
6.40 
2.50 
1.50 
1.20 
1.00 

.75 

(2) X(3) 
(4) 

13.5009 
19.1570 
29.4840 
54.3155 
70.0618 

165.2294 
64.8753 
39.0585 
31.3796 
26.2163 
19.7288 

. . . . . . . . . . . . .  20.47 533.0071 

Average s~3~ = 533.0071+20.47 = $26.0385 
Average 30-year profitmargin 

per $1,000ofinsurance issued 
=$27.17--$26.0385 =$1.1315 

Example 2 

A--Assumptions 
Policy fee . . . . . . . . . . .  $10. 
Reinsurance . . . . . . . .  Nonrefund select and ultimate YRT, with an annual 

fee of $2 the first policy year and $4 all renewal years. 
The YRT reinsurance rates per $1,000 of reinsurance 
are shown in Column (1) of Table 7. 

All others . . . . . . . . . .  Same as Illustrative Example Number 1. 
*jr is really slightly higher than 22 per cent. 
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B--Profit Objective 
A prof i t  e a r n e d  ove r  t he  f i rs t  20 pol icy  yea r s  w i th  a v a l u e  a t  issue of $5 

p e r  $1,000 of i n s u r a n c e  issued.  

C--Calculations 
T a b l e  7 shows  t he  ca l cu l a t i on  of t h e  r a t e b o o k  b r e a k - e v e n  p r e m i u m s  

TABLE 7 

CALCULATION OF RATEBOOK BREAK-EVEN PREMIUMS 
($10 POLICY FEE) 

(Se lec t  

and  U l t i -  
it m a t e )  1 , 0 0 0 A t  

r l i+t - - t  
Ct) (2) 

1 . . . .  $ 1.13 20,719 
2 . . . .  1.68 16,31(] 
3 . . . .  2.23 14 568 

t h e +  tH .  (r~ t F .  tP~ s i 1,000 tA tP~ B/M 
tE l~ | "  t Vss 

C3) C4) CS) (6) (7) (8) 

9.4143 9.4143 .27000534.8678 20,719534.3852 
12.4298 26.2925 .89971 29.2233 19,733 28.7165 
16.0346 40.4234 1.44590 27.9573 19,295 27.4390 

4 . . . .  

5 . . . .  

6 . . . .  
7 . . . .  

8 . . . .  

9 . . . .  
10 . . . .  
11 . . . .  
12 . . . .  
13 . . . .  
14 . . . .  
15 . . . .  
16 . . . .  
17 . . . .  
18 . . . .  
19 . . . .  
20 . . . .  

2.46 14 12~ 20.1602 52.7473 1.92017 27.4701 18,941 26.9421 
2.70 13 806 24.5952 63.6233 2.33737 27.2200 18,649 26.6838 
3.00 13 385 29.0895 73.2733 2.70750 27.0631 18,394 26.5194 
3.35 12 927 33.4964 81.9062 3.03883 26.9532 18,164 26.4027 
3.75 12 46~ 37.8012 89.6826 3.33754 26.8709 17,952 26.3139 
4.21 12 023 42.0668 96.7502 3.60865 26.8106 17,753 26.2473 
4.76 11 51C 46.2223 103.1749 3.85566 26.7593 17,562 26.1899 
5.19 11 446' 50.3671 109.0529 4.08895 26.6701 17,395 26.0952 
5.66 11 522 54.4706 114.4294 4.30267 26.5950 17,253 26.0154 
6.18 11 746 58.5186 119.3647 4.49877 26.5327 17,136 25.9491 
6.73 12 122 62.5057 123.9018 4.67896 26.4806 17,043 25.8938 
7.33 12 716 66.4138 128.0801 4.84474 26.4369 16,974 25.8478 
7.98 13 729 70.3863 131.9452 4.99744 26.4026 16,93G 25.8119 
8.67 14 253 74.3592 135.4895 5.13795 26.3703 16,898 25.7785 
9.39 14 641 78.3125 138.7371 5.26711 26.3403 16,874 25.7477 

10.12 15 07d 82.2269 141.7065 5.38574 26.3114 16,857 25.7182 
10.92 15 42,1 86.0895 144.4092 5.49459 26.2821 16,845 25.6885 

21 . . . .  11.81 15,55£ 89.8842 146.8696 5.59436 26.2532 16,835 25.6592 
22 . . . .  13.13 15,048 93.6072 149.1098 5.68571 26.2254 16,822 25.6309 
23 . . . .  14.41 14,87£ 97.2454 151.1391 5.76926 26.1973 16,809 25.6024 
24 . . . .  16.01 14,444 100.8062 152.9794 5.84558 26.1701 16,794 25.5746 
25 . . . .  16.67 15,67:~ 104.2798 154.6485 5.91520 26.1443 16,788 25.5486 
26 . . . .  18.15 15,58~ 107.6664 156.1606 5.97860 26.1199 16,782 25.5240 
27 . . . .  19.69 15,873 110.9575 157.5190 6.03625 26.0955 16,778 25.4995 
28 . . . .  21.30 15,77) 114.1504 158.7531 6.08856 26.0740 16,774 25.4778 
29 . . . .  22.98 15,47~ 117.2392 159.8619 6.13594 26.0534 16,769 25.4571 
30 . . . . . . . . . . . .  22,023' 120.2644] 160.9044 6.17876 26.0415 16,816 25.4468 

a long  w i t h  t he  v a l u e s  of t he  c a l c u l a t e d  a v e r a g e  po l icy  sizes used.  

A r a t e b o o k  gross  p r e m i u m  of $26.60 is so lved  for  as fol lows:  

1135 -- 2 o P ~ / M +  $5/2oF~5 = 25.6885 + .9100 - $26 .60 .  

T a b l e  8, wh ich  cons is t s  of an  a b r i d g e d  prof i t  ana lys i s ,  d e m o n s t r a t e s  
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tha t  $26.60 is the ratebook gross premium which will yield the desired 

20-year profit. 

Table 9 shows a model office calculation of the average 10-, 20-, and 30- 

year  ratebook break-even premiums. These are the same ratebook pre- 

miums calculated in Table 7. 

TABLE 8 

ABRIDGED PROFIT ANALYSIS 

1 . . .  
2. .  
3. .  
4. .  
5. .  
6. .  
7.. 
8. .  
9. .  

10.. 
11.. 
12.. 
13.. 
14.. 
15.. 
16.. 
17.. 
18.. 
19.. 
20... 
21... 
22... 
23... 
24... 
25... 
26... 
27... 
28... 
29... 
30... 

(1) 

$-7.7852 
-2.1165 
-- .8390 
-- .3421 
- -  .0838 
+ .0806 
+ .1973 
+ .2861 
+ .3527 
+ .4101 
+ .5048 
+ .5846 
+ .6509 
+ .7062 
+ .7522 
+ .7881 
+ .8215 
+ .8523 
+ .8818 
+ .9115 
+ .9408 
+ .9691 
+ .9976 
+1.0254 
+1.0514 
+1.0760 
+1.1005 
+1.1222 
+1.1429 
+1.1532 

ths  

(2)  

.27000 

.62971 

.54619 

.47427 

.41720 

.37013 

.33133 

.29871 

.27111 

.24701 

.23329 

.21372 

.19610 

.18019 

.16578 

.15270 

.14051 

.12916 

.11863 

.10885 

.09977 

.09135 

.08355 

.07632 

.06962 
• 06340 
.05765 
.05231 
.04738 
.04282 

t _ t p ~  z /  M 
_ t p ~  trlJe 

(3) 

$5.6687 
1.2775 

.4969 

.2583 

.1644 

.1167 

.0888 

.0666 

.0574 

.0947 

.0798 

.0663 

.0553 

.0460 

.0359 

.0334 

.0308 

.0295 

.0297 

.0293 

.0283 

.0285 

.0278 

.0260 

.0246 

.0245 

.0217 

.0207 

.0103 

t--tFll 

(4)  

.27000 

.89971 
1.44590 
1.92017 
2.33737 
2.70750 
3.03883 
3.33754 
3.60865 
3.85566 
4.08895 
4.30267 
4.49877 
4. 67896 
4. 84474 
4.99744 
5.13795 
5.26711 
5.38574 
5.49459 
5.59436 
5.68571 
5.76926 
5.84558 
5.91520 
5.97860 
6.03625 
6.08856 
6.13594 
6.17876 

( t ) ( 2 ) +  
( 3 ) ( 4 ) = t w . i  

(s) 

$--2.1020 
+ .1978 
+ .6911 
+ .5562 
+ .4610 
+ .4141 
+ .3814 
+ .3553 
+ .3179 
+ .3084 
+ .4829 
+ .4512 
+ .4129 
+ .3760 
+ .3399 
+ .2943 
+ .2823 
+ .2683 
+ .26OO 
+ .2592 
+ .2549 
+ .2469 
+ .2454 
+ .2386 
+ .2252 
+ .2137 
+ .2099 
+ .1897 
+ .1802 
+ .1126 

(1).tFss 

=Y'.CS)t 

(6) 

$-- 2.1020 
- -  1.9042 
--i.2131 
-- .6.569 
- -  . 1959 
+ .2182 
+ . 5996 
+ .9549 
+1.2728 
+1.5812 
+2.0641 
+2. 5153 
+2.9282 
+3. 3042 
+3. 6441 
+3.9384 
+4.2207 
+4.4890 
+4.  7490 
+5.0082 
+5.2631 
+5.5100 
+5.7554 
+5.9940 
+6.2192 
+6.4329 
+6.6428 
+6.8325 
+7.0127 
+7.1253 
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TABLE 9 

MODEL OFFICE CALCULATION" OF AVERAGE 10-, 20-, AND 30-YEAR RATEBOOK 
BREAK-EVEN PREMIUMS PER $1,000 

(1) (2) 

10. $28.1262 
12. 27.5971 
14. 27.2192 
16. 26.9358 
18. 26.7153 
20. 26.5389 
25. 26.5972 
30. 26.4826 
40.. 26.3393 
50.. 26.2533 
75.. 26.1387 

(3) 

$27.1262 
26.7638 
26.5049 
26.3108 
26.1597 
26.0389 
26.1972 
26.1493 
26.0893 
26.0533 
26.0054 

,d,~R* 
(4) 

$27.3038 
26.8848 
26.5854 
26.3609 
26.1863 
26.0466 
26.1432 
26.0580 
25.9515 
25.8876 
25.8024 

(S) 

$26.3038 
26.0515 
25.8711 
25.7359 
25.6307 
25.5466 
25.7432 
25.7247 
25.7015 
25.6876 
25.6691 

10P[ Bl 
(6) 

$27.0018 
26.6070 
26.3249 
26.1134 
25.9488 
25.8172 
25.9061 
25.8179 
25.7076 
25.6414 
25.5531 

Ioe~aj B/M 
(7) 

$26.0018 
25.7737 
25.6106 
25.4884 
25.3932 
25.3172 
25.5061 
25.4846 
25.4576 
25.4414 
25.4198 

• /(3s, G: 
(8) 

.50 

.72 
1.12 
2.08 
2.70 
6.40 
2.50 
1.50 
1.20 
1.00  

.75 

20.47 

Average toP~n/~ = ~ ( 3 ) ( 8 )  5 3 6 . 1 0 6 6  
Z ( 8 ~  = 20 .47  = 2 6 . 1 8 9 9  

.~E/M=Z(5)(8) 5 2 5 . 8 4 2 7  2 5 . 6 8 8 5  
Average 20ra5 ~: ( 8------)-- = 20 .47  = 

, B E / U =  ~ ( 7 ) ( 8 )  5 2 0 . 8 9 6 9  2 5 . 4 4 6 8  
Averagea0,36 ~ ( 8 ~ =  2 0 . 4 7  = 

* Calculated using formulas from Subsection XI,  C. 
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DISCUSSION OF PRECEDING PAPER 

JAMES E. I-IOSKINS: 

Mr. Stein has made a valuable addition to the literature of nonpartici- 
paring premium calculation. His treatment of the subject is both in- 
genious and thorough. His method of obtaining the incidence of profit 
arising from a given gross premium is especially interesting. 

He also introduces the concept of an average policy size which takes 
into account the cost of reinsurance. This procedure emphasizes the point 
that any excess of net reinsurance premiums over the assumed mortality 
cost of the amount reinsured adds to the expense of policies whose 
amounts exceed the retention limit. I t  may even cause the total expense 
per $1,000 to increase with size after the retention limit is passed, as is 
suggested by Mr. Stein's Table 6. The procedure, however, increases the 
work of premium calculation. The method presented in the paper re- 
quires the calculation of this nonconventional average size for the suc- 
cessive periods from issue to the end of each policy year and then for 
each individual year. In each case there are two possible formulas, and, 
if calculation by one of these formulas does not produce a meaningful 
result, then the average size must be recalculated by the other for- 
mula. I t  seems to me that these steps can be avoided in the calculation 
of his fundamental function thx which represents the net outgo per $1,000 
of insurance in the year t. I suggest multiplying the terms representing 
the reinsurance cost by the proportion of issues assumed to be reinsured, 
by amount and by number, respectively, and then dividing by the con- 
ventional average size those expenses which are "per policy." Under 
the assumption which Mr. Stein uses--that  mortality and persistency 
are independent of policy s ize- these proportions reinsured are constant 
for all durations. 

Specifically, in Mr. Stein's definition 43, e~/A would be substituted 
for e't/A, and 

~ . ~ f ( x , G ) ( G - K )  ( ~.~f(x ,G) 
a=K ARI 4- • ~R t -- A z+t--1 z + t - - I  

z+t--i ~ x+t--i 

Z .  

264 
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for 
BR t - A , - - K *  ,~ t -+~-t'~ 

in the definition of the. 
This alternative procedure merely introduces into the total outgo of 

the issues of a given age and plan an expense arising from only a part of 
those issues, just as is done with, say, the cost of paying cash surrender 
values. The alternative appears to produce the same result as Mr. Stein's 
procedure and to retain all the advantages of his method. 

The procedure in event of a change in average size would be analogous 
to that given by Mr. Stein, except that a single formula would replace 
formulas (22)-(25). The formula for the change in break-even premium 
on account of a change in retention limit would be analogous to Mr. 
Stein's formula (21) for a change in "per policy" expenses. 

CECIL J. NESBITT: 

Mr. Stein has pushed forward the analysis and formulation of gross 
nonparticipating premiums in several ways. For one thing, he has given 
a careful analysis of reinsurance costs and brought them into his premium 
formulas. Also, he has given some indication of the depth of analysis 
that is possible with modern computer means and would hardly be 
feasible otherwise. There are other interesting features, such as his for- 
mulas (14) for the gross premium by Anderson's principle requiring a 
predetermined yield on surplus invested in new business; also, his for- 
mulas for incidence of profit and for the variation of assumptions. 

The author's formula (16A) for the value at issue of the tth policy 
year's profit per $1,000 issued, namely, 

tW~ = ( H x -  ~p~E/M)~f~ + (t_lpBx~,/M_ , p~E/ i ) t_xF~ ' 

may be written in the alternative forms 

, W .  = (IL: , f ,  - -  ~t.,:~t D.E/M ~F, - -  v_lP~ ~IM ~-IF.) ," ( a )  

,W. = (II. -- ~B/M) ,  F.  -- (II. -- v_~P~E/M),_~ F .  ; ( b )  

, W ,  = ( I I ,  - -  ~_IP~E/M),f,  + (,-x p ~ E m  _ ,p,~/M~, j , .  ," ; ( c )  

each of which has an interpretation. Thus the author's formula exhibits 
,W, as the discounted value of the premium margin in the tth year plus 
the value over t -  1 years of the saving obtained by spreading costs 
over t years rather than t -- 1. Formula (a) expresses tW, as the present 
value of the tth year gross premium less the present value of operating 
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the insurance from the end of the (t - 1)th to the end of the tth year. 
Formula (b) gives ,W, as the discounted value of premium margins on a 
t-year basis over the corresponding value on a (t -- 1)-year basis. Finally, 
formula (c) is somewhat similar to the author's but uses the premium 
margin based on the (t -- 1)-year break-even premium so that the second 
term includes saving over t years. 

In order to take into account the financial effect of the cost of rein- 
surance, and to get the exact incidence of profit, the author introduces 
complex level average policy sizes 04 and A,. The use of these average 
policy sizes is to lead to the same average profit results that would be 
produced if the policy were issued with the usual distribution of policy 
siz.es. If the policy fee is zero and if there is no reinsurance, then 

tA  = At = E G ' f ( x ,  G), 
(7t 

that is, 04 and At are constant and equal to the average size at issue; 
however, under other circumstances tA and At may vary with t. 

The question arises whether the author's objectives can be obtained 
without the use of such complex averages as 04 and At. Making free 
use of the computer, one might make independent calculations of such 
quantities as ,apB~, IGpBEIM"z , ~--z,OP' aWx ' where the left superscript indicates 
that these are for a policy of size G. Mter  computations are completed 
for the various values of G, then corresponding weighted averaged quan- 
tities would be obtained by such formulas as 

a .  f ( G) ". 
, p ~ E / u  = G ( d )  

G 

and 

~ G . I ( x , G ) a , W .  
G 

,W~ = (e) 
~ . ~ a . y ( x , G )  

0 

To my mind, this procedure with its multiple formulas and tabulations 
would be simpler, more flexible, and more illuminating than the com- 
posite formulas and tabulations proposed by the author, utilizing the 
average policy sizes 04 and A t. Also, the results might be a better reali- 
zation of the actual operation of the policy than would be yielded by 
the author's method. I t  is quite possible that the procedure that I have indi- 
cated would yield much the same results as would be obtained by the 
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formulas of the paper, but  I would be surprised if the results were ex- 
actly the same. Perhaps Mr. Stein would be willing to explore in relation 
to one of his illustrative examples the procedure that  I have suggested 
and compare it with what he has shown in his paper. 

As the factorsf(x, G) come in only at  the end in the procedure I have 
suggested, it would be very easy to use various assumptions as to the 
distribution of policy sizes. On the other hand, this procedure probably 
entails more extensive computation and certainly more tabulation than 
the author's method. 

The foregoing has bearing on Tables 6 and 9 of the paper. In these 
tables, the author shows break-even premiums for various assumed policy 
sizes. However, such break-even premiums are not calculated independ- 
ently but are obtained by corrections to the previously calculated break- 
even premium based on the author's definitions of average policy size. 
Thus, for size G, the break-even premium is given as 

uPf E + "N--,̂ OPA~ __ B / G ,  ( f )  

where o BE" ANP , is the change in the break-even premium when the average 
size changes from NA to G. 

I t  may be shown that  the weighted average 

G ' f ( x ,  G) a sE 
0 

~ G . f ( x , G )  
~7 

is --B/~rA by reason of the author's definition of NA, and hence the 
weighted average of the formula (f) is simply NP~ E -- B/NA = NP~ E/~. 
In  other words, by  definition of the break-even premiums for size G 
appearing in Tables 6 and 9, it was certain that  they would average out 
to the values previously obtained. What  is uncertain is how closely pre- 
miums calculated by  formula (.f) would come to break-even premiums 
OpBBm calculated independently for the various policy sizes G. 

Mr. Stein's paper was of special interest to us in the actuarial mathe- 
matics seminar at Michigan, not only because he was a former student 
but because of the formulations he has achieved. His paper should prove 
to be a valuable contribution to the literature on gross premiums. 

HARWOOD ROSSER" 

One reaction to Mr. Stein's excellent paper is gratification that, unlike 
the Education and Examination Committee, he included me in a list of 
contributors to this general subject. My  1951 paper is the only one in 
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his list that  touches on participating business also. This may be a factor 
in the Committee's a t t i tude- -a  paper that  discusses two syllabus sub- 
jects could be confusing. Mr. Stein is not guilty on this score, and his 
paper may well appear on some future required-reading list. Thus I 
advise him to order some extra reprints. 

If  it does so appear, I hope that  it will be accompanied by the sugges- 
tion that  not every company will wish to explore all his theoretical re- 
finements, such as those for reinsurance cost and average policy size. 
One could wish that  he had illustrated the numerical effect of some of 
the variations in the latter. Perhaps he will do us this additional favor 
in his reply. 

He makes quite a point of his belief that a trial gross premium is man- 
datory in the approach used by Jim Anderson and by me but unneces- 
sary in his. Actually, it could be dispensed with in mine, at  least, and a 
"direct" approach used. 

If  the calculation in my Table 1 is made with a zero gross premium 
and with corresponding adjustments to the expenses, the end product, 
with sign reversed, will represent the discounted value of all outlays, 
including setting up the cash value, except those expenses that  are a 
percentage of the ratebook premium. This will be equivalent to the 
numerator of Mr. Stein's formula (9), without some of the refinements 
mentioned above. His tFx would seem to be identical with the final 
figure in my Table 8, labeled "Effect on Profit of $1 Change in Gross 
Premium." Division by this produces a break-even premium, as in his 
formula (9). 

While my illustration is keyed to twenty years, the / -year  break-even 
premiums for all previous years could readily be obtained also, if desired. 
If  column 11 of my Table 1, modified as above, and the final column of 
my Table 8 are both summed downward, division of the first by the 
second, line by line, and with a sign change, would give a column corre- 
sponding to the final one in Mr. Stein's Table 3, except for his use therein 
of his formula (10) rather than his formula (9). 

When profit test calculations were done by clerks with desk computers, 
however, there were collateral advantages to using a trial premium fairly 
close to the final one. For instance, it gave some indication as to the 
duration at which a profit first emerged. Mr. Stein's Table 5 does this 
also, but at  the expense of considerably more calculation. This was 
important fifteen years ago. The lightness with which the author tosses 
formulas around is one indication of how far we have come since then. 

Finally, I welcome another avowed member to the minority group 
that  believes, especially in this electronic age, that  asset shares can be 
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bypassed and that we can proceed directly to the question of the profit- 
ability of the premium. 

One is tempted to speculate that yet another paper on gross premiums 
-- this  one--will be a strong contender for a Triennial Prize. 

FRANK P. DIPAOLO: 

Mr. Stein has made an outstanding contribution to the science of 
gross premium calculation. It may be that some of us will not share the 
author's opinion on a number of basic concepts, but, whatever disagree- 
ment there may be, we must recognize the usefulness of the techniques 
set forth in this excellent.paper. 

The author seems to be overly preoccupied with profit objectives and 
profit margins to the point of meticulously measuring the latter according 
to five different delinitions. Yet he does not mention two factors that 
have a significant bearing on the emergence of profit--mortMity fluctua- 
tions and income tax. Mr. Anderson, in his paper on gross premiums, 
suggested a contingency margin of 25 deaths per 1,000 per century. 
While the idea of including an allowance for mortality swings in the 
mortality rate itself is commendable, it cannot be said that a margin of 
0.00025 deaths will suit the contingency need of every company. The 
magnitude of the margin will depend on the size and claim distribution 
of the net direct portfolio as well as the size of the risk reserve. And, of 
course, if there is profit, there will be one of the proverbial certainties 
of life--taxes. 

This punctilious concern with profit leads the author to a paradoxical 
treatment of reinsurance costs. Mr. Stein defines the cost of reinsurance 
as reinsurance premiums plus ceding company's administrative costs of 
handling the reinsurance less claims and other refunds paid by the re- 
insurer. This cost, with due regard to the probability of $1,000 being 
reinsured out, is priced into the gross premium so that every $1,000 of 
insurance issued, regardless of size, will generate exactly the same profit 
over the gross premium calculation period. But what happens if the 
company is requested to issue amounts greatly in excess of the largest 
amount now in the portfolio? I t  seems to me that the company must 
decline such amounts unless it wishes to disregard its previously set 
profit objectives. This is tantamount to imposing an issue limft which 
may well be either too low or not necessary at all. 

Apart from the various services provided by the reinsurer, a ceding 
company will seek reinsurance mainly to protect its own surplus against 
mortality fluctuations. Through reinsurance the ceding company ac- 
quires, for a price, the right to use the reinsurer's surplus in the event of 
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adverse mortality and thus avoid ruin. If the price is convenient, why 
shouldn't the ceding company acquire unlimited right to the reinsurer's 
surplus? For example, if we use Ormsby's "out of pocket" definition, 
and the same YRT rates and other costs assumed by Mr. Stein in his 
two examples, the two rate book premiums of $27.17 and $26.60 produce 
negative reinsurance costs that have a present value at issue of $5.81 
and $5.31 per $1,000 before income tax. With such a profit on reinsured 
business, why shouldn't the ceding company free itself of issue limit re- 
strictions and let its agency force loose after small as well as big policy- 
holders? 

The adoption of the "out  of pocket" concept would involve a recalcu- 
lation of the "break-even premium." The expense rates per $1,000 would 
slightly increase since the administrative expenses would now be allo- 
cated entirely to the retained business. However, this increase would 
be partially offset by the elimination of the reinsurance cost from the 
gross premium calculation. 

Mr. Stein and, to a certain extent, Mr. Anderson distinguish between 
(a) the science of gross premium calculation and (b) the art or philosophy 
of rate-making. I would rather think of both as a science--better, I 
would rather not dichotomize. I find it difficult to visualize the insurance 
rate-maker holding hands with Thalia, the muse of idyllic poetry; rather, 
I see him as a cool-minded scientist who uses basic linear programming 
techniques to minimize competition and maximize profit. 

Le t / ( I I , )  be the new business we may expect from a gross premium 
structure, the average of which (on a given distribution by plan, size, 
and age) is r deciles from the median average structure (based on the 
same distribution) used by competitors in a geographically well-defined 
market. If AII, is the average gross premium reduction necessary to 
move the structure up s deciles, which may result in a new business in- 
crease of Af(IIr), then the total profit will be greater than or equal to 
that generated byf ( IL) ,  if 

n 

A/( I I , )  ~ ,W-- [ f ( I I , )  q -A/ ( I I , )  ]AII~V_> 0,  

where ,F  and ,W are as defined in Sections I I  and IX but for the entire 
gross premium structure rather than for one specific plan and age. I t  
seems to me that the above inequality leads clearly to the conclusion 
that rate-making is indeed a science and cannot be dichotomized from 
the science of gross premium calculation. 

I realize that a more competitive premium structure alone is not suffi- 
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cient to guarantee a larger share of the market. Other factors, such as 
agency expansion, improved field training techniques, and more effective 
advertising, also play a determining role. However, in the case of a small 
stock company like the one envisaged by Mr. Stein, a competitive pre- 
mium structure is of paramount importance. 

FRANKLIN B. DANA : 

I am sure that all of us who are concerned with the calculation of 
nonparticipating gross premiums will want to re-examine our procedures 
in the light of Mr. Stein's excellent paper. Although the paper states 
that basic actuarial theory has been emphasized as opposed to the art 
or philosophy of rate-making, those of us concerned with rate-making 
will be interested in whatever practical applications the paper may have. 

An area in our present procedures which me will want to re-examine 
is the extent to which we should refine our estimates of the financial 
effect of the various elements entering into the calculation. How fully 
should we subdivide? As an example, the paper goes into great detail in  
calculating the cost of reinsurance and the average policy size. While we 
are in complete agreement that the treatment given in the paper is theo- 
retically desirable, it has been our experience that few except perhaps 
the very largest companies would have sufficient data in these areas to 
justify working them into the gross premium calculation as elaborately 
as Mr. Stein suggests. While theoretically the analysis of the various 
items should be complete and precise, practically we wonder whether the 
end result is actually improved by trying to estimate and project reliable 
bases for all the 44 items mentioned in the "Definition of Symbols." 

Also, there should no longer be a problem of solving for the equality 
in the classic Type 1 or Type 2 formulas. A small computer (1401 or 
H-200) can develop a gross premium in a trial asset share calculation, 
for a number of sets of conditions, in less than a minute per issue age 
for a given plan--you might want a 5 per cent profit after 20 years but  
at least a 1 per cent profit in each year after the third. The "solve-for" 
premium will satisfy only a single set of conditions (e.g., the 5 per cent 
profit after 20 years). 

The "computer asset share" approach is also directly applicable to 
participating gross premiums. However, since the dividend is a function 
of the gross premium, a derivation by the "solve-for" technique would 
be extremely complex. 

THOMAS P. BLEAKNEY: 

The modem student must be both pleased by the precision of the 
technique and overwhelmed by the detail that presently goes into the 
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calculation of nonparticipating gross premiums, particularly when he 
compares, for example, this paper with some of the earlier papers on 
nonparticipating gross premiums. Mr. Stein's devotion to the problem 
is apparent, and his paper presents the student with many ideas worthy 
of pursuit. 

The author's opening remarks set the pace for the paper: a Type 1, 
or explicit, method of developing gross premiums is presented in contrast 
to Type 2, or implicit, methods which have been presented in previous 
papers by Messrs. Hoskins, Rosser, and Anderson. The advantages Mr. 
Stein lists in favor of his explicit formulas are impressive. But, as one 
who is generally partisan by nature, I would like to cast my vote for 
the implicit method, acknowledging at the same time that the difference 
between the two methods is of small importance once the concept of 
present value at issue is adopted. 

The relationship between the two methods is expressed in probably 
its simplest form in formula (12C): 

~.~ ,W85 = (IIx -- NP~cEm) ~Fx .  

If a profit margin approach has been used in the original calculations, 
using a test premium IIx, the break-even premium can be derived from 
easy manipulation of formula (12C). This relationship is illustrated in a 
comparison of the last column of Table 3 with column 6 of Table 5, the 
former displaying the break-even premiums and the latter the values at 
issue of profit earned over the first t policy years per $1,000 of insurance 
issued. The Table 5 column gives the actuary measures of both the initial 
surplus investment and the ultimate profitability of the policy, items 
not readily available from the column of break-even premiums. If he 
also has available a table of ~Fx, the next to the last column of Table 3, 
he can readily determine the effect on profits of any change from l'Ix, the 
tested gross premium. 

The ability to measure the effect of a change in premium from a given 
one, whether that be an arbitrarily assumed test premium or one com- 
puted by means of Mr. Stein's technique, seems quite important to me. 
If such were not available, pity the poor actuary who has determined 
the premium, particularly if his calculations are by hand, only to find 
the premium is not within the range of competition. Even more important 
in some instances, however, can be an analysis of the elements making 
up the calculation, similar to the analysis found in Table 3. This analysis 
can b reak the  final result down into components of premium, expense, 
mortality, reinsurance, and so forth. But here again, an analysis of a 
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profit margin calculation seems easier to interpret and pass along to 
management than an analysis of a break-even premium calculation. 
Moreover, any changes in the output resulting from changes in assump- 
tions (such as changes in the commission schedule) can be inferred directly 
from a profit margin analysis. Such a change should be simpler to under- 
stand, and simpler to explain to management, than a change in a portion 
of a formula designed to yield a calculated break-even premium. 

Table A is an illustration of the application of the profit margin 
technique to the author's sample data. All columns except that entitled 
"Premiums" are taken directly from the paper, but  the rearrangement 
emphasizes the additive nature of the profit margin. In practice, a 
further breakdown of the ~/~ column would be desirable for the reasons 
mentioned earlier. 

All of this is primarily a quibble, of course, since the actuary has the 
same data available using either technique, the choice being merely a 
matter of preference. Either technique could give recognition to the 
author's interesting treatment of reinsurance, particularly of the relation- 
ship of the average policy size to the retention limit. An alternative and, 
to my mind, preferable procedure would be the calculation of a series of 
studies at each age, one for each of several pivotal policy sizes. This 
technique not only would point out the possible low spots in profitability, 
thus aiding in minimum size decisions, for example, but  also would seem 
essential when the company is using a policy fee or band system for its 
premium structure. Since the basic calculations are carried out by com- 
puter anyway, the problem of getting several runs at each age is gen- 
erally minimal. 

The use of computers for actuarial calculations, although it has reached 
a substantial level, undoubtedly has a great distance to go. One possible 
usage is brought to mind by Mr. Stein's paper. His formulas might be 
used to replace the conventional loading formulas for calculation of gross 
premiums on an age-by-age basis, once the basic assumptions and profit 
goals had been resolved by use of either an explicit or implicit method. 
Such a technique would have the built-in advantage of following the 
desired premiums exactly at all test points rather than requiring the 
compromises of fit so often faced in the conventional design of a simple 
loading formula. 

Even if this last suggestion might be considered a practical application, 
and this is a moot point, my reaction is that the actuary faced with the 
problem of setting a premium structure will find this paper wanting and 
will turn to Mr. Anderson's paper for practical guidance. Nevertheless, 
Mr. Stein's work should be well received by the student wishing a com- 
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TABLE A 
PROFIT MARGIN ANALYSIS 

EXPENSES, [ EFFECT OF $I 
PREI~IUMS BENEFITS, RESERVES PROFIT MARGIN PREMIUM 

REINSURANCE CHANGE 

YEA. ,F,, ,B,, ~I~" ,V,, ~ ,W. ,F,, 
l 

(4)= O) 
(1) (2) (3) -(2) -(3) (s) 

1. 
2. 
3. 
4. 
5. 

6 .  
7. 
8. 
9. 

10. 

11. 
12. 
13. 
14. 
15. 

16. 
17. 
18. 
19. 
20. 

21. 
22. 
23. 
24. 
25. 

26 . . . . . .  
27 . . . . . .  
28 . . . . . .  
29 . . . . . .  
30 . . . . . .  

7.3359 
24.4451 
39.2851 
52.1709 
63.5063 

9.4611 
12.5911 
16.2491 
20.4095 
24.8665 

13.8627 
24.3888 
32.5871 
39.0281 

$--2.1252 
--2.0087 
--1.3528 
--0.8257 
--0.3883 

73.5627 
82.5648 
90.6809 
98.0468 

104.7582 

111.0966 
116.9036 
122.2313 
127.1273 
131.6313 

135.7805 
139.5977 
143.1072 
146.3305 
149.2876 

151.9983 
154.4805 
156.7503 
158.8243 
160.7157 

162.4385 
164.0046 
165.4259 
166.7132 
167.8769 

29.3714 
33.7795 
38.0767 
42.3264 
46.4570 

50.5762 
54.6546 
58.6793 
62.6451 
66.5351 

70.4927 
74.4528 
78.3943 
82.2985 
86.1521 

89.9379 
93.6500 
97.2768 

100.8245 
104.2889 

107.6664 
110.9495 
114.1345 
117.2154 
120.2465 

44.1838 
48.4098 
51.8814 
54.6834 
56.9526 

58.6858 
59.9588 
60.8461 
61.3961 
61.6663 

61.5589 
61.1303 
60.4246 
59.4796 
58.3197 

56.9854 
55.5026 
53.8937 
52.1732 
50.3687 

48.4942 
46.5615 
44.6027 
42.6227 
40.6400 

0.0075 
0.3755 
0.7228 
1.0370 
1.3486 

1.8346 
2.2902 
2.7059 
3.0861 
3.4299 

3.7289 
4.0146 
4.2883 
4.5524 
4.8158 

5.0750 
5.3279 
5.5798 
5.8266 
6.0581 

6.2779 
6.4936 
6.6887 
6.8751 
6.9904 

0.27000 
0.89971 
1.44590 
1.92017 
2.33737 

2.70750 
3.03883 
3.33754 
3.60865 
3.85566 

4.08895 
4.30267 
4.49877 
4.67896 
4.84474 

4.99744 
5.13795 
5.26711 
5.38574 
5.49459 

5.59436 
5.68571 
5.76926 
5.84558 
5.91520 

5.97860 
6.03625 
6.08856 
6.13594 
6.17876 

p r e h e n s i v e  s t u d y  of t he  e l e m e n t s  of n o n p a r t i c i p a t i n g  gross  p r e m i u m  

ca lcu la t ion .  

(AUTHOR'S REVIEW Ol ~ DISCUSSION) 

MEL STEIN: 

I am gratified by the amount of discussion my paper has received. A 
number of the discussions questioned the desirability of the laborious 
average policy size calculations. Mr. Hoskins, however, deftly duplicated 
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the much shorter, practical alternative to these calculations that I believe 
should be used when calculating gross premiums. Table 10 shows the 
calculation of the first ten years' break-even premiums of Example 2 
using the alternative formulas shown by Mr. Hoskins. 

Table 11 shows the independent calculation of the first ten years' 
break-even premiums for a $10,000 policy. The ten-year break-even and 
ratebook break-even premiums are seen to be exactly the same as those 
calculated in Table 9 by means of Dr. Nesbitt's formula (f). What I be- 
lieve Dr. Nesbitt is pointing out is that where there is a policy fee the 
average policy size formulas produce artificial break-even premiums in 
order to arrive at the correct ratebook break-even premiums. This can 
be seen by comparing columns 6 and 8 of Table 7 with columns 10 and 
11 of Table 10. If A/DBBt/~, represents the artificial break-even premiums 
shown in column 6 of Table 7 and tP  Bg the correct break-even premiums 
shown in column 10 of Table 10, the following equation will illustrate the 
relationship between apSg av~g, and tPS~ ~IM" • , t ~ X  , • 

t ~ Z  

I t  should be noted that, when there is a policy fee, only the ratebook 
break-even premium is of importance. 

I would like to thank Mr. Rosser for his flattering comments and the 
illuminating demonstration of how his gross premium calculation method 
may be modified to produce break-even premiums and avoid trial gross 
premiums. I would also like to acknowledge the extreme value of the 
present value concept Mr. Rosser introduced to the gross premium cal- 
culation in his fine paper. 

Mr. DiPaolo is correct in his observation that I left out the treatment 
of federal income taxes and mortality fluctuations. The treatment of 
federal income taxes and contingency margins is covered in Mr. Ander- 
son's paper and in the Part  9-I study notes. As I had no major innovation 
to add, I did my best to avoid duplicating previously published material. 

Mr. Anderson did not propose that every company use a contingency 
margin of exactly 0.00025. This figure was but an example, perhaps even 
the figure that Mr. Anderson felt was appropriate for his own company. 

The purpose of measuring profit according to six (not five) definitions 
was to show the basic mathematical relationship between them and how 
to convert any one into the other five. I was hardly advocating that all 
six be used to measure the profitability of any one set of gross premiums. 

Mr. DiPaolo seems to have misunderstood my "paradoxical" treat- 
ment of reinsurance costs. He evidently gave the same significance to 
the $75,000 figure in Table 2 that he did to the 0.00025 in Mr. Anderson's 



TABLE 10 

CALCULATION OF B R E A K - E V E N  P R E M I U M S  BY A L T E R N A T I V E  M E T H O D  N O T  INVOLVING AVERAGE POLICY SIZE CALCULATIONS 

~ t  

(1) 

$4.50 
0.50 
0.50 
0.50 
0.50 
0.50 
0.50 
0.50 
0.50 
0.50 

e;/20.47 

(2) 

$4.0204 
0.5819 
0.5117 
0.4954 
0.4848 
0.4743 
0.4637 
0.4562 
0.4515 
0.4469 

0.13434 

(3) 

$0.0396 
.0824 
.1218 
.1180 
.1140 
.1160 
.1210 
.1277 
.1370 

0.1493 

0.010259 
• IR~ss+ |- l 

(4) 

80.0205 
.0410 
.0410 
.0410 
.0410 
.0410 
.0410 
.0410 
.0410 

0.0410 

l,O00.¢Us 
| ° q~[ SlJl+ t- 1 

(s) 

1 $0.8355 
2 1.0518 
3 1. 2778 
4 1.5137 
5 1. 7595 
6 2.0150 
7 2.2903 
8 [ 2.5950 
9 ~I 2.9292 

10 i 3.3126 

w 
¢'qISSl÷/-I 

"tCVss  
(6) 

i . . . . . . . . .  
' $  1.8841 

3.5749 
5.2712 
6.8015 
7.9310 
8.7194 
9.4147 

10.2775 
10.8698 

th~ 

(7) 

$9.4160 
2.9974 
3.5783 
4.0928 
4.3991 
4.4565 
4.3678 
4.2645 
4.2246 
4.1132 

than 

(s) 

$ 9.4160 
12.4134 
15.9917 
20.0845 
24.4836 
28.9401 
33.3079 
37. 5724 
41. 7970 
45.9102 

tH,s+ 
(H 

tV~" tE~s61 
(9) 

9.4160 
26.2761 
40.3805 
52.6716 
63.5117 
73.1239 
81.7177 
89.4538 
96.4804 

102.8628 

(io) 

$34.8741 
29.2051 
27.9276 
27.4307 
27.1723 
27.0079 
26.8912 
26.8023 
26.7359 
26.6784 

01) 

$34.3856 
28.7166 
27.4391 
26.9422 
26.6838 
26.5194 
26.4027 
26.3138 
26.2474 
26.1899 

~ ,  f ( S5, G) 
G =25 

A 

~ , f ( 3 5 ,  G)'G 
0 . 2 1  o=~s 2 . 7 5  

= 2 0 . 4 7  = 0 . 0 1 0 2 5 9 .  A = 2 0 . 4 7  = 0 . 1 3 4 3 4 .  

TABLE 11 

INDEPENDENT CALCULATION OF BREAK-EVEN PREMIUMS FOR $10,000 POLICY 

et 

(I) 

$4.50 
0.50 
0.50 
O. 50 
O. 50 
0.50 
0.50 
0.50 
0.50 
0.50 

(2) 

$8.2297 
1.1911 
1.0475 
1.0142 
0.9925 
0.9708 
0.9493 
0.9338 
0.9242 
0.9148 

1,000-~1 s 
• qdss~ t -  1 

(3) 

$0.8355 
1.0518 
1.2778 
1.5137 
1.7595 
2.0150 
2.2903 
2.5950 
2.9292 
3.3126 

w 
P" qls|}+t-I 

• ~C V,s 
(4) 

$ 1.8841 
3.5749 
5.2712 
6.8015 
7.9310 
8.7194 
9.4147 

10.2775 
10.8698 

thss 

(5) 

$13.5652 
3.3491 
3.7997 
4.2783 
4.5591 
4.5931 
4.4842 
4.3648 
4.3114 
4.1877 

tHss 

(6) 

$13.5652 
16.9143 
20.7140 
24.9923 
29.5514 
34.1445 
38.6287 
42.9935 
47.3049 
51.4926 

t H u +  
W,s'tE[,s] 

(7) 

$ 13.5652 
30.7770 
45.1028 
57.5794 
68.5795 
78.3283 
87.0385 
94.8749 

101.9883 
108.4452 

(8) 

$50.2415 
34.2076 
31.1936 
29.9866 
29.3405 
28.9301 
28.6421 
28.4266 
28.2622 
28.1262 

~fJ,.,, 

(9) 

$49.2415 
33.2076 
30.1936 
28.9866 
28.3405 
27.9301 
27.6421 
27.4266 
27.2622 
27.1262 
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paper. That  $75,000 is the largest policy size used in the distribution of 
business by policy size is purely chance. No significance should be attached 
to this figure or any other used in the two illustrative examples. The 
only purpose of these examples was to give a numerical demonstration 
of the formulas presented in the paper. 

Nowhere in my paper did I suggest that a company decline to issue 
policies for amounts greater than the largest policy size used in the gross 
premium calculations (e.g., Table 2). Mr. DiPaolo says, " I t  seems to 
me that the company must decline such amounts unless it wishes to 
disregard its previously set profit objectives." This is like saying that the 
c9mpany should stop using electricity and use candles when its elec- 
tricity bill through November exceeds the amount budgeted for the 
calendar year. The maximum amount of insurance a company will issue 
is determined by its limit of issue (the determination of which is outside 
the scope of my paper and is covered in actuarial literature). 

I have always thought that gross premium calculations were based 
on many assumptions, approximations, and, when necessary, educated 
guesses. I t  has also been my understanding that projected profits are 
never exactly duplicated by actual operating results, no matter what a 
company may do. 

Mr. DiPaolo then says: 
This cost (of reinsurance), with due regard to the probability of $1,000 

being insured out, is priced into the gross premium calculation so that every 
$1,000 of insurance issued, regardless of size, will generate exactly the same 
profit over the gross premium calculation period. 

This is not quite correct. The treatment of reinsurance costs and the 
average policy size concept include the total reinsurance cost in the 
gross premium calculation and avoid the overstatement of profit that  
results from using the traditional definition of the average policy size. 
This results in determining a ratebook gross premium which will, all 
assumptions being realized, yield a specified average profit (however de- 
fined) per $1,000 of insurance issued. 

Unfortunately, Mr. DiPaolo's figures of --$5.81 and --$5.31 for the 
negative "out  of pocket" reinsurance costs for each $1,000 issued in 
excess of $75,000 should instead be -$4 .25  and -$7.56.  These figures 
may be calculated and checked as follows: 

Illustrative Example I (from Table 6) 

' 3 0 D B E I M ~  [ 3 0  ( 2 7 . 1  7 - -  3o~36 ,, -- 7 5 ( 2 7 . 1 7  - -  75DBE/M'~30./36 / ] 
8oF86 75 -- 30 

_ - [ 3 0 ( 1 " 1 3 1 0 ) - - 7 5 ( 0 " 8 6 4 9 ) ] 6 " 1 7 8 7 6 _ - - - 4 . 2 5 .  
45 
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~0DSE/a¢~ 25(27~17 2Sr~ElUX 1 [ 2 0  ( 2 7 . 1  7 - -  30 .35  J - -  - -  a0z36 J J30"a5 

2 5 - - 2 0  

= [ 20(  1 . 3 5 2 9 ) - -  2 5 ( 1 . 2 1 9 9 )  ]6.1 7876 
5 

Illustrative Example 2 (from Table 9) 

[ 3 0 (  2 6 . 6 0  30DBE/U~ 50DBElU~ 30 ~35  j - -  5 0 ( 2 6 . 6  0 - -  ] 3oF~5 30.t 35 ) 

50 - 30 

[ 3 0 ( 1 . 1 1 5 4 )  - 5 0 ( 1 . 1 5 8 6 )  ] 6 . 17876  
20 

[ 5 0 ( 2 6 . 6 0  5o.~E/u~ _ 75(  26.60 ~5.~E/u~ - -  30~a6 J -- 30zas j ] 30Fa5 

= - - 4 . 2 5 .  

= - - 7 . 5 6 .  

7 5 - - 5 0  

= [ 5 0 ( 1 . 1 5 8 6 )  -- 7 5 ( 1 . 1 8 0 2 )  ] 6 . 17876  = _ 7 .56 .  
25 

Mr. DiPaolo's thoughts that  gross premium calculations and ra te-  
making are both pure science without an element of "a r t "  are most in- 
teresting. I hope he will still feel that  way if he ever becomes an actuary 
for a small insurance company (particularly if it issues accident and 
health, as well as life, insurance). 

His thoughts on the application of linear programming to gross pre- 
mium calculations and his illustrative equation are quite intriguing. 
While the equation is algebraically correct and seems simple enough to 
apply, Mr. DiPaolo has neglected to show how AIL and Af(TI,) can be 
accurately determined. While a large company may be able to develop 
reasonably accurate values for these parameters, I have grave doubts 
whether this is also true of a small company (even if it had the personnel, 
IBM equipment, time, and money). Certain volatile variables (e.g., 
type of agency organization, rate of agency expansion, quality and 
training of agency personnel, turnover of agents, amount of brokerage 
business, etc.) would seem to make ATI, and Af(TL) among the mos t  
uncertain variables of all. 

Mr. Dana quite reasonably questioned whether it is practical to include 
the cost of reinsurance and average policy size calculations in the gross 
premium calculation. Mr. Hoskins showed the very practical alternative 
to the lengthy theoretical average policy size calculations. In all com- 
panies except a very new one there should be adequate data on which to 
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forecast a distribution of business by policy size. An experienced actuary 
can, even in the case of the new company, call upon past experience to 
make a reasonable (as reasonable as, say, expense assumptions) forecast. 
To handle reinsurance costs as generally suggested in my paper, it is only 
necessary to determine the per cent of insurance and policies reinsured 
(from the distribution of business by policy size) and to estimate the 
experience refund. The reinsurer can usually give the actuary a fairly 
good picture of probable future experience refunds. With a small com- 
puter like the 1401, this can be handled with little real additional effort. 
In any case, I feel that the cost of reinsurance is too important to par- 
tially or completely ignore. 

To quote Mr. Dana, "The 'solve-for' premium will satisfy only a 
single set of conditions (e.g., the 5 per cent profit after 20 years)." Defi- 
nitions 15 and 16 explicitly show that the required rate of profit on the 
new business investment in surplus may vary by policy year. Further- 
more, equation (15) shows that a and b may also vary by policy year, 
even when deficiency reserves are involved. 

While participating premiums and dividends were deliberately ex- 
cluded from the scope of the paper, participating gross premiums and 
dividends that will meet predetermined objectives may be simultaneously 
solved for on a small computer (e.g., 1401) with a relatively simple pro- 
gram not involving linear programming. 

I agree with Mr. Bleakney's feeling regarding the practical guidance 
offered by Mr. Anderson's paper to the actuary faced with the problem 
of setting a premium structure. I attempted, as mentioned previously, to 
avoid duplicating previous literature. My paper is intended to supple- 
ment, rather than replace, Mr. Anderson's fine paper. I t  is intended for 
the reader who is already thoroughly familiar with existing literature on 
gross premiums. 

While Mr. Bleakney's Table A would seem to be understandable to 
a nonactuary (more so than my Table 5, which is not meant for such an 
individual), I still feel that it has too many numbers and that it is un- 
necessary and undesirable for a nonactuary to become involved in the 
manipulations of column 5. If the nonactuary is to help "choose" a final 
gross premium, I believe that the following will be most understandable 
and helpful to him: 

1. Rates of his company's chief competitors. 
2. A schedule of break-even premiums (e.g., When will we get our money back?). 
3. A schedule of "Anderson's Premiums" as shown in Table 4 (e.g., What 

yield will our investment in surplus return?). 
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I t  cannot be too strongly emphasized that there is no one correct pre- 
mium. The "best" premium will depend upon a company's objectives 
and their relative weights (e.g., to maximum profits, rate of growth of 
in force, assets, rate of growth of "market" value of company, dividends 
to stockholders, etc.). If these objectives are to be realized, management 
should, with the assistance of the actuary, balance production against 
surplus, offset profit against competitiveness, and, after a careful weighing 
of its different objectives, "select" a gross premium which it feels will 
best expedite these objectives. 

I strongly recommend that my paper be read with the purpose of 
learning basic actuarial theory. This may then be applied to modify the 
formulas in the paper to maximize practical application. This was bril- 
liantly demonstrated by Mr. Hoskins. Other modifications may be made 
for nonlevel premiums, nonlevel death benefits, coinsurance (by the re- 
insurer as well as the ceding company), participating premiums, and 
dividends. 


