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ABSTRACT 

Mean reserve factors should be those factors which, under the assump- 
tions, are best related to the population or in-force to which they will be 
applied. To compute mean natural reserve factors properly requires close 
attention to the sequence and timing of the insurance events which take 
place within each policy year. 

There can be as many techniques for the amortization of expenses as 
there are for the depreciation of assets. The actual pattern of expense 
amortization should accord with a conscious policy decision rather than 
the vagaries of any set formula. A mortgage amortization technique can, 
when used properly, produce the same results as an expense runoff, 
including an amortization directly proportional to premium income when 
an interest rate of zero per cent is used. This technique can accommodate 
actual amortizable expenses arising in uneven amounts over a number of 
policy years. 

Earnings, statutory or adjusted, can be developed through the use of 
mean reserve factors, although, for adjusted earnings, an expense runoff 
charge may be used instead of expense reserve factors. The process of 
adjusting earnings changes their incidence. As earnings are reported, they 
are transferred to a general corporate account, which thereafter will 
produce earnings no longer specifically ascribed to the insurance policies 
which produced the original earnings. By taking this feature into account, 
one can demonstrate that, no matter how reported, earnings scales are 
actuarially equivalent. 

The main challenge to the actuary is in developing a system of report- 
ing earnings which is workable and fairly fulfills its intended purpose. 

I. INTRODUCTION 

W 
ITH the growing recognition that certain acquisition expenses 
in the sale of life insurance must be amortized so as to produce 
realistic reports of earnings, it becomes important to consider 

anew the traditional practical means of computing individual life insurance 
reserves, and to undertake a fresh consideration of some amortization 
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methods and of their effect on reported earnings. In view of the popularity 
of the seriatim and group methods of valuation, which consist in applying 
a mean reserve factor to one policy or a group of similar individual 
policies in force at the calendar 3ear end, one important  purpose of this 
paper is to examine how mean reserve factors can best be calculated in 
light of the new accounting reporting requirements for the earnings of 
stock life insurance companies. At the same time we shall examine some 
methods of expense amortization, including the reserve factor method, 
and also at tempt to show an informative comparison of how reported 
calendar-year earnings can be expected to emerge with statutory mean 
reserve factors, natural mean reserve factors, and assorted expense 
amortization methods. 

I I .  M E A N  R E S E R V E  F A C T O R S  

A. A Theory of Mean Reserves 

Mean reserve factors are used as a means to an end. The end is to 
produce the most practical and rational approximation possible to what 
the true reserve ought to be at the time of valuation, traditionally a 
calendar year end. By convention, the mean reserve for an)- given policy 
year is the average of the initial and the terminal reserves for that policy 
year. If the initial and terminal reserves are amounts which are quite 
close to one another, the mean reserve will produce a very satisfactory 
approximation to the " t rue"  reserve at the time of valuation. If the initial 
and terminal reserves are far apart, however, the resulting mean reserve 
may be off substantially, as where the mean reserve factors are applied to 
a distribution of in-force by policy anniversary which is not uniform 
throughout the calendar year as of the end of which a reserve valuation is 
undertaken. 

If  we let 

tV = Terminal reserve at the end of policy year t, 
,P = Net annual premium payable at the beginning of policy year t, and 

tM = Mean reserve for policy year t, 

the tradition has been to define 
1 tM = ~[(,_,V + ,P) + ,V] ,  (1) 

where (t-iV + tP) is regarded as the initial reserve. 
But consider the case of a twenty-year endowment insurance policy. 

What  is the terminal reserve for the twentieth year? I t  is either the face 
amount,  if one looks at the policy one instant before the endowment 
benefit is paid, or zero, if one looks at the policy one instant after the 
endowment benefit is paid. If one encounters a whole life policy with a 
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pure endowment of $100 at the end of every fifth policy year, the mean 
reserve factor for policy )'ear 5 must be 

~M = ½[(~V + 5P) + 2 V ] ,  (2) 

where symbols are defined as previously and where 5V includes the SIO0 
pure endowment. But the mean reserve factor for policy year 6 would 
have to be 

aM = ½[(sV -- sB Jr- 6P) q- 6V], (3) 

where ~B represents the $100 pure endowment benefit. 
This illustrates the need to define the terminal reserve as the year-end 

reserve before all policy-year-end transactions. Policy-year-end transac- 
tions, in that context, should include not only benefit payments but also 
population decrements (as will be explained hereafter). 

Likewise, the initial reserve which becomes the component for the 
same year's mean reserve should be that reserve which is applicable 
after all policy-year-beginning transactions (hence, also, after all trans- 
actions of the previous policy year end). 

Where major transactions are assumed, generally quite properly, 
to take place at policy year ends and at the beginnings of policy years - -  
as, for example, in the collection of pure endowment benefits or dividends, 
the surrender of policies for their cash value or equivalent benefit, the 
payment of annual premiums by the policyowner, and the disbursement 
of commissions and payment of other expenses by the insurer--the only 
factors which should normally be assumed to cause the difference between 
the initial reserve and the terminal reserve are deaths (a source of decre- 
ment) and interest (a source of increment). Death claims and interest 
earnings are in the nature of continuous operations, and their effect can 
probably best be estimated by calculating mean reserves as the average 
of the corresponding initial and terminal reserves. Where annual premium 
payments are the rule, which is presumed here, practically all transactions 
affecting benefits and expenses, other than death and the slow continuous 
earning of interest, take place at policy year ends. 

Using so-called natural reserves, that is, reserves which take expenses 
and withdrawals into account, it becomes important to determine what 
major transactions are to be assumed to take place. This should be done 
as realistically as possible, if mean reserves approximating the "true" 
reserves are desired. To be considered are the payment of cash benefits, 
such as coupons, pure endowments, dividends, and cash values; payments 
to survivors; the receipt of premiums; and the payment of expenses. 
Transactions which should logically be bunched up at policy year ends 
(depending upon the insurer's experience with a particular type of policy) 
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should be taken into account at the proper time in the derivation of the 
initial and terminal reserves which will serve to make up the mean reserve 
factors. 

We indicated earlier that policy-year-end transactions should include 
not only benefit payments but also population decrements. The question 
one may ask about reserves is, "To what group of people do they per- 
tain?" The pre-policy year end transactions terminal reserve is applicable 
to those insureds who are then members of the insured population. Hence, 
in a population where deaths and withdrawals can occur, but where 
withdrawals are presumed to take place only at policy year ends, while 
deaths are continuous, the terminal reserve will be, in a rough way of 
speaking, the equity of those who are then around and in a position to 
make some kind of claim against the insurer. Those who claim their 
cash value will not only withdraw a part  of the reserve fund of the in- 
surer for that group---they will also be withdrawing from the group and 
hence will cause a reapportionment, among the remaining members, of 
the remaining fund. This may create an instant survivorship benefit for 
the nonwithdrawing survivors if cash values are smaller than reserves. 

B .  M e a n  Reserve  C a l c u l a t i o n  E x a m p l e  f o r  Bene f i t s  

Since current adjusted earnings approaches contemplate the calcula- 
tion of separate reserves for benefits and for expenses eligible for amortiza- 
tion, the transition from initial to terminal reserve, and then from termi- 
nal to initial reserve, will be considered separately for each. 

Let us define the following terms: 

lL-i = Number of insureds who pay the annual premium at the beginning 
of policy )'ear t; 

t l  B -=- Initial reserve for benefits as of the beginning of policy )ear  t 
(after all beginning-of-year transactions); 

i = Interest rate assumed to be earned during policy 3"ear t; 

d,-1 = Number of insureds dying during policy year t 
l ~ ( d )  . 

"~- t--l~t--l, 

tV ~ = Terminal reserve for benefits as at the end of policy )'ear t (before 
all end-of-year transactions). 

Then the transition from initial to terminal reserve can be viewed by 
the following actuarial equation (which assumes that a SI,O00 benefit is 
payable on death): 

It_, riB(1 + i) -- 1,000(1 + i) ' / '2dt_, = ( l t_ l  - d,_~) , V s . (4) 

This is a far from startling result unless one realizes that withdrawal 
benefits are contemplated in the fornmlas for , I  B and tV n. The terminal 
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reserve t V  B pertains to all survivors, including those about to collect cash 
benefits and even withdraw. 

Let us define a few more terms: 

tC V = Cash value available at the end of policy year t; 

wt-1 = Number of insureds withdrawing at the end of policy year t 
= I,_1(1 ,,~a) ~(u,) ( l t - i  ('~)" - -  = - -  d t - l ) q t - 1 ,  ~ l t - - 1 ] ' i t - - i  

tY = Dividend or coupon payable at the end of policy year t (regardless 
of whether the next premium is paid); 

~pB = Annual premium for benefits payable at the beginning of policy 
)'ear t. 

Note that 

l~ = l t - i  . . . .  d t - i  w t - I  /t-l(1 q,-1)(l(d) _ qt-1)("~" . (5) 

The transition from one terminal reserve (at the end of policy year t) 
to the next following initial reserve can be viewed by the following actu- 
arial equation, which takes into account all major policy-year-end trans- 
actions: 

(lt_.l - -  d r - l )  t V  B - -  t C V  w t _ l  - -  , Y ( l , _ ~  - -  d,_~) + It t+ lP  B 

= It t+l/B • (6) 

The mean reserge factor, which one would then expect to apply to a 
population of lt_a -- 1 ~dt-~, the expected in-force at calendar year end 
midway in policy 3"ear t, would quite properly be seen as ½(~I B + t V n ) .  

In effect, if one should follow the progress of ~I s for a half-year, one would 
have 

l , _ ,  t i n ( 1  + i) ~t2 - -  ~[i,000(1 + i ) t t 4 ld t_ ,  = ( l , _ ,  - -  ~ d ,_ , )  t M  s , (7~ 

where tM R is the tth-year mean reserve for benefits. 
From that  point on, the mean reserve would progress roughly in this 

fashion: 

(lt_~ -- ½d,_~) tMS(1 -t- i)'/'-' -- ½[1,000(1 q- i)I/4]dt_~ 

= ( t ~ _ ~ -  d , _ ~ ) ,  V ~ . (8)  

If  one multiplies equation (7) by (1 q- i)  ~/2 and substitutes in equation 
(8) for the term involving the mean reserve factor tM s, one will reproduce, 
after taking the practical liberty of setting ½(1 -+- i) 3/4 -Av ½(l -J- i) 1/4 = 
(1 -k i) ~/2, equation (4), namely, 

I,_1 flU(1 -Jr- i) -- 1,000(1 q- i ) ' / 2 d t _ l  = (It_~ - -  dr_ , )  , V s • 

I t  is conceded that to calculate the mean reserve as the arithmetic 
average of the initial and terminal reserves is a prac t i ca l  step. The main 



464 DEVELOPING RESERVE FACTORS FOR ADJUSTED EARNINGS 

point  is that ,  if initial and terminal  reserves are calculated properly,  the 
pract ical  mean reserve will be much closer, in most s i tuat ions,  to the cor- 
rect or true mean reserve, while improper initial and terminal  reserves 
may cause greatly" distorted earning pat terns  and inadequate  or re- 
dundan t  natura l  reserves. 

C. Mean Reserve Calculation Example for Expenses 

Let  us again define a few addi t ional  terms: 

d K = Ini t ial  reserve for expenses eligible for amort izat ion as of the be- 
ginning of policy- year  I (after all beginning-of-year transactions) ; 

,V ~' = Terminal  reserve for expenses as of the end of pol icy 3ca / ' / (be fo re  
all end-of-year t ransact ions);  

,P~: = Annual  premium for expenses payable  at  the beginning of policy 
}'ear t, or, viewed differently', level amount  avai lable  from each 
policyowner paying the tth premium for the amort iza t ion of 
eligible expenses; 

tE E -- Actual  amortizable expenses paid at  the beginning of policy' year  t. 

The transit ion from initial to terminal reserve can be viewed through 
the equation 

l,_~ ,IL'(1 + i) = (It_, --  d,_,) , V ~' , (9) 

while the transit ion from each terminal reserve to the next following 
initial reserve can be seen as 

(l,_~ - -  d r_ , )  iV*:  + l , ( , + , 1  "e" - -  t + , E  ~') = It , ~ , I * : .  (10) 
Again mean reserve factors will be taken as ½(,I E + tV E) and will be 

expected to apply- to an in-force of l,_, - -  }dt-~. 
The progress of the reserve in the first half of the policy year  will be 

expected to conform to the equation 

1,-1 ,IU(1 + i) 1/2 = (lt_l 1 - -  ~ d t - t )  t M  e" (11) 
and in the second half to 

(l,_~ - -  { -d ,_ , )  ,M~: (1  + i )  '/2 = ( I ,_ ,  - -  d ,_~)  , V  ~: . (12) 

I I I .  AMORTIZATION OF EXPENSES 

A. Theoretical Considerations 

A cash out lay is a fact, while depreciat ion and its twin, amort izat ion 
of expenses, are fictional, al though they" may seek to reflect reality'. 
(Likewise, it may  be philosophically observed that  while earnings are 
u l t imate ly  a fact, reported earnings have as such a more fictional or in- 
tellectual reality.) Depreciat ion and amort izat ion are essentially" alloca- 
tion devices between defined time periods, and this allocation generally, 
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reflects the al locator 's  objectives,  subject,  of course, to such external  
constraints  as may exist on his discretion to allocate. Depreciat ion and 
amort izat ion are na tura l  corollaries of accrual basis accounting and have 
no place in a strict cash basis of accounting. The amort izat ion of expenses 
could be viewed essentially as a depreciat ion of the asset which the ex- 
pense to be amortized secured. 

Depreciat ion can be accelerated, constant ,  or decelerated.  For instance, 
a cash expenditure of S1,000 could be reported according to the pal  terns 
shown in Table 1, over a ten-year period. 

TABLE 1 

E X A M P L E S  O F  A S S O R T E D  P A T T E R N S  O F  D E P R E C I A T I O N  

YEAR 

1 . . . . . . . . . . .  
2 . . . . . . . . . . .  
3 . . . . . . . . . . .  

4 . . . . . . . . . . .  
5 . . . . . . . . . . .  

6 . . . . . . . . . . .  
7 . . . . . . . . . . .  
8 . . . . . . . . . . .  
9 . . . . . . . . . . .  

10 . . . . . . . . .  

CASH 
BASIS 

S1,000.00 
0 
0 
0 
0 
0 
0 
0 
0 
0 

D o u b l e -  
d e c l i n i n g  

B a l a n c e  
M e t h o d *  

$ 200.00 
160.00 
128.00 
102.40 
81.92 
65.54 
65.54 
65.54 
65.53 
65.53 

ACCRUAL BASIS 

S u m - o [ -  
Y e a r s  S t r a i g h t -  

L i n e  
D i g i t s  M e t h o d  

M e t h o d  

$ 181.82 $ 100.00 
163.64 100.00 
145.45 100.00 
127.27 10o.0o 
109.09 100.00 
90.91 100.00 
72.73 100. O0 
54.55 100.00 
36 36 100. O0 
18.18 100.00 

$1,000. Oo $1,000. o0 

Sink ing ,  

F u n d  
M e t h o d  

(8%) 

$ 69.03 
74.55 
80.52 
86.96 
93.91 

1 O1.43 
109.54 
118.30 
127.77 
137.99 

Total . . . .  $1,000.00 $1,000.00 $1,000.00 

* W i t h  c o n v e r s i o n  to t he  s t r a i g i l t - l i n e  m e t h o d  in t h e  l a s t  few y e a r s ,  as  c o m m o n l y  u sed .  

Actuar ia l ly ,  under normal theories of compound interest,  these sched- 
ules for reporting a 81,000 one-time cash expenditure are not  equivalent  
(unless a 0 per cent interest  ra te  is chosen), but  the point  to remember  is 
tha t  they are fictional, tha t  is, tools of the mind, and fictional amounts  
do not  earn actual  interest,  or cost an5". If the expenditure caused an 
interest-earning asset such as cash to be exchanged for another asset 
(such as life insurance in force) which contr ibutes to earning profits, it is 
difficult to see what would be gained by t reat ing the cash expenditure as 
an interest-bearing loan where the interest  is both  charged and paid to 
oneself: the net effect on total  actual  or reported earnings is bound to be 
zero. Lending money to oneself accomplishes nothing, as an over-all  re- 
suit. Hence the postulate  is s ta ted here that ,  no mat te r  what anaortization 
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method is chosen, and no matter  what the period over which the amorti- 
zation takes place, neither more nor less than the actual acquisition ex- 
pense may be charged to income. 

B. Expense Runoffs 

The privilege of amortizing a cash expenditure over a number of fiscal 
periods for accounting purposes is, in fact, recognition that the expendi- 
ture secured some form of depreciable capital asset (even if intangible). 
I t  is difficult to think of any reason why the amortization of expenses 
could not be handled with as much intelligence, imagination, and flex- 
ibility as depreciation currently is. Thus it can be argued that as much 
flexibility should be allowed in the choice of an amortization method as 
in the choice of depreciation methods. 

One more point should be noted: the value placed on the depreciable 
asset which the amortizable acquisition expense is deemed to have secured 
is conservatively assumed not to exceed the expense of acquiring it. This 
process, in effect, establishes a book value for the in-force asset, and this 
book value should cast no reflection upon the in-force's market value. 

Before the amortization process can take place, it is important to first 
characterize expenses so that only those expenses eligible for amortization, 
under prevailing standards, are in fact subjected to the amortization 
process. The determination of what expenses are eligible for amortization 
is beyond the scope of this paper, but the constant references to expenses 
eligible for amortization or to amortizable expenses should serve here as 
a sufficient reminder of the importance of characterizing expenses proper- 
h" before proceeding to amortize. 

The proposition has been advanced that the amortization of acquisi- 
tion expenses eligible for amortization should be in direct proportion to 
premium income. Since premium payers have the privilege of ceasing to 
pay premiums when they see fit, a perfect amortization would require a 
flawless prediction of future premium income (or else it long, long wait 
before earnings could be reported). Since this is asking too much, reason- 
able actuarial assumptions must be used, subject to appropriate mid- 
course corrections, as in lunar voyages. 

One amortization method is to have a direct proportional amortiza- 
tion, as illustrated in column 3 of 'Fable 2. This method is conceptually 
equivalent to the straight-line method of depreciation. (In examining 
Table 2 and subsequent tables, note that all examples in this paper as- 
sume, for practical purposes, that all policies terminate after twenty-five 
years.) 

Another method is to discount expected premium income, at interest, 
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a n d  to a m o r t i z e  expenses  el igible for a m o r t i z a t i o n  in the  p r o p o r t i o n  of 

each  ) :ear 's  p r e m i u m  income  d i s c o u n t e d  to t he  t ime  of issue to all ) ' ea rs '  

p r e m i u m  income  d i s c o u n t e d  to the  t ime  of issue. As the  i l l u s t r a t i on  of 

c o l u m n  4 of T a b l e  2 shows,  th i s  m e t h o d  acce le ra tes  the  a m o r t i z a t i o n  of 

expenses .  N o  p a r t i c u l a r  logic seems to w a r r a n t  th is  a p p r o a c h .  

A th i rd  m e t h o d  is the  s ink ing  f u n d  a p p r o a c h  i l l u s t r a t ed  in c o l u m n  5 of 

T a b l e  2. T h e  s ink ing  f u n d  m e t h o d  also i n c o r p o r a t e s  a n  in te res t  ra te .  As a 

d e p r e c i a t i o n  m e t h o d ,  i t  calls for c h a r g i n g  as d e p r e c i a t i o n  each yea r  a 

level  a m o u n t  p lu s  i n t e r e s t  on p a s t  d e p r e c i a t i o n  charges ,  in such  a way- 

t h a t  a r e p l a c e m e n t  f u n d  will be  ava i l ab l e  to  rep lace  t h e  dep rec i a t ed  asse t ,  

a t  i t s  or ig ina l  cost ,  a t  t he  exp i r a t i on  of i ts  useful  life. W h i l e  th is  r a t i o n a l e  

m a y  be  to ta l ly  un rea l i s t i c  in mos t  s i t ua t i ons ,  the  ex is tence  and  m e c h a n i c s  

TABLE 2 

EXPENSE RUNOFFS UNDER ASSORTED AMORTIZATION METHODS 

POLICY 

YEAR 

(t) 

1 . . . . . . . . . . . . .  

2 . . . . . . . . . . . . .  

3 . . . . . . . . . . . . .  

4 . . . . . . . . . . . . .  

5 . . . . . . . . . . . . .  

6 . . . . . . . . . . . . .  

7 . . . . . . . . . . . . .  

8 . . . . . . . . . . . . .  

9 . . . . . . . . . . . . .  

10 . . . . . . . . . . . .  
11 . . . . . . . . . . . .  
12 . . . . . . . . . . . .  
13 . . . . . . . . . . . .  
14 . . . . . . . . . . . .  
15 . . . . . . . . . . . .  
16 . . . . . . . . . . . .  
17 . . . . . . . . . . . .  
18 . . . . . . . . . . . .  
19 . . . . . . . . . . .  
20 . . . . . . . . . . .  
21 . . . . . . . . . . .  
22 . . . . . . . . . . .  
23 . . . . . . . . . . .  
24 . . . . . . . . . . .  
25 . . . . . . . . . . . .  ] 

Total . . . . . . .  I I 

PROPORTION 
OP PREMYUM 

PAIB 

(2) 

1.00000 
0.79938 
0.70279 
0.63179 
0.57542 
0.52857 
0.48965 
0.45737 
O.42982 
0.40550 
0.38404 
0.36433 
0.34619 
0.32947 
0.31402 
0.29972 
0.28583 
0.27240 
0.25940 
0.24683 
0.23466 
0.22287 
0.21145 
0.20037 
0.18962 

AMORTIZATION SCIJEDULE FOR $I ,000 ACQUISITION EXPENSE 

W ith Premiums 
D iseounted 
to Issue* 

(4) 

Straight 
Runoff 

(3) 

$ 98.22 
78.5l 
69.03 
62.05 
56.52 
51.92 
48.09 
44.92 
42,22 
39.83 
37.72 
35.78 
34.00 
32.36 
30.84 
29.44 
28.07 
26.75 
25.48 
24.24 
23.05 
21.89 
20.77 
19.68 
18.62 

$ 151.53 
114.27 
94.78 
80.38 
69.06 
59.85 
52.30 
46.09 
40.86 
36.37 
32.49 
29.08 
26.07 
23.41 
21.04 
18.95 
17.05 
15.33 
13.77 
12.36 
11.09 
9,93 
8.89 
7.95 
7.10 

Under  S ink-  

ing Fund  

A p p r o a c h *  

(s) 

37.42 
32.16 
30.48 
29.65 
29.32 
29.32 
29.63 
30.19 
30.98 
31.92 
33.04 
34.28 
35.66 
37.17 
38.82 
40.62 
42.54 
44.59 
46.77 
49.11 
51,60 
54.26 
57.08 
60.09 
63,30 

10. 18149 $1,000.00 $1,000.00 $1,000.00 

* U s i n g  6 per  c e n t  a n n u m  i n t e r e s t .  
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of this method show that the use of interest may serve to slow up de- 
preciation or the amortization of expenses. Hence one may use interest 
to accelerate amortization, as in colunm 4, or to postpone it, as in column 
5. (The sinking fund depreciation method is a recognized, but little used, 
depreciation method.) 

What the figures of Table 2 perhaps illustrate best is the variety of 
results which the use of interest can produce in assorted amortization 
formulas. 

A special comment should be made about an actuarial technique which, 
for expense amortization purposes, should be handled with care. One may 
be tempted to find a level percentage of premiums, expressed as an 
amount, such that the value of all such amounts (using customary factors 
of life contingencies and interest), at any time, is equal to the value, at 
the same time, of the amortizable expenses. This technique creates a 
special amortizable expense premium akin to the net level premium used 
in statutory life reserve calculations. Referring to the basic data from 
Table 2, one will find that the annual amortizable expense premium, at 
6 per cent, comes to 8151.525 and that 81,542.74 (8151.525 times 
10.18149) is expected to be charged over the twenty-five-year useful life 
assumed for each item of business produced by the S1,000 amortizable 
expense. As will be demonstrated later, the use of reserve factors will, 
even under this actuarial technique, cause no more than S1,000 to be 
amortized for each S1,000 expended. But there is some danger, when this 
technique is used under the runoff method, that the interest charged to 
oneself will not be counted also as interest paid to oneself. If interest 
is counted in both places, or in neither place, then no more or less than 
the actual acquisition expense is charged to income, and the system 
of amortization contains no inherent flaw. Table 2A illustrates results 
under this technique, with the same assumptions on premiums paid and 
interest (6 per cent) as in Table 2. One will see, from a comparison of the 
straight runoff amortization of Table 2 and the "actuarial" runoff of 
Table 2A, that the latter is not proportionate to premiums paid and is 
less conservative in the long run (after .year 7 a greater amount has been 
amortized under the straight runoff method). Pharr has demonstrated 
(TSA, XXIV, 25) that, under this approach, when assumptions are real- 
ize(t, the runoff method and the reserve factor method produce the same 
amortization. The caveat here is that, when the actuarial runoff method 
is used, the presence of interest requires proper and careful handling. 
More specifically', the net amount to be amortized each year is that 
shown in column 4 of Table 2A, not that in column 2, which is the "net 
level premiunl for amortizable expenses" multiplied by the in-force 
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vo lume .  (Fo r  g rea t e r  ease of descr ip t ion ,  th i s  a p p r o a c h  m i g h t  b e s t  be  

refer red  to as the  " m o r t g a g e  a m o r t i z a t i o n  a p p r o a c h , "  since t he  word 

" a c t u a r i a l "  does  no t  p r o v i d e  as g raph ic  a desc r ip t ion . )  

C .  U s e  o f  M e a n  R e s e r v e  F a c t o r s  

T h e  m e a n  rese rve  f a c t o r  m e t h o d  of a m o r t i z a t i o n  n o r m a l l y  c o n t e m -  

p la t e s  the  use  of an  i n t e r e s t  r a t e  (which ,  howeve r ,  cou ld  be  0 pe r  cen t ) ,  

a n d  the  effect of us ing  such  a n  i n t e r e s t  r a t e  is diff icul t  to  isolate.  T h e  re- 

q u i r e m e n t  of a n  a c t u a r i a l  e q u i v a l e n c e  b e t w e e n  r e t r o s p e c t i v e  a n d  prospec-  

t ive  ca lcu la t ions ,  no t  p r e s e n t  wi th  the  runoff  m e t h o d s  (except  ind i rec t ly ,  

w i t h  the  m o r t g a g e  a m o r t i z a t i o n  a p p r o a c h ) ,  has  a s u b s t a n t i a l  s m o o t h i n g  

effect. 

TABLE 2A 

E X P E N S E  R U N O F F  BY " A C T U A R I A L "  OR " M O R T G A G E "  

A M O R T I Z A T I O N  T E C H N I Q U E *  

Policy Year 

(1) 

1 . . . . . . . . . . . . . . . . .  
2 . . . . . . . . . . . . . . . . .  
3 . . . . . . . . . . . . . . . . .  
4 . . . . . . . . . . . . . . . . .  
5 . . . . . . . . . . . . . . . . .  
6 . . . . . . . . . . . . . . . . .  
7 . . . . . . . . . . . . . . . . .  
8 . . . . . . . . . . . . . . . . .  
9 . . . . . . . . . . . . . . . . .  
10 . . . . . . . . . . . . . . . .  
11 . . . . . . . . . . . . . . . .  
12 . . . . . . . . . . . . . . . .  
13 . . . . . . . . . . . . . . . .  
14 . . . . . . . . . . . . . . . .  
15 . . . . . . . . . . . . . . . .  
16 . . . . . . . . . . . . . . . .  
17 . . . . . . . . . . . . . . . .  
18 . . . . . . . . . . . . . . . .  
19 . . . . . . . . . . . . . . . .  
20 . . . . . . . . . . . . . . . .  
21 . . . . . . . . . . . . . . . .  
22 . . . . . . . . . . . . . . . .  
23 . . . . . . . . . . . . . . . .  
24 . . . . . . . . . . . . . . . .  
25 . . . . . . . . . . . . . . . .  

Total . . . . . . . . . . . .  

Amort izable  
Expense 

Premium 
Charge 

(2) 

$ 151.53 
121.13 
106.49 
95.73 
87.19 
80.09 
74.19 
69.30 
65.13 
61.44 
58.19 
55.20 
52.46 
49.92 
47.58 
45.42 
43.31 
41.27 
39.31 
37.40 
35.56 
33.77 
32.04 
30.36 
28.73 

$1,542.74 

Interest  
Charge 

(3) 

$ 0.00 
50.91 
46.70 
43.11 
39.95 
37.11 
34.53 
32.15 
29.93 
27.81 
25.80 
23.85 
21.98 
20.14 
18.36 
16.61 
14.88 
13.17 
11.49 
9.82 
8.16 
6.52 
4.88 
3.25 
1.63 

$542.74 

Net  
Amort iza t ion 

[(2) -(3)1 

(4) 

$ 151.53 
70.22 
59.79 
52.62 
47.24 
42.98 
39.66 
37.15 
35.20 
33.63 
32.39 
31.35 
3O. 48 
29.78 
29.22 
28.81 
28.43 
28.10 
27.82 
27.58 
27.40 
27.25 
27.16 
27.11 
27.10 

$1,000.00 

* Col. 2: amortizable expense premium times projected in-force (tPg), or "mortgage 
loan payment"; col. 3: interest portion contained in tP s charged on unamortized expen~ 
balance or on "loan principal outstanding"; col. 4: reduction in expenses remaining to be 
amortized or in "loan principal." 
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U n d e r  this a m o r t i z a t i o n  m e t h o d ,  a f ic t i t ious  ne t  p r e m i u m  is first  cre- 

a ted ,  f rom which reserve  fac tors  are t hen  deve loped  in accordance  wi th  

no rm a l  ac tuar ia l  fo rmulas :  These  reserve  fac to rs  are  negat ive ,  since the  

expenses  are pa id  first  and  the  p r e m i u m s  col lected later.  These  rese rve  

fac tors  are  t hen  appl ied  to the  ac tua l  in- force  a t  each va lua t ion .  T a b l e  3 

i l lus t ra tes  the  a m o r t i z a t i o n  resul ts  this a p p r o a c h  can create ,  and the com-  

par i son  wi th  t he  resu l t s  of Tab le  2, where  t he  same a s sumpt ions  are used,  

is also in fo rma t ive .  For  the  sake of c o m p a r i n g  the  resu l t s  under  two  differ-  

en t  in te res t  ra tes ,  co lumn 5 of Tab le  3 shows  the  amor t i za t ion  p a t t e r n  to  

be expec ted  where  3 per  cen t  in te res t  is used  in the  formulas  r a the r  t h a n  

the  6 per  cent  used  elsewhere.  Co lumn  6 shows the  co r respond ing  resu l t s  

w h e n  the  same app roach  is used,  bu t  w i th  a 0 per  cent  in teres t  r a t e :  i t  

TABLE 3 

A M O R T I Z A T I O N  P A T T E R N S  W I T H  R E S E R V E  FACTOR M E T H O D  

AMORTIZATION OF $1,000 ACQUISITION EXPENSE 

POLZCY Y E A R  

(1) 

1 . . . . . . . . . . . . . . .  

2 . . . . . . . . . . . . . . .  

3 . . . . . . . . . . . . . . .  
4 . . . . . . . . . . . . . .  

6 . . . . . . . . . . . . . . .  
7 . . . . . . . . . . . . . . .  
8 . . . . . . . . . . . . . . .  

9 . . . . . . . . . . . . . . .  

10 . . . . . . . . . . . . . .  

11 . . . . . . . . . . . . .  

12 . . . . . . . . . . . . .  
13 . . . . . . . . . . . . . .  
14 . . . . . . . . . . . . . .  
15 . . . . . . . . . . . . .  
16 . . . . . . . . . . . . . .  
17 . . . . . . . . . . . . .  
18 . . . . . . . . . . . . .  
19 . . . . . . . . . . . . .  
20 . . . . . . . . . . . . .  
21 . . . . . . . . . . . . .  
22 . . . . . . . . . . . . .  
23 . . . . . . . . . . . . .  
24 . . . . . . . . . . . . .  
25 . . . . . . . . . . . . .  

PROPOR TION" 

OF PREMIUM 
PAIO 

(2) 

1.00000 
0. 79938 
0. 70279 
0.63179 
0. 57542 
0. 52857 
0. 48965 
0.45737 
O. 4 2 9 8 2  

0.40550 
0. 38404 
0. 36433 
0. 34619 
0. 32947 
0.31402 
0. 29972 
0. 28583 
0. 27240 
0. 25940 
0. 24683 
0. 23466 
0.22287 
0.21145 
0. 20037 
0.18962 

In i t ia l  Re- 
serve Factor,  

Using 6% 
Interest 

(3) 

--$ 848.47 
-- 973.57 
- -  1,022.30 
-- 1,053.89 
-- 1,075.04 
- 1,089.01 
- -  1,094.60 
- -  1,090.62 
- 1,078.63 
- 1,060.40 
-- 1,035.31 
- 1,005.28 
- -  969.89 
- 928.74 
- 881.38 
- -  827.31 
-- 76804 
- 702.75 
-- 630.70 
- 551.07 
- 462.90 
- 365.10 
- 256.39 
- -  135.28 

0 

A m o u n t  

A m o r t i z e d  

at 6% 

(4) 

$ 151.53 
70.22 
59.79 
52.62 
47.24 
42.98 
39.66 
37.15 
35.20 
33.63 
32.39 
31.35 
30.48 
29.78 
29.22 
28.81 
28.43 
28.10 
27.82 
27.58 
27.40 
27.25 
27.16 
27.11 
27.10 

Amount 
A m o r t i z e d  

at 3 ~  

(5) 

$ 124.64 
73.38 
63.54 
56.59 
51.27 
46.96 
43.52 
40.80 
38.59 
36.72 
35.15 
33.75 
32.50 
31.39 
30.40 
29.53 
28.69 
27.87 
27.09 
26.34 
25.61 
24.91 
24.23 
23.58 
22.95 

A m o u n t  

Amortized 
at 0K 

(6) 

-$ 98.22 
78.51 
69.03 
62.05 
56.52 
51.92 
48.09 
44.92 
4 2 . 2 2  

39.83 
37.72 
35.78 
34.00 
32.36 
30.84 
29.44 
28.07 
26.75 
25.48 
24.24 
23.05 
21.89 
20.77 
19.68 
18.62 

Total . . . . . . . . .  10.18149 . . . . . . . . . . . .  $1,000.00 $1,000.00 $1,000.00 
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will be observed that the results there are absolutely identical with the 
straight runoff schedule results of column 3 in Table 2. This result in- 
dicates that absolute faithfulness in matching amortized expenses with 
premium income is possible with the mean reserve factor approach, pro- 
vided that, as in the straight runoff schedule method, assumptions are 
exactly realized. One may also note that the results of column 4 in Table 3 
are identical with those of column 4 in Table 2A, a situation which 
illustrates again the correspondence possible between the runoff and the 
reserve factor methods. 

The use of mean reserve factors applied to the actual in-force has the 
main advantage of producing an automatic adjustment for deaths and 
withdrawals which do not conform to original assumptions. Where 
terminations are heavier than was originally assumed, the amortization 
is accelerated. But, as the initial reserve factors shown in column 3 
indicate, there can be some durations where the factors increase, and, if 
the actual in-force does not decrease enough to offset the increase in re- 
serve factors from one year to the next, a negative amortization will take 
place, that is, the deferred acquisition expense asset will be increased 
when, in fact, no additional expense has been made. This is a rather limit- 
ed danger, but it is present. When an insurer's whole business is aggre- 
gated, net overstatements seem very unlikely. Where an insurer has good 
reason to be fearful of this phenomenon, it can modify its reserve factors 
so that they are never permitted to increase in size beyond any additional 
amortizable acquisition expense (in a manner analogous to the usual 
treatment of negative statutory reserves for decreasing term insurance, 
which are taken as zero). In normal cases this special adjustment does not 
seem to be favored by the accounting profession. 

The danger inherent in the use of mean reserve factors should be com- 
pared with the opposite danger in the use of amortization schedules. In 
the case of the latter, the amount amortized will be too small if termina- 
tions exceed original expectations. 

The possibility exists, of course, of using the reserve factor method to 
derive an expected amortization schedule (such as the ones shown in cols. 
4 and 5 of Table 3), and of using the latter as the actual amortization 
runoff schedule without relating it directly to the in-force at each valua- 
tion date. 

Where the acquisition expenses to be amortized can include amounts 
in early renewal years, such as the excess of heaped renewal commissions 
over long-term commissions or service fees, the pattern of reserve factors 
and of amortized amounts will be different. One may consider the results 
shown in Table 4 for an example involving expenses of $600, $200, $1130, 
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$75 ,  a n d  $25 fo r  p o l i c y  y e a r s  1 -5 ,  r e s p e c t i v e l y .  B e c a u s e  o f  t e r m i n a t i o n s  

in  t h e  c o u r s e  of t h e s e  f ive  y e a r s ,  in  f a c t  o n l y  $891 .93  is e x p e c t e d  to  h a v e  

to  be  a m o r t i z e d .  T a b l e  4 i l l u s t r a t e s  t h e  p a t t e r n  of  t h e  i n i t i a l  r e s e r v e  

f a c t o r s  for  a m o r t i z a b l e  e x p e n s e s  a s  wel l  a s  t h a t  of  t h e  a m o u n t  e f f e c t i v e l y  

a m o r t i z e d  f r o m  y e a r  to  y e a r .  

A s  c a n  be  s e e n  b y  e x a m i n i n g  c o l u m n  4, if t h e r e  w e r e  c o n s i d e r a b l y  

f e w e r  t e r m i n a t i o n s  t h a n  a r e  b u i l t  i n t o  t h e  e x p e n s e  r e s e r v e  c a l c u l a t i o n s ,  

t h e  a m o u n t  of  e x p e n s e  to  b e  a m o r t i z e d  c o u l d  be  i n c r e a s e d  b v  m o r e  t h a n  

t h e  c u r r e n t  y e a r ' s  a m o r t i z a b l e  e x p e n s e .  F o r  i n s t a n c e ,  if n o  o n e  t e r m i n a t e d  

in  t h e  f i r s t  p o l i c y  y e a r ,  t h e  d e f e r r e d  a c q u i s i t i o n  e x p e n s e  a s s e t  w o u l d  be  

i n c r e a s e d  f r o m  $ 5 1 2 . 5 0  to  $ 7 5 3 . 3 9 ,  w h i c h  is $ 4 0 . 9 9  m o r e  t h a n  t h e  $ 2 0 0  

a d d i t i o n a l  a c q u i s i t i o n  e x p e n s e  a d d e d  in t h a t  y 'ear  t o  t h e  a m o r t i z a t i o n  

T AB L E  4 

RESERVE F A C T O R  M E T H O D :  AMORTIZATION P A T T E R N  

WITH SUCCESSIVE AMORTIZABLE E X P E N S E S  

Policy Y e a r  

(I) 

1 . . . . . . . . . . .  
2 . . . . . . . . . . .  

3 . . . . . . . . . . .  

4 . . . . . . . . . .  

5 . . . . . . . . . .  
6 . . . . . . . . .  
7 . . . . . . . . .  
8 . . . . . . . . . .  
9 . . . . . . . . . .  
I0 . . . . . . . . .  
11 . . . . . . . .  
12 . . . . . . . .  
13 . . . . . . . . .  
14 . . . . . . . . .  
15 . . . . . . . . .  
t 6  . . . . . . . .  
17 . . . . . . . . .  

18 . . . . . . . .  
19 . . . . . . . . .  
20 . . . . . . . . .  
21 . . . . . . . . .  
22 . . . . . . . . .  

23 . . . . . . . . .  
24 . . . . . . . .  

25 . . . . . . . . .  

Total . . . .  

Propor- 
tion of 

Premium 
Paid 

(2) 

1.00000 
0.79938 
0. 70279 
0.63179 
O .  5 7 5 4 2  

0.52857 
0.48965 
0.45737 
0.42982 
0. 40550 
0.38404 
O. 36433 
0.34619 
0.32947 
0.31402 
0.29972 
0.28583 
0.27240 
0.25940 
0.24683 
0.23466 
0.22287 
0.21145 
0.20037 
0.18962 

Amortizable 
Expense 

per Policy 
in Force 

(3) 

600.00 
200.00 
100.00 

75.00 
25.00 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

$1 ,000 .00  

Expense 
In i t ia l  

Reserve 
Factor 

(4) 

- -$512.40 
-- 753.39 
- -  869.33 
- -  954.43 
- -  985.32 
-- 985.05 
-- 975.76 
-- 957.00 
-- 930.75 
-- 898.97 
- -  8 6 1 . 6 0  

- -  820.61 
-- 776.00 
-- 727.78 
-- 675.99 
- -  620.64 
-- 563.20 
-- 503.37 
-- 440.98 
-- 375.84 
-- 307.73 
= 236.40 
-- 161.57 
-- 82.90 

0 

Ini t ia l  
Amount 

Amortized 
at 0 ~  

(5) 

$ 87.60 
- -  89.85 
- -  8 . 7 1  

7.96 
36.02 
46.31 
42.89 
40.07 
37.65 
35.52 
33.64 
31.92 
3O.33 
28.86 
27.51 
26.26 
25.O4 
23.86 
22.73 
21.62 
20.56 
19.53 
18.52 
17.55 
16.61 

$600.00 

Addition- 
al Actual 

Charge 
[(2)×(3)I 

(6) 

$ 0 

1 5 9 . 8 8  

70.28 
47.38 i 
14.39 , 
0 i 
0 i 
0 I 
0 i 
0 i 
0 , 
0 ' 
0 
0 
0 ' 
0 ! 
0 
0 
0 
0 
0 
0 
0 
0 
0 

$291.93 

Net Ac- 
quisition 
Expense 
Charge 

I(5)+(6)1 
(73 

$ 87.60 
70.O3 
61.57 
55.34 
50.41 
46 .3 l  
42.89 
40.07 
37.65 
35.52 
33.64 
31.92 
30.33 
28.86 
27.51 
26.26 
25.04 
23.86 
22.73 
21.62 
20.56 
19.53 
18.52 
17.55 
16.61 

$891.93 
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schedule. Again, in practice this phenomenon is unlikely to dis tor t  re- 
sults appreciably,  and it is confined to a few years following the issue of a 
policy; it  can be prevented  entirely and automat ica l ly  by  limiting the 
increase in the reserve to the maximum new amort izable expense for that  
year,  as we discussed previously.  This la t ter  approach would change the 
initial  reserve factors and expected net  acquisit ion charges in the manner  
i l lustrated in Table  5. 

TABLE 5 

AMORTIZATION PATTERN OF SUCCESSIVE AMORTIZABLE 

EXPENSES WITH ADJUSTED RESERVE FACTORS 

(Same Assumptions as in Table 4) 

POLICY 
YEAR 

(1) 

1 . . . . . .  

2 . . . . . .  

3 . . . . . .  

4 . . . . . .  

5 . . . . . .  

6 . . . . . .  

7 . . . . . .  

8 . . . . . .  

9 . . . . . .  

10 . . . . .  

PROPORTION OF 

P R E M I U M  P A I D  

(2) 

1.00000 
0.79938 
0.70279 
0.63179 
0.57542 
0.52857 
0.48965 
0.45737 
0.42982 
0.40550 

EXPENSE INITIAL RESERVE FACTOR 

Before 
Adjustment 

(3) 

--$512.40 
- -  753.39 
- -  869.33 
- -  954.43 
- -  985.32 
- -  985.05 
- -  975.76 
- -  957.00 
- 930.75 
- -  898.97 

After 
Adjustment 

(4) 

--$512.40 
- -  712.40 
- -  812.40 
- -  887.40 
- -  912.40 
- -  912.40 
- -  912.40 
- -  912.40 
-- 912.40 
- -  898.97 

NET ACQUISITION 
EXPENSE C~ARG~ 

Before After 
Adjustment Adjustment 

(5) (6) 

$87.60 $ 87.6O 
70.03 102.80 
61.57 68.81 
55.34 57.68 
50.41 50.03 
46.31 42.74 
42.89 35.51 
40.07 29.46 
37.65 25.13 
35.52 27.63 

(Remainder as in Tahie 4) 

One may  note from Table  5 tha t  expense reserve factor ad jus tments  
will change only the incidence of the net acquisit ion expenses amort ized 
(in a conservative direction) and that  the total  amount  of acquisit ion 
expenses amort ized over the amort izat ion period will remain the same. 

IV. TIlE DEVELOPMENT OF EXPECTED EARNINGS 

A. Theoretical Considerations 

When considering the seriat im and group methods of individual  life 
insurance reserve valuat ion,  i t  is good to keep in mind the fact  that  while 
reserve factors may depend on assumptions,  the reserves, to the extent  
to which they are dependent  upon the ac tual  in-force, do not. Whether  
the), are redundant ,  adequate,  or inadequate,  for the purpose of report ing 
each )-ear's earnings they should be taken as a fact. Every th ing  that  goes 
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toward making reported earnings, all items of income and outgo, and the 
changes in the insured population as of each ),ear end are all, for this 
purpose, facts. Only assumptions produce expected earnings, and it may 
be argued that one test of a good system in the development of reserve 
factors is that, when assumptions are realized, the pattern of earnings 
has a certain consistent smoothness about it. 

We shall, in this section, consider a small, fairly realistic model, which 
will test the formulas and thinking so far developed. Expected statutory 
earnings will be developed by using statutory mean reserve factors and 
applying them to our assumptions as if our assumptions were facts. Ex- 
pected adjusted earnings will be developed in exactly the same way, 
except that natural reserve factors will be used, in lieu of the statutory 
ones. With respect to amortizable acquisition expenses, we shall illustrate 
the difference between the adjusted earnings formula resulting from the 
use of expense amortization runoffs and that resulting from the use of 
expense amortization reserve factors, although the two formulas produce 
identical results when assumptions are realized. 

In determining statutory earnings, it is important that the actuary 
identify all elements of statutory reserves. For instance, the statutory 
mean reserve factor for a life insurance policy with a coupon will normally 
provide for the coupon. Where a dividend is present, however, the normal 
statutory mean reserve factor includes no provision for it; provision for 
the coming dividend nonetheless is made in item 7 of the Liabilities page 
in the United States Annual Statement form. Therefore, insurers with 
participating policies must be careful to add the dividend component to 
their main statutory reserve factor when computing after-dividends 
statutory earnings, before comparing them with the corresponding ad- 
justed earnings. 

Another point to keep in mind is that earnings are normally reported 
as of the end of a calendar year. Earnings of $10 arising on January 1 
will, in the normal case where invested assets produce an annual interest 
return of 6 per cent, promote themselves to S10.60 by calendar year end. 
Conversely, losses will pull earnings down with some additional interest 
burden. The whole subject has a nice philosophical nebulosity about it, 
but it must be remembered that the fiscal year end is the normal point 
in time from which we will view earnings. 

A few additional symbols need to be defined: 

~G = Annual gross premium per S1,000 of insurance, paid at the 
beginning of policy year t; 

,E r = Total actual expenses per S1,000 of insurance, paid at the be- 
ginning of policy year t; 
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Statutory mean reserve factor for all benefits, applicable to 
policy year t; 

Expected statutory earnings in the calendar year ending during 
policy )'ear t; 

Expected adjusted earnings in the calendar year ending during 
policy year t. 

Then, for statutory earnings, 

, E E  s = (l,_2 - -  ½d~_2) ~_xMS(1 + i)  - -  ½(1,O00)de_z(1 + 03/4 

- ~ ( 1 , o o o ) , t , _ ~ 0  + i ) , ~ ,  - w , _ ~  ,_~cv(1 + i) ,/~ 

-- (/,-2 - -  dt_~) t _ i Y ( 1  + i )  't2 + 1,_l( tG - -  tET)(1 + i) 'n 

- -  - -  ~ d  . (1,_1 ~ ,-1) , M  s 

(13) 

For adjusted earnings, the formula is identical, except that ( M  B + M E) 

must be substituted for the corresponding M s symbols, where the super- 
scripts B and E pertain to all policy benefits and to amortizable expenses, 
respectively, if the reserve factor method is to be used in the treatment of 
amortizable acquisition expenses. If the expense runoff method is used 
for amortizable acquisition expenses, then 

, E E  a = (l,_2 - -  ½d,_~) ,_1MS(1 + i) -- ½(1,000)d,_2(1 + i)  3/* 

- -  ~ ( 1 , 0 0 0 ) d t _ x ( 1  + i) '/4 -- w,_~ ,_ICV(1 + i ) , / 2  ( 1 4 )  

- ( z , _ ~  - d,_.o)  ,_, r (1  + i ) , / ~  

V~ER° 1 0 "2 + [I,_,(,G -- tE  r) - -  , ]( + - (l,_1 - -  ½ d , _ l ) , M  n 

where V]ER° stands for the net amount of amortizable acquisition ex- 
penses due to be charged at the beginning of policy year t under the runoff 
method. In a year when an acquisition expense is in fact paid, this amount 
could be negative and serve as an offset to the actual tE r caused by the 
survivors. (A technical adjustment for V~ER° is necessary in the first 
calendar year.) 

These formulas can apply for all calendar years, including that of issue, 
for which all functions pertaining to a time before issue are taken as zero. 

B .  A Concrete E x a m p l e  

Table 6 presents an example of assumptions which may be made 
concerning a plan for which natural reserves are to be calculated into the 
two components of benefit reserves and amortizable expense reserves. 
The plan is an endowment at age 85 especially created to serve as an 
example, with no special features. The premium is the average actual 



T A B L E  6 

MODEL PLAN ASSUMPTIONS 

Issue Age, 35 

Annua l  P r e m i u m ,  $19 .79  
Average  Po l icy  Size, $9 ,200  

In te res t  f rom M o n e y  Inves t ed ,  6 Per  C e n t  

YEAR I 
Per 

Policy 

1 . . . . . . . . . . . .  

2 . . . . . . . . . . . .  8 . 0 0  
3 . . . . . . . . . .  8 . 0 0  
4 . . . . . . . . . . .  8 . 0 0  
5 . . . . . . . . . . . . .  8 . 0 0  
6 -10  . . . . . . . . . .  8 0 0  
11 and  over  . . . .  8 . 0 0  

TOTAL EXPENSES AMORTIZABLE EXPENSES 

0 .9312  
0 .1600  
0. 0800 
0. 0800 
0. 0800 
0. 0800 
0. 0250 

Per 
Per $1,000 Policy 

$37 .00  l--$1-750--[ 
0 . 0 0  0 . 0 0  
0.00 0.00 I 
0 . 0 0  0 . 0 0  
0 . 0 0  0 . 0 0  
0 . 0 0  0 . 0 0  
0 . 0 0  0 . 0 0  

Per 
$1,000 

$ 2 . 8 0 -  
0 . 8 0  
0 . 8 0  
0 . 8 0  
0 . 8 0  
0 . 8 0  
0 . 8 0  

0 .9062  
0 .1350  
0 .0550  
0 .0550  
0 .0550  
0 .0550  
0 .0000  

Year Deaths 

1 . . . . . .  0 .00077 
2 . . . . . .  0 .00095  
3 . . . . .  0 .00114  
4 . . . . .  0 .00134  
5 . . . . . .  0 .00154  

6 . . . . . .  0 .00177 
7 . . . . .  0. 00204 
8 . . . . . .  0 .00238  
9 . . . . .  0 .00273  
10 . . . .  0 .00308  

11 . . . . .  0. 00349 
12 . . . .  0 .00396  
13 . . . . .  0 .00450  
14. ,  0 .00511 
15 . 0 ,00577  

16 . 0 .00661 
17 0 .00729  
1 8  O. 00802 
19. .  . 0 .00882 
20 . . . . .  0. 00969 

21 . . . . .  0 .01066  
22 . . . . .  0 .01173  
23 . . . . .  0 .01291 
24 . . . . .  0 .01424  
25 . . . . .  0 .01571 

Lapses 

0 , 2 0 0  
0 .120  
0 .100  
0. 088 
0. 080 

0 .072  
O. 064 
0 .058  
0 , 0 5 4  
0. 050 

O. 048 
0 . 0 4 6  
0 .044  
0. 042 
0 . 0 4 0  

O. 040 
O. 040 
0 . 0 4 0  
0. (140 
0 . 0 4 0  

0 . 0 4 0  
0. 040 
0.  040 
0 , 0 4 0  
1 .000  

CSV 

$ 0 0 0  
0 . 0 0  

11.60 
26.47 
41 .69  

57.22 
73 .06  
89.22 

105.69 
122.48 

139.56 
156.93 
174.58 
192.48 
210.62 

228.97 
247,53 
266.29  
285.23 
304.33 

323.59 
342.98  
362 .48  
382 .06  
401 .72  

Dividend 

$0. O0 
1.28 
1.56 
I. 86 
2 .16  

2 .46  
2 .77  
3 .09  
3.41 
3 . 7 4  

4 .08  
4 .42  
4 ,77  
5 .12  
5 .48  

5.84 
6 .20  
6 .57  
6 .94  
7 .32  

Death 
Benefit 

7.70 
8 .08  
8 .46  
8 .85  
9 . 2 4  

$ 1 , 0 0 0 . 0 0  
1,000.00 
1 , 0 0 0 . 0 0  
1,000.00 
1,000.00 

1 , 0 0 0 . 0 0  
1 ~ 000.  O0 
1 , 0 0 0 . 0 0  
1,000.00 
1 , 0 0 0 . 0 0  

1 , 0 0 0 . 0 0  
1 , 0 0 0 . 0 0  
1 , 0 0 0 . 0 0  
1,000. O0 
1, O(YO. 00 

1,000.  (XI 
1 , 0 0 0 . 0 0  
1,000.00 
1 , 0 0 0 . 0 0  
1,000.(X) 

1,000.00 
1,000.00 
1,000.00 
1,0(0. O0 
1 , 0 0 0 . 0 0  

Mean 
Reserve 

1~21 
14.94 
29.04 
43 .50  
58 .29  

73.41 
88.83 

104.57 
120 .6 l  
136.95 

153.60 
170.54 
187.76 
205.23 
222.95 

240.89 
259.04  
277.38  
295.91 
314.61 

333.47  
352.47 
371 .59  
390.81 
410 .09  
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gross premium per S1,000 of insurance. The net expected interest return 
on the insurer's invested assets is shown as interest from money invested. 
Mortality rates and lapse rates are shown on a policy-year basis, with 
deaths presumed to be taking place uniformly during the 3-ear while 
lapses occur only' at policy year end. Cash values and dividends are pay- 
able at year end, and no part of the dividends is paid unless the insured 
survives at ,,'ear end (whether he then lapses or not). (Dividends are 
illustrated because there is a great deal of similarity in the treatment of 
dividends and coupons, and because stock insurers will fairly often issue 
participating policies.) Note that all policies lapse after twenty-five years. 

Using the formulas presented earlier in this paper, the figures and re- 
serve factors of Table 7 can be derived. The "valuation premium" shown 
in that table should be understood to be the accountants' valuation 
premium, which is the actuaries' natural premium, that is, that gross 
premium which, when all assumptions are realized, would exactly support 
all benefits and expenses, with no added margin for profit. The "benefit 
premium" is that portion of the gross premium needed to support the plan 
benefits, while the "amortizable expense premium" would support 
amortizable expenses. Note that in Table 7 the amortizable expense 
premium was calculated by a formula following the mortgage amortiza- 
tion technique and using 6 per cent interest. The statutory mean reserve 
figures of Table 7 include provision for the dividend payable at the end of 
the current policy year. With the payment of the twenty-fifth gross pre- 
mium at the beginning of policy' year 25 (assumed to be the last one), the 
initial reserve for amortizable expenses becomes zero, and hence the mean 
and terminal reserve is zero. 

Using the figures of Tables 6 and 7, Table 8 shows the resulting "ex- 
pected earnings," both adjusted and statutory'. These earnings are shown 
as of the end of the calendar year ending within the policy year shown in 
the leftmost column. The net expense runoff is also shown, the leftmost 
column under that caption showing the runoff for first-year expenses alone 
(renewal acquisition expenses being absorbed directly by the insurer and 
amortized indirectly through the craggy pattern of the first-year amor- 
tizable expense runoff) and the rightmost column that for all amortizable 
expenses. These figures are shown with three decimals so that the results 
might more conveniently be read for S1,000,000 of business issued rather 
than only $1,000. All the results in Table 8 are expressed on the basis of 
each S1,000 of life insurance issued. (Total reported earnings may not 
add up precisely to the total shown, because of computer printout round- 
ing.) 

One may wonder why" statutory expected earnings are shown for year 
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26 in  T a b l e  8. T h e s e  e a r n i n g s  a r e  r e a l l y  e a r n i n g s  f r o m  t h e  l a s t  h a l f  of 

p o l i c y  3"ear 25. T h e  f o r m u l a s  fo r  a d j u s t e d  e a r n i n g s  a n t i c i p a t e d  f u l l  w i t h -  

d r a w a l  a t  t h e  e n d  of p o l i c y  y e a r  25 a n d  r e c o g n i z e d  p r o f i t s ,  b y  d e s i g n ,  

w h e n  p r e m i u m s  w e r e  p a i d .  W i t h  no  p r e m i u m  p a i d  in  t h e  l a s t  h a l f  of 

p o l i c y  5"ear 25, a n d  a l l  a s s u m p t i o n s  r e a l i z e d  as  m a d e ,  no  a d j u s t e d  e a r n i n g s  

d e v e l o p e d .  B u t  m a t t e r s  a r e  d i f f e r e n t  w h e n  t h e  s t a t u t o r y  m e a n  r e s e r v e  

h e l d  a t  t h e  b e g i n n i n g  of  t h e  s e c o n d  h a l f  of  p o l i c y  y e a r  25 t u r n s  o u t  t o  be  

m o r e  t h a n  a d e q u a t e  t o  c o v e r  t h e  b e n e f i t s  a n d  w i t h d r a w a l s  a t  t h e  e n d .  

T h e  r e m a i n d e r  e n d s  u p  a s  e a r n i n g s .  I t  w i l l  be  of i n t e r e s t  to  n o t e ,  f r o m  t h e  

TABLE 7 

MODEL PLAN RESERVES FOR ADJUSTED EARNINGS 

(Expenses Amortized ~vith 6 Per Cent Interest) 

Valuation Premium, $18.65 
Rat io  of Valuation Premium to Gross Premium, 0.94249 

Benefit Premium, $11.87 
Amortizable Expense Premium, $4.38 

BENEFIT R E S E R V E S  AMORTI2ABLE EXPENSE RESERVES 

Y E A R  

6 . . . . . .  

7 . . . . . . .  

8 .  
¢) . . . . . . . .  

10 . . . . . . .  

In i t ia l  

1 . . . . . . . .  $ 11.87 
2 . . . . . . . .  26.61 
3 . . . . . . .  41.38 
4 . . . . . . .  56.33 
5 . . . . . . .  71.32 

86.46 
101.74 
117.12 
132.59 
148.22 

11 . . . . . . .  164.03 
12 . . . . . . .  180.03 
13 196.21 
14 . . . . . . .  212.51 
15 . . . . . . .  228.91 

16 245.37 
17 . . . . . .  261.84 
18 . . . . . .  278.46 
19 . . . . . .  295.21 
20 . . . . . . .  312.07 

21 . . . . . .  329.01 
22 . . . . . .  346.00 
23 . . . . . . .  363.01 
24 . . . . . . .  379.99 
25 . . . . . .  ' 396.87 

t e rmina l  Mean 

; 1 1 . 7 9  11.83 
27.25 26.93 
42,74 42.06 
58,41 57.37 
74,12 72.72 

89.99 88.22 
105.96 103.85 
121.99 119.55 
138,11 135.35 
154,42 151.32 

170.88 167.45 
187.50 183,77 
204.27 200.24 
221,13 216.82 
238.07 233.49 

254,98 250.18 
272,03 266.94 
289,23 283.84 
306,54 300.87 
323.95 318,01 

341,42 335.21 
358.90 352.45 
376.36 369.68 
393,73 386.86 
410,96 403.91 

In i t ia l  Terminal  

--$19.07 --$20.23 
- -  23.58 - -  25.02 
-- 25.14 -- 26.68 
-- 26.35 -- 27.97 
-- 27.37 -- 29.06 

-- 28.30 -- 30.05 
- -  29.08 - -  30.89 
-- 29.71 -- 31.57 
-- 30.22 - -  3 2 . 1 2  

-- 30.66 -- 32.60 

-- 29.94 -- 31.84 
-- 29.07 -- 30.94 
- -  28.05 - -  29.86 
- -  26.86 - -  28.61 
-- 25.49 -- 27.17 

- -  23.92 - -  25.53 
- -  2 2 . 2 l  -- 23.71 
-- 2 0 3 2  -- 21.71 
-- 18.24 -- 19.50 
-- 15.93 -- 17.06 

-- 13.39 -- 14.34 
-- 10.56 -- 11.32 
- -  7 . 4 1  - -  7 . 9 6  

- -  3 . 9 1  - -  4.21 
0 .00  0.00 

Mean 

--819.65 
-- 24.30 
-- 25.91 
-- 27.16 
-- 28.22 

-- 29.17 
-- 29.99 
-- 30.64 
- 31.17 
-- 31.63 

- 30.89 
- 30.00 
- 28.95 
-- 27.73 
- 26.33 

-- 24.72 
-- 22.96 
-- 21.02 
-- 18.87 
-- 16.50 

-- 13.86 
-- 10.94 
- -  7 , 6 9  

- -  4 . 0 6  

0 .00  

STATU- 
TORV 

MEAN 
RESERVE 

$ 1.21 
1 6 . 2 2  

30.60 
45.36 
60.45 

75.87 
91.60 

107.66 
124.02 
140.68 

157.67 
174.95 
192.52 
210.34 
228.41 

246.71 
265.22 
283.92 
302.82 
321.89 

341.13 
360.50 
380.00 
399.60 
419.26 
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EXPENSE RUNOFFS AND EXPECTED EARNINGS FOR MODEL PLAN 

(Expenses  A m o r t i z e d  wi th  6 Per  Cen t  In te res t )  

PORTION OF [SSUES EXPENSE RUNOFF EXPECTED EARNINGS 

Y E A R  

1 . . . . .  
2 . . . . .  
3 . . . . .  
4 . . . . .  
5 . . . . .  

6 . . . . .  

7 . . . . .  

8 . . . . .  

9 . . . . .  

10 . . . .  

1 1  . . . .  

12 . . . .  
13 . . . .  
14 . . . .  
15 . . . .  

1 6  . . . .  

17 . . . .  
18 . . . .  
19 . . . .  
20 . . . .  

2 1  . . . .  

22 . . . .  
23 . . . .  
24 . . . .  
25 . . . .  

26 . . . .  

Adjusted Statutory 

- -$ 0 .  205 - -$ 9 .  236 
1. 130 -- 0 . 1 5 7  
O. 993 2. 355 
O. 893 2. 087 
O. 814 1. 784 

O. 748 l .  587 
O. 693 1. 433 
O. 648 1. 279 
0 .6 0 9  1 .172  
0 .5 7 5  I .  I00  

0. 544 I .  462 
0 .5 1 7  1 .392  
0. 491 I .  321 
O. 468 1. 259 
0 . 4 4 6  I .  194 

O. 426 1. 129 
O. 406 l .  088 
0 .3 8 7  1 .076  
O. 369 1. 060 
0 .351  1 .043 

O. 334 1 .024  
0 .3 1 7  1 .002  
O. 301 O. 980 
O. 285 O. 952 
O. 270 O. 925 

. . . . . . . . . . .  3. 082 

E A R N I N G S  

Adjusted Statutory 

$12.  810 $23. 393 
7.5O4 7.5O9 

* Discounted at 6 per cent. 
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figures at the bottom of Table 8, that the discounted value of the earnings 
by one method, at the chosen interest rate of 6 per cent, is equal to the 
discounted value of the earnings produced bv the other method. Timing 
differences cause total earnings of S12.81 to be reported over twenty-five 
calendar years by the adjusted earnings method, while total earnings of 
$23.39 can be reported over twenty-six }'ears by the statutory method. 
I t  should be realized, naturally', that earnings, as developed here, do not 
include interest on previous years' accumulated earnings, but, if they' 
did, the equivalence of the two scales of earnings would be demonstrated 
(an asset share of g33.19 per S1,000 issued would be accumulated by the 
calendar year end within policy year 26, at 6 per cent). The philosophical 
problem presented here is: "How long does one compute interest earnings 
on past earnings as continuing to be earned by a given block of issued 
policies?" The practical answer implied by the results presented here is, 
"Not  beyond the fiscal year end when the profit (or loss) is produced and 
reportable as such." Hence, after one year's earnings on a block of busi- 
ness have been reported, they' are transferred to general corporate funds, 
which, in turn, will generate earnings from investments (either in new 
life insurance business or in securities and the like) which will no longer 
be counted as earnings from this particular block of business. But these 
earnings, no matter what origin is assigned to them, will still be there. 

From column 2 of Table 2 and column 6 of Table 3, the reader will have 
observed that the amortization of acquisition expenses with a 0 per cent 
interest rate, by either the runoff method or the reserve factor method, 
produces an amortization directly" proportional to expected premium 
income (compare, for instance, cols. 2 and 6 of Table 3). 

Tables 9 and 10 duplicate Tables 7 and 8 in all respects but one: 
amortizable expenses are amortized at 0 per cent interest in Tables 9 and 
10 instead of at 6 per cent. 

I t  will be observed from Tables 7 and 9 that the "amortizable expense 
premium" reduces from 84.38 to $2.96 when interest is not used, quite 
the same way that one's monthly payments on the mortgage on one's 
home would be decreased if the lender made the loan without interest; the 
amount of "principal" would of course remain the same, but it would be 
amortized somewhat differently. In both Tables 7 and 9, the amortizable 
principal starts at 823.45 (819.07 initial reserve plus 84.38 "premium" in 
Table 7, and 820.49 plus 82.96 in Table 9) and ends at zero. Benefit 
reserves and statutory reserves are unaffected. The $2.96 amortizable 
expense premium of Table 9 has no meaning and is merely a tool for 
amortization. The corresponding premium of 84.38 in Table 7 has more 
meaning, inasmuch as it represents the portion of the gross premium 
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w h i c h  t h e  i n s u r e r  w o u l d  h a v e  t o  c h a r g e  to t he  p o l i c y o w n e r  f o r  a m o r t i z a b l e  

e x p e n s e s  a n d  6 p e r  c e n t  i n t e r e s t  o n  u n a m o r t i z e d  b a l a n c e s .  B u t ,  s i n c e  a n  

i n s u r e r  c a n n o t  c h a r g e  i n t e r e s t  t o  i t s e l f  i n  d e t e r m i n i n g  i t s  e a r n i n g s ,  t h e  

$ 4 . 3 8  h a s  n o  o t h e r  s p e c i a l  m e a n i n g  a n d  i s  s i m p l y  a t o o l  i n  a m o r t g a g e  

a m o r t i z a t i o n  f o r m u l a .  

A c o m p a r i s o n  o f  t h e  a m o r t i z a b l e  e x p e n s e  i t e m s  i n  T a b l e s  8 a n d  1 0  i s  

a l s o  i n f o r m a t i v e .  T h e  e x p e n s e  r u n o f f  f o r  a l l  y e a r s  i n  T a b l e  1 0  s h o w s  a 

m u c h  s m o o t h e r  p r o g r e s s i o n ,  a n d  t h e  a m o r t i z a t i o n  e x p e n s e  c h a r g e s  f o r  a l l  

y e a r s  ( $ 3 0 . 1 9 ,  i n c l u d i n g  S 6 . 7 4  i n  r e n e w a l  a m o r t i z a b l e  e x p e n s e s )  a r e  

T A B I . E  9 

MODEL PLAN RESERVES FOR ADJUSTED EARNINGS 

(Expenses  A m o r t i z e d  w i th  N o  In t e re s t )  

V a l u a t i o n  P r e m i u m ,  $ 1 8 . 6 5  

R a t i o  of V a l u a t i o n  P r e m i u m  to G r o s s  P r e m i u m ,  0.  94249  

Benef i t  P r e m i u m ,  S i t .  87 

A m o r t i z a b l e  E x p e n s e  P r e m i u m ,  $ 2 . 9 6  

Y E A R 

BENEFIT RESERVES I AMORTIZABLE EXPENSE RESERVblS 

I n i t i a l  T e r m i n a l  M e a n  , I n i t i a l  T e r m i n a l  

t . . . . . . . .  I$ 1 1 . 8 7  $ 1 1 . 7 9  $ 1 1 . 8 3 ,  - - 8 2 0 . 4 9  - - $ 2 0 . 5 l  
.~ . . . . . . . .  ] 2 6 , 6 1  2 7 . 2 5  2 6 . 9 3 '  - -  2 5 . 3 4  - -  2 5 . 3 6  

4 1 , 3 8  4 2 . 7 4  4 2 . 0 6 '  - -  2 6 . 9 5  - -  2 6 . 9 8  ~' . . . . . . . .  i 
t- . . . . . . . .  i 5 6 , 3 3  5 8 . 4 1  5 7 . 3 7 '  - -  2 8 . 1 0  - -  2 8 . 1 4  
5 . . . . . . . .  7 1 . 3 2  7 4 . 1 2  7 2 . 7 2  i - -  2 8 . 9 7  - -  2 9 . 0 2  

i 
5 . . . . . . . .  8 6 . 4 6  8 9 . 9 9  8 8 . 2 2  i - -  2 9 . 6 7  - -  2 9 . 7 2  
? . . . . . . .  1 0 1 , 7 4  1 0 5 . 9 6  1 0 3 . 8 5  ~ - -  3 0 . 1 5  - -  3 0 . 2 1  
~, . . . . . . . .  1 1 7 . 1 2  1 2 1 . 9 9  1 1 9 . 5 5 !  - -  3 0 . 4 0  - -  3 0 . 4 7  

. . . . . . . .  1 3 2 . 5 9  138 .11  1 3 5 . 3 5 1  - -  3 0 . 4 7  - -  3 0 . 5 6  
10 . . . . . . .  148 .22  1 5 4 . 4 2  1 5 1 . 3 2  ~ 3 0 , 4 2  - -  3 0 . 5 2  

I 

11 . . . . . .  i 1 6 4 , 0 3  1 7 0 . 8 8  1 6 7 . 4 5  - -  2 9 . 1 6  - -  2 9 . 2 6  
12 . . . . . .  1 8 0 , 0 3  1 8 7 . 5 0  1 8 3 . 7 7  ; - -  2 7 . 7 7  - -  2 7 . 8 8  
13 . . . . . .  196 ,21  2 0 4 . 2 7  2 0 0 . 2 4 '  - -  2 6 . 2 6  - -  2 6 . 3 8  
14 . . . . . .  i I 2 1 2 , 5 1  2 2 1 . 1 3  2 1 6 . 8 2  I 2 4 . 6 3  - -  2 4 . 7 6  
15 . . . . . . .  I 2 2 8 , 9 1  2 3 8 . 0 7  2 3 3 . 4 9  i - -  2 2 . 8 8  - -  2 3 . 0 1  

16 . . . . . . .  ~ 2 4 5 . 3 7  2 5 4 . 9 8  2 5 0 . 1 8 '  - -  2 1 . 0 0  - -  2 1 . 1 4  
17 I _ 1 9 . 0 6  - -  1 9 . 2 0  2 6 1 . 8 4  2 7 2 . 0 3  

2 6 6 . 9 4  _ 1 7 . 0 4  - -  1 7 . 1 7  
18. .~ 2 7 8 . 4 6  2 8 9 . 2 3  2 8 3 . 8 4 ~  1 4 . 9 2  - -  1 5 . 0 6  
19 . . . . . . .  i 2 9 5 . 2 1  3 0 6 . 5 4  3 0 0 . 8 7  i 
20 . . . . . .  ~ 3 1 2 . 0 7  3 2 3 . 9 5  3 1 8 . 0 1  i - -  12 .72  - -  1 2 . 8 4  

21 . . . . . . .  I 3 2 9 . 0 1  3 4 1 . 4 2  3 3 5 . 2 1  , - -  1 0 . 4 l  - -  1 0 . 5 3  
22 . . . . . .  ' 3 4 6 . 0 0  3 5 8 . 9 0  3 5 2 . 4 5 '  - -  8 . 0 0  - -  8 . 1 0  
23 . . . . . .  ' 3 6 3 . 0 1  3 7 6 . 3 6  3 6 0 . 6 8  - -  5 . 4 7  - -  5 . 5 4  
24 . . . . . . . .  3 7 9 . 9 9  3 9 3 . 7 3  3 8 6 . 8 6  - -  2 . 81  - -  2 . 8 5  
25 . . . . . . . .  3 9 6 . 8 7  , 4 1 0 . 9 6  4 0 3 . 9 1  0 . 0 0  0 . 0 0  

M e a n  

- - $ 2 0 . 5 0  
- -  2 5 . 3 5  
- -  2 6 . 9 6  
- -  2 8 . 1 2  
- -  2 9 . 0 0  

- -  2 9 . 6 9  
- -  3 0 . 1 8  
- -  3 0 . 4 4  
- -  3 0 . 5 1  
- -  3 0 . 4 7  

- -  2 9 . 2 1  
- -  2 7 . 8 3  
- -  2 6 . 3 2  
- -  2 4 . 6 9  

- -  2 2 . 9 4  

- -  2 1 . 0 7  
- -  1 9 . 1 3  
- -  1 7 . 1 0  

- -  1 4 . 9 9  
- -  1 2 . 7 8  

- -  1 0 . 4 7  
- -  8 . 0 5  
- 5 . 5 0  
- -  2 . 8 3  

0 . 0 0  

S T A T U -  

XORY 

M E ~  
RESERVE 

$ 1 .21  
1 6 . 2 2  
3 0 . 6 0  
4 5 . 3 6  
6 0 . 4 5  

7 5 . 8 7  
9 1 . 6 0  

1 0 7 . 6 6  
1 2 4 . 0 2  
1 4 0 . 6 8  

157 .67  
1 7 4 . 9 5  
1 9 2 . 5 2  
2 1 0 . 3 4  
2 2 8 . 4 1  

246 .71  
2 6 5 . 2 2  
2 8 3 . 9 2  
3 0 2 . 8 2  
3 2 1 . 8 9  

3 4 1 . 1 3  
3 6 0 . 5 0  
380.  O0 
3 9 9 . 6 0  
4 1 9 . 2 6  



TABLE 10 

EXPENSE RUNOFFS AND EXPECTED EARNINGS FOR ~IODEL PLAN" 

(Expenses Amortized with No Interest) 

7 
8 .  

10. 

11. 
12. 
13. 
14. 
15 

16. 
17. 
18. 
19, 
20 

21. 
22. 
23. 
24. 
25 

26. 

PORTION OF ISSUES EK~'KNSE R U N O F F  EXPEC~gD EARNINGS 

YEAR 
Paying At Calendar 

Premium Year End 

1.00000 0.99962 
0.79938 0.79900 
0.70279 0.70239 
0.63179 0.63137 
0.57542 0.57498 

0.52857 0.52810 
0.48965 0.48915 
0.45737 0.45683 
0.42982 0.42923 
0.40550 0.40488 

0.38404 0.38337 
0.36433 0.36361 
0.34619 0.34541 
0.32947 0.32863 
0.31402 0.31311 

0.29972 0.29873 
0.28583 0.28479 
0.27240 0.27130 
0.25940 0.25826 
0.24683 0.24563 

0.23466 0.23341 
0,22287 0.22157 
0.21145 0.21008 
0.20037 0.19894 
0.18962 0.18813 

First All 
Year Years I Adjusted Statutory 

$2.965 $2.965 , $0.639 $ --9.236 
0.234 2.370 1,074 --0.157 
1.319 2.084 0.843 2.355 
1.185 1.873 ' 0.715 2.087 
1.080 1.706 0.621 1.784 

0.992 1.567 0.549 1.587 
0.919 1.452 0.495 1.433 
0.858 1.356 0.456 1.279 
0.806 1.274 0.426 1.172 
0.761 1.202 0.403 1.100 

1.139 1.139 0.399 1.462 
1.080 1.080 0.409 1.392 
1.026 1.026 0.420 1.321 
0.977 0.977 0.432 1.259 
0.931 0.931 0.445 1.194 

0.889 0,889 0.459 1.129 
0.847 0.847 0.471 1.088 
0.808 0.808 0.482 1.076 
0.769 0.769 0.492 1.060 
0.732 0.732 0.501 1.043 

0.696 0.696 0.509 1.024 
0.661 0.661 0.516 1.002 
0.627 0.627 0.521 0.980 
0.594 0.594 0.526 0.952 
0.562 0.562 0.530 0.925 

3.082 

E~RSINGS 

Adjusted Statutory 

Total reported . . . . . . .  $ 13.332 $ 23.393 
Value at issue* . . . . .  7. 504 7. 509 

* Discounted at 6 per cent. 
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amortized in direct proportion to expected premium income ("portion of 
issues paying premium"), which is not the case in Table 8. Greater 
amounts remain to be amortized in the later years in Table 8 than in 
Table 10, although both tables eventually amortize $23.45 in first-year 
expenses and $30.19 in total expenses. The pattern of expected adjusted 
earnings is also smoother in Table 10, and the effect of excess interest 
earnings on increasing amounts of natural reserves (reference here is 
being made to natural reserves which would take into account all ex- 
penses and which are neither shown nor discussed in this paper) is more 
apparent there, since earnings curve gently upward after the acquisition 
expense incurral period. As expected, statutory earnings and the dis- 
counted value of earnings remain unchanged. Also of substantial interest 
might be the notable improvement in first-year adjusted earnings pro- 
duced by the "no interest" amortization method. 

The reader who has observed that the author shows some partiality 
toward amortizing expenses with 0 per cent interest may also have noted 
that the use of interest in calculating benefit reserves has pretty much 
been taken for granted. There is a reason for this. To the extent to which 
policy benefits have a built-in promise of interest to the policyowner 
(such as cash values and excess interest through policy dividends), the 
natural reserve formulas for benefits must normally include a suitable 
interest rate, to allow the interest portion of these benefits to spring up 
from a less limited source than gross premiums, namely, from invested 
past asset accumulations. The case is different for amortizable expenses: 
they must normally come out of gross premiums, since expenses are 
largely independent of any policy asset accumulation. 

One more important comment might be appropriate. Reported ad- 
justed earnings are just that: reported adjusted earnings. They may help 
in judging management performance, but they will normally buy no 
groceries (unless thev have induced the management to declare and pay 
a bigger cash dividend to the stockholders). Grim reality, insofar as an 
insurer's management is concerned, will certainly include statutory earn- 
ings. As long as our statutory insurance solvency standards remain as 
they are, life insurer managements would be wise to keep an eye on both 
types of earnings. 

V. CONCLUSION 

For the American actuary, influences outside the profession have 
caused the amortization of life insurance company expenses to become 
less a question of "whether" than of "how." The life insurance business is 
unique and complex enough to require its own imaginative solutions. 
Inasmuch as earnings adjustments are sought for the purpose of stating 
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life insurance company earnings on a basis comparable to that obtaining 
for other kinds of business, it seems proper to proceed by analogy with 
the not very inflexible treatment of expenses in other businesses. This is 
why it may be quite relevant to consider various flexible approaches to 
asset depreciation and expense amortization in industry in general, before 
setting out to consider specific life insurance company problems. 

When facing the practical task of making the earnings adjustment 
system work, the actuary may find it useful to consider the two main 
tools at his disposal: the expense runoff and the reserve factor approach. 
Each has respective advantages and pitfalls, the expense runoff schedule 
offering the stability and inflexibility characteristic of tangible assets, and 
the reserve factor approach the more erratic and flexible characteristics 
of living organisms. The use of the reserve factor method, optional in the 
handling of amortizable expenses, is well-nigh inescapable in the handling 
of most common individual life insurance benefits and requires theoretical 
development beyond that customary in the handling of statutory re- 
serves. The proper use of that method represents the actuary's principal 
professional challenge and contribution. 

Finally, earnings adjustment methods can best be utilized when one 
understands the results that they produce and appreciates the elusiveness 
of the concept of "earnings," as well as their genealogical characteristics-- 
earnings producing earnings, which together produce more earnings, which 
together produce even more earnings, and so on. There must be finality 
in a practical system of reporting earnings, and at the same time a full 
realization of the fictional aspects of the system. The system is essentially 
a tool for the measurement of a life insurance company management's 
performance; the actuary's role is to make the system a workable one, as 
well as to make it fair for both stockholders and management. This 
paper aims to assist the actuary in meeting better or more easily this 
truly professional challenge. 



DISCUSSION OF P R E C E D I N G  PAPER 

ROBERT F[. DREYER AND S T E V E N  D. SOMMER: 

Mr. Paquin is to be commended for the effort put into this paper; its 
substance is as useful as its title is long. In particular, we would like to call 
attention to Section I I  and its formulation of the "mean" reserve where 
lapses must be taken into account, because the traditional interpolation 
formula gives no clue as to the proper handling of lapses. 

On several occasions we have seen formulas where year-end lapses 
were removed from the terminal reserve before interpolation to obtain 
the mean reserve. I t  is not readily apparent that such an approach is 
improper; trying to explain it to an auditing accountant, untrained in 
actuarial science, can make it even more confusing. The clear develop- 
ment and description of the proper approach set forth by Mr. Paquin 
should help anyone faced with such a problem. 

Having recognized that different approaches exist, the question arises 
whether or not those differences are material. For distinction, we will 
refer to reserves calculated by the approach described in the paper as 
"intermediate reserves" and those calculated by the alternate approach 
as "modified mean reserves"--"modified" in the sense that expenses are 
removed at the start of the year and lapses at the end (before interpolat- 
ing). The "true" midyear reserve is shown for comparison. Table I on page 
486 takes two very general cases and sets forth the three types of reserves 
and the magnitude of differences arising at selected durations. I t  is left 
to the reader to judge whether or not these differences could be material 
in any specific instance, noting that the lapse rate, duration, and plan 
appear to be critical factors. 

P A U L  R.  MILGROM:  

I would like to thank Mr. Paquin for his daring sally into the theory of 
mean reserves. His comments on the nature of a terminal reserve contrib- 
ute greatly to an intuitive understanding of the problem. Mr. Paquin's 
suggested redefinition of the terminal reserve symbol, however, leaves 
something to be desired for at least three reasons: (1) it is unnecessary, 
(2) the terminal reserves so defined are inappropriate for gain and loss 
analysis, and (3) the resulting mean reserves are proper only for annual 
premium policies. 
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T A B L E  1 

COMPARISON OF NATURAL RESERVE FACTOR M E T H O D S  

DURATION 
( A c s  35 )  

1 . . . . . . . . . .  

2 . . . . . . . . . .  

3 . . . . . . . . .  

4 . . . . . . . . . .  

5 . . . . . . . . . .  

10 . . . . . . . . .  

20 . . . . . . . . .  

30 . . . . . . . . .  

1 . . . . . . . . .  

2 . . . . . . . . .  

3 . . . . . . . . .  

4 . . . . . . . . .  

5 . . . . . . . . . .  

10 . . . . . . . . .  

20 . . . . . . . . .  

30 . . . . . . . . .  

1 . . . . . . . . . .  

2 . . . . . . . . . . .  

3 . . . . . . . . . . .  

4 . . . . . . . . . .  

5 . . . . . . . . . . .  

10 . . . . . . . . .  

20 . . . . . . . . .  

30 . . . . . . . . .  

1 . . . . . . . . . .  

2 . . . . . . . . . .  

3 . . . . . . . . . .  

4 . . . . . . . . . .  

5 . . . . . . . . . .  

10 . . . . . . . . .  

20 . . . . . . . .  

30 . . . . . . . . .  

W H O L E  L I F E  PLAN 10-YE^R TER~ PLAN 

B e n e f i t  E x p e n s e  N e t  B e n e f i t  ] E x p e n s e  N e t  

f 

" T r u e "  R e s e r v e  a t  M i d y e a r  

$ 11.45 
26 .04  
41 .38  
56.11 
71.25 

153.16 

335 .32  

510 .02  

$ 11.46 
26 .05  
41 .39  
56 .13  
71 .27  

153.20 

335 ,38  

510 .05  

12.88 
2 7 . 5 2  

42,21  
56 .79  
71 ,95  

53 .96  

,36,04 

;10,36 

1 2 . 4 %  
5 . 6  
2 . 0  
1 .2  
1 .0  

0 . 5  

0 . 2  

0 .1  

- - 2 2 4 . 2 8  
--  29 .49  
--  3 2 . 0 6  
- -  33.11  
--  33 .91  

- -  3 7 . 5 9  

- -  3 6 . 1 4  

- -  28 .42  

- $  12 .83  
--  3 . 4 5  

9 . 3 2  
2 3 . 0 0  
3 7 . 3 4  

115.57 

299 .18  

4 8 1 . 6 0  

21 .07  
1.91 
2 .61  
3 , 1 2  
3 . 5 2  

1 .55  

- $ 6 . 7 7  - - $ 5 , 7 0  
- 7 . 3 4  --  5 ,43  
--  7 .19  --  4 , 5 8  
--  6 .61  --  3 , 4 9  
--  5 .93  --  2 .41 

0 . 0 0  1 .55 

I n t e r m e d i a t e  R e s e r v e  

- - $ 2 4 . 2 9  
- -  2 9 . 5 0  
--  32 .07  
--  3 3 . 1 2  
- -  3 3 . 9 3  

--  37 .61  

- -  3 6 . 1 6  

- -  2 8 . 4 3  

- - $  12.83 
-- 3 . 4 5  

9 . 3 2  
23.01 
3 7 , 3 4  

115 .59  

299 .22  

481 .62  

$ 1 . 0 6  
1 . 9 0  
2 . 6 0  
3 .11  
3 . 5 2  

1 .53  

. . . . . .  I 

- 26 .76  
--  7 .35  
-- 7 .20 
--  6 .62  
- -  5 .94  

0 . ~  

- $ 5 . 7 0  

-- 5 .45  
-- 4 . 6 0  
- -  3.51 
- -  2 . 4 2  

1.53 

Modified Mean Reserve 

- 8 2 7 . 4 1  
- 3 1 . 1 8  
- 3 2 . 9 3  

- 3 3 . 8 2  

- 3 4 . 6 3  

- -  3 8 . 3 5  

- -  3 6 . 5 5  

- -  2 8 . 3 6  

- - $  14.53 
--  3 . 6 6  

9 . 2 8  
22 .97  
37 ,32  

115.61 

299 .49  

4 8 2 . 0 0  

2 1 . 1 7  
2 . 0 3  
2 . 7 2  
3 . 2 6  
3 , 6 8  

1 . 5 3  

- $ 7 . 7 6  - 8 6 . 5 9  
-- 7 .96  -- 5 .93  
-- 7 , 6 l  --  4 . 8 9  
- 6 . 9 9  -- 3 . 7 2  
-- 6 , 2 7  -- 2 . 5 9  

0 . 0 0  1 .53 

Excess of Modified Mean over Intermediate 

- - 1 2 . 8 %  
- - 5 . 7  
- - 2 . 7  
- - 2 . 1  
- - 2 . 1  

- -  2 . 0  

-- 1.1 

0 . 2  

- - 6 . 1  
- -  0 . 4  
- - 0 . 2  
- - 0 . 1  

0 . 0  

0 .1  

0 .1  

1o.4% 
6 . 8  
4 . 6  
4 . 8  
4 . 5  

0 . 0  

- - 1 4 . 8 9 ~  - 1 5 . 6 ~  
- 8 . 3  - - 8 . 8  

- 5 . 7  - 6 . 3  

- - 5 . 6  - - 6 . 3  
- - 5 . 6  - 7 . 0  

0 . 0  0 . 0  
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Consider first gain and loss analysis. Let t V ~  be the traditional benefit 
reserve factor. Then 

V B V B (a) , ~ = [(,_, ~ + P~.I)(1 -{- i t )  - -  q t . l+ t - ,  t D B ( 1  + ~Jt)l 

(") - , C  V ~ ] / ( 1  - o(a)  (,~) - -  qI~l+t-~ qt.l+t-1 -- qi~l+t-lJ , (1) 

0 v ~  = o .  

Here the q(~')'s are probabilities rather than rates. The short-term interest 
rate symbol jt is used to calculate interest lost by  immediate payment  of 
death claims. I ts  use simplifies the ensuing development. Then 

V 8 V 8 V ~ ~'~ ( t - i  x "-~ P~.j)(1 + i t )  q (a) r n B , .  1 .  , x - f x j + , - 1 . , - .  ~1 + ~ a , )  - , ~ ]  
(2) 

- -  ql~l)+t_,(,C V .  - -  , V ~ )  . 

Now an analysis of gain and loss for a policy year reveals that the net 
GAAP gain is (assuming that j[ = j r )  

Gain{.i+,-1 = (GP~.I  - -  P(.~)(1 + i{) + (i[ - -  i , ) ( t _ ~ V ~  + P~.j)  

, (a) ~a), "~ D B ' I  ~ " + t q ~ . l + , - ,  - -  q t . l + , - ~ ) l t  t. + ~ .It)  - -  , V f l  ( 3 )  

. (w)  . (w ) t  ~ g B 
+ ~q~l+,-, - q t ~ + , - v ( , C V ~  - , , ) ,  

where the prime indicates actual experience and GPt,~I+t-~ is the gross 
premium. "Gain"  is expressed on a per-beginner basis at the end of the 
year. The point is that,  in gain and loss analysis, both the tabular costs--  

('"~ . ( t C V ~  that is, q~l+t-,,  -- tV~) and qt~]+l-x[tDB(1 + ~ j , )  - -  tV,~]--and the 
reserves released are based properly on the more usual style of terminal 
reserves. 

Let tV A~ be the terminal unamortized acquisition expense factor for a 
company using a factor approach to amortizing acquisition expenses. 
Then, to illustrate the use of terminal reserves in gain and loss analysis, 
consider the "gain from withdrawals" per unit. 

Tabular  cost of withdrawals (sometimes negative), 

ql :~+, - , ( ,C  V :  + ,  V AE - , V ~ )  , 

p lu s  reserves released by withdrawal, 

(w)t B 

less unrecovered acquisition expense, 

(w)t AE 
q[zl+t-1 i V .  , 
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less cash values paid, 
(w)t 

qI~]+,-I t C V ~  , 

equals gain from withdrawals: 

(w) (~)t \ AE 
q t , j+ , -1 -  qm+,-~)( ,CV. + ,V~ -- ,V~) . 

For companies writing off acquisition expense according to a fixed sched- 
ule, the best method of computing gains or losses by source will depend 
on the type of schedule used. 

The problem in the mean reserve calculation for annual premium 
policies is that the terminal reserve contains no provision for the tabular 
cost of lapse and is, therefore, an inappropriate interpolation point. 
Replacing ~V~ with tV~ + q}'I~+t-l(~V,~- tV~) in the interpolation 
formula gives 

('.,,) .ttCV~ , _  V ~ ,Mean reserve~ = ~[t-1V~ + P~l + ,  V~ + qr~+,-l, t ~)] • (4) 

A further argument favoring this method is that it also works for modes 
of premium payment other than annual. Assume for the moment that 

M B appropriate terminal reserves, tV,, for all modes combined have been 
developed. For all modes combined, experience may show that a fraction 
a, of the cost of lapse of the policy year occurs before the valuation date. 
Then an appropriate mean reserve is 

= 1 M V ~ p e  V n Mean reserve~ ~(t-1 • q- t~l q- M ~) 
(S) 

+ (~ - a,~q~.~" ( " + , _ , ( , c v ~  - ~ v f ) .  

A rather detailed theory in support of this approach is contained in a 
paper which I am preparing. For the moment, it can be said that ap- 
propriate mixed-mode terminal reserves are developed by using mixed- 
mode withdrawal rates and making small modifications in the death 
benefit and cash value. 

The modification in the death benefit is a fraction of the valuation 
premium depending on the mix of modes. The modification raises the 
reserve by an amount equal to the theoretical reserve for nondeduction 
of deferred premiums at death. 

Limits on the modified cash value may be developed by considering 
the two boundary cases. The first is the usual annual premium case, with 
the full premium for the year paid by all starters and with lapses occurring 
at the year's end. The second boundary case assumes that no premium 
for the year is paid by lapsing policies and that all lapses occur at the 
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beginning of the year. In this second case, the correct terminal reserves 
must obey the formula 

, v :  ~ {[t_l v :  ~ + P~ , , (1  - o<=' = ~t:l+t-l)](1 + i,) 

(to) . 
- -  qt:3+,-, ,_1C V,(I + i,) (6) 

- -  ( 1  _ ( . )  , _ ( a )  , D B ( 1  + ½ j , ) } /  - -  ¢ l f x l + t _ l ] C . l [ z l + t _ l  

[1 "<~) t / [ x ] + t _ l  ( 1 -  ~ (w)  \ (d) • - -  - -  9 [ x l +  t - a )  q i . ] +  t - l l  • 

Rearranging terms, 

,v'. = ( [ , .v '~ + P~,3(1 <:) ""t - -  qt,l+t-lJl~ + it) 

<~) . (d) ~DB(1 + ! ; , )  -- q~xj+¢-, t_ICV=(1 + it) -- ~=j+t-1 2s 
(7) 

(w) . (d)  1 1 • t ~j,) v~" )} / + q~,)+,-i q t~)+t- l [ ,DB( + --  

( 1 f~ol tel 
q [ . ] + ~ - I  ~ q i x l + t - l )  , 

If the same valuation premium and reserve are to be generated using 
the traditional annual premium formula and the modified cash value 
tCV~, then we must have 

V" ('*) - V u , ~ = [ ( , _ i V ,  + P t = ~ ) ( 1  + i , )  - -  q t . ~ + , - ~  , C  
(8)  

(d) tDB(1 + ½j,)]/(1 ("> (a> , - -  q ~ J : l + t ~ l  ~ q f x l + t - I  - -  q [ . r l + t - 1 )  • 

Equating the right-hand sides of equations (7) and (8) and solving for 
tCV~ ~ gives 

(a) D B  1 x-;t) --  t V  B t C V ~  = (,_aCV, + Pt=l)(1 + it) -- qt,l+t-,[, ( + zj • 1. (9) 

The modified cash value of the first boundary case is, of course, KTV,. 
When t - ,CV,  > 0, equation (9) suggests that the second boundary cash 
value will be close to tCV,  and no adjustment may be necessary. For 
term plans, however, and in early years on permanent plans when 
t-tCV= = O, some adjustment seems to be called for. 

LEONARD FI. MC V I T ¥  : 

My discussion of this paper refers primarily to Section III(B), "Ex- 
pense Runoffs," and to Section i n ( c ) ,  "Use of Mean Reserve Factors." 
Although I was not able to reproduce exactly the factors appearing in 
columns 2 of Tables 2 and 3, they appear to approximate closely the 
probability of survivorship of a male life aged 32 for periods of from one 
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to twenty-five years, subject to 1955-60 Select Mortality and Linton B 
withdrawal rates. 

In Table 2 of the paper the figures in column 3 were obtained by ap- 
plying the probabilities of survivorship in column 2 to the twenty-five- 
year annuity obtained by dividing S1,000 by 810.18149. The resulting 
annuity, $98.217, was reduced progressively by the probability of sur- 
vivorship to obtain the runoff. However, I am puzzled by the results 
shown in Mr. Paquin's Table 3. Using completely parallel methods in 
Table 1 on page 491, I believe I prove that the yearly amortization using 
no interest differs little from the corresponding amortization using 6 
per cent interest, bearing in mind that the yearly amortization is the 
difference between the remainders at the end of the ct2rrent and previous 
years. 

The figures in nay column 6 can be proved correct easily by the follow- 
ing demonstration. Dividing S1,000.00 by the annuity value 6.59956 ~ls 
shown in the first line of column 5 gives an initial payment of S151.525. 
Deducting this from S1,000.00 and adding 6 per cent interest to the re- 
mainder gives $899.384 at the end of the first year. The deduction at the 
beginning of the second year is 8151.525 X 0,79938 -= S121.126. Again 
adding 6 per cent interest to the remainder, the value at the end of the 
second year is S824.953. This value agrees with the second remainder 
factor in column 6 of nay table, and subsequent values can be checked 
similarly. Column 7 of my table is directly comparable to column 10, 
which, in turn, agrees, except for two different roundings, with the figures 
in column 6 of Mr. Paquin's Table 3. 

I am of the opinion that the use of an interest assumption in amortizing 
deferred acquisition expenses is perfectly proper and is completely 
analogous to expense reserve computations made by true actuarial pro- 
cedures. The expense portion of the actuarial reserve should, however, be 
computed in two parts, reflecting deferrable acquisition expenses and 
all other expenses separately. The negative reserve representing the 
deferrable acquisition expenses will be the unamortized expenses asset, 
provided that the actual expenses, mortality rates, withdrawal rates, and 
interest rate assumed are in accordance with the (;AAP assumptions. 

ANTHONY C. SHARP: 

I note that Mr. Paquin's paper quite properly makes no mention of the 
audit guide. Perhaps a few words about accounting for unamortized 
acquisition expenses as set out in the guide are in order. 

Appendix B of the audit guide states in the first paragraph that "ac- 



TABLE 1 

COMPARISON OF YEARLY A M O R T I Z A T I O N - - 6  PER C E N T  INTEREST AND N O  INTEREST 

slzl+n-| n 

(1) 

1 . . . . . . . .  ! 1 . 00000 
2 . O. 79938 
3 1 O. 7O279 
4 0.63179 
5 . . . . . . . .  O. 57542 
6 . . . . . . . .  0.52857 
7 . . . . . . . .  O. 48965 
8 . . . . . . . .  0.45737 

. . . . . . . .  O. 42982 
19 . . . . . . .  ] O. 40550 
11 " O. 38404 
12 . . . . . . .  O. 36433 

[(l)×v n-I 
( i = O . 0 6 ) j  

(2)  

1.00000 
0.75413 
0.62548 
0.53046 
0.45579 
0.39498 
0.34518 
0.30418 
O. 26967 
O. 24001 
O. 21445 
0.19192 

1 ~(2) 

(3) 

6.59956 
5.59956 
4.84543 
4.21995 
3.68949 
3. 23370 
2.83872 
2.49354 
2.18936 
1.91969 
1.67968 
1.46523 

i 

~It]+n--l:25--n-~l 
[(3)+(2)] 

(4) 

i 6.59956 
7.42519 
7.74674 
7.95527 
8.09472 
8.187O0 
8.22388 
8.19758 
8.11866 
7.99838 
7.83250 
7.63459 

[(4)X(1)l 

(5) 

6. 59956 
5. 93555 
5. 44433 
5. 02606 
4. 65786 
4.32740 
4. 02682 
3. 74933 
3. 48956 
3. 24334 
3. 00799 
2.78151 

Remainder 
Factor 

[(5)+6.599561 
(6) 

0.89939 
0.82495 
0.76158 
0.70578 
0.65571 
0,61016 
0.56812 
0.52876 
0.49145 
0.45579 
0.42147 

Expenses 
Amortized 
from (6) 

(7) 

$ 100.61 
74.44 
63.37 
55.80 
50.07 
45.55 
42.04 
39.36 
37.31 
35.66 
34.32 

?Z(1) 

(8) 

10.18149 
9.18149 
8,38211 
7.67932 
7.04753 
6.47211 
5,94354 
5.45389 
4.99652 
4.56670 
4.16120 
3.77716 

Remainder 
Factor 

[(8)+1o.181491 
(9) 

O. 90178 
O. 82327 
O. 75424 
O. 69219 
O. 63567 
O. 58376 
O. 53567 
O. 49075 
O. 44853 
0. 40870 
0.37098 

Expenses 
Amortized 
from (9) 

(1o) 

$ 98.22 
78.51 
69.03 
62.05 
56.52 
51.91 
48,09 
44.92 
4 2 . 2 2  

39.83 
37.72 

3 . . . . . . .  0.34619 
4. 0.32947 
5 .  . . . . .  I 0,31402 
6 . . . . . . .  0.29972 
7 . . . . . .  i 0.28583 
8. 0.27240 
9 . . . . . . .  '1 0.25940 
0 . . . . . . .  I 0.24683 
1 . . . . . . .  0.23466 
2 . . . . . .  0.22287 
3 . . . . . .  i 0.21145 
4 . . . . . .  0,20037 , 
5 . . . . . . .  I 0,18962 

[ . . . . . . . . . . . .  I 

0.17205 
0.15447 
0.13889 
0.12506 
0.11252 
0.10116 
0.09088 
0.08158 
0.07317 
0.06556 
0.05868 
0.05246 
0.04683 

1.27331 
1.10126 
0,94679 
0.8O790 
0.68284 
0.57032 
0.46916 
0.37828 
0.29670 
0.22353 
0,15797 
0.09929 
0.04683 

7.40081 
7.12928 
6.81683 
6.46010 
6.06861 
5.63780 
5.16241 
4.63692 
4.05494 
3.40955 
2.69206 
1.89268 
1 .000~  

2.56209 
2.34888 
2.14062 
1.93622 
1.73459 
1.53574 
1.33913 
1.14453 
0.95153 
0.75989 
0.56924 
0.37924 
0.18962 

0.38822 
0.35591 
0.32436 
0.29339 
0.26283 
0.23270 
0.20291 
0.17343 
0.14418 
0.11514 
0.08625 
0.05746 
0.02873 

33.25 
32.31 
31.55 
30.97 
30.56 
30.13 
29.79 
29.48 
29.25 
29.04 
28.89 
28.79 
28.73 
28.73 

$1,000.00 

3.41283 
3.06664 
2.73717 
2,42315 
2.12343 
1.83760 
1.56520 
1.30580 
1.05897 
0.82431 
0.60144 
0.38999 
0.18962 

0,33520 
0. 30120 
0. 26884 
0. 23800 
0. 20856 
0. 18048 
0. 15373 
0. 12825 
0. 10401 
0. 08096 
O. 05907 
0. 03830 
0. 01862 

35.78 
34.00 
32.36 
30.84 
29.44 
28.08 
26.75 
25.48 
24.24 
23,05 
21.89 
20.77 
19,68 
18,62 

$1,000.00 
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quisition expenses should be charged against income in proportion to 
premium recognized." I t  then states that "some techniques will tend to 
produce unacceptable results" and gives an example (straight-line charge- 
off per in-force policy per year plus immediate charge-off of the un- 
amortized amounts on terminated policies) which "will not result in a 
reasonable association of expenses with related revenues" and also "is 
not consistent with the concept that aggregate acquisition costs . . .  are 
expected to be recovered from aggregate premium revenue over the life of 
each block." Only two other examples are given. One is an amortization 
for each major block of business in proportion to expected premium rev- 
enue ("sum of the premiums" method). The next and last example 
given is a method which approximates the "expense factor" method 
used by actuaries, and the statement is made that "to be fully consistent 
with actuarial concepts, the rate of amortization should give effect to 
interest assumed in benefit reserve calculations." The statement also is 
made that "any 'worksheet' approach to amortization should be based 
on the fact that interest affects the rate of recovery of costs." These last 
two statements about interest are consistent with the stated objective 
of the method, which "approximates the techniques used by actuaries 
in the determination of reserve valuation factors under the single valua- 
tion reserve method" because this technique evidently was presumed to 
involve the use of interest (other than zero). 

Whether this or any other method is consistent with the quotation 
"reasonable association of expenses with related revenues" in the above 
paragraph will depend on the specific circumstances in which it is applied. 
For example, to obtain amortization in proportion to actual premiums, 
it is necessary to make adjustments for the difference between actual 
and expected terminations. The audit guide does not specify any method 
for amortization but, in addition to the fact that expenses must be re- 
coverable to be amortizable, does provide a guide in which the following 
principles are set forth: 

1. There should be a reasonable association of expenses with related revenues. 
2. Aggregate acquisition costs for each year's block of business are expected 

to be recovered from aggregate premium revenue over the life of each block. 

An approach suggested by Mr. Paquin under which a zero interest 
rate is used for the expense premium and expense amortization could 
satisfy the above criteria. The fact that interest is used for benefit pre- 
miums but not for expense premiums seems to me to have little bearing 
on the acceptability of this approach if, when applied, it meets the above- 
mentioned requirements. This is confirmed by my discussion with ac- 



DISCUSSION 493 

countants. The whole procedure of anticipating future gains by deferral 
of expenses is artificial, as is the interest charged on unamortized expenses. 
In my opinion this "zero interest" approach on amortization of expenses 
should be regarded as one of many acceptable approaches to the deferral 
of expenses, if applied consistently. It is certainly more defensible than 
some other methods used for similar purposes in accounting. I think 
that Mr. Paquin has made a useful contribution to the literature on ad- 
justed earnings by suggesting the need for flexibility in the choice of 

amortization methods. 

ROBERT L. COLLETT: 

Mr. Paquin's article makes an interesting and useful contribution to 
the theory and practice of adjusted reserves. Some companies have ap- 
proached the problem of computing GAAP reserves, takin~ it for granted 
that the traditional mean reserve formula, using successive terminal re- 
serves, is adequate for all years after the first. Mr. Paquin's Section I I  is 
a very clear and concise explanation of why further analysis by companies 
is required. Valid alternatives to his adjusted mean reserves would in- 
clude "intermediate" reserves of the type described in the volume Natural 
Reserves and Life Insurance Accounting, published by Ernst and Ernst. 

Section I I I  raises a couple of questions for me. The use of a zero rate 
of interest is, as he says, a method which is more conservative in the long 
run than amortization by what he calls the "actuarial technique" (that is, 

amortization with a positive interest charge each year on the unamortized 
balance). In  this context it is understood that "conservative" means a 
more rapid write-off of the capitalized asset. The AICPA audit guide for 
life companies does call for the introduction of conservatism, but it calls 

for it through the careful selection of assumptions (in this case, those 
expenses deemed eligible for capitalization) and through meaningful 
tests for recoverability of any capitalized expense. An accelerated amorti- 

zation schedule is not cited as a recommended means of achieving con- 
servatism. Indeed, replacement of the most conservative version of ac- 
celerated amortization (that is, s ta tutory accounting) would seem to be a 
key objective of the audit guide. 

I t  also seems to me that the zero interest rate amortization approach 
can be theoretically confusing. The author apparently recognizes it, but 
I believe that further emphasis needs to be placed on the fact that the 

use of a zero rate in no way alters the cost to the company to "finance the 

sale," the premium needed to repay that cost, or the existence of a pre- 
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mium deficiency, if present when interest is considered. If a company is 
using a zero-rate approach to achieve a desired amortization pattern, that 
is one thing. If, however, they entertain a notion of using such a method 
in order to avoid or reduce gross premium deficiencies, then I believe 
that such use would constitute a significant misapplication of the concept 
discussed in the paper. 

My final comment has to do with whether use of the zero-rate approach 
results in proper matching, as contemplated under generally accepted 
accounting principals. The use of a zero rate of interest does result in a 
write-down of the capitalized expense in a pattern which is in proportion 
to premium revenues. However, the exclusion of interest from the calcula- 
tion results in a lack of matching of net income to premium revenues. 
Consider the adjusted earnings exhibited in Mr. Paquin's Tables 8 arid 
10. The premium income in any year could be considered to be his annual 
premium ($19.79) times the proportion of issues paying premiums, as 
shown in both tables. 

I t  can be determined from Table 8 that, where interest is included, 
adjusted earnings (excluding year i) are a nearly constant 7 per cent of 
premium revenues over the life of the policy. On the other hand, in 
Table 10, which involves amortization without interest, profits vary from 
7 per cent of premiums in year 2 down to 5 per cent in 5,ear 10 and up to 
more than 14 per cent in year 25. The only obvious improvement in the 
reported pattern derived from the omission of interest would seem to be 
in the first year. I suspect that improvements in the first-year figure could 
be obtained through alternative alterations, which would retain the use of 
interest and the matching of the earnings and premiums in renewal years. 

It  is not my intention here to take any particular position as to whether 
or not flexibility such as amortization without interest should be per- 
mitted. The practical convenience to management of being able to choose 
alternatives is clear. However, I believe that  the theoretical bases for 
such alternatives should be subjected to further scrutiny. 

H E N R Y  K U N K E M U E L L E R  : 

I believe that the separation of the policy reserve into a benefit reserve 
and an expense asset is somethat arbitrary, and, if the assumptions used 
for the expense asset are different from those used for the benefit reserve, 
one may encounter difficulties. I would suggest that, if one decides to use 
different assumptions for the expense asset as opposed to the benefit 
reserve, one tests the over-all results against a common-sense standard, 
such as eighteen-month preliminary term reserves, to make certain that 
any anomalies will be avoided. 
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(AUTHOR'S REVIEW OF DISCUSSION) 

CLAUDE Y. PAQUIN: 

I am grateful to the discussants for their interest in the subject and 
their contribution to the body of thought which is rapidly emerging on 
the subject of adjusted earnings. 

Messrs. Dreyer and Sommer make reference to three types of mean 
reserves, namely "intermediate," "modified mean," and "true midyear." 
The)" define as intermediate reserves the mean reserves used in the paper, 
namely, the arithmetic mean of the post-beginning of year transactions 
initial reserve and of the pre-year end transactions terminal reserve. 
They define as modified mean reserves what I with less charity would 
call the "thoughtless" mean reserves, that is, the average of a post-year 
end transactions terminal reserve and an improperly defined initial re- 
serve (previous terminal reserve plus premium). They do not define 
"true midyear reserves." 

The true midyear approach to which they refer seems to involve moving 
the initial reserve forward by half a year or bringing the terminal reserve 
back half a year, using in each case the expression (1 - x.<d;~ 2w ~ to take 
survival into account. Such a formula is based upon the premise that 
(1 - ½q~d~)~ = (1 - q~d~), which simply is not "true." The assumption 
that deaths are uniformly distributed through the policy year is better 
reflected, it would seem, in a simple averaging of the initial and ter- 
minal reserve factors (properly defined) to produce the mean reserve. 
The latter method is admittedly also based upon the premise that (1 + 
i / 2 )  2 = (1 + i), which also is not true. However, the distortion implicit 
in that traditional method is at least uniform and guaranteed to be small. 
Moving a year-end reserve forward or back by half a year really is not a 
bad method, but to qualify the resulting reserve as " t rue" and those used 
in this paper as merely "intermediate" is subtly misleading and perhaps 
mildly presumptuous. (The truest mean reserve factor of all would prob- 
ably be of the form ½[d(1 + i) 1/2 + v 1/2 tV], where the terms t[ and tV  

are as defined in the paper.) 
Messrs. Dreyer and Sommer, after comparing so-called modified mean 

reserves with correctly calculated reserves, leave it to the reader to de- 
cide whether the differences are material. Of course, the responsibility 
for the decision is well placed, but what is most important to note is 
not the materiality of the difference in the reserves but the materiality 
of the difference in the resulting earnings. One may note, for instance, that 
where a stock price is determined by a price-earnings ratio of, say, 15, 
the difference in reported earnings can be magnified 15 times. I t  is true 
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that in the long run reserves do not affect the amount of earnings and 
affect only their incidence. However, in practice this simply means that 
a distortion in reported earnings eventually will be followed by an actu- 
arially equivalent distortion in the opposite direction. 

It  is, in a way, regrettable that Mr. Milgrom should, in his discussion, 
adopt the formula It = /t-l(1 - q ~  - qi~-t), whereas the paper uses It = 
It_~(1 - q~d21)(1 -- q~-{). His use of probabilities of decrement, predicated 
upon the existence of multiple-decrement tables for ordinary life insurance 
(for which data are usually analyzed and available only in terms of single 
decrements), is difficult to reconcile with the assumption that withdrawals 
take place only when scheduled annual premium payments are not made 
and complicates the comparing of his approach with mine. In other words, 
the paper shows successive single decrements, deaths being uniformly 
distributed over each policy year and withdrawals being instantaneous 
at policy year ends; Mr. Milgrom uses multiple decrements operating 
jointly and uniformly over the policy year. His discussion is clever and 
informative, and one can but look forward to a paper which would ad- 
vance the actuarial art in the handling of nonannual premium payments 
as well as in meaningful gain and loss analysis. 

One point my paper attempted to make was that a reserve cannot be 
used properly (except by chance) unless it is defined properly (in relation 
to the timing of insurance events, including population decrements), 
There is really no standard definition of "terminal reserves" which is 
complete and satisfactory (Jordan's Life Contingencies states simply that 
a terminal reserve relates to the end of a policy year). After all these 
years, the term still must be defined, and one will find that good defini- 
tions make good fornmlas. I t  is important, and perhaps not emphasized 
enough in the paper, that the actuarial profession defines all its terms with 
meticulousness. Like the jet age, GAAP is thrusting many new concepts 
upon us, and unless we begin to agree on a set vocabulary, our discussions 
will be but a Babelized conundrum of garbled thoughts. Until we can 
settle our differences in terms, let us say that Mr. Milgrom prefers to 
work from a post-year end transactions terminal reserve and to convert 
it, for the purpose of calculating mean reserves, into a pre-year end 

((to) transactions terminal reserve of the form tVf + /[xl+t_l ( t C V ~ .  - -  tVBz) ,  

where tV~ is the post-year end transactions terminal reserve and where 
there are no coupons or dividends paid. Contrary to Mr. Milgrom's 
assertion, I am not suggesting a redefinition of the terminal reserve 
symbol; what I am suggesting very strongly is that there is more than one 
kind of terminal reserve factor, namely, a pre-year end transactions kind 
and a post-year end transactions kind, and as soon as the Committee 
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on Standard Notation and Nomenclature tells me which symbol to use 
for each kind I will comply gladly. Meanwhile, I ask a question. What is 
the amount represented by ~0V, for S1,000 twenty-year endowment in- 
surance policy? Those who answer 81,000 are thinking of this symbol, 
as I did, as representing a pre~-year end transactions reserve. 

I would suggest that all pre~-year end transactions terminal reserves 
be called "pre-terminal reserves," and that post-year end transactions 
terminal reserves can be called "post-terminal reserves." Likewise, pre- 
beginning of year transactions initial reserves could be called "pre-  
initial reserves," and post-beginning of year transactions initial reserves 
could be called "post-initial reserves." Normally, the pre-initial reserve 
and the post-terminal reserve of the next preceding policy year will be 
identical. This convention may prove helpful and will be used in the re- 
mainder of this author's review of discussion. I t  will be apparent that this 
paper defines the mean reserve as the average of the post-initial reserve 
and the pre-terminal reserve. 

The definition of gain which Mr. Milgrom presents in his formula (3) 
is clearly flawed by the absence of provisions relating to expenses. Yet, 
on the whole, there is good food for thought in his discussion. Mr. Milgrom 
obviously would like a more complete and more advanced treatment of 
the subject of reserve valuation, and I am in sympathy with him. I might 
explain, however, that it seemed preferable to me to keep this paper 
reasonably short and simple, in order not to deter anyone who might 
benefit from it from reading it, to keep my work within reasonable bounds 
and to present my paper to the profession at a time when it could be of 
most practical value. 

In his discussion Mr. McVity, apparently puzzled by the figures of 
column 4 of Table 3, failed to observe that they could be extracted direct- 
ly from column 4 of Table 2A. I would not dare challenge Mr. McVity's 
figures, but I would dare say that he missed a point which, if discovered, 
would have shown the reason for our difference in results. The point is 
that costs should be recognized at the same time as premium revenues 
are recognized. Mr. McVity looked at costs from the end of the first 
policy year, gave himself 6 per cent interest on his beginning-of-year 
premium of S151.525, charged himself 6 per cent on his $1,000 initial 
expenditure, and so found himself with $899.384 at the end of the policy 
year, from which he concluded that he should deduct S100.61 as of the 
beginning of the first policy year. What, in effect, he does is to calculate 
the amortized cost as of the end of each policy )'ear, but then, inexplicably, 
he charges it off at the beginning of that same policy year. Were he to 
look at expenses from the end of each calendar )'ear, as might be the 
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normal practice at the end of a fiscal year, presumably he would accrue 
6 per cent interest all around for six months, so that he would have 8873.93 
unamortized after six months, which means that he amortized 8126.07 
the first year (rather than 8100.61). 

One important point of this paper is that interest can play tricks in 
the amortization of expenses and that it might be wise for an actuary to 
stay away from the resulting complications. The following paragraphs 
will at tempt to explain how the rabbit comes out of the hat when one 
insists on using interest. 

The paper illustrates how the use of interest in amortizing expenses 
can be likened to a home mortgage amortization. A home mortgage 
amortization is characterized by decreasing interest payments and in- 
creasing principal reductions as part of each level installment. There 
are, however, two main differences peculiar to a block of life insurance 
business. First, the installments (premium payments) decrease from year 
to year as a result of the decrease in in-force brought on by mortality 
and withdrawals. While each installment may contain a proportionately 
greater principal reduction (expense amortized or, in the accountants' 
terminology, "cost recovered"), the reduction in the size of the install- 
ments still may show a deceptively diminishing amount of principal re- 
duction. In relation to the premium revenue, this principal reduction is, in 
fact, increasing from year to year, and there is a deferment of the amorti- 
zation of the principal. A comparison of columns 4 and 6 in Table 3 of the 
paper (comparing policy years 16, 17, and 18, for example) would show 
this clearly. Second, the first installment is paid concurrently with the 
"borrowing" of the "principal," while a home mortgage normally calls 
for the first installment to be paid one period after the lending of the 
principal. Hence, with a block of life insurance business, there is no in- 
terest payment in the first installment, and all of it can be devoted to 
"principal reduction" (expense amortized or cost recovered). This is 
illustrated in column 4 of Table 3 of the paper. 

One possible way (which, as may be seen, still presents problems) of 
remedying the problem of the "balloon" first-year principal reduction 
inherent in the mortgage amortization approach is to use a modification 
which one might call "the mortgage amortization with prepaid interest" 
approach. Under this approach, the first year's interest would be forced 
out of the first installment by being discounted. The same process would 
apply to all other installments as well. The amount of principal upon 
which interest is discounted is, of course, the balance of the principal 
after the current year's principal repayment. This can be expressed by 
the following formula: 
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(i) 

tth amortizable expense premium (payable at the beginning of 
each period) ; 
Amount of amortizable expenses amortized upon the payment of 
t p E ;  

Amount of amortizable expenses yet unamortized immediately 
before t P  E is paid; and 
/th period's interest rate used in the determination of tP E and for 
the amortization process. 

In this equation, all factors are known quantities except tA  E. Re- 
arranging the equation above produces 

,A ~ = tP ~ -  ,i(,L ~ - - J ' ~ ) .  (2) 

Formula (2) above insidiously found its way into Appendix B of the 
AICPA audit guide (as released in "final" form in the spring of 1973). 
This formula can be extracted from a tabulation in the appendix which 
purports to illustrate an amortization method "with interest." Since the 
audit guide mandates (p. 72) that "acquisition expenses . . ,  be deferred 
and charged against income i n  p r o p o r l i o n  to premium revenues recog- 
nized" (emphasis mine) it might be appropriate to examine briefly the 
nature and characteristics of the mortgage amortization approach with 
prepaid interest, which, incidentally, is that which Mr. McVity illustrates 
in the table of his discussion and which Joe B. Pharr also illustrated in 
his paper ( T S A ,  XXIV, 25). Referring to the "Examples of Assorted 
Patterns of Depreciation" in Table 1 of the paper, consider a ten-year 
mortgage with 8 per cent interest and level installments payable at the 
beginning of each year (tantamount to considering a ten-year insurance 
policy with no benefits, no mortality, no withdrawals, and a first-year 
amortizable expense of $1,000). 

The value of P, which may be derived by use of the formula Pai~ = 
1,000, is found to be 137.99. Application of formula (1) or formula (2) 
above will produce the values shown in Table R1 on page 500. 

The format of Table R1 is analogous to that of Table 2A of the paper 
so that the reader may observe more easily the similarities and differences 
between the two mortgage amortization techniques, that illustrated in 
Table 2A being for interest charged "when earned" rather than prepaid 
at the beginning of each year. 

An interesting observation may be made by comparing the amortized 
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anaounts of Table R1 (col, 5) below, with the amounts of depreciation 
taken under the sinking fund method as shown in Table 1 of the paper. 
The amounts are identical, which shows that  the "mortgage amortization 
with prepaid interest" approach is akin to a sinking fund method depreci- 
ation. From Table R1 one may observe that the amounts amortized each 
year (col. 5) are far from being in proportion to the annual payments  
(premium revenues), and the anaortization is the opposite of conservative. 

For life insurance the annual payments  (premium revenues) normally 
are not level, as are those of Table R1, but  are in proportion to a de- 
creasing in-force. Were the normal sinking fund depreciation approach 

TABLE R1 

MORTGAGE AMORTIZATION WITH PREPAID INTEREST 

P r i n c i p a l  before Annua l  I n t e r e s t  C u r r e n t  
Y e a r  C u r r e n t  P o r t i o n  

A m o r t i z a t i o n  P a y m e n t  of P a y m e n t  A m o r t i z a t i o n  

(t) (2) (3) (~) (5) 

1 . . . . . . . .  

2 . . . . . . .  

3 . . . . . . .  

4 . . . . . . . .  

5 . . . . . . . .  

6 . . . . . . . .  

7 . . . . . . . .  

8 . . . . . . .  

9 . . . . . . . .  

10 . . . . . . .  

St,O00.O0 
930.97 
856.42 
775.90 
688.94 
595.03 
493.60 
384.06 
265,76 
137.99 

$ 137.99 
137.99 
137.99 
137.99 
137.99 
137.99 
137.99 
137.99 
137.99 
137.99 

S 68,96 
63.44 
57.47 
51.03 
44.08 
36.56 
28.45 
19.69 
10.22 

0 

S 69,03 
74.55 
80.52 
86.96 
93.9l 

101.43 
109.54 
118.30 
127.77 
137.99 

Total . . . . . . . . . . . . . . .  $1,379.90 $379.90 $l,000.00 

to be followed in such a case, the amount  amortized each year would rep- 
resent a combination of increasing interest (on the fictitious accumulated 
fund for replacement) and of decreasing "premium income," producing 
the results illustrated in column 5 of Table 2 of the paper. The mortgage 
amortization with prepaid interest approach for life insurance is a special 
version of the sinking fund depreciation approach. The values it produces 
are illustrated in Table R2 on page 501, which should be compared with 
Table 2A of the paper as well as with Mr. McVity 's  table. As one can ob- 
serve from column 4, the balloon first-year principal reduction problem 
essentially has been cured. However, the nonproportionality problem re- 
mains (in year 25, where 1.86 per cent of the revenues are expected, 2.87 
per cent of the expenses are amortized). 

Normally it is not the function of an author 's  review of discussion to 
dwell upon actuarial techniques and approaches which the author deems 
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ques t ionab le .  B u t  th i s  d e p a r t u r e  f ront  c u s t o m  seems  a p p r o p r i a t e  he r e  

because  i t  h a s  been  r e p o r t e d  t h a t  the  m o r t g a g e  a m o r t i z a t i o n  w i t h  p r e p a i d  

in te res t  a p p r o a c h  was  i n t r o d u c e d  i n to  A p p e n d i x  B of the  A I C P A  a u d i t  

guide  a t  t h e  las t  m i n u t e  a n d  w i t h o u t  be ing  s h o w n  in a n y  of t h e  p r io r  

d r a f t s  upon  which  c o m m e n t s  were  sought .  T h i s  a p p r o a c h ,  l ike o t h e r  

TABLE R2 

E X P E N S E  R U N O F F  B Y  M O R T G A G E  A M O R T I Z A T I O N  W I T H  

P R E P A I D  I N T E R E S T  T E C H N I Q U E  

A m o r t i z a b l e  N e t  P r o p o r t i o n  of 
Po l i cy  
Y e a r  Expense  P r e m i u m  D i s c o u n t  C h a r g e  A m o r t i z a t i o n  P r e m i u m s  P a i d  

C h a r g e  [(2) - -  (3) ] ( I n -Fo rce )  
(1) (2) (3) (4) (5) 

1 . . . . . . . .  
2 . . . . . . . .  
3 . . . . . . . .  
4 . . . . . . . .  
5 . . . . . . . .  
6 . . . . . . . .  
7 . . . . . . . .  
8 . . . . . . .  
9 . . . . . . . .  
l0 . . . . . . .  
11 . . . . . . .  
12 . . . . . . .  
13 . . . . . . .  
14 . . . . . . .  
15 . . . . . . .  
16 . . . . . . .  
17 . . . . . .  
18 . . . . . . .  
19 . . . . . . .  
20 . . . . . . .  
2l . . . . . . .  
22 . . . . . .  
23 . . . . . . .  
24 . . . . . . .  
25 . . . . . . .  

$ 151.53 
121.13 
106.49 
95.73 
87.19 
80.09 
74.19 
69.30 
65.13 
61.44 
58.19 
55.20 
52.46 
49.92 
47.58 
45.42 
43.31 
41.27 
39.31 
37.40 
35.56 
33,77 
32.04 
30.36 
28.73 

$ 50.91 
46.70 
43. I1 
39.95 
37.11 
34.54 
32.15 
29.93 
27.82 
25.80 
23.85 
21.97 
20.15 
18.36 
16.60 
14.88 
13.17 
11.48 
9.82 
8.16 
6.52 
4.88 
3.25 
1.63 
0 

$ 100.62 
74.43 
63.38 
55.78 
50.08 
45.55 
42.04 
39.37 
37.31 
35.64 
34.34 
33.23 
32.31 
31.56 
30.98 
30.54 
30.14 
29.79 
29.49 
29.24 
29.04 
28.89 
28.79 
28.73 
28.73 

1.00000 
0. 79938 
0. 70279 
0.63179 
0.57542 
0. 52857 
0. 48965 
0.45737 
0. 42982 
O. 40550 
0.38404 
0.36433 
0.34619 
0. 32947 
0.31402 
0. 29972 
0. 28583 
0.27240 
O. 25940 
O. 24683 
O. 23466 
O. 22287 
0.21145 
O. 20037 
O. 18962 

Total $1,542.74 $542.74 $1,000.00 10. 18149 

a p p r o a c h e s  " w i t h  i n t e r e s t , "  fails to p r oduce  an  a m o r t i z a t i o n  which ,  in 

t he  words  of t he  a u d i t  guide,  is "in p r o p o r t i o n  to p r e m i u m  r e v e n u e s  rec-  

o g n i z e d "  (as m a n d a t e d  on  p. 72 of the  guide) .  M o r e o v e r ,  i t  p roduces ,  

in r e l a t ion  to p r e m i u m  income,  a d e f e r m e n t  in t he  r ecogn i t ion  of expenses .  

As Mr .  S h a r p ' s  d i scuss ion  p o i n t s  ou t ,  t he  a u d i t  guide  rea l ly  c o n t r a d i c t s  

i tself  w h e n  it  says,  on  the  one  h a n d ,  t h a t  expenses  are  to be  anaor t ized  

in p r o p o r t i o n  to  p r e m i u m  r e v e n u e s  recognized  and ,  on  the  o the r ,  t h a t  

t he  use of i n t e r e s t  is expec ted  " fo r  full cons i s t ency  w i th  a c t u a r i a l  con-  
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cepts."  From a legalistic standpoint,  an appendix should have a lesser 
standing than the main body of an audit guide requiring proport ionali ty 
in amortization. From an actuarial standpoint,  this paper should demon- 
strate tha t  the use of interest in the t reatment  of expenses is not necessary 
to ensure consistency with actuarial concepts. But we are there entering 
the realm of opinion. Assume that  interest is used. The paper  makes 
clear, in the presentation of Table 2A, that  amounts  amortized under the 
runoff approach must  be net of interest. Where these amounts  are cal- 
culated through reserve factors, this "net t ing"  process is automatic ,  al- 
though it is not easy to see how it is taking place. Therefore, let us examine 
what  happens when " t rue  actuarial concepts" or " t rue actuarial formulas" 
are applied. 

The  paper  points out that  earnings cannot be determined or reported 
without reference to a point in time. Two points in time usually are used 
by  actuaries: for theoretical work, the policy year end is often used, while 
for practical work (such as preparing an annual s tatement) ,  the calendar 
year  end is used. 

Proceeding from the more familiar to the less familiar, note how statu- 
tory  earnings are determined in the annual statement.  The  profit is 
determined essentially as being made up of gross premiums plus interest 
income, less the following items: (a) benefits (of all kinds), (b) expenses 
(of all kinds, including commissions and taxes), and (c) the increase in 
reserves. How is the increase in reserves determined traditionally? Let  
us look at the increase in reserves symbolically. 

Let  

,M = Mean reserve factor applicable for a policy in its tth policy }'ear; 
l~-x = In-force by which the mean reserve factor for the tth po)icy year 

is multiplied 
= l,-1 -- ~d,-x; and 

~iIR = Increase in reserves at the calendar year end with respect to the 
beginning-of-year in-force represented by l~_~. 

Then 

~IR ' ' . = l,_t , M -  l,_,, ,_ :M (3) 

If  the reader is willing and able to accept the foregoing equation as 
representative of what every life insurance company does at calendar 
)'ear end, let us see what happens to amortizable expense reserves on a 
policy-year basis. As the paper explains, a reserve factor cannot be de- 
scribed properly and used without being associated with a population 
(or in-force), by reference either to that  population or to a specific point 
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in time which indicates what the population will be. In the case of ex- 
penses, where only withdrawals are expected at year end, the policy- 
year-end reserve (not the reserve factor, but the total reserve) may be 
described as either (1~_~ - d , ) t V  E, where ~V ~ represents the pre-terminal 
amortizable expense reserve factor previously used in the paper, or as 
It P ° ~ V E ,  where P°~VE would represent the corresponding post-terminal 
reserve factor. In effect, 

( t , _ ~ -  d , _ ~ ) t V  E = tt  P°~ '~V~.  (4) 

Let PtlR ~ represent the increase in expense reserves at the /th policy 
year end with respect to the previous policy year end's in-force repre- 
sented by l t - i  (this last symbol being defined in the paper). Then 

post IZE post i r e  PtlR ~: = It , -  - -  l t - I  t - l ~  • (5) 

From manipulation of formulas (10)-(12) of the paper and of formulas 
(4) and (5) above, one can derive 

- -  post ~ r E  . 
~ I R  ~ = l t _ t ( t P  ~ ,E~)(1 + i) + lt_, , _ ,v  , .  (6a) 

I t  might be simpler to consider this last formula in a year when no 
new amortizable expense has been incurred, that is, when t_iE ~ equals 
zero. Then 

post 
PtlR ~ = l t -1  tPg(1 + i)  + l t -1  t-i g Ei .  (6b) 

This formula expresses symbolically the point I made earlier in this 
reply with respect to Mr. McVity's discussion. The expense premium, 
~Pn, paid by lt-i persons, is accrued with interest to the end of the year, 
and interest on the previous reserve, lt-1 t-l-P°~tv~, is deducted (it is a deduc- 
tion, not an addition, because the expense reserve is negative). Hence, 
using the traditional "increase in reserves" deduction approach is equiva- 
lent to paying interest to oneself on premiums received and charging 
interest to oneself on the yet unamortized amount, and charging off the 
remainder (the amortizable expense effectively amortized) as of the e n d  

of the policy year. 
However, in practice earnings are calculated not through the use of 

policy-year-end factors but through the use of mean reserve factors. 
Hence my paper attempted to show what it is that an actuary does to 
himself (or his employer or client) when he uses mean reserve factors. 

Formula (3) of this reply is a generalized expression which shows what 
the actuary does in practice at each calendar year end. The following 



504 DEVELOPING RESERVE FACTORS FOR ADJUSTED EARNINGS 

formula for the increase in reserves charged at year end applies more 
specifically for amortizable expenses: 

~IR E = 1~-1 ,M g -  l't-2 t - l M  ~: • (7) 

A transformation similar to that employed on formula (5) of this reply 
(using again formulas [10]-[12] of the paper) results in: 

~IR ~ = l t -x( tP E -- tEE)(1 + i) 1/2 + l't-2 t - t M E i .  (8a) 

Again, consider formula (8a) in a year when no new amortizable ex- 
penses has been incurred, that is, when ~E e equals zero. Then 

~IR E = t,_l ,PZ(1 + i) 1/2 + t~_~ , _ I M ~ i .  (Sb) 

This latter formula shows how half a ),ear's interest is accrued on 
premiums received and a whole year's interest is deducted ("charged to 
oneself") on the previous reserve. For the first )-ear of a policy's life, 
only half a year's interest is charged upon the whole amortizable expense 
incurred at issue. 

I t  might be informative to refer to Tables 7 and 8 of the paper and to 
derive the expense runoff amounts by both formulas (7) and (8a) of this 
reply. For instance, the effective expense runoff for the calendar year 
ending within policy year 12 can be expressed as 

lh I~M ~ -  l[o n M  E ,  

or (0.36361)(-30.00) -- (0.38337)(-30.89) = 0.934, or as 

ln(12P ~: -- 12EE)(1 + i) 1/2 + l~o n M E i  , 

or (0.36433)(4.3815- 0)(1 .0296)+ (0.38337)(--30.89)(0.06) = 0.934. 
From this demonstration we may conclude that the actuary who develops 
mean reserve factors for amortizable expenses with interest is, in effect, 
contemplating amortizing expenses in accordance with the expense run- 
off listed in Table 8. 

The expense runoff of Table 8 really is a hybrid of the two mortgage 
amortization techniques described earlier, namely, (1) that with interest 
when earned and (2) that with prepaid interest. I t  shows how, in practice, 
with the expense reserve factor approach, one does not amortize, in the 
first year, the full expense premium of $4.38 (more accurately S4.3815), 
as contemplated by the normal mortgage amortization technique, nor 
does one amortize the $3.24 which the policy-year-end approach or 
mortgage amortization technique with prepaid interest would have pro- 
duced. Pharr, in his paper, limits his showing of equivalence between the 
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reserve factor approach and the amortization schedule to the situation 
where earnings are looked at from the end of a policy year. In my opinion, 
it is more practical to look at mean reserve factors, because they are 
what actuaries use in practice. This discussion demonstrates that the 
mean reserve factor approach with interest does, for expenses, create a 
balloon first-year amortization. The normal mortgage amortization 
technique would amortize $4.38 the first year, the mortgage amortization 
with prepaid interest technique would amortize $3.24, the mean reserve 
factor approach would amortize $3.81 (from Table 8), while the mean re- 
serve factor approach with a 0 per cent interest rate would amortize $2.97 
(from Table 10). 

Once one understands what the traditional "increase in mean reserves 
method" of charging off amortizable expenses does, should one be willing 
to use it? The audit guide contains two important criteria: (1) amortizable 
expenses must be associated with the corresponding premium revenues, 
and presumably must be recognized at the same time, and (2) amortizable 
expenses should be charged against income in proportion to premium 
revenues recognized. The paper has sought to show, inter alia, that using 
a 0 per cent interest rate in preparing mean reserve factors for amortizable 
expenses satisfies these two criteria admirably well. 

I t  is possible, for one who wishes to use the mortgage amortization 
with prepaid interest technique, to derive mean reserve factors in such a 
way that the amount effectively amortized each year is that which a 
policy-year-end valuation would have amortized. The solution is to 
force the mean reserve factor in a manner such that, if the mean reserve 
factor is multiplied by the projected in-force at calendar year end, it 
will produce the net amortization contemplated by the mortgage amorti- 
zation with prepaid interest technique. For instance, if one wants to 
amortize $1,000 by charging off $100.62 in year 1, $74.43 in year 2, and 
SO on,  

~IR ~ 1 = 16 1M e P ~ I  E , 

or 100.62 = 0.999621M ~ - (-1,000), from which the value of 1M E is 
-899.72. For year 2, and through the general recursion formula there- 
after, 

~IR B = II ~M e -  1~ 1M e ,  

or 74.43 = 0.799002M ~ - 0.99962(-899.72), from which ~M e is 
- 1,032.48; and so on. This approach reflects more ingenuity than accord 
with established precedents of actuarial practice representing adherence 
to true actuarial concepts and formulas. However, a clever actuary can 
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contrive formulas which do precisely what he wants them to do. In fact, 
one important point of this paper was that a formula exists which 
amortizes expenses precisely as the audit guide demands, and that for- 
mula is, for amortizable expenses, the normal formula with a 0 per cent 
interest rate. 

Mr. CoUett's discussion would lead me to re-emphasize two points. 
The first is that the audit guide calls for a system which produces a recog- 
nition of costs in proportion to revenues being recognized, and that 
profits (earnings) are expected to fall where they may. The objective is 
not specifically that of producing earnings which are proportional to 
revenues. The primary objective really is to adjust expenses, although 
that process ends in an adjustment of earnings. If earnings end by being 
disproportionate to premium revenues, that normally should not disturb 
anyone. The second point is that there is more to earnings than those 
shown in Tables 8 and 10 of the paper. These earnings possibly could be 
described as "operating earnings." Looking at two scales of operating 
earnings is a bit like looking at two different but actuarially equivalent 
dividend scales. Some adjustment for interest on prior earnings needs to 
be made (at least mentally). The sum of the adjusted earnings comes out 
to $12.81 in Table 8 and to $13.33 in Table 10, while statutory earnings 
total $23.39. All of these earnings scales have a discounted value at issue 
of $7.51, which proves that they are actuarially equivalent. As the paper 
states, if they were accumulated at interest, as insurance policy dividends 
can be, they would all accumulate to $33.19 per S1,000 issued, 252! years 
after issue. This implies that, looking at the over-aU financial operation 
of a life insurance company, there is an accretion of some earnings which 
are earnings resulting from prior earnings. This is a nebulous and theo- 
retical area because we are dealing with a process of allocation where 
two sources may compete for recognition as the producer of the earnings. 
(If a thousand policies issued in 1971 produced enough profits in 1972 to 
make it possible to issue ten new policies in 1972, and if the 1972 policies 
produced $I00 profit in 1973, should this $100 profit be counted as earn- 
ings produced by the 1971 policies? What if the 1972 profits from the 
1971 issues are invested at 8 per cent interest instead?) 

Writing a paper on the various subjects [ have covered may have been 
a mistake, for a book would really appear to be needed. I trust, neverthe- 
less, that my remarks have not been unduly burdensome to read and 
comprehend. I thank the discussants for challenging me to clarify or 
expand on some of the points covered in the paper. My main aim was to 
provoke fresh thinking on subjects which surround the adoption of gen- 
erally accepted accounting principles. Any computer can grind out reams 
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of figures, and producing reserve factors, however burdensome it may be, 
is not our real professional challenge. The actuary's challenge is to think 
through his formulas before he uses them, to define his objectives clearly, 
and to devise new tools and new approaches as circumstances demand. 
This paper may represent a modest contribution to meeting the challenge 
presented by GAAP. 

I would be remiss if I did not acknowledge the important contribution 
to the development of nay thinking by my colleague John L. Street, a 
member of the American Academy of Actuaries, whose oral discussions 
with me on the subjects covered in the paper and the review of discussions 
have added to my perception of problem areas. To him, as well as to all 
those who contributed directly or indirectly to the advancement of our 
understanding of concepts relating to GAAP, I express nay sincere ap- 
preciation. 




