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ROBERT F.  DAVIS:  

I. Introduction 

Mr. Stein is to be congratulated for making a very practical contri- 
bution to active life disability valuation theory by simplifying the der- 
ivation of active life disability net premium formulas. I predict that 
the new commutation functions defined in his paper will receive indus- 
try-wide acceptance. In retrospect, it is really surprising that someone 
in our Society had not thought of them before, because they seem so 
natural after one becomes familiar with them. 

Mr. Stein's key contribution has been in the definition of the follow- 
ing two commutation functions: A, and ,-k t~l- The second function 
appears to be much more important than the first from a formula stand- 
point. The first function is important, however, from a computer stand- 
point, because it can be used to produce values of the second function 
when u -- k is equal to or greater than the select period (in this instance, 
fifteen years) by using the following formula: 

A ~ = A ~ + N~, ("a~," - -  " A  °'  u--k  [u] 14 [u] u--14; " 

This formula is important because it makes possible a disability valua- 
tion program which will contain all required commutation functions in 
about 10,000 positions of computer storage (5,000 for benefit 4 and 5,000 
for benefit 5 functions). This would not be possible if the program was 
required to hold all possible values of ,_#I~,'l instead of merely those 
values for 0 < u -- k < 14. However, I would like to see published some 
time soon all possible values of this function for both benefits 4 and 5 
to facilitate hand checking of net premiums produced by a computer 
program. 
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I like also Mr.  Stein 's  new commuta t ion  function '~ i M, .  I t  is a much 
more useful function for the usual d isabi l i ty  p remium calculat ion than 
the s t andard ized  function ~ - *  uM,. A lot more compute r  s torage would be 
required to hold all possible values of the l a t t e r  function. 

I have three mi ldly  crit ical comments  to make about  Mr.  Stein 's  
paper .  They  are as follows: 

1. The net premium formulas require the difference between the ( t -  1)st 
and tth different basic plan gross premiums. 

2. The tests required for selecting the applicable net premium formulas seem 
unduly complicated. 

3. A minimum assumption of two different basic policy gross premiums is 
required for level premium policies. 

Section I I [  of this discussion contains a deve lopment  of three general  
waiver  d isabi l i ty  net p remium formulas  which I believe will produce the 
same premium as Mr.  Stein 's  formulas  and which do not  have to as high 
a degree the three defects described above. 

Dur ing  the deve lopment  of the  Section I I I  net  p remium formulas,  I 
found it  convenient  to use some new or redefined symbols.  Such symbols  
are defined in Section II .  M y  only purpose  in redefining any  symbols  used 
in Mr.  Stein 's  paper  is to cut  down on their  size. 

I I .  Redefinitions 
Most  of the symbols  used in the formulas  shown in Section I I I  are 

ei ther s t andard  or were defined in Mr.  Stein 's  paper .  However ,  there  
are a few symbols  which were ei ther not  defined in his paper  or which I 
have redefined. I am not  very  pleased with the superscr ipts  used with 
some of the symbols  shown below, but  there are only twenty-s ix  le t ters  
in the a lphabe t  and many  of these le t ters  had  a l ready  been used with 
previously  defined symbols.  The  new and redefined symbols  which I 
have used in Section I I I  are shown below: 

m = 6 (months) .  

Dio = Di[t+ll2]+lf2. 
~\ [ t + l t 2 l + u - t - l l 2 ,  

vl l2Crt  = k t  ([ apologize for using this symbol  when Mr.  Stein had  
another  definition for k in his paper) .  

tA~ = A"" u - t  t-l, when u --  t < 14, 
14A[~j+ (~A~ ~ -  A~_a,), when u - - t >  14. Note  tha t  I 
have d ropped  the superscr ipt  n from Mr.  Stein 's  function. I 
can see no useful purpose  being served by it. I might  make  the 

to v r  same comment  also about  the superscr ipt  v in the function A ,  . 
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PG~ = To ta l  gross annual  p remium for a pol icy  original ly issued 
a t  age x which is payab le  at  the insured 's  a t t a ined  pol icy 
ages p through q - -  1. 

1~ qw uP, : , - -~  = Ne t  annual  waiver  p remium payab le  from age x through age 
z - -  1 which will provide  a waiver  benefit  in the amoun t  of 
PG~ from a t ta ined  age p through age q - -  1, provided  the 
insured becomes disabled between ages x and q or x and y if 
y is less than  q. 

I I I .  Development of General Net Premium Formulas for v ¢~ 
I t  appears  tha t  the appropr ia te  formula  to use for calculat ing p qw 

depends upon which of the following condit ions is t rue:  

CONDITION I. y >_ q. 
CONDITION II .  p < y < q. 
CONDITION I I I .  y < p. 

A. Condi t ion  I Fo rmu la  

F r o m  the definition given for p q* " vp, : , -~7 In Section I I ,  i t  should Jbe obvious 
from general  reasoning t ha t  the formula  for p ¢~ qp~:,---~ is as shown below: 

t T ~ k  -~ -- ,Nq) p qw = (VG q) t ( t N v  - i  
qP,:i-~ . • D~,I 

~"k I ~' t+l -- ,Nq) 
+ z.., '1_ - n T  + { ( N : -  N , ) .  

t = ~  " "  [ t] 

(Ia) 

The  first summat ion  te rm 

~ - - 1  

I2 
t ~ X  

in formula  (Ia)  can be rewri t ten in terms of previously  defined commuta -  
t ion funct ions as shown below: 

d , - d ~ + d , .  X p Z q p q 

Similarly,  the second summat ion  term 

q - - 1  

E 

(Ib) 

t = p  

can be rewri t ten  in terms of commuta t ion  functions as shown below: 

~ M ' -  wM~- d" (Ic) 
P q P q " 
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By subst i tu t ing  the commuta t ion  functions of formulas  (Ib)  and (Ic) 
for the appropr ia t e  summat ion  terms in formula  (Ia) ,  we arr ive at  the 
following general Condi t ion I formula for pqp*:,qw . _ x  l. 

p q w - - i  - r  w - - i  g ~ r  

p p ~  = G.(  M p + . A ~ - -  M q - - .  e) ( Id)  

B. Condi t ion  I I  Fo rmula  

The  only difference between the Condi t ion I I  (p _~ y < q) formula  is in 
the  upper  l imit  of the second summat ion  term in formula (Ia) .  The  
upper  l imit  under  Condi t ion I I  is y --  1 and not  q --  1. The second 
summat ion  term with an upper  l imit  of y --  1 can be rewri t ten in terms 
of commuta t ion  functions as shown below: 

~ r ~  --  w/ffri _ Ar + A t .  ( I I a )  
P Y P q Y q 

By subst i tu t ing  the commuta t ion  functions of formulas  (Ib) and ( I I a )  
for the summat ion  terms in formula (Ia) ,  we arrive at  the following general 
Condi t ion I I  formula for p qw . 

- r  w - - i  - r  - r  
p ~: PGq~('°M; + :~A,  - -  M v  - -  : A q  + ,,Aq) 

~P~:~---'~I = N ~  - -  N ,  

C. Condi t ion I I I  Formula  

The  difference between the Condi t ion I I I  (y < p) formula fo r"  q~ 
and the Condi t ion I formula (Ia)  is tha t  there is no second summat ion  
term and the upper  l imit  for the first summat ion  term is y --  1 ra ther  
than p --  1. The  first summat ion  term in formula  (Ia)  with an upper  
l imit  of y --  1 can be rewri t ten in terms of commuta t ion  functions as 
shown below: 

A t _  A t _  A~+ A,. (IIIa) 
x p y p x q y q 

By subst i tu t ing the commuta t ion  functions of formula ( I I I a )  for the 
first summat ion  term in formula (Ia)  and dropping  the second summat ion  
term, we arr ive at  the following general Condi t ion I I I  formula for~p=::-:" qw_ ~: 

pg:.qt A ~ _  -~ - -  A ~ -~ 
p p ~  _ = : : , :  p yAp : q + ~A=) ( I I I b )  
v =:,-=r N = -  N, 

I t  should be very easy to use the three general  waiver disabi l i ty  net  
p remium formulas  shown above for level p remium policies. For  such 
policies p = x and q = u. The  Condi t ion I I I  formula,  of course, is not  
appl icable  for these plans because y cannot  be less than x. 
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(AUTHOR'S REVIEW OF DISCUSSION) 

MEL STEIN : 

Mr. Davis is to be congratulated for his scholarly discussion of this 
paper. 

The functions that  he put  forth provide an interesting and clever 
alternative way of viewing the material put forth in the paper. 

If we look a little deeper into Mr. Davis '  discussion, it can be seen 
that  to use his functions requires the following choices: (1) to store a 
full two-dimensional table of ~ functions in the computer or its mass 
storage media (e.g., tapes or disks) or (2) to store ~ in two separate 
classes (e.g., A~ and u_~At~]) , as is done in the paper. 

The first choice will, of course, require a substantially greater amount 
of computer storage, while the second will result in an approach analogous, 
if not identical, to that  taken in the paper. 

The author again wishes to thank Mr. Davis for the time he put into 
his excellent discussion. 




