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ABSTRACT 

This paper develops pricing theory for single premium immediate 
annuities using Anderson's present value of book profits method. Federal 
income tax and contingency reserves are recognized explicitly in the 
expression for the annual book profits. The interest assumption is based 
on new-money rates and an investment-generation method of allocating 
net investment income, resulting in nonlinear dependence of the present 
value of book profits on the annuity rate. Newton-Raphson iteration is 
used to solve for the annuity rate that meets a given profit objective. 
Equations for after-tax portfolio net earned rates are derived as an aid to 
fitting the interest rate structure of the annuity rate basis. The theory is 
applied to the pricing of stralght-life and guaranteed-ten nonqualified 
single premium immediate annuities for males and females aged 65 at 
issue. 

M 
ANY papers have been written on the theory of pricing, several 

of which are included among the references listed at the end of 
this paper. Most of these cast equations and discuss assump- 

tions as they apply to the pricing of whole life, limited life, term, or 
endowment policies. The purpose of this paper is to develop the theory 
underlying the pricing of single premium immediate annuities. 

The paper basically is organized in three sections. Section I outlines 
important issues in the pricing of single premium immediate annuities. 
Section II derives the pricing theory using Anderson's [1] present value 
of book profits method. Sample pricings are presented in Section III. 
An Appendix has been included so that definitions of all symbols used in 
the paper can be found in one place. 

I. GENERAL CONSIDERATIONS 

In certain respects, setting single premium annuity rates is easier 
than setting rates for life insurance policies. There is seldom any con- 
sideration of equitable distribution of surplus to policyholders, since 
most single premium immediate annuities are offered on a nonparticipat- 
ing basis. Since such annuities have no cash values, there is only a single 
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12 PRICING OF SINGLE PREMIUM IMMEDIATE ANNUITIES 

decrement, mortality, with which to contend. One should not infer from 
these comments, however, tha t  the task of developing single premium 
immediate annuity rates is straightforward. 

The necessity of using conservative mortality assumptions in pricing 
annuities is well recognized. The following issues are important  in decid- 
ing upon a mortali ty basis. 

1. Annuitant mortality exhibits the effects of selection, particularly on con- 
tracts without a refund provision. 

2. There are observed differences between mortality under contracts containing 
a refund feature (or guarantee of annuity payments for a specified period) 
and mortality under contracts not containing any such provision. 

3. The level of mortality is higher under contracts written on a tax-qualified 
basis than under those written on a nonqualified basis. 

4. In addition to a table based on current mortality experience, the pricing of 
annuities requires the development of an appropriate scale for projecting 
future improvement in mortality resulting from advances in medicine and 
geriatric care. 

5. Few companies write a sufficiently large volume of single premium immediate 
annuity business to develop their own mortality tables. Even on an industry- 
wide basis, the volume of mortality experience under annuity contracts is 
far smaller than that under life insurance contracts, adding to the difficulty 
of establishing credible industry tables. 

Competitive position is a very important  factor in pricing single 
premium immediate annuities. The volume of business a company writes 
appears to be a sensitive function of the competitiveness of its rates. 
Since most companies offer only nonparticipating single premium imme- 
diate annuity contracts, a prospective purchaser often can base his deci- 
sion on a single number - - the  amount  of periodic income that  can be 
purchased for a given amount  of money. Thus, shopping is common, and 
the companies with the most competitive rates write most of the new 
business. Since a substantial volume of annuity business is placed through 
insurance brokers, it is important  for a company to acquire a reputation 
of having competitive rates if it wishes to at tract  this type of business. 
Of course, it must be recognized that  there is an initial s ta tu tory  surplus 
strain associated with the writing of single premium immediate annuities. 

This strain is redressed )'ear by )'ear after issue, but  the strain will 
persist if a large volume of new business continues to be written. Thus, 
a small or medium-sized company may be forced to " turn  off the tap" 
by making its rates less competitive. 

The manner in which investment assumptions are reflected in the 

pricing can affect significantly the competitiveness of the rates. I t  is 
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standard practice in today 's  marketplace to use new-money interest 
rates in pricing single premium immediate annuities. I t  also is common 
to allocate investment income to blocks of annuity business on the basis 
of an investment-generation method rather than the portfolio method 
traditionally used in pricing life insurance. Companies following these 
practices will revise their annuity rates when new-money interest rates 
change by an amount large enough to result in a significant change in 
annuity prices. As might be anticipated from the previous comments, 
it is important  that  the actuary responsible for the pricing maintain 
close contact with the investment department,  not only in monitoring 
the progress of interest rates but also in developing investment strategies 
consistent with the investment assumptions underlying the annuity 
rates. The companion paper in these Transactions is devoted to a discus- 
sion of the problem of determining investment assumptions consistent 
with the investment practices of the company. 

I I .  THEORY OF P R I C I N G  

A. Method 

The theory of pricing single premium immediate annuities as derived 
in this paper is based on Anderson's method [1]. The fundamental 
principle on which Anderson's method rests is tha t  the capital investment 
in a block of business be repaid at a yield reflecting the risks inherent in 
the business. In stock companies, one usually speaks about the capital 
investment made by the shareholders, while in a mutual company one 
usually refers to general surplus fumts invested in a block of business, since 
there are no shareholders. In the remainder of this paper, references to 
shareholders and to general surplus funds will be made interchangeably. 

There are several reasons why capital may have to be invested in a 
block of business. 

1. A new line of business may require initial capitalization to cover development 
costs. Repayment to general surplus funds should be made by several 
generations of policyholders, not by the first block of issues alone. 

2. Capital may be needed to provide an adequate level of contingency reserves 
to the extent that these cannot be accumulated from premiums and invest- 
ment earnings on the block of business. 

3. Writing new business usually involves an initial surplus strain, since the 
accumulated assets are insuffacient to cover the statutory reserves. 

The development costs of a new line of business are not considered in 
this paper, but  the second and third reasons cited above are explicitly 
recognized. In the pricing theory presented here, the assets specifically 
identified with a block of business are those accumulated from premiums 
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and investment earnings after payment of commissions, expenses, and 
taxes. For purposes of presenting a statutory balance sheet, the accumu- 
lated assets at any year-end are earmarked first to provide the necessary 
statutory reserve, with the balance earmarked for the contingency 
reserve. The capital investment by shareholders in the block of business 
at year-end is taken to be the excess of the statutory reserve plus the 
contingency reserve over the accumulated assets. 

The approach used in this paper is to regard the capital investment by 
shareholders not as funds explicitly held by the block of business but 
as an amount put "on the shelf" to back the block of business. While on 
the shelf, these general surplus funds are unavailable for alternative 
investment in other blocks of business, agency expansion, acquisition of 
electronic data processing equipment, and so on. Thus, the block of 
business should be expected to pay to the company's general unassigned 
surplus funds a fair rate of return for tying up the capital. This fair rate 
of return will include an adequate premium for risks inherent in the type 
of business supported by the funds set aside. There are three basic risks 
in single premium annuity business: mortality risk, expense risk, and 
investment risk. In addition, there is a general business risk that the 
product will not prove to be as marketable as originally supposed, or 
that the company will become insolvent as a result of difficulties in other 
lines of business. 

In determining an appropriate rate of return to shareholders for use of 
capital, two approaches can be considered. 

1. The pricing can be based on reasonable expected assumptions for mortality, 
expenses, and investment results, and a shareholders' rate of return that 
includes a composite risk premium for all the basic risks and the general 
business risk. 

2. The pricing can be based on reasonable expected assumptions for mortality, 
expenses, and investment results, with specific additional provision for the 
accumulation of a contingency reserve against adverse fluctuations in these 
factors. The shareholders' rate of return then would include only the risk 
premium for the general business risk. 

In either case, it may be the decision of management to have a very 
profitable (and necessarily less competitive) line of business; the share- 
holders' yield rate then would include a specific profit component in 
addition to the risk-free return and the risk premium. 

Method 2 is more appealing theoretically, since the composite risk 
premium of method 1 effectively is broken down into specific formula 
contributions to a contingent3" reserve against each of the basic risks. 
Such an approach is desirable because the mortality, expense, and 



PRICING OF SINGLE PREMIUM IMMEDIATE ANNUITIES 15 

investment risks are all different in nature. For example, it is unclear 
a priori how a specific formula contribution to a contingency reserve 
covering the mortality risk translates into a specific percentage return on 
shareholders' invested funds. Contingency reserves against the mortality,  
expense, and investment risks are considered in Section II ,  B. 

Anderson's original paper was based on the calculation of book profits 
before federal income tax or on the assumption that  the net earned rate 
on assets was an after-tax rate. To account for both the level and the 
incidence of federal income tax, it is desirable to incorporate into the 
expression for the annual book profit a term based on the actual 1959 
Insurance Company Income Tax Act. Such a procedure encounters the 
usual difficulties of allocating income tax to the major lines of business 
and within a line to various blocks of issues. Also, there always seems to 
be discussion as to whether the contingency reserves and the unassigned 
surplus funds are to pay their own income taxes or whether they are to 
be treated as part  of the assets allocated to the block of business being 
priced, explicit provision for the federal income taxes thereon being made 
in the equation for the annual book profits. These points deserve careful 
discussion. 

The approach adopted in this paper considers the contingency reserves 
to be accumulated from specific annual contributions by the block of 
issues. The contingency reserve is treated as a block of assets held with 
all other assets backing the block of business. Investment earnings on the 
contingency reserve are considered part  of the investment earnings for 
the block of business. Thus, federal income taxes on investment earnings 
on the contingency reserve are treated as par t  of the federal income taxes 
on the block of business. 

The investment earnings and federal income taxes on unassigned 
surplus funds are treated differently. To be precise, the shareholders 
make a capital investment in the block of business, not a loan to the 
block. The distinction arises because there is no obligation to repay a 
capital investment, but  there is an obligation to repay a loan. Thus, a 
capital investment can be used to erase a s tatutory insolvency in a 
particular block of business without increasing the liabilities of the block, 
but a loan increases the assets and liabilities of the block by the same 
amount without curing the s ta tutory insolvency. The distinction can be 
carried through to the treatment of federal income taxes. The return on 
a capital investment is in the form of dividends, while the return on a 
loan is in the form of contractual interest payments. Dividends usually 
are paid from after-tax earnings, but  interest is paid from pre-tax earnings. 
Moreover, intracorporate dividends are wholly exempt from federal 
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income tax, whereas interest received is fully taxable. This suggests that 
the shareholders' yield on the capital investment should be stated as an 
after-tax yield. 

Many papers using Anderson's method of pricing give a detailed 
expression for the annual book profits without providing much explana- 
tion of the explicit form of the equations. Generally it is left to tile 
reader's intuition or his ability with paper and pencil to verify the 
details. Considerable insight into the foundations of pricing theory and 
the connection between book profits and asset shares can be gained by 
deriving Anderson's method from balance sheet and income statement 
equations together with the definition of a yield rate on an investment. 
To this end, the following discussion departs momentarily from pricing 
theory specifically as concerns single premium immediate annuities and 
is directed to an analysis of Anderson's method. 

Let S~ denote the unassigned surplus at the end of policy 5"ear t for a 
block of business. Let i~ represent the portfolio net earned rate (before 
income tax) for policy )'ear t on assets backing the block of business. The 
values of the cumulative capital investment by shareholders at the 
beginning and end of policy )'ear t are -SU_l and - S t  v, respectively. 
The investment earnings credited during 3"ear t to shareholders on the 
capital investment are -i~St~_l. However, federal income taxes of 

4 "' u --0. 8~,St_~ are charged against these earnings, assuming a marginal tax 
rate of 48 percent. The additional capital investment required at the end 
of year t to bring the cumulative investment up to --S~" is thus equal to 
(1 + 0.52i~)S~_x -- S~. In all these expressions, a negative investment by 
shareholders is regarded as a (positive) repayment to shareholders. 

As stated above, it is appropriate to quote the shareholders' yield as 
an after-tax rate. I t  is convenient, however, to assume that shareholders 
are in a marginal tax bracket of 48 percent and to quote the shareholders' 
yield in 3"ear t as a pre-tax rate j ,  The shareholders' investment horizon 
is the first n policy years. The condition that the shareholders' pre-tax 
return for use of funds be jl, j2, • • •, j ,  in years 1, 2 , . . . ,  n, respectively, 
is the usual yield equation 

where 

F,( j)[(1 + 0.~2,,)~_~" -- S,Ul = 0 ,  (1) 

t 

.=1 + 0.52 " 

Equation (1) is the mathematical statement of Anderson's method. This 
becomes evident when it is demonstrated that the expression S ~ -  
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(1 + 0.52i~)SV_1 is exactly equal to the book profit at the e n d  of policy 
year t. 

Let  At and St c denote the "self-generated" assets and contingency 
reserves and Vt the statutory reserve at the end of policy year t for the 
block of issues. Furthermore, let in r~,out C F , ; I , I  and ,~,l;1~1 represent the various 
cash inflows (premiums) and cash outflows (benefit payments, commis- 
sions, expenses, premium taxes, and federal income taxes) during policy 
year t for the block of business. In these symbols, It} and Is} denote sets 
of fractional durations during policy year t at which the explicit cash flows 
occur. In particular, 

in ¢ c E ,  in in . / -- , /~in ) 
C F , : I ~ I  =--- "t - , ; r ;  C F , : r 2 ;  . . . , , - . - , ; ,  ~ , (2) 

where CFi~ , k  represents all cash inflow at  duration t + rk - 1, 0 < ra. _< 1. 
Similarly, 

o u t  o u t  f ,  L.out  ] C/~,ylt, I ~ {CF,:,,; • (3) C F , : @  . . . , , J r , : ,  d . 

The  following shorthand notation is useful. 

~" i~) ~-I'l k ~" , C F , ; I , l ( 1  + ~ C F , ; , , ( 1  + i l )  ~ - ' k  (4) 

out i~) 1-f'l k rF°Ut q • CF,;I,I(1 + = , .  ,:,,, + i{) '-*k (5) 
k = l  

The increase in unassigned surplus, S v - SV_~,  is equal to the book 
profit for the block of issues during policy" year t. An expression for 
S V , -  StV_l can be derived bv filling out  Page 4 of the NAIC Annual 
Statement (Summary of Operations and Capital and Surplus Account). 

' : F  ~ :1 i~) *-I~1 i',) ~-I'l S v -- STY-1 -- *ta,-1 + ~ ,;I,IL, + -- CF~I',I(1 + (6) 

- -  ( V t  - -  V t _ l )  - -  ( S ~  - -  S ~ t _ l )  , 

Using the fundamental accounting equation, 

a,_, = v,_, + s,% + ~ _ , ,  (7) 

we find that  equation (6) can be expressed as 

S e t  - -  Se t_ ,  = i~Set_ ,  + [ ( V t _ ,  + stC_0(1 + i~) - (V, + 5~,)1 
(8) 

in i~) l - lr l  ut i~) , -I ,I  + CF,;t,I(1 + -- CF~t:I,I(I + . 

Equation (8) looks very similar to the usual expression for the year-end 
book profit except for the first term on the right-hand side. The invest- 
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ment earnings on the shareholders' capital investment and the federal 
income taxes thereon have not been included in equation (8). Anderson's 
method assumes that the assets associated with the block of business 
are equal to the statutory reserve plus the contingency reserve, not just 
the assets generated from premiums less commissions, expenses, and 
taxes. To obtain the familiar expression for the book profit, we need to 
add the after-tax investment earnings on the shareholders' capital 
investment, --0.52i~Stv_1, to each side of equation (8). 

"t U B P ,  = S~  - (1 + 0.52,,)S,_, 

= [(V,_, q- SL, ) ( I  --b i~) -- (Vt q- Se)] (9) 

i, .,,1-/,~ CF~tUlt, l(1 + i~) 1-1"1 + 0.482tS,_x. + CFt;trI(1 + *,) _ . ., ,jr 

(In his formulation, Anderson used an expression for the book profit at 
the beginning of the year--the right-hand side of eq. [9] divided by 
t + i~.) 

The present value at issue (using the shareholders' yield rates) of the 
first n annual book profits is 

Z , ( j )  = 2 F , ( j ) B P ,  . (10) 
t = l  

The statement that the shareholders' pre-tax return on the capital 
investment is equal to jl, jz, • • . , j ,  over an investment horizon of n 
years is equivalent to the condition Z , , ( j )  = 0. If jr = i'~ for 1 < t < n, 
the condition Z , ( i ' )  --- 0 is equivalent to S. v = 0, since equation (10) 
becomes a "telescoping" sum. 

It probably has been noticed that the discount factor F,( j )  includes 
discount at interest only. This is proper, since the variables representing 
the year-end values of assets, statutory reserves, contingency reserves, 
unassigned surplus, and book profits are computed for an entire block of 
llxj contracts issued to annuitants aged x and thus include the effect of 
survivorship since issue. This approach is equivalent to Anderson's 
original formulation in which F, was discounted for survivorship and 
interest but in which the assets, reserves, and book profits were calculated 
per policy in force at the appropriate duration. The approach used in this 
paper allows the simplest treatment of the statutory reserves, V~. For 
an annuity with a period of guaranteed payments followed by a life- 
contingent payout, the reserve for the guaranteed payout must be held 
during the guaranteed period for all contracts issued, but the reserve for 
the life-contingent payout is held only for surviving annuitants. There- 
fore, the expressions are simpler, with the two different pieces of V, 
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reflecting survivorship as appropriate rather than including survivorship 
directly in Ft. 

The details of the pricing theory for single premium immediate an- 
nuities are contained in the explicit form of the annual year-end book 
profits, BPt. All symbols in the following equations are defined by 
formula or in the Appendix. 

C 
BPt = [EP~,:~ + (V,_~ + St_,)](1 + i~) -- E,(1 + i~) ~/2 

(11) 
"t U - -  Bt  - -  ( V t  + S c) - -  T A X t  + O . 4 8 , t S . ,  

where 

P = 1,000 

= pF(k) 

e e  = 'tel1 - c (1  + E~-)] - EA?t t~.~ (12a) 
S P  ~ ' 

~t:x = 1 i f t  = 1 

= 0  i f t # l ,  

if the pricing is for the annuity payout rate 

(a trial policy fee) if the pricing is for the 
policy fee ; 

Vt = mR,,,(ltx]tV a + /M+t-i tV  L) , Vo = 0 ; (12b) 

S 7 = Set-, + CR~l[.l + C R ~ N I I t ,  So e = 0 ;  (12c) 

Et = E[ ,  t = 1 
t--I 

.INF\ 
= E ~ I I ( 1  + ,, ) t > l ;  

E M 

E', = ~ f f  l ~  

E M 
- S P  l[zl+t-l/~ 

B ,  = R = l r , l ~  (1 + i~) ~-' /" 
# = 1  

during the guaranteed period 

for t after the guaranteed period ; 

= R=~"~/ / ,~+t+ , / . , - l (1  + i~) 1-'/m 

during the guaranteed 
period 

(12d) 

(12e) 

(12f) 

for t after the guaranteed 
period.  

Certain assumptions underlie equations (i1) and (12). 

1. The single premium immediate annuity contract provides annuity benefits 
at the end of mths of a year. 
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2. The annuity payout rate R,~ is the amount of mthly benefit that can be 
purchased by $1,000 of single premium after the deduction of any policy 
fee and state premium tax payable. 

3. Maintenance expenses are lumped at the middle of each policy year and 
can be inflated in later policy years above the level in the first policy year. 

4. Federal income taxes are paid at the end of each policy year. 
5. The number of survivors at fractional durations can be obtained by any 

acceptable method. For the sample calculations presented in Section I I I ,  
linear interpolation was used: 

lI~]+t+k -- (1 -- k)lt~l+t + kl[,l+t+l (0 < k < 1) . 

Year-end assets after federal income tax are given by 

At = At-~ + N I I t  + EP~t:l + CF, -- T A X i ,  (13) 

where A0 = 0. The calculation of the contingency reserves St c, the 
s ta tu tory  reserves Vt, the cash flow CFt, the net investment  income 
N I L ,  and the federal income tax T A X t  is discussed in subsequent  
sections. 

The  remainder of this section deals with the computation of the 
annui ty rate R* or the policy fee PF* satisfying a specified profit objec- 
tive Z*. Suppose the pricing is focused on the annui ty rate. 

The  present value at  issue of the first n year-end book profits, Z~, is a 
function of the annui ty rate Rm. The object of the pricing is to invert  this 
functional relationship so that,  given a profit objective Z*, the corre- 
sponding annuity rate R*~ is determined. If  the functional dependence of 
Z~ on R= were linear or some other simple form, the inversion would be 
straightforward. Unfortunately,  Z~ is a complicated nonlinear function 
of R~ when net investment income is allocated to the block of issues by 
an investment-generation method. This  can be seen from the following 
line of reasoning. 

In traditional pricing using the portfolio method of allocating net 
investment income, the portfolio net earned rates are supplied by the 
actuary as par t  of the pricing assumptions. In an investment-generation 
method of allocating net investment income, the investment assumptions 
consist of new-money interest rates and the rates at  which investments  
are rolled over for reinvestment;  the portfolio net earned rates then must  
be determined by the method described in Section I I ,  E. The  result is 
tha t  the rates i't are nonlinear functions of R~. In general, variables tha t  
do not depend either explicitly or implicitly on the rates i't are linear in 
R=. In particular,  S v is linear in R,~ unless T A X t  depends on i't (see Sec. 
I I ,  F). Since BPt  = SVt -- (1 + 0.52i't)SV_~, both BPt  and Z~ are non- 
linear func t io~  of R~. 
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Newton-Raphson iteration can be used to determine the annui ty  
payou t  rate R* corresponding to the profit objective Z*. The (k + 1)st 
trial rate is determined from the kth trial rate as follows: 

( dZ "~-' 
R(~ +' '= R ( d " -  [Z°(R~ k') -- Z*] \ ~ k ~ ] C  > . (14) 

The  derivative (dZ/dR.OR~) is approximated by  

~U~ C> ~ ~ [Z"(R~' + ~) - Z"(R~'~')I " (15) 

The choice e = 0.0001 has proved convenient in calculations. Substi tut-  
ing expression (15) in equation (14) results in the final expression 

R~f+,, ~,~> r Z.(R~ ~') -- Z* 7 
. . . .  - 'LZ ( R f  + ~) - z ( e ~ ) ) J  " (16) 

The procedure is simple. Start  with a trial rate R ~  ~ -- 0 and calculate the 
present  value of book profits Z.(0) and Z.(e).  From these values, deter- 
mine R~ a). Evaluate  Z .  at trial rates R~ a> and R~ a> + ~, and thus determine 
RC£ 2>. Continue this process until {R~ k+l) -- R~)[ < 8, where ~ is some 
specified degree of accuracy. With 6 = 10 -6, it has been found that  the 
iteration ceases at  R~ s) or R~ ). The  process is represented graphically in 
Figure 1. 

As pointed out earlier in this section, if j~ = i'~ for 1 < t < n, the 
profit objective Z.  = 0 is equivalent to S.  v = 0. Unlike Z. ,  however, the 
unassigned surplus S.  v is a linear function of the trial rate R(~ ) when T A X t  
is a linear function of R~ *). Thus,  two trial values, R~  ) and R¢~ ), suffice to 
determine the rate R* that  produces zero unassigned surplus at the end 
of n years. 

R* = ~"' (e'" - R~') [- ~ ( R ~ )  - - O  ] 
- -  u(  q ) ) _  v ( ( o )  j" (17) 

. . . . .  t-s . R .  S R ) 

Choosing R~ °) = 0 and R~ D = ~, we obtain 

R* = ~ ( 0 )  (18) 
s.~(0) - s . % ) "  

For the particular profit objective Z.  = 0 with jt  = i't for 1 < t < n, 
equation (18) gives the desired break-even rate R* with much less effort 
and computer  time than the iterative procedure. 

If  the purpose of the pricing is to determine the policy fee meeting a 
specified profit objective, the preceding equations are generally valid 
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Z,  - z :  

Fro. l.--Iterative procedure to determine the annuity rate R* meeting the profit 
objective Z*. 

with the substitution of PF (*~ for R~ *~ and PF* for R*~ throughout. When 
pricing is for the purpose of determining the policy fee, all terms relating 
to statutory reserves and annuity benefits are eliminated from the 
equations. 

B. Contingency Reserves 

In Section II,  A, it was stated that in this paper the pricing would be 
based on reasonable "expected" assumptions for mortality, expenses, and 
investment results, with specific additional provision for the accumulation 
of a contingency reserve. The specific provision for the mortality, 
expense, and investment risks is considered in this section. 

The pricing theory has been presented for nanparticipating single 
premium immediate annuities, so contingency reserves are certainly not 
directly returnable to surviving annuitants. The contingency reserves 
could be considered indirectly returnable to contract holders if the 
pricing for the annuity rate were based on the assumption that con- 
tingency reserves would be released to general surplus at such time as 
there was no longer a need for them. This would mean a smaller capital 
investment in the block of business, resulting in a lower annuity rate for 
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given yield rates on the shareholders' investment. The sample pricings 
in Section III  assume that contingency reserves are full)" nonreturnable. 

1. MORTALITY RISK 

Annuitant mortality generally is reflected in the pricing through a 
"static" mortality table and an appropriate projection scale. The static 
mortality table is representative of mortality levels at the time of pricing. 
I t  includes the effects of selection and distinguishes between males and 
females. The projection scale should be set at a conservative level to 
cover improvement in mortality from the time of issue to the ultimate 
death of the annuitant. In addition to the risk of future improvement in 
mortality, there also is a risk in using a static mortality table based on 
current expected mortality without margins. As will be shown in Section 
III, a flat percentage margin in the static mortality table can be approxi- 
mated by using the static mortality table without modification and 
building up a contingency reserve via annual contributions of a specified 
flat dollar amount per S1,000 of single premium. The contributions are 
made in each year in which the payment of the annuity benefit is con- 
tingent on the survival of the annuitant. For the examples presented in 
Section III, flat annual contributions of $2.00 and 81.50 per S1,000 single 
premium for males and females, respectively, provide a mortality margin 
at all ages of approximately 5.8 and 6.1 percent, respectively. The use of 
this approach resulted from an investigation of the level and incidence of 
annual contingency reserve contribution required to approximate the 
inclusion of a fiat percentage margin in the static mortality table. I have 
been unable to justify the method on purely theoretical grounds. 

2. EXPENSE RISK 

The unit expenses for annuity pricing can be based on results of the 
most recent company expense analysis. The only expense risk considered 
in this paper is that the per contract expenses are subject to inflation. 
Consistency between inflation rates and new-money interest rates is 
maintained by requiring that the difference between these rates equal a 
fixed "real" interest rate of 2-3 percent. Hence, if new-money interest 
rates are graded down from an initial level to an ultimate level, the 
same should apply to the inflation rates for per contract expenses. No 
specific contingency reserve against expense fluctuations is considered in 
this paper. 

3. INVESTMENT RISK 

The investment risk consists of two parts: the risk that actual invest- 
ment earnings will fall short of those assumed in the pricing and the risk 
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that the borrower will default in repaying either interest or principal 
or both. 

The essence of the first risk is that  the level of new-money rates in the 
future is unknown. The companion paper in these Transactions is devoted 
to an analysis of an investment strategy known as "matching." Because 
of the preponderance of short-term prepayment clauses in mortgage 
agreements and call provisions in bond indentures, it is unrealistic to 
a t tempt  to extend an initial-investment matching strategy beyond 
fifteen years from issue. (In practice, asset-liability matching beyond the 
fifteenth year can be achieved by proper reinvestment of funds.) If the 
single premiums less commissions and acquisition expenses can be in- 
vested so that the resulting investment cash flow equals or exceeds the 
cash-flow needs of the block of annuity business for the first fifteen years, 
and if new-money interest rates beyond this period are assumed at a 
conservative level, there is practically no risk that actual investment 
earnings will fall short of the pricing assumptions. 

If a matching investment strategy is adopted, only the risk of default 
need be considered. This is precisely the risk covered by the NAIC 
Annual Statement liability mandatory securities valuation reserve 
(MSVR) component for fixed-income securities. The annual formula 
contributions to Component I of the MSVR depend on the risk charac- 
teristics of the security (credit rating, earnings coverage ratios, and so on) 
and are intended to cover the expected loss of asset value upon default. 
These formula contributions are expressed as percentages of the state- 
ment value of the assets, which is cost or amortized cost for all fixed- 
income securities except those not meeting required interest or principal 
payments. Since the source of these contributions is part  of the risk 
premium in the yield rate, it is reasonable to build up the contingency 
reserve against default as a percentage of investment income after 
investment expenses. As a guide to the size of this contribution, one can 
use the MSVR percentage for the appropriate risk class divided by the 
effective annual net yield. This makes sense since the net yield is approxi- 
mately equal to the ratio of net investment income to the par value of 
the asset. 

C. Reserve Factors 

As explained in Section II ,  A, the total reserve held for a particular 
annuity contract can be split into two parts: the reserve for the benefit 
payments during the guaranteed period, V a, and the reserve for the 
payments contingent on the survival of the annuitant, V L. I t  is assumed 
that the reserve basis depends on a single interest rate, iv. The reserve 
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mortali ty basis is an)' one of the accepted tables for s ta tu tory  valuation. 
Let g denote the length of the period of guaranteed annuity payments,  
measured in ,,'ears. The reserve factors based on a unit annual benefit are 

V a = a(mu-_-~t iv , 1 < l < g - 1 

= 0 ,  g < t <  ~o, 
(19a) 

t V L (") = .-tta~=+t , 1 ~ t <~ g - -  1 

(19b) 
( m )  

D. Cash Flow 

The variable CF, includes cash outflow during policy ','ear t from 
maintenance expenses and benefit payments.  

CFt = - - E ,  -- mR,,l~,l , 1 < t < g 
(20) m 

= - - E t  - -  R..~-'~. l f ~ + t + ~ / , . - 1 ,  g < t < 
s = l  

For purposes of determining the net investment income for 5"ear t, the 
partial year 's  interest on these components of the cash flow must  be 
computed. For reasons that will become apparent  in later sections, the 
calculation is done for a general interest rate i. The following equations 
will be used later. 

m 

1~(i) = --F~,[(1 + i )  '/~ - -  11 - -  R ~ t ~  ~ 2  ((1 + i )  ' - ' / ~  - 1 ] ,  
,=1 (21a) 

--- R, . l f .~  ~ 1 -- (I + i )  - ' / "  , 

for 1 < t < g, and 
m 

I , ~ ( i )  = - E , [ ( 1  + i)  1~ - 11 - n ~  l~j+,+,/~_,[(1 + i) ' - " ~  - 1 ] ,  

(2~b) 

di = 2 (1 + i) tt2 R,~.=t lr.j+,+./.~_l 1 -- (1 + i) -"/m , 

for g < t < o~. 

E. Net  Investment Income 

Earnings from investments are allocated to the block of annuity 
business using an investment-generation method. The key variables used 
in the equations below are the following: it, the new-money interest 
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rate that an investment made in year t can be assumed to yield until its 
maturi ty (or prior call or sale), and r (°), r (13, vectors of rollover rates. 
The component r} °~ of the vector r (°) specifies the fraction of assets 
purchased at the beginning of the first policy year tha t  will mature (or 
be called or sold) at the beginning of the ( j  + l)st policy year. Thus 
~7~1 r~ °> = 1. The components of r (L~ have a similar interpretation, except 
that  r (~) is applied to investments made after the first policy year. Two 
vectors of rollover rates are used in recognition of the possibility that the 
initial investment strategy may differ from the reinvestment strategy. 

An "investment cell" is identified with each policy year, and the 
declining index method is used. Let (it represent the assets that  are 
invested during year t in cell t at the new-money rate i,. (it consists of 
the following items: 

1. Cash flow from insurance operations during 3"ear t, CFt + EP~t:a; plus 
2. Net investment income from year t -  1, NIIt_z, assumed to be 

available for investment at the beginning of year t; plus 
3. Funds invested in years prior to year t that  are made available for 

reinvestment (through maturity,  call, or sale) at  the beginning of 
year t, IX't' ; less 

4. Federal income taxes for year t - 1, TAXt_~, assumed to be paid at 
the end of that year. 

Since the declining index method is being used, the amount of assets 
in a given cell will decrease as funds mature or are called or sold. The rate 
at which assets are rolled over from cell s, the cell for assets acquired 
in policy 3'ear s, to the various cells t > s is given by the components of 
the vector ¢03 if s = 1 and by the components of r (~ if s > 1. Let 6L't;, 
represent the assets remaining in cell s at the beginning of year t (t > s). 
Thus, for t > s, (i',;, equals (i,, the funds initially invested in cell s, less 
that portion of funds ~t, that  has rolled over in 3"ears s + 1, s + 2 , . . . ,  t. 
The variable (i't;t is defined as the flmds invested in cell t during year t, 
excluding any cash flow from insurance operations during year t. In 
other words, (i~:t is equal to (i',' plus .VIIt_l less TAX,_a. 

The net investment income for policy year t is comprised of the 
following: 

1. Partial year's interest at  the new-money rate it on the cash flow from 

insurance operations during 3"ear t, ICY(it); plus 
2. Full year's interest at the new-money rates ix, . . . ,  i, on the funds 

~;1, • • •, ( i ' , ,  respectively; plus 
3. In the first policy year, a full year's interest at the new-money rate 

i~ on EP. 
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The  following equations embody the theory of the investment-genera- 
tion method that  has been described. 

6t'/ = 0 ,  t = 1 

= r~°~al, t = 2 (22a) 

t--1 

-- r ~ l a l  + ~ r',~jas , t > 2 ,  
j=2  

(C:, = 0 ,  t = 1 (22b) 

-- ~t'~' 4-  N I I t _ l  - -  T A X t _ I  , t > 1 , 

(it  C F t  + EPS,;1 + Or' • (22c) 

N I I ,  -- ICeV(i,) + ixEP6,:x + ~ i.a~:. ; (23) 
8=1 

t - I  

, ;1--  eh 1 _ r~ ~ , , (24a) 
j = l  

,_8 ) 
(1  -- ~ r ~  ') t > s >  1 (24b) (C-, 
\ i=1  

The total assets of the block of business at  year-end t - 1 are A t-1 = 
Z,t=l (t;;,. This equation gives the composition at  the beginning of year t 
of ,4t_1 by investment generation. In  year s, funds of amount  (~, were 
invested at  a net new-money rate i,. At the beginning of year t (t > s), 
the assets still associated with investment-year  s amount  to ff~;, and 
continue to earn interest a t  the rate i8. The fund ff~;~ represents tha t  
portion of the total assets Ae_I that  will be reinvested at  the beginning 
of year t a t  the net new-money rate it. 

The  calculation of the book profit B P ,  requires the value of the 
portfolio net earned rate i',. The value of i', is determined so as to produce 
the same value of N i l e  by the portfolio method of allocating net invest- 
ment  income as is produced by  using the investment-generation method. 
Thus, N i l e  is determined from equation (23) and i't is the solution of the 
following equation: 

. C F / - t ~  . V I I t  = Jt  ~ t )  + i~ (A ,_ l  + E1"~,;1) . (25) 

The  solution would be straightforward except for the nonlinear depen- 
dence of I~'F(i,,) on i~ (see eqs. [21]). The value of i', can be found by 
Newton-Raphson iteration. Let  i~; k denote the result of the kth iteration. 
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Then 

~t: k+~ i~; k ' I e r ' i  ' ~ "' " = --  t t ~ t.k/ + ~,k(A,_~ + EP~,;~) --  N I I t ]  (26) 

x + A,_, + 
L\  di } ' i ;k  

The iteration is stopped when I (i~;k+l - i~:~.)/i~;kl < 8 for some appro- 
priately selected 8. The starting value is chosen as the portfolio net earned 
rate based on simple interest and maintenance expense and annuity 
benefit cash flows concentrated at midyear. 

N l l t  
g o  = . ( 2 7 )  

' A t -x  + EP6t;1 + ~CF,  

With this starting value and ~ = 10 -6, two iterations generally are 
required to determine i',. 

F. Federal Income T a x  

In the tax formula based on the Income Tax Act of 1959, it is necessary 
to distinguish between tax-qualified and nonqualified annuity business. 
The following variables are relevant to the discussion: mean reserve, 
M V t ;  taxable investment income, T I I t ;  operating gain (loss) for tax 
purposes, OGt; valuation interest rate, iv;  and portfolio earned rates for 
tax purposes, i~. The following equations describe the tax calculation. 
Certain elements of the 1959 income tax formula, such as the small- 
business deduction, have been ignored. I t  has been assumed that the 
block of business has no fully or partially tax-exempt investment income. 

• T' 1 l k ' r  f (28) ~, = rain i,T;~ *,_. ; 
s=o 

M V ,  = ½mR ll~l(a~l v + ~  a~"')~,. + ½(V, 1 + V,) (29a) 
I ,1 --  

.T 
T I I t =  N I L  - -  z, M V ,  

= N I I t -  i ~ ' M V , [ 1  --  10(it r ' -  iv)] 

(tax-qualified) 

(nonqualified) ; (29b) 

OG, = N i l ,  + EP&;1 + CF,  - ( V ,  - V , - O .  (30) 

The allocation of federal income tax to the various lines of business 
and within lines to various blocks of business is very much a question of 
management philosophy. The particular approach adopted often is based 
on an attempt to maintain equity among major lines of business and 
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among blocks of business with similar characteristics. A company using 
marginal tax rates to allocate income tax likely would use portfolio 
rates it r based on the income tax return for the entire company. Others 
believe that  a more equitable approach is to set it T = i't, the portfolio net 
earned rate for the block of business being priced. (In the latter case, it 
would be more technically precise to use it r = 2 N I I f ( A t _ l  4 - A t )  in 
lleu of iTt = i't.) If the portfolio earned rates of the entire company are 
used for allocating tax, it is reasonable to require tha t  these rates reflect 
the assumptions about the level of new-money rates it. The following 
discussion provides an approximate method for doing this. 

Let ACt represent the assets of the entire company at the beginning of 
)'ear t, and let ic_l denote the average net annual yield rate at  which 
these assets are invested. Let  r e denote the fraction of the assets At e 
that  will be rolled over during year t and made available for reinvestment 
at the new-money rate it. Finally, let gte represent the growth rate of the 
entire company's  assets before federal income ta.~ during the tth year 
after issue of the new block of annuity business. Thus, (1 + get)AC t 
represents the company's  assets at the end of year t before federal income 
tax, with an amount  (1 c c - -  r , ) A ,  invested at rate ite_l and the remaining 
amount (rCt 4- c c gt)A t invested at rate it. Assuming tha t  federal income 
taxes are paid on a pro rata basis from assets invested at rate ite-1 and 
assets invested at rate it, the average rate i v at which assets A ct÷1 at the 
beginning of },ear t + 1 are invested is given by 

i f = / 1  -- rc~ ic_, 4- ( r t  c 4- gCt~ 
\ 1  + get/ \ ~ ~_ ~eT l i t .  (31a) 

The portfolio rate ~ for purposes of the 1959 income tax formula is 
derived by dividing the total net interest earnings during year t by the 
mean of the assets at the beginning and end of year t. I t  is assumed that  

c c invested at the middle of ),ear t. The funds of amount (rct 4- g t )A ,  are 
interest earnings during year t from the various classes of assets are as 
follows: 

From non-rolled-over assets : 

From rolled-over assets : 

From growth in c o m p a n y  assets : 

: ,_ , (1  - : , ) A  

i .C • C C ~(~,-1 + ~,)rt At 
1 ;  C .C 
~ t g t  n t 

The mean assets are (1 + t,,v~c~st,..t • The portfolio rate i, r is given by 

C C 
• r -- ~r, "~ if_l + i, (31b) 
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The pair of equations (31a) and (31b) can be solved recursively to 
generate the portfolio rates i~. In practice, one would assume a rollover 
rate r c and a growth rate gC that are independent of t. 

The crude approach for projecting the portfolio earned rates of the 
entire company is analogous to allocating federal income tax on the basis 
of marginal tax rates calculated for the entire company and then using 
assumed rollover rates for reinvestment of company assets, assumed 
growth rates of company assets, and assumed future new-money interest 
rates to compute new marginal tax rates for future years. I t  is necessary 
to project the marginal tax rates because they are calculated as partial 
derivatives (according to formulas given by Fraser [2]) at a particular 
point in time, and vary as the company grows in size and the composition 
of its asset portfolio changes. The analogy with marginal tax rates is not 
altogether correct, since true marginal tax rates depend on additional 
factors such as the size of mean qualified and mean nonqualified reserves 
of the entire company, and these, too, would have to be projected. How- 
ever, the analogy is useful because it illustrates the nature of a tax 
allocation that uses the portfolio earned rate of the entire company in 
lieu of the particular rate for the block of business being priced. 

The calculation of the federal income tax T A X t  from TIIe and OGt 
depends on the tax situation. A question arises as to whether the tax 
situation of the entire company should be used to allocate the taxes or 
whether the position of each block of business should determine its own 
tax situation for purposes of the allocation. The former approach is 
used in this paper. Three distinct tax situations are recognized in the 
formula for TAXt .  

TAX~ = JO.480Gt depending on the tax (32) 

0.24(Tll t  + OG,) situation in 5"ear t .  

A negative value of TAXc in any year is treated as a tax credit to the 
block of business. For a stock company, another term would have to be 
added to equation (32) for taxable transfers from the policyholders' 
surplus account, and appropriate assumptions would have to be made 
about the amount and incidence of such transfers. 

G. Fitting a Rate Basis 

After the actuary has determined annuity rates at certain pivotal 
issue ages, his next task is to adopt a rate basis for calculating rates at 
all issue ages and for all variations in the refund feature. This basis 
should reproduce the results of the pricing at the pivotal ages. The rate 
basis for single premium annuity rates generally uses annuity factors 
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calculated according to specified mortali ty and interest, then loaded to 
cover expenses, contingencies, and profit. The mortali ty basis should be 
the same as the experience mortali ty used in the pricing. The interest 
rates used in calculating the annuity factors should reflect the investment 
strategy underlying the pricing and should be on an after-tax basis. A 
two- or three-tiered interest rate structure is often used. Specifically, the 
basis might assume a rate il for the first Pl years, i2 for the next p2 years, 
and i3 thereafter. As a guide to setting the interest rate structure of the 
annuity basis, it is helpful to determine theoretical rates /~, /a, and G 
based on the pricing. 

The after-tax interest rates that  accumulate the same assets, and 
hence the same surplus, at the end of each year using all of the same 
pricing assumptions (except for zero tax each year) can be derived as 
outlined in Section II ,  E. Equations (26) and (27) are used, but  N i l ,  

is replaced in each of these equations by N I I ,  - -  T A X , .  Let i't denote the 
after-tax rates so determined. Let A I°wer and A~ poet represent the after- 
tax assets at the beginning and end, respectively, of period s, s = 1, 2, 3. 

A1 . . . .  = E P ,  A~ . . . .  = A , , ,  ~ . . . .  = A , , + , , ;  
(33) upper At = Apl ,  A~ pper = Apl+p2, A~ pper = An .  

The level rate i, for period s is the interest rate that  will accumulate 
assets A ~pwr, starting with assets A ~ower, and recognizing the maintenance 
expense and annuity benefit cash flows, CFt, for p,-1 + 1 <7 t < p, 
(taking P0 = 0 and Pa = n -- pl -- p~). I t  is useful to define a function 
g(i) as follows: 

g ( 0  = A~ ~p~' - -  A~ . . . .  (I + 5) ~ . -~.- ,  
~, (34) 

- -  I c F  1 i )  p ' - '  ICe,+ , (5)1( + • 

t = P , _ l + l  

The desired value, ~,, satisfies g(L) -- 0. The function g(g) is not even as 
simple as a polynomial in (1 + 5) because of the dependence of ICY(g) on i. 
I t  is straightforward to solve for i,, however, by using Newton-Raphson 
iteration once again. 

r ig(5)  = _ A ]  . . . .  ( p ,  - -  / , , _ , ) ( I  + 0 ".-"'- '-~ 
d~ 

CF i)ps_t_ I 
- ~_, [CF, + I, (5)l(p,  - -  t)(1 + (35) 

t=P,_I+I  

Ps CF - 

,-  _ . ,  ~ ( 1 + 0 " - ' ;  
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i,:k+l = i,:~ -- g(L;k) ['dg~)']-' (36) 
k di Ai;," 

An appropriate starting value for the iteration is the arithmetic mean of 
(t for p.-1 -t- 1 < t <  p.. 

-p _i (37) 
¢=P,_I+I 

The iterations are continued until a convergence criterion is met, for 
example, [g(i,:k+l) I < 6. 

One obvious difficulty with this theoretical method is that it is im- 
practical to use a different interest rate basis for males and females, for 
different issue ages, and for annuities with differing refund features. Yet 
the theoretical rates il, i,2, and ~3 derived from the procedure of this 
section will differ somewhat among the various issue-age/sex/refund- 
feature groups. If the differences are not large, an average of i, over all 
the pricing groups should serve as an adequate first approximation to the 
interest rate basis. 

III. SAMPLE PRICINGS 

The theory presented in Section II is applied in this section to the 
pricing of straight-life and guaranteed-ten nonqualified single premium 
immediate annuities for male and female lives aged 65 at issue. Also, 
some results of an investigation of the relationship between margins in 
the static mortality table and the level of contributions to a contingency 
reserve against mortality fluctuations are presented. 

A. Pricing Assumpt ions  

In the following sections, the listed pricing assumptions are appropriate 
for calendar 3'ear 1976. 

1. MORTALITY 

Mortality assumptions include both a static mortality table and a 
projection scale. The projection scale used in this paper is a 1 percent 
improvement in mortality per year at all ages. The mortality tables were 
constructed by using the ratios of actual to expected mortality by amount 
of annual income based on the unprojected Annuity Table for 1949 
Ultimate rates for expected and the 1967-71 Society of Actuaries study 
[4] for actual. 

Since the 1967-71 study presented mortality ratios separately for the 
first five contract years and for contract )'ears 6 and over, two tables 
could be constructed for each sex: one representing average mortality at 
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each attained age during the first five contract years and one representing 
average mortality at each attained age for contract years 6 and over. 
These mortality tables, assumed to represent mortality levels in 1969, 
were adjusted to expected 1976 levels by projecting mortality improve- 
ment by an amount depending on age. For this purpose, the rate of 
mortality improvement was taken as 1 percent per year, and the number 
of years of projection used for each_ age is shown below. 

Years 
Age (x) Projected 

0-69 . . . . . . . . . . . . . .  0 
70-76 . . . . . . . . . . . . .  x--69 
77 and over . . . . . . . .  7 

The four mortality tables were constructed to fit the mortality ratios 
of the 1967-71 study for age groups 60-69, 70-79, and 80 and over. 
These ratios are listed in Table 3 of the 1967-71 study reported in TSA,  
1973 Reports. Separate ratios are given for age groups 80-89 and 90 and 
over. However, Table C in the Appendix of the 1967-71 study, which 
lists the exposure by age group, shows only the exposure for the combined 
group 80 and over. Moreover, the figures listed in Table C suggest that 
the experience for the age group 90 and over may be sparse, and certainly 
is so relative to the experience for the age group 80-89. Rather than 
placing too much emphasis on the stated ratio for the age group 90 and 
over, it was decided to use the actual-to-expected ratio for the age group 
80 and over and to attempt a fit in which this ratio is attained at pivotal 
age 90. This method produces higher mortality rates near the end of the 
table than does a fit that recognizes the stated 90 and over ratio explicitly, 
and thus produces less conservative mortality rates near the end of the 
table. However, the projection scale of 1 percent per year is continued to 
the end of the mortality table (age 109), so the mortality rates at the 
higher ages are sufficiently conservative. 

The a-1949 Table is inherently smooth, since its final graduation 

utilized a Makeham formula. To ensure smoothness of the mortality 
basis used in the sample pricings, the mortality rates in both the select 
tables and the ultimate tables were calculated from a mathematical 
function. 

qz ~ r r  \ ~/.-1949 ]~x)q~. ; 

f (x)  = 1, x _ xo (38) 

= (1 -- a) + [ a + b ( x - -  Xo)2Je -*~ . . . .  ) ' ,  Xo < x_< 109. 
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The form of f(x) for x > x0 guarantees that  both f(x) and if(x) are 
continuous at  x = :Co. With  b = 0, the general shape of f(x) is as shown 
in Figure 2. This  form was used to fit the male and female select tables  
and the female u l t imate  table. Since the 1967-71 s tudy showed a de- 
par ture  from the slope of male u l t imate  mor ta l i ty  by  age from tha t  of 
the a-1949 Table,  it  was necessary to use f(x) with b > 0 to produce 
mor ta l i ty  rat ios in excess of 100 percent .  Figure 3 i l lustrates the general  
shape of f(x) for the si tuation where b is sufficiently large to produce a 
local maximum. 

The parameters  x0, a, b, and c were chosen to yield a good fit to the  
1967-71 in tercompany experience. The  values of these parameters  for  

f(x) 

1 

1--a 

,)Co 

FIG. 2.--Shape of f(x) defined in eq, (38) with b = 0 

f(x) 

1 

1 - a  

XO 

FIG. 3.--Shape of f(x) defined in eq. (38) with b positive and sufficiently large to 
produce a local maximum for x > x0. 
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each of the four annuitant mortali ty tables used in the sample pricings 
are listed below. 

MORTALITY TABLE 

PARAMETER 
Male Male  Female  Female 
Select Ul t imate  Select Ul t imate  

xo . . . . . . . . . .  50 60 50 50 
a . . . . . . . . . .  0.4 0.2 0.36 0.17 
b . . . . . . . . . .  0 0.00173 0 0 
c . . . . . . . . . .  0.000460 000333 0.00284 0.00166 

After the fit was accomplished, it was observed that  the ratio of female 
ultimate mortali ty to male ultimate mortali ty at ages 101-109, inclusive, 
was greater than I00 percent. Since this does not seem to be characteristic 
of any other annuitant  mortali ty table, it was decided to use for ultimate 
female mortal i ty at these ages the corresponding ultimate male mortali ty 
rates derived from the fit mentioned above. 

The most obvious way to incorporate the effects of selection is to use 
both select mortali ty rates and ultimate mortality rates and to grade the 
former into the latter over an appropriate select period. For both males 
and females, the unprojected mortali ty rates used in the sample pricing 
of a single premium immediate annuity issued to a life aged x are given by 

q~+t = 1 - -  q~+t + q~+t , 0 < t < s 

(39) 
u l t i m a t e  

= qx+t , S <~ I ,  

where s is the select period measured in years. Even though the mortali ty 
table, q~eto~t was fitted to the 1967-71 intercompany experience of the 
first five contract  years, it seemed that  s = 10 was more consistent with 
statements made in the 1973 Repor ts  about the degree of selection. 
Such a choice is certainly more conservative than s = 5. 

The mortal i ty basis described above was fitted to the 1967-71 experi- 
ence for nonrefund and refund annuities combined and was used in the 
sample pricing of both straight-life and guaranteed-ten annuities. I t  
generally is recognized that  mortali ty is higher under contracts with a 
refund feature than under those without any such feature. Some com- 
panies may choose to construct separate mortality bases for nonrefund 
and refund annuities, al though it is unlikely that  there will be sufficient 
experience to do this in other than an arbitrary fashion. 
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2.  I N T E R E S T  

A method for developing appropriate investment  assumptions is 
discussed in the subsequent paper in these T r a n s a c t i o n s .  I t  is assumed 
that net investment  income is allocated according to the investment- 
generation method described in Section II ,  E. The new-money interest 
assumption used in the sample pricings was 9.0 percent at issue, grading 
downward by 0.25 percent  per year to an ul t imate level of 5.0 percent 
in years 17 and later. The components of the vectors of rollover rates 
for the initial investment  and subsequent reinvestments are listed in 
Table 1. The actual rollover rates used in the pricings were determined 
by the method derived in the following paper. 

TABLE 1 
INVESTMENT ROLLOVER RATES 

I n i t i a l  I n i t i a l  
D u r a t i o n  R e i n v e s t m e n t  D u r a t i o n  R e i n v e s t m e n t  

I n v e s t m e n t  I n v e s t m e n t  

1 . . . . . . . . . . .  

2 . . . . . . . . . . .  

3 . . . . . . . . . . .  

4 . . . . . . . . . . .  

5 . . . . . . . . . . .  

6 . . . . . . . . . . .  

7 . . . . . . . . . .  

8 . . . . . . . . . .  

9 . . . . . . . . . .  

10 . . . . . . . . .  

2.26% 
2.28 
2.31 
2.34 
2.37 
6.91 
6.95 
6.99 
7.04 

17.63 

0.32% 
0.35 
0.39 
0.43 
0.47 
6.14 
6.19 
6.24 
6.30 

19.53 

1 1  . . . . . . . . .  

12 . . . . . . . . .  

13 . . . . . . . . .  

14 . . . . . . . . .  
15 . . . . . . . . .  
16 . . . . . . . . .  
17 . . . . . . . . .  
18 . . . . . . . . .  
19 . . . . . . . . .  
20 . . . . . . . . .  

4.50% 
4.55 
4.60 
4.65 

15.90 
1.04 
1 . 0 5  
1.06 
1 . 0 8  
4.49 

5.63~ 
5.68 
5.74 
5.81 

19.91 
1 . 2 9  
1 .31  
1 .33  
1 .35  
5.59 

3. COMMISSIONS AND EXPENSES 

The unit  expenses used in the sample pricings are listed below. 

Commission . . . . . . . . . . . . . . .  
Acquisition expenses . . . . . . . .  

Maintenance expenses . . . . . .  
Average size of policy . . . . . . .  

2.5 percent of the single premium 
115 percent of commission; $55.00 

per contract 
$15.00 per contract 
$25,000 single premium 

The per contract maintenance expenses were inflated at a rate equal 

to 2.5 percent less than the new-money interest rate for the prior year, 
that is, maintenance expenses for the second policy year are 6.5 percent 
higher than those for the first policy year, maintenance expenses for the 

third policy year are 6.25 percent higher than those for the second 

policy year, and so on. 

4. STATUTORY RESERVES AND CONTINGENCY RESERVES 

Statutory reserves were calculated on the basis of 6 percent interest 
and mortali ty according to the 1971 Individual  Annui ty  Mortal i ty  
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Table for male lives without projection. A six-year age setback of the 
male table was used for the valuation of annuities on female lives. 

Annual contributions to the contingency reserve were set at $2.00 
for males and $1.50 for females per $1,000 single premium (excluding 
the period of guaranteed payments) and 1 percent of net investment 
income. At a net earned rate of 9.0 percent, the latter corresponds 
roughly to an annual contribution of 0.09 percent of assets, just about 
equal to 0.1 percent, the MSVR formula rate for the highest quality 
class of fixed-income securities. Unlike the MSVR, however, the pricing 
calls for contingency reserves to be held against default on mortgages as 
well as bonds. 

5. FEDERAL INCOME TAXES 

I t  was assumed that federal income tax is allocated to the annuity 
business according to the portfolio earned rate and the tax situation 
of the entire company. Taxes were based on taxable investment income, 
a situation typical of a large mutual company. The portfolio earned 
rates iT of the entire company were projected on the basis of equations 
(31a) and (31b) with gt c = 10 percent and rt c = 5 percent for all t. The 
initial portfolio rates were assumed to be ir~ = 5.5 percent, it_2 = 5.75 
percent, ir_l = 6 percent, and io r = i0 c = 6.25 percent. 

6. PROFIT OBJECTIVE 

Since separate provision was made in the pricing to cover adverse 
fluctuations in both mortality experience and default experience on 
assets backing the block of business, it was assumed that a fair pre-tax 
rate of return to shareholders is the pre-tax portfolio net earned rate for 
the block of business being priced. The object of the pricing was to 
determine the break-even monthly annuity payout rate per $1,000 of 
single premium using these shareholders' yield rates. In terms of the 
notation of Section II ,  A, the profit objective can be stated as Z~ = 0 
with j t  = itt for 1 _< t _< n. The investment horizon n was chosen as the 
number of years to the end of the mortality table. As shown in Section 
II ,  A, this profit objective is equivalent to "zero unassigned surplus for 
the block of issues at the end of the mortality table." 

B. Results 

Four sample pricings were carried out. These have been labeled 
A-D, as follows: 

A: Male age 65, straight life 
B: Male age 65, guaranteed ten 
C: Female age 65, straight life 
D: Female age 65, guaranteed ten 
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The results are presented in Tables 2-5. Table 6 gives the portfolio net 
earned rates before and after tax for each policy }'ear under each of the 
pricings, and Table 7 shows the equivalent level after-tax earned rates 
as defined in Section II, G, for an initial period of twelve years, a middle 
period from )'ear 13 through )'ear 20, and a final period from year 21 
to the end of the mortality table. As mentioned in that section, the 
theoretical level rates for any given period differ among the various 
pricing cells. 

C. Contingency Reserves and Mortality Margins 
In Section II, B, it was stated that for annuities on male lives an 

annual contribution of $2.00 per SI,O00 single premium, excluding the 
guaranteed period, is approximately equivalent to a fiat margin of about 
5.8 percent in the static male mortality table. Support for this statement 
is given in this section. 

The result of a pricing is an annuity payout rate meeting the stipulated 
profit objective. Using this payout rate, decreasing both the select and 
ultimate mortality rates by p percent, eliminating the annual $2.00 per 
$1,000 single premium contingency reserve contribution, and keeping 
all other assumptions exactly the same as in the pricing, the amount of 
unassigned surplus at the end of the mortality table can be determined. 
By varying p, the percentage reduction in the mortality rates, a value can 
be found that produces zero unassigned surplus at the end of the mortality 
table. For the male age 65 straight-life annuity pricing, the required 
value of p was 5.8. Table 8 shows that the fiat contingency reserve 
contribution results in roughly the same incidence of unassigned surplus 
as a flat 5.8 percent mortality margin would produce. 

For annuities on female lives, an annual contribution of 81.50 per 
S1,000 single premium (excluding the guaranteed period) is equivalent 
to a mortality margin of 6.1 percent. The second part of Table 8 gives 
results for the female age 65 straight-life annuity pricing analogous to 
those in the first part for male lives. Similar results were obtained for the 
ten-year guaranteed annuities and are not shown here. 

IV. CONCLUSION 

At first sight, it may seem that the theory presented in this paper is 
extremely complicated and thus that the methods outlined are impracti- 
cal. It is certainly true that the theory can be applied only with the help 
of a computer. If the pricing is targeted on a nonzero present value at 
issue of book profits, an iterative technique is needed to solve for the 
annuity rate that meets the profit objective. This would be in addition 



T A B L E  2 

MALE AGE 65, STRAIGHT-IAFE ANNUITY 

( ,Mon th ly  I n c o m e  per  $1 ,000 Single  P r e m i u m :  $9.069)  

Year 

1 . . . . . . . .  
2 . . . . . . . .  
3 . . . . . . .  
4 . . . . . . .  
5 . . . . . . .  

6 . . . . . . .  

7 . . . . . . .  

8 . . . . . . .  

9 . . . . . . .  

10 . . . . . .  

1 1  . . . . . .  

12 . . . . . .  
13 . . . . . .  
14 . . . . . .  
15 . . . . . .  

1 6  . . . . . .  

17 . . . . . .  
18 . . . . . .  
19 . . . . . .  
20  . . . . . .  

Number 
of 

Contracts 

1 . 0 0 0  
0 .  978  
0 . 9 5 5  
0.  930 
O. 904  

0 , 8 7 6  
0 . 8 4 7  
0 . 8 1 7  
0 . 7 8 5  
0 . 7 5 2  

0 . 7 1 7  
O. 681 
0 . 6 4 5  
O. 608  
O. 570 

0 . 5 3 2  
0 . 4 9 5  
0 . 4 5 7  
0 . 4 2 0  
0 . 3 8 4  

Number 
of 

Lives 

1 . 0 0 0  
0 . 9 7 8  
0 . 9 5 5  
0 .  930  
0 . 9 0 4  

0 , 8 7 6  
0 . 8 4 7  
0 . 8 1 7  
0 , 7 8 5  
0 . 7 5 2  

0 . 7 1 7  
O. 681 
O. 645 
0 . 6 0 8  
0 , 5 7 0  

0 . 5 3 2  
0 . 4 9 5  
0 . 4 5 7  
O . 4 2 0  
0 , 3 8 4  

Net 
Investment 

Income 

$ 8 0 . 5 5  

7 7 . 3 3  
7 4 . 1 4  
7 0 . 9 8  
6 7 . 8 5  

6 4 , 7 7  
6 1 . 1 6  
5 7 . 5 0  
5 3 . 8 0  
5 0 . 0 5  

4 4 . 0 7  
4 0 . 8 6  
3 7 , 6 6  
3 4 . 4 8  
3 1 . 3 1  

2 4 . 6 4  
2 2 . 5 0  
2 0 . 5 1  
1 8 . 6 0  
1 6 . 7 6  

Cash Flow 
excluding 

Investments 

$ 8 3 5 . 9 4  
- -  1 0 5 . 6 5  
- -  1 0 3 . 0 6  
- -  1 0 0 3 1  
- -  9 7 . 4 1  

- -  9 4 . 3 4  

- -  9 1 . 1 1  

- -  8 7 . 7 3  
- -  8 4 . 1 9  
- -  8 0 . 4 9  

- -  7 6 . 6 4  
- -  7 2 . 7 0  
- -  6 8 . 6 8  
- -  6 4 . 6 0  
- -  6 0 . 4 8  

- -  5 6 . 3 4  
- 5 2 . 2 1  
- 4 8 . 1 2  
- 44.  I 0  
- -  4 0 , 1 7  

Federal 
Income 

Tax 

$ 8 . 1 0  
7 . 5 6  
7 . 1 5  
6 . 8 8  
6 . 7 4  

6 , 7 l  
6 , 5 0  
6 . 2 9  
6 . 0 9  
5 . 8 7  

4 . 5 7  
4 . 5 5  
4 . 4 9  
4 . 3 8  
4 . 2 2  

2 . 3 0  
2 , 4 7  
2 . 6 3  
2 . 7 2  
2 , 7 4  

Assets 

$ 9 0 8 3 9  
8 7 2 . 5 1  
8 3 6 . 4 5  
8 0 0 . 2 4  
7 6 3 . 9 4  

7 2 7 . 6 6  
6 9 1 . 2 1  
6 5 4 6 8  
6 1 8 . 2 0  
5 8 1 . 8 9  

5 4 4 . 7 5  
5 0 8 . 3 7  
4 7 2 . 8 6  
4 3 8 . 3 5  
4 0 4 . 9 7  

3 7 0 . 9 8  
3 3 8 . 8 0  
3 0 8 . 5 7  
2 8 0 . 3 6  
2 5 4 . 2 1  

Statutory 
Reserve 

$ 1 , 0 3 6 . 6 5  
9 8 5 . 4 4  
9 3 3 . 6 9  
8 8 1 . 4 7  
8 2 8 . 8 9  

7 7 6 . 3 4  
7 2 3 . 9 7  
6 7 1 . 9 6  
6 2 0 . 5 2  
5 6 9 . 9 0  

5 2 0 . 3 8  
4 7 2 . 6 9  
4 2 6 . 8 1  
3 8 2 . 9 8  
3 4 1 . 4 3  

3 0 2 . 3 3  
2 6 5 . 7 9  
2 3 1 . 8 6  
2 0 0 . 5 7  
1 7 1 . 9 3  

C o n t i n g e n c y  

Reserve 

$ 2 .81  
5 . 5 8  
8 . 3 2  

l l  .03 
13 .71  

1 6 . 3 6  
1 8 . 9 7  
2 1 . 5 4  
2 4 . 0 8  
2 6 . 5 8  

2 9 . 0 2  
3 1 . 4 3  
3 3 . 8 1  
3 6 . 1 5  
3 8 . 4 7  

4 0 , 7 1  
4 2 . 9 4  
4 5 . 1 4  
4 7 . 3 3  
4 9 . 5 0  

Unassigned 
Surplus 

- - $ 1 3 1 . 0 7  
- -  118 .51  
- 1 0 5 . 5 6  
--  0 2 . 2 6  
- -  7 8 . 6 6  

- -  6 5 . 0 3  

- -  5 1 . 7 3  

- -  3 8 . 8 2  
- -  2 6 . 4 0  
- -  1 4 . 5 9  

- -  4 . 6 4  
4 . 2 5  

1 2 . 2 4  
1 9 . 2 2  
2 5 . 0 7  

2 7 . 9 3  
3 0 . 0 7  
3 1 . 5 7  
3 2 . 4 6  
3 2 . 7 9  
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O 

Year 

1, 
2. 
3 .  
4 .  
5 .  

6 . . . . . .  
7 . . . . . .  
8 . . . . . .  
9 . . . . . .  
0 . . . . . .  

2 . . . . . .  
3 . . . . . .  
4 . . . . . .  
5 . . . . . .  

6 . . . . . .  
7 . . . . . .  
8 . . . . . .  
9 . . . . . .  
9 . . . . . .  

2 . . . .  
3 . . . .  
i . . . .  
5 . . . .  

Number 
of 

Contracts 

0 . 3 4 8  
0 . 3 1 4  
0 . 2 8 1  
0 . 2 5 0  
0 . 2 2 0  

0 . 1 9 3  
0 . 1 6 7  
0 . 1 4 3  
0 . 1 2 1  
0 . 1 0 2  

0 . 0 8 4  
O. 0 6 9  
0 .  055  
0 . 0 4 4  
0 .  034  

0 . 0 2 6  
0 , 0 2 0  
0 . 0 1 5  
0 0 1 1  
0 . 0 0 7  

0 , 0 0 5  
O, 004  
O. 002 
0 . 0 0 2  
0 . 0 0 1  

Number 
of 

Lives 

0 . 3 4 8  
0 . 3 1 4  
0 . 2 8 l  
0 . 2 5 0  
0 . 2 2 0  

0 . 1 9 3  
0 . 1 6 7  
O 1 4 3  
0 . 1 2 1  
0 . 1 0 2  

0 . 0 8 4  
0 . 0 6 9  
0 . 0 5 5  
0 , 0 4 4  
0 . 0 3 4  

Net 
Investment 

Income 

$ 1 3 . 6 9  
1 2 . 2 7  
1 0 . 9 9  
9 . 8 3  
8 . 8 0  

7 . 6 7  
6 . 9 4  
6 . 3 l  
5 . 7 8  
5 . 3 3  

4 . 8 9  
4 . 6 5  
4 . 4 8  
4 . 3 6  
4 , 2 9  

Cash Flow 
excluding 

Investments 

- $  3 6 . 3 5  
- 3 2 . 6 7  
- 2 9 . 1 5  
- 2 5 . 8 1  
- -  2 2 . 6 6  

- -  19~72 
- -  1 6 . 9 9  
- -  1 4 . 4 9  
- -  1 2 . 2 2  
- -  1 0 . 1 8  

- -  8 , 3 8  
- -  6 . 8 0  

- -  5 . 4 3  

- -  4 , 2 7  
- -  3 ,31  

Federal 
Income 

T~l,x 

$ 2 . 0 9  
2 . 1 3  
2 . 1 5  
2 . 1 5  
2 . 1 4  

2 .01  
2 . 0 0  
1 . 9 8  

1 . 9 6  

1 9 4  

1 . 8 7  
1 .88  
1 . 8 9  
1 . 9 0  
1 . 9 2  

Assets 

$ 2 2 9 . 4 7  
2 0 6 . 9 4  
1 8 6 . 6 2  
1 6 8 . 4 9  
1 5 2 . 4 9  

1 3 8 . 4 4  
1 2 6 . 3 9  
1 1 6 . 2 3  
1 0 7 . 8 2  
1 0 t . 0 4  

9 5 . 6 8  
9 1 . 6 6  
8 8 . 8 1  
8 7 , 0 0  
8 6 . 0 6  

0 0 2 6  
0 . 0 2 0  
0 . 0 1 5  
0 . 0 1 1  
0 0 0 7  

0 . 0 0 5  
0 , 0 0 4  
0 .  002 
0 .  002 
0 . 0 0 1  

4 . 2 4  
4 . 2 5  
4 . 2 8  
4 . 3 3  
4 . 4 1  

4 . 4 9  
4 . 5 9  
4 . 6 9  
4 . 8 1  
4 , 9 3  

- -  2 , 5 1  

- -  1 . 8 8  

- -  1 . 3 7  

- -  O .  9 8  

- -  O .  6 9  

- -  O .  48 
- -  0 , 3 2  
- -  0 . 2 1  
- -  0 . 1 4  
- -  0 . 0 8  

1 . 9 4  
1 . 9 7  

2 O1 
2 , 0 5  
2 . 0 9  

2 . 1 4  
2 . 1 9  
2 . 2 5  
2 .31  
2 . 3 6  

8 5 . 8 4  
8 6 . 2 4  
8 7 . 1 4  
8 8 , 4 4  
9 0 . 0 6  

9 1 . 9 3  
9 4 . 0 0  
9 6 . 2 4  
9 8 . 6 1  

1 0 1 . 0 9  

Statutory 
Reserve 

$ 1 4 5 . 9 4  
122 .61  
1 0 1 . 8 9  

8 3 . 7 3  
6 8 . 0 2  

5 4 . 6 1  
4 3 . 3 1  
3 3 . 9 4  
2 6 . 2 7  
2 0 . 0 9  

Contingency 
Reserve 

$ 5 1 . 6 3  
5 3 . 7 6  
5 5 . 8 6  
5 7 . 9 6  
6 0 . 0 5  

6 2 . 1 3  
6 4 . 2 0  
66.26 
6 8 . 3 2  
70.37 

Unassigned 
Surplus 

$ 3 1 . 9 0  
3 0 . 5 8  
2 8 . 8 7  
2 6 . 7 9  
2 4 . 4 2  

2 1 . 7 1  
1 8 . 8 8  
1 6 . 0 3  
1 3 . 2 3  
1 0 . 5 8  

1 5 . 1 6  
1 1 . 2 9  

8 . 2 8  
5 . 9 8  
4 , 2 5  

2 . 9 7  
2 . 0 3  
1 . 3 7  

0 . 9 0  
0 . 5 8  

0 , 3 7  
0 . 2 3  
0 . 1 4  
0 , 0 8  
0 . 0 4  

7 2 . 4 2  
7 4 . 4 7  
7 6 . 5 1  
7 8 . 5 6  
8 0 . 6 0  

8 2 . 6 4  
8 4 . 6 8  
8 6 . 7 3  
8 8 . 7 7  
9 0 . 8 1  

9 2 . 8 6  
9 4 . 9 0  
9 6 . 9 5  
9 9 . 0 0  

1 0 1 . 0 5  

m 

8 , 0 9  
5 , 9 0  
4 . 0 2  
2 . 4 6  
1 . 2 1  

0 . 2 4  
0 . 4 7  
0 . 9 5  
1 .23  
1 . 3 4  

1 . 3 0  

1 .13  
O, 85 
0 . 4 8  
0 , 0 9  
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MALE AGE 65, GUARANTEED-I0  ANNUITY 

( M o n t h l y  I n c o m e  pe r  $1 ,000  Single  P r e m i u m :  $8.313)  

4 ~  
1--4 

N u m b e r  N u m b e r  N e t  Cash  F l o w  F e d e r a l  
Y e a r  of of  I n v e s t m e n t  e x c l u d i n g  I n c o m e  A s s e t s  S t a t u t o r y  C o n t i n g e n c y  U n a s s i g n e d  

R e s e r v e  R e s e r v e  Su  rp lu s  Contracts Lives Income Investments Tax 

1 . . . . . . .  
2 . . . . . . .  
3 . . . . . . .  
4 . . . . . . .  
5 . . . . . . .  

6 . . . . . . .  
7 . . . . . . .  

8 . . . . . . .  
9 . . . . . . .  

10 . . . . . .  

11 . . . . . .  

12 . . . . . .  
13 . . . . . .  
14 . . . . . .  
15 . . . . . .  

1 6  . . . . . .  
17 . . . . . .  
18 . . . . . .  
19 . . . . . .  
20 . . . . . .  

1 . 0 0 0  
1 . 0 0 0  
1 . 0 0 0  
1 . 0 0 0  
I .  0 0 0  

1 . 0 0 0  
1 , 0 0 0  
1 . 0 0 0  
1 . 0 0 0  
1 . 0 0 0  

0 . 7 1 7  
0 . 6 8 l  
0 . 6 4 5  
0 . 6 0 8  
0 . 5 7 0  

0 . 5 3 2  
0 , 4 9 5  
0 . 4 5 7  
0 . 4 2 0  
0~384 

1 . 0 0 0  
0 . 9 7 8  
0 . 9 5 5  
O. 930  
O. 904  

0 . 8 7 6  
0 . 8 4 7  
0 , 8 1 7  
0 . 7 8 5  
0 . 7 5 2  

0 . 7 1 7  
0 , 6 8 1  
0 . 6 4 5  
0 . 6 0 8  
0 . 5 7 0  

0 . 5 3 2  
0 . 4 9 5  
0 . 4 5 7  
0 . 4 2 0  
0 . 3 8 4  

$ 8 0 . 8 9  
7 8 . 2 4  
7 5 . 4 2  
72.44 
6 9 . 2 7  

6 5 . 9 0  
6 1 . 7 7  
5 7 , 3 1  
5 2 . 5 3  
4 7 . 4 4  

4 0 . 6 7  
3 7 . 6 2  
3 4 . 5 9  
3 1 . 5 8  
2 8 . 5 9  

2 2 . 0 8  
2 0 . 1 2  
18.32 
16.61  
1 4 , 9 9  

$ 8 4 3 . 7 0  
- -  1 0 0 . 3 9  
- 1 0 0 . 4 3  
- 1 0 0 . 4 7  
- -  1 0 0 . 5 1  

- -  1 0 0 . 5 6  

- -  1 0 0 . 6 0  
- 1 0 0 . 6 4  
- -  1 0 0 . 6 8  
- 1 0 0 . 7 2  

- -  70 .31  
- 6 6 , 6 9  
- 6 3 . 0 1  
- -  5 9 . 2 7  
- -  5 5 . 4 9  

- -  5 1 . 6 9  
- 4 7 . 9 1  
- 4 4 . 1 5  
- -  4 0 . 4 6  
- 3 6 . 8 6  

$ 8 . 6 9  $ 9 1 5 . 8 9  
8 . 1 4  8 8 5 . 5 9  
7 . 7 0  8 5 2 . 8 9  
7 . 3 7  8 1 7 . 4 9  
7 . 1 4  7 7 9 . 1 0  

7 . 0 0  
6 . 6 8  
6 . 3 6  
6 . 0 4  
5 . 7 4  

4 , 3 2  
4 , 2 5  
4 , 1 5  
4 . 0 0  
3 . 8 1  

1 , 8 6  

2 . 0 2  
2 . 1 8  
2 . 2 8  
2 , 3 3  

7 3 7 . 4 5  
6 9 1 . 9 4  
6 4 2 . 2 5  
5 8 8 . 0 6  
5 2 9 . 0 3  

4 9 5 , 0 7  
4 6 1 , 7 5  
4 2 9 . 1 7  
3 9 7 . 4 8  
3 6 6 . 7 7  

3 3 5 . 2 9  
3 0 5 . 4 9  
2 7 7 . 4 8  
2 5 1 . 3 5  
2 2 7 . 1 5  

$ 1 , 0 2 7 . 0 9  
9 8 4 . 4 3  
9 3 8 . 9 5  
8 9 0 . 4 2  
8 3 8 . 5 9  

7 8 3 . 3 2  
7 2 4 . 3 5  
6 6 1 . 4 0  
5 9 4 . 1 8  
5 2 2 . 4 0  

4 7 7 . 0 0  
4 3 3 , 2 9  
3 9 1 . 2 3  
3 5 1 0 6  
3 1 2 . 9 7  

2 7 7 . 1 3  
2 4 3 . 6 4  
2 1 2 . 5 3  
1 8 3 . 8 5  
1 5 7 , 5 9  

$ 0 . 8 1  

1 . 5 9  

2 . 3 5  
3 . 0 7  
3 . 7 6  

4 . 4 2  
5 . 0 4  
5 .61  
6 . 1 4  
6 . 6 1  

9 , 0 2  
1 1 . 3 9  
1 3 . 7 4  
1 6 . 0 6  
1 8 . 3 4  

2 0 . 5 6  
2 2 . 7 6  
2 4 . 9 5  
2 7 . 1 1  
2 9 , 2 6  

- - $ 1 1 2 . 0 1  
- -  1 0 0 . 4 3  
- -  8 8 . 4 1  
- -  7 6 . 0 0  
- -  6 3 . 2 5  

- -  5 0 . 2 9  
- -  3 7 . 4 5  
- -  2 4 . 7 6  
- -  1 2 . 2 6  

0 . 0 2  

9 . 0 5  
1 7 , 0 7  
2 4 . 2 1  
3 0 . 3 7  
3 5 . 4 5  

3 7 . 6 0  
3 9 . 0 9  
40 .  O0 
4 0 . 3 9  
4 0 . 2 9  



T A B L E  3--Continued 

4a. 
t ~  

Year 

!1 . . . . . .  
!2 . . . . . .  
!3 . . . . . .  
!4 . . . . . .  
!5 . . . . . .  

!6 . . . . . .  
!7 . . . . . .  
!8 . . . . . .  
!9 . . . . . .  
~0 . . . . . .  

H .  
;2.  
;3.  
)4. 
)5. 

)6. 
17. 
18. 
)9, 
I0. 

Number 
of 

Contracts 

. 0 .  3 4 8  

. 0 . 3 1 4  
: 0 . 2 8 1  

• 0 .  250 
. 0 .  220 

.I 0 .  193 
i 0 . 1 6 7  

0 .  143 
.! 0 . 1 2 1  
,I 0 .  102 
! 

. 0 . 0 8 4  

. ! 0 . 0 6 9  

.' 0 . 0 5 5  

. O. 044  

.' 0 . 0 3 4  

. O. 026  
. 0 . 0 2 0  
. 0 . 0 1 5  
. 0 , 0 1 1  
. 0 . 0 0 7  

. O. 005 

. 0 . 0 0 4  
, 0 , 0 0 2  
. 0 . 0 0 2  
. 0 . 0 0 1  

Number 
of 

Lives 

0 , 3 4 8  
0 . 3 1 4  
0 . 2 8 1  
0 .  250 
0 .  220 

0 . 1 9 3  
0 . 1 6 7  
0 . 1 4 3  
0 . 1 2 1  
0 .  102 

0 .  084  
0 .  069  
0 , 0 5 5  
0 . 0 4 4  
O. 034  

0 . 0 2 6  
O. 020  
0 . 0 1 5  
0 . 0 1 1  
0 , 0 0 7  

0.  005  
0 , 0 0 4  
0 . 0 0 2  
0 . 0 0 2  
0 . 0 0 1  

Net 
Investment 

Income 

$ 1 2 , 0 6  
1 0 . 7 9  
9 . 6 5  
8 . ~  
7 . 7 4  

6 . 6 7  
5 . 9 9  
5 .41  
4 . 9 2  
4 . 5 2  

4 . 0 8  
3 . 8 5  
3 . 6 8  
3 . 5 6  
3 . 4 8  

3 . 4 2  
3 . 4 2  
3 . 4 3  
3 , 4 7  
3 . 5 2  

3 , 5 9  
3 , 6 6  
3 . 7 5  
3 . 8 4  
3 , 9 3  

Cash Flow 
excluding 

Investments 

- - $  3 3 . 3 6  
- -  2 9 . 9 8  
- -  2 6 . 7 5  
- -  2 3 . 6 9  
- -  2 0 . 8 0  

- -  1 8 . 1 0  
- -  1 5 . 5 9  
- -  1 3 . 3 0  
- -  1 1 . 2 2  
--  9 . 3 5  

- -  7 . 6 9  
- 6 . 2 4  
- 4 . 9 9  
- -  3 . 9 2  
- 3 . 0 4  

- -  2 . 3 1  

- -  1 . 7 2  

- -  1 , 2 6  

- -  0.9I )  
- 0 . 6 4  

- -  0 . 4 4  
- -  O .  29 
- -  0 , 1 9  

- -  O .  13 
- -  0 . 0 7  

Federal 
Income 

Tax 

$ 1 . 6 8  
1 . 7 3  
1 .77  
1 . 8 0  
1 ,81  

1 . 6 6  

1 . 6 5  

1 . 6 4  

1 . 6 2  

1 , 6 0  

1 . 5 3  

1 , 5 2  

1 .53  
l .  53 
1 . 5 4  

1 . 5 6  

1 , 5 8  

1 . 6 1  

1 . 6 4  

1 , 6 7  

1.71  
1 . 7 5  
1 . 7 9  

1 , 8 4  
1 . 8 8  

Assets 

$ 2 0 4 . 1 7  
1 8 3 . 2 5  
1 6 4 . 3 7  
1 4 7 . 5 3  
1 3 2 . 6 7  

1 1 9 , 5 8  
1 0 8 . 3 2  
9 8 , 7 9  
9 0 , 8 8  
8 4 . 4 5  

7 9 . 3 2  
7 5 . 4 1  
72.58 
7 0 . 6 8  
6 9 . 5 7  

6 9 . 1 3  
6 9 . 2 5  
6 9 . 8 1  
7 0 , 7 4  
7 1 , 9 5  

7 3 . 3 9  
7 5 . 0 1  
7 6 . 7 7  
7 8 . 6 4  
8 0 . 6 l  

Statutory 
Reserve 

1 3 3 . 7 7  
1 1 2 . 3 9  

9 3 . 4 0  
7 6 . 7 5  
6 2 . 3 5  

5 0 . 0 5  
3 9 . 7 0  
3 1 . 1 1  
2 4 . 0 8  
18 .41  

1 3 . 9 0  
1 0 3 5  

7 . 5 9  
5 . 4 8  
3 . 8 9  

2 . 7 2  
1 . 8 6  
1 , 2 5  
0 , 8 3  
0 . 5 3  

0 . 3 4  
0 . 2 1  
0 . 1 3  
0 , 0 8  
0 . 0 4  

Contingency 
Reserve 

$ 3 1 . 3 8  
3 3 . 4 9  
3 5 . 5 9  
3 7 . 6 8  
3 9 . 7 5  

4 1 . 8 2  
4 3 . 8 8  
4 5 . 9 3  
4 7 . 9 8  
5 0 . 0 3  

5 2 . 0 7  
5 4 . 1 1  
5 6 . 1 4  
5 8 . 1 8  
6 0 . 2 1  

62.25 
6 4 . 2 8  
6 6 , 3 2  
6 8 . 3 5  
7 0 . 3 9  

7 2 . 4 2  
7 4 . 4 6  
7 6 . 5 0  
7 8 . 5 4  
8 0 . 5 7  

Unassigned 
Surplus 

$ 3 9 . 0 1  
3 7 . 3 7  
3 5 . 3 9  
3 3 . 1 0  
3 0 . 5 7  

2 7 . 7 1  
2 4 . 7 4  
2 1 . 7 5  
18 .81  
16 .01  

1 3 . 3 5  
1 0 . 9 5  

8 . 8 4  
7 .01  
5 . 4 6  

4 . 1 7  
3 . 1 0  
2 . 2 4  
1 . 5 6  

1 . 0 3  

0 . 6 3  
0 . 3 4  
0 , 1 4  
0 . 0 3  
0 . 0 0  



TABLE 4 

FEMALE AGE 65, STRAIGHT-LIFE ANNUITY 

(Monthly Income per $1,000 Single Premium: $7.915) 

Year 

I . . . . . . .  

i . . . . . . .  

i . . . . . . .  

I . . . . . .  

P . . . . . . .  

Number 
of 

Contracts 

1.000 
0. 990 
0.979 
0. 966 
O. 953 

0.939 
0.923 
0.907 
0.889 
0.869 

0.848 
0,825 
0,800 
0.774 
0.747 

0.718 
0.687 
0,655 
0,621 
0.586 

Number 
of 

Lives 

1.000 
0,990 
0.979 
0.966 
0.953 

0,939 
0.923 
0,907 
0.889 
0.869 

0.848 
0,825 
0,800 
0.774 
0.747 

0.718 
0.687 
0.655 
0.621 
0.586 

Net  
Inves tment  

Income 

$81.10 
79.00 
76.88 
74.72 
72.51 

70.27 
67.41 
64.40 
61.23 
57,91 

52.20 
49.14 
45,99 
42.74 
39.40 

32,40 
29.86 
27,43 
25.04 
22.69 

Cash F low 
excluding 

Investments 

$849.01 
- -  94.05 
- -  9 2 . 9 8  

- -  9 1 . 8 0  

- -  9 0 . 5 2  

- -  8 9 . 1 3  

- -  8 7 . 6 2  

- -  8 5 . 9 8  

- -  84.19 
-- 82.26 

- -  8 0 . 1 6  

- -  7 7 . 9 2  

- -  7 5 . 5 3  

- -  7 2 . 9 9  

- -  7 0 . 2 9  

-- 67,44 
- -  64.43 
-- 61.27 
- -  57.97 
- -  5 4 . 5 4  

Federal 
Income 

Tax 

$8.33 
7,76 
7.30 
6.95 
6.71 

6.56 
6.22 
5.89 
5.54 
5.19 

3.72 
3,56 
3.36 
3.13 
2,87 

0.84 
0.95 
1 . 0 7  

1.15 
1.19 

Assets 

$921.77 
898,96 
875.57 
851.53 
826.81 

801,39 
774.96 
747.49 
718.99 
689.46 

657.77 
625.44 
592.54 
559.16 
525.40 

489.52 
454.00 
419.10 
385.01 
351.97 

S t a t u t o r y  

R e s e r v e  

$1,047.50 
1,015.41 

982.26 
948.03 
912.65 

876.27 
838.90 
800.59 
761,41 
72 I. 43 

680.76 
639.94 
598.94 
557.90 
517.03 

476.50 
436.52 
397.33 
359,14 
322.18 

Contingency 
Reserve 

$ 2.31 
4.60 
6.87 
9.12 

I1.34 

13.54 
15.72 
17.86 
19.98 
22.05 

24.08 
26.07 
28,03 
29,95 
31.85 

33.67 
35.47 
37.25 
39.00 
40.72 

Unassigned 
Surplus 

--$128,04 
-- 121.05 
-- 113.57 
-- 105.61 
-- 97.18 

- -  8 8 . 4 2  

- -  7 9 . 6 6  

- -  7 0 . 9 6  

- -  6 2 . 3 9  

- -  5 4 , 0 2  

- -  4 7 . 0 6  

- -  4 0 . 5 7  

- -  3 4 . 4 2  

- -  2 8 . 7 0  

- -  2 3 . 4 8  

- -  2 0 . 6 5  

- -  1 7 . 9 9  

- -  1 5 . 4 8  

- -  1 3 . 1 2  

- -  1 0 . 9 3  



T A B L E  4---Continued 

4~ 

N u m b e r  N u m b e r  Ne t  Cash Flow Federa l  
Year  of of I nves tmen t  excluding II~come Assets S t a tu to ry  Cont ingency  Unass igned  

Reserve  Reserve Surplus  
Cont rac t s  Lives  I ncome  Inves tmen t s  T a x  

21 . . . . . . .  
22 . . . . . . .  
23 . . . . . . .  
24  . . . . . . .  
25 . . . . . . .  

2 6  . . . . . . .  
27 . . . . . . .  
28 . . . . . . .  
29 . . . . . . .  
30  . . . . . . .  

31 . . . . . . .  

32 . . . . . . .  
33 . . . . . . .  
34  . . . . . . .  
35  . . . . . . .  

3 6  . . . . . .  
37 . . . . . .  
38 . . . . . .  
39  . . . . . .  
40  . . . . . .  

41 . . . . . .  
42  . . . . . .  

4 3  . . . . . .  
4 4  . . . . . .  

45 . . . . . .  

0 . 5 5 0  
0 , 5 1 2  
0 , 4 7 4  
0 , 4 3 5  
0 , 3 9 6  

0 , 3 5 7  
0 , 3 1 9  
0 , 2 8 1  
0 . 2 4 5  
0 , 2 1 1  

0 , 1 7 9  
0 . 1 4 9  
0 , 1 2 2  
0 , 0 9 8  
0 , 0 7 7  

0 , 0 6 0  
0 , 0 4 5  
0 , 0 3 3  
0 . 0 2 4  
0 , 0 1 7  

0 . 0 1 2  
0 , 0 0 8  
0 , 0 0 5  
0 . 0 0 3  
0 . 0 0 2  

0 , 5 5 0  
0 , 5 1 2  
0 . 4 7 4  
0 . 4 3 5  
0 , 3 9 6  

O, 357 
0 , 3 1 9  
O, 281 
O, 245 
0 , 2 1 1  

0 , 1 7 9  
0 , 1 4 9  
0 , 1 2 2  
0 . 0 9 8  
0 , 0 7 7  

0 . 0 6 0  
0 . 0 4 5  
0 . 0 3 3  
0 . 0 2 4  
0 0 1 7  

0 , 0 1 2  
0 , 0 0 8  
O, 005  
O. 003  
0 . 0 0 2  

$ 1 9 . 0 7  
1 7 . 0 9  
1 5 . 2 4  
1 3 . 5 2  
1 1 . 9 5  

10 .31  
9 . 0 9  
8 . 0 0  
7 . 0 5  
6 . 2 4  

5 . 4 6  
4 . 9 4  
4 . 5 1  
4 . 1 8  
3 . 9 3  

3 . 7 5  
3 . 6 4  
3 . 5 8  
3 . 5 6  
3 , 5 8  

3 . 6 1  
3 . 6 7  
3 . 7 4  
3 . 8 2  
3 . 9 1  

- - $  5 1 . 0 1  
- -  4 7 . 3 7  
- -  4 3 . 6 8  
- -  3 9 . 9 4  
- -  3 6 . 1 9  

- 3 2 . 4 8  

- -  2 8 , 8 3  

- 2 5 . 2 9  

- 2 1 . 9 0  

- -  1 8 . 7 0  

- 1 5 , 7 3  

- -  13 .01  
- 1 0 . 5 7  
- 8 . 4 3  

- -  6 . 5 8  

- -  5 . 0 3  

- -  3 . 7 6  
- -  2 . 7 5  
- -  1 . 9 7  

- -  1 . 3 9  

- -  0 . 9 5  
- -  0 . 6 4  
- -  0 . 4 2  
- -  0 , 2 7  
- -  0 . 1 6  

$ 0 . 5 6  
0 . 6 5  
0 . 7 3  
0 . 8 0  
0 . 8 8  

O. 84 
0 . 9 4  
1 . 0 3  

1.11 
1 . 1 9  

1 . 2 1  

1 . 2 9  

1 . 3 5  

1 . 4 1  

1 . 4 6  

1 . 4 9  
1 . 5 4  
1 . 5 8  

1 . 6 2  

1 . 6 6  

1 , 7 0  
1 . 7 4  
1 . 7 8  
1 .82  
1 . 8 7  

$ 3 1 9 . 4 7  
2 8 8 . 5 3  
2 5 9 . 3 7  
2 3 2 . 1 5  
2 0 7 . 0 3  

1 8 4 . 0 2  
1 6 3 . 3 4  
1 4 5 . 0 2  
1 2 9 . 0 6  
115 .41  

1 0 3 . 9 3  
9 4 . 5 7  
8 7 . 1 6  
8 1 . 5 1  
7 7 . 4 0  

7 4 . 6 3  
7 2 . 9 7  
7 2 . 2 2  
7 2 . 2 0  
7 2 . 7 3  

7 3 . 7 0  
7 4 . 9 9  
7 6 . 5 2  
7 8 . 2 4  
8 0 . 1 2  

$ 2 8 6 . 6 8  
2 5 2 , 8 4  
2 2 0 , 8 4  
1 9 0 . 8 4  
1 6 2 . 9 5  

1 3 7 . 3 2  
1 1 4 , 0 6  
9 3 . 2 6  
7 4 . 9 9  
5 9 . 2 4  

4 5 , 9 2  
3 4 . 9 0  
2 5 . 9 8  
1 8 . 9 3  
1 3 . 5 0  

9 . 4 1  
6 . 4 2  
4 . 3 0  
2 . 8 2  
1 . 8 1  

1 . 1 4  
0 , 7 0  
0 . 4 3  
0 . 2 5  
0 . 1 2  

$ 4 2 . 4 1  
4 4 . 0 8  
4 5 . 7 4  
4 7 . 3 7  
4 8 . 9 9  

5 0 . 5 9  
5 2 . 1 9  
5 3 . 7 7  
5 5 . 3 4  
5 6 . 9 0  

5 8 . 4 5  
6 0 . 0 0  
6 1 . 5 5  
6 3 . 0 9  
6 4 . 6 3  

6 6 . 1 7  
6 7 . 7 0  
6 9 . 2 4  
7 0 . 7 7  
7 2 . 3 1  

7 3 . 8 5  
7 5 , 3 8  
7 6 . 9 2  
7 8 . 4 6  
80.  O0 

- - $  9 . 6 2  
- -  8 . 3 9  

- -  7 . 2 1  

- -  6 . 0 6  

- -  4 . 9 1  

- -  3 . 8 9  

- -  2 . 9 0  

- -  2 . 0 1  

- -  1 . 2 7  

- -  0 . 7 2  

- -  0 . 4 4  
- -  0 . 3 3  
- -  0 . 3 7  
- -  0 . 5 2  
- 0 . 7 3  

- -  0 . 9 5  
- -  1 .15  
- -  1 . 3 1  

- -  1 . 4 0  

- -  1 . 3 9  

- -  1 . 2 9  

- -  1 , 1 0  

- -  0 . 8 2  
- 0 , 4 7  

0 . 0 0  



T A B L E  5 

FEMALE AGE 65, GUARANTEED-10  ANNUITY 

( M o n t h l y  I n c o m e  pe r  $1 ,000 Single  P r e m i u m :  $7.627)  

tax 

Year 

1 . . . . . . . .  
2 . . . . . . . .  
3 . . . . . . . .  

4 . . . . . . . .  

5 . . . . . . . .  

6 . . . . . . .  

7 . . . . . . .  

8 . . . . . . .  

9 . . . . . . .  

10 . . . . . .  

1 1  . . . . . .  

12 . . . . . .  
13 . . . . . .  
14 . . . . . .  
15 . . . . . .  

1 6  . . . . . .  

17 . . . . . .  

18 . . . . . .  
19 . . . . . .  
20 . . . . . .  

Number 
of 

Contracts 

1 , 0 0 0  

1 . 0 0 0  

1 . 0 0 0  
1 . 0 0 0  
1 . 0 0 0  

1 . 0 0 0  
1 . 0 0 0  

1 . 0 0 0  
1 . 0 0 0  
1 . 0 0 0  

0 . 8 4 8  
0 . 8 2 5  
0 . 8 0 0  
0 . 7 7 4  
0 . 7 4 7  

0 , 7 1 8  
0 . 6 8 7  
0 , 6 5 5  
0 . 6 2 1  
0 . 5 8 6  

Number 
of 

Lives 

1 . 0 0 0  
0 , 9 9 0  
0 , 9 7 9  
0 .  966  
0 .  953 

0 . 9 3 9  
0 . 9 2 3  
0 . 9 0 7  
0 . 8 8 9  
0 , 8 6 9  

O. 848 
O. 825 
0 .  800  
0 , 7 7 4  
0 .  747 

0 . 7 1 8  
0 . 6 8 7  
0 . 6 5 5  
0 , 6 2 1  
0 . 5 8 6  

Net 
Investment 

Income 

$ 8 1 . 2 2  
7 9 . 3 7  

7 7 , 3 9  
7 5 . 2 9  
7 3 . 0 4  

7 0 , 6 5  
6 7 . 5 2  
6 4 , 1 0  
6 0 . 3 9  
5 6 , 3 8  

5 0 , 2 6  
4 7 , 2 6  
4 4 . 1 6  
4 0 , 9 9  
3 7 , 7 3  

3 0 , 8 1  
2 8 . 3 5  
2 6 , 0 2  
2 3 . 7 3  
2 1 . 4 9  

Cash Flow 
excluding 

Investments 

$ 8 5 1 . 9 2  
- -  9 2 . 1 7  
- -  9 2 . 2 1  
- -  9 2 . 2 5  
- -  9 2 . 2 9  

- -  9 2 . 3 3  
- 9 2 . 3 7  
- -  9 2 . 4 2  
- 9 2 . 4 6  
- 9 2 , 5 0  

- -  7 7 . 2 8  
- -  7 5 . 1 2  
- -  7 2 . 8 2  
- -  7 0 . 3 7  
- 6 7 . 7 7  

- -  6 5 . 0 2  
- -  6 2 . 1 2  
- -  5 9 . 0 7  
- -  5 5 . 8 9  
- -  5 2 . 5 9  

Federal 
Income 

Tax 

7 .75  
7 . 3 2  

6 . 9 9  
6 , 7 5  

6 . 5 9  
6 . 2 2  

5 . 8 5  
5 . 4 7  
5 , 0 8  

3 , 5 7  
3 . 3 8  
3 . 1 6  
2 . 9 2  
2 . 6 5  

0 , 6 1  
0 . 7 1  
0~83 
0 . 9 2  
0 . 9 7  

Assets 

$ 9 2 4 . 8 7  
9 0 4 . 3 2  
8 8 2 . 1 8  
8 5 8 . 2 4  
8 3 2 . 2 4  

8 0 3 . 9 7  
7 7 2 , 8 9  
7 3 8 . 7 2  
7 0 1 , 1 8  
6 5 9 . 9 8  

6 2 9 . 3 9  
5 9 8 . 1 5  
5 6 6 , 3 3  
5 3 4 . 0 2  
5 0 1 . 3 3  

4 6 6 . 5 0  
4 3 2 . 0 3  
3 9 8 , 1 4  
3 6 5 , 0 6  
3 3 2 . 9 9  

Statutory 
Reserve 

$ 1 , 0 5 2 , 8 8  
1 . 0 2 2 . 4 7  

9 9 0 . 1 7  
9 5 5 . 7 9  
9 1 9 , 1 4  

8 8 0 . 0 8  
8 3 8 . 4 1  
7 9 3 . 9 0  
7 4 6 , 2 7  
6 9 5 , 2 3  

6 5 6 , 0 4  
6 1 6 , 7 1  
5 7 7 . 1 9  
5 3 7 . 6 5  
4 9 8 , 2 5  

4 5 9 . 2 0  
4 2 0 . 6 7  
3 8 2 , 9 0  
3 4 6 , 1 0  
3 1 0 . 4 8  

C o n t i n g e n c y  

R e s e r v e  

$ 0 . 8 1  
1 .61 
2 . 3 8  
3 . 1 3  
3 . 8 6  

4 . 5 7  
5 , 2 4  
5 . 8 9  
6 . 4 9  
7 . 0 5  

9 . 0 6  
1 1 , 0 3  
1 2 . 9 7  
1 4 . 8 8  
1 6 , 7 6  

1 8 . 5 7  
2 0 . 3 5  
2 2 , 1 1  
2 3 . 8 5  
2 5 , 5 6  

Unassigned 
Surplus 

- - $ 1 2 8 . 8 2  
- -  1 1 9 . 7 6  
- -  1 1 0 . 3 7  
--  1 0 0 . 6 9  
- -  9 0 . 7 6  

- -  8 0 . 6 8  

- -  7 0 . 7 7  

- -  6 1 . 0 6  

- -  5 1 . 5 7  

- -  4 2 . 3 1  

- 3 5 . 7 1  
- 2 9 . 5 9  
- 2 3 . 8 3  

- 1 8 . 5 1  

- 1 3 , 6 8  

- -  1 1 . 2 6  

- -  9 . 0 0  
- -  6 , 8 7  
- -  4 , 8 8  

- 3 . 0 5  



T A B L E  5--Continued 

O~ 

Year 

!1 . . . . .  
!2 . . . . .  
.~3 . . . . .  
! 4  . . . . .  
!5 . . . . .  

!6 . . . . .  
!7 . . . . .  
!8 . . . . .  
!9 . . . . .  
t0 . . . . .  

t l  . . . . .  
t2 . . . . .  
13 . . . . .  
t4 . . . . .  
~5 . . . . .  

~6 . . . . .  
17 . . . . .  
~8 . . . . .  
t9 . . . . .  
LO . . . . .  

I-1 . . . . .  
12 . . . . .  
t3 . . . . .  
14 . . . . .  

|5  . . . . .  

Number 
of 

Contracts 

0 . 5 5 0  
0.512 
O. 474 
0 . 4 3 5  
0 . 3 9 6  

0 . 3 5 7  
0 . 3 1 9  
0 . 2 8 1  
0 . 2 4 5  
0 . 2 1 1  

0 . 1 7 9  
0 . 1 4 9  
0 . 1 2 2  
0 . 0 9 8  
0 . 0 7 7  

0 , 0 6 0  
0 , 0 4 5  
0 , 0 3 3  
0 . 0 2 4  
0 . 0 1 7  

0 . 0 1 2  
0 . 0 0 8  
O. 005  
O. 003  
O. 002  

Number 
of 

Lives 

0 , 5 5 0  
0 . 5 1 2  
0,474 
0 . 4 3 5  
0 . 3 9 6  

0 . 3 5 7  
0 . 3 1 9  
0 , 2 8 1  
0 . 2 4 5  
0 . 2 1 1  

0 . 1 7 9  

Net  
Investment  

Income 

$ 1 7 . 9 5  
1 6 . 0 5  
1 4 . 2 9  
1 2 . 6 6  
1 1 . 1 7  

9 . 5 6  
8 . 3 7  
7 . 3 2  
6 . 4 0  
5 .61  

4 . 8 4  

Cash Flow 
excluding 

Investments 

- $  4 9 . 1 8  
- -  4 5 , 6 8  
- -  4 2 , 1 1  
- -  3 8 , 5 1  
- -  3 4 . 9 0  

- -  3 1 , 3 2  
- -  2 7 , 8 0  
- -  2 4 . 3 9  
- -  2 1 , 1 2  
- 1 8 , 0 4  

- -  1 5 , 1 7  

Federal 
Income 

Tax 

$ 0 . 3 4  
0 . 4 3  
0 . 5 1  
0 . 5 9  
0 . 6 8  

0 . 6 3  
0 . 7 2  
0 . 8 1  
0 . 8 8  
0 . 9 5  

0 . 9 6  

A s s e t s  

$ 3 0 1 . 4 3  
2 7 1 . 3 8  
2 4 3 . 0 4  
2 1 6 . 5 9  
1 9 2 . 1 9  

1 6 9 . 8 0  
1 4 9 . 6 5  
1 3 1 . 7 8  
1 1 6 . 1 8  
1 0 2 . 8 0  

9 1 . 5 1  

Statutory 
Reserve 

$ 2 7 6 . 2 7  
2 4 3 . 6 6  
2 1 2 . 8 3  
183 .91  
1 5 7 . 0 3  

1 3 2 . 3 3  
1 0 9 , 9 2  

8 9 . 8 8  
72.27 
57.09 

4 4 . 2 5  

Contingency 
Reserve 

$ 2 7 . 2 4  
2 8 . 9 0  
3 0 . 5 4  
3 2 . 1 7  
3 3 . 7 8  

3 5 . 3 8  
3 6 . 9 6  
3 8 . 5 3  
4 0 . 1 0  
4 1 . 6 6  

4 3 . 2 0  
0 . 1 4 9  
0 . 1 2 2  
0 . 0 9 8  
0 , 0 7 7  

0 . 0 6 0  
0 . 0 4 5  
0 , 0 3 3  
0 , 0 2 4  
0 . 0 1 7  

0 . 0 1 2  
O. 008  
O. 005  
O. 003  
0 . 0 0 2  

4 . 3 3  
3 . 9 1  
3 . 5 7  
3 . 3 2  

3 . 1 3  
3 . 0 2  
2 9 5  
2 , 9 1  
2 .91  

2 . 9 4  
2 . 9 7  
3 . 0 3  
3 . 0 9  
3 . 1 6  

m 

B 

m 

1 2 , 5 5  
1 0 , 2 0  

8 , 1 3  
6 , 3 5  

4 , 8 5  
3 . 6 3  
2 , 6 5  
1 . 9 0  
1 . 3 4  

O, 92 
O~ 62 
0 , 4 1  
0 , 2 6  
0 , 1 6  

1 . 0 3  
1 . 0 9  
1 ~14 
1 . 1 8  

1 . 2 1  
1 . 2 4  
1 . 2 8  
1 , 3 1  
1 , 3 4  

1 . 3 7  
1 . 4 0  
1 . 4 4  
1 . 4 7  
1 . 5 1  

8 2 . 2 6  
7 4 . 8 8  
6 9 . 1 9  
6 4 . 9 8  

6 2 . 0 5  
6 0 . 2 0  
5 9 . 2 1  
5 8 . 9 2  
5 9 , 1 5  

5 9 . 8 0  
6 0 . 7 5  
6 1 . 9 3  
6 3 . 2 8  
6 4 . 7 7  

3 3 . 6 3  
2 5 . 0 4  
1 8 . 2 5  
13 .01  

9 . 0 7  
6 . 1 9  
4 , 1 4  
2 . 7 2  
1 ,75  

1 , 1 0  
0 . 6 8  
0 . 4 1  
0 . 2 4  
0 . 1 2  

4 4 . 7 5  
4 6 . 2 9  
4 7 . 8 2  
4 9 . 3 5  

5 0 . 8 9  
5 2 . 4 2  
5 3 . 9 5  
5 5 . 4 7  
5 7 , 0 0  

5 8 , 5 3  
6 0 . 0 6  
6 1 . 5 9  
6 3 . 1 2  
6 4 . 6 6  

Unassigned 
Surplus 

- $  2 . 0 8  
- -  1 . 1 8  
- 0 . 3 3  

0 . 5 2  
1 . 3 7  

2 . 0 9  
2.77 
3 . 3 6  
3 . 8 1  
4 . 0 6  

4 . 0 6  
3 . 8 8  
3 . 5 5  
3 . 1 2  
2 . 6 2  

2 . 1 0  
1 . 5 9  
1 . 1 3  
0 , 7 3  
0 . 4 0  

0 , 1 7  
0 , 0 1  

- -  0 . 0 7  
- 0 . 0 9  

0 . 0 0  



TABLE 6 

PORTFOLIO NET EARNED RATES BEFORE AND AFTER FEDERAL INCOME TAX 

MALE AGE 65, 
STRAIGHT LI FE 

YEAR 

I Before TaxJ After Tax 

1 . . . . . . . .  / 9 .00% I 8. lO~c 
2 . . . . . . . .  / 8.99 i 8.11 
3 . . . . . . . .  8.98 8.11 
4 . . . . . . . .  I 8.97 I 8.11 
5 . . . . . . . .  / 8 . 9 8 1 8 . 0 8  

31 . . . . . .  
32 . . . . . .  
33 . . . . . .  
34 . . . . . .  
35 . . . . . .  

3 6  . . . . . .  
3 7  . . . . . .  

38 . . . . . .  
39 . . . . . .  
4 0  . . . . . .  

41 . . . . . .  
42 . . . . . .  
43 . . . . . .  
4 4  . . . . . .  
45 . . . . . .  

6 . . . . . . .  8.98 
7 . . . . . . .  8.91 
8 . . . . . . .  8.83 
9 . . . . . . .  8 , 7 3  

10 . . . . . .  8.61 

11 . . . . . .  8.06 
12 . . . . . .  7.99 
13 . . . . . .  7.90 
14 . . . . . .  7.78 
15 . . . . . .  7.62 

16 . . . . . .  6,50 
17 . . . . . . .  6.49 
18 . . . . . .  6.48 
19 . . . . . . .  6.45 
20 . . . . . . .  6.40 

21 . . . . . .  5.77 
22 . . . . . .  5.73 
23 . . . . . .  5.68 
24 . . . . . .  5.63 
25 . . . . . .  5.57 

26 . . . . . .  5.35 
27 . . . . . .  5.32 
28 . . . . . .  5,27 
29 . . . . . .  5.23 
30 . . . . . .  5.18 

51 
5 
5o2 
5 02 

5 0 0  

50O 
5.00 
5.00 
5.00 
5.00 

MALE AGE 65, 
GUARANTEED 10 

FEMALE AGE 65, 
STRAIGHT LIFE 

8.05 
7.97 
7.86 
7.74 
7.60 

7 . 2 2  

7.10 
6.96 
6.79 
6.60 

5.89 
5.77 
5.65 
5.51 
5.35 

4.89  
4.73 
4.57 
4 .40  
4.22 

3.95 
3.79 
3.62 
3.45 
3 .30  

3.11 
3 .00  
2.91 
2.83 
2,77 

2.71 
2.68 
2.65 
2.63 
2.62 

2.61 
2.61 
2.61 
2.60 
2.60 

Before Tax  After Tax  

9.00¢~ 8 .03% 
8.99 8.05 
8.98 8.06 
8.97 8.06 
8.97 8.05 

8.98 
8.93 
8.86 
8.80 
8.74 

8.18 
8,10 
7.99 
7.85 
7.68 

6.44 
6.42 
6.43 
6.42 
6.40 

5.70 
5.67 
5.65 
5.63 
5.62 

5.37 
5.33 
5.30 
5,26 
5.22 

5.05 
5.04 
5.04 
5.03 
5,02 

5.00 
5.00 
5.00 
5.00 
5.00 

8.03 
7.96 
7.88 
7.79 
7.69 

7.32 
7 . /8  
7.03 
6.86 
6.66 

5.89 
5,78 
5.66 
5.54 
5.40 

4.90 
4.76 
4.61 
4.46 
4.31 

4.03 
3.86 
3.70 
3.53 
3.38 

3.16 
3.05 
2.95 
2.86 
2.79 

2.73 
2.69 
2.66 
2.64 
2.63 

2.62 
2.61 
2.61 
2.60 
2.60 

Before Tax  

8.99 
8.97 
8.96 
8.95 

8.94 
8.85 
8.75 
8.63 
8.50 

7.99 
7.90 
7.78 
7.64 
7.48 

6,55 
6.49 
6.44 
6.38 
6.30 

5.80 
5.74 
5.68 
5.61 
5.55 

.37 

.33 

.28 

.23 

.18 

0 5  

03 
02  

00 

5.00 
5.00 
5.00 
5.00 
5.00 

5.00 
5.00 
5.00 
5.00 
5 0 0  

After Tax 

8.o8~ 
8.10 
8.12 
8.13 
8.12 

8.10 
8.03 
7.95 
7.85 
7.73 

7.42 
7,33 
7 . 2 1  

7.08 
6.93 

6,38 
6,29 
6.19 
6.09 
5.97 

5.63 
5.52 
5.41 
5.28 
5.14 

4.93 
4.78 
4.60 
4.41 
4.20 

3.94 
3.73 
3.53 
3.34 
3.16 

3.01 
2.89 
2.80 
2.73 
2.69 

2.65 
2.63 
2.62 
2.61 
2.61 

FEMALE ACE 65, 
GUARANTEED l0  

Before Tax After Tax 

9.00% 8 .08% 
8.99 8.11 
8.97 8.12 
8.96 8.13 
8.95 8.12 

8.94 8.10 
8.86 8.04 
8.77 7.97 
8.66 7.88 
8.55 7.78 

8.04 7.47 
7.94 7.37 
7.82 7.26 
7.67 7.12 
7.50 6.97 

6.53 6.40 
6,47 6 3 1  
6.42 6.22 
6.37 6.12 
6.30 6.02 

5.78 5.68 
5.73 5.57 
5.67 5.47 
5.62 5.36 
5.57 5.23 

5.38 5.02 
5.34 4 .88  
5.3O 4.71 
5.25 4.53 
5.21 4.33 

5.06 4 .06  
5.05 3.85 
5.04 3 .64  
5.03 3.43 
5.02 3.24 

5.00 3.07 
5,00 2,94 
5.00 2.83 
5.00 2.76 
5.00 2.70 

5.00 2.66 
5.OO 2.64 
5.00 2.62 
5.00 2.61 
5.00 2.61 

47  
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TABLE 7 

LEVEl, AFTER-TAX N E T  E A R N E D  RATES 

Period I Period 2 Period 3 
(Years 1-12) (Years 13-20) (Years 21-45) 

Male age 65, straight life . . . . . . . . . . . .  7.95% 6.25c~ 3.76% 
Ma]e age 65, guaranteed 10 . . . . . . . . . .  7.94 6.30 3.84 
Female age 65, straight life . . . . . . . . . . .  7.99 6.65 4.70 
Female age 65, guaranteed I0 . . . . . . . .  8.01 6.69 4.82 

to the i terations required every policy year  for each trial run to d e t e r m  ine 
the portfolio net  earned rate appearing in the expression for the yea r - end  
book profit. Despi te  the lengthy calculations, however, all the progra  m- 
ruing was accomplished conveniently in APL,  and less than 30 seconds  
of central processing unit  time on an I B M  370/168 was needed for even 
the most complicated pricing s i tuat ion with nonzero profit objective.  

The theory presented in this paper  has applications beyond those 
a l ready discussed. 

1. Since federal income taxes are included directly in the book profits, it is 
possible to analyze the size of the discount from nonqualified rates that  
should be given to account for the favorable tax treatment of qualified 
annuities. 

2. The expression for the year-end book profits can be extended to the case of 
single premium deferred annuities. 

3. A general iterative technique for determining the premium rate has been 
developed for the case where the interest assumption is based on new-money 
rates and an investment-generation method. 

4. In contrast to many other methods, this approach includes contingency 
reserves explicitly in the pricing equations. 



T A B L E  8 

M O R T A L I T Y  C O N T I N G E N C Y  R E S E R V E  VERSUS M O R T A L I T Y  T A B L E  M A R G I N  

UNASSIGNED SURPLUS PER $1,000 SINGLE PREMIUM 

Male Age 65 Female Age 65 
YZAR Straight-Life Annuity Straight-Life Annuity 

Rt~=$9.069 Rt~ = $7,915 

Basis 1" Basis 2* Difference 

I . . . . . .  
2 . . . . . .  
3 . . . . . .  

Basis I* Basis 2* 

- - $ 1 3 1 . 0 7  - - $ 1 2 9 . 6 8  
- -  1 1 8 . 5 1  - -  1 1 5 . 8 4  
- -  1 0 5 . 5 6  - -  1 0 1 . 7 4  

- $ 1 2 8 . 0 4  
- 1 2 1 . 0 5  
- 1 1 3 . 5 7  

- S l 2 6 , 4 2  
- 1 1 7 . 8 8  
- 1 0 8 . 9 6  

$ 1 6 2  
3 . 1 7  
4 . 6 l  

4 . . . . . .  - -  9 2 . 2 6  - -  
5 . . . . . .  - -  7 8 . 6 6  - -  

6 . . . . . .  - -  6 5 . 0 3  - -  
7 . . . . . .  - -  5 1 . 7 3  - -  
8 . . . . .  - -  3 8 . 8 2  - -  
9 . . . . .  - -  2 6 . 4 0  - -  
I 0  . . . . .  - -  1 4 . 5 9  - -  

11 . . . .  - -  4 . 6 4  
12 . . . .  4 . 2 5  
13 . . . .  1 2 . 2 4  
14 . . . .  1 9 . 2 2  
15 . . . .  2 5 . 0 7  

16 . . . .  2 7 . 9 3  
17 . . . .  3 0 . 0 7  
18 . . . .  3 1 . 5 7  
19 . . . .  3 2 . 4 6  
20  . . . .  3 2 . 7 9  

21 . . . .  3 1 . 9 0  
22 . . . .  3 0 . 5 8  
23 . . . .  2 8 . 8 7  
2 4  . . . .  2 6 . 7 9  
25  . . . .  2 4 . 4 2  

26  . . . .  2 1 . 7 1  
27 . . . .  1 8 . 8 8  
28  . . . .  1 6 . 0 3  
2 9  . . . .  1 3 . 2 3  
3 0  . . . .  1 0 . 5 8  

31 . . . .  8 . 0 9  
3 2  . . . .  5 . 9 0  
33  . . . .  4 . 0 2  
3 4  . . . .  2 . 4 6  
35  . . . . .  1 . 2 1  

3 6  . . . . .  0 . 2 4  
3 7  . . . . .  - -  0 . 4 7  
3 8  . . . . .  - -  0 . 9 5  
39  . . . . .  - -  1 . 2 3  
4 0  . . . . .  - -  1 . 3 4  

4 1 .  - -  1 . 3 0  
42  . . . . .  - -  1 . 1 3  
4 3 . . ,  - -  0 . 8 5  
4 4 .  0 . 4 8  
4 5 .  0 . 0 0  

8 7 . 4 0  
7 2 . 8 8  

5 8 . 4 5  
4 4 , 4 5  
3 0 . 9 7  
1 8 . 0 9  

5 . 9 3  

4 . 2 5  
1 3 . 3 0  
2 1 . 3 8  
2 8 . 3 8  
3 4 . 2 1  

3 6 . 9 5  
3 8 . 9 4  
4 0 . 2 7  
4 0 . 9 8  
4 1 . 1 2  

4 0 . 0 1  
3 8 . 4 7  
3 6 . 5 3  
3 4 . 2 1  
3 1 . 5 8  

2 8 . 5 9  
2 5 . 4 6  
2 2 . 3 0  
1 9 . 1 7  
1 6 . 1 8  

1 3 . 3 4  
1 0 . 8 1  

8 . 5 9  
6 . 7 0  
5 . 1 2  

3 , 8 3  
2 . 8 0  
2 . 0 0  

1 . 3 9  

0 . 9 3  

0 . 6 0  
0 . 3 5  
0 . 1 9  
0 . 0 7  
0 . 0 0  

- -  1 0 5 . 6 1  
- -  9 7 . 1 8  

- -  8 8 . 4 2  

- -  7 9 . 6 6  

- -  7 0 . 9 6  
- -  6 2 . 3 9  
- -  5 4 . 0 2  

- -  4 7 . 0 6  
- -  4 0 . 5 7  
- -  3 4 . 4 2  
- -  2 8 . 7 0  
- -  2 3 . 4 8  

- -  2 0 . 6 5  
- -  1 7 . 9 9  
- -  1 5 , 4 8  
- -  1 3 , 1 2  

- -  1 0 . 9 3  

- -  9 . 6 2  

- -  8 . 3 9  
- -  7 , 2 1  
- -  6 . 0 6  

- -  4 . 9 1  

- -  3 . 8 9  

- -  2 . 9 0  

- -  2 . 0 1  

- -  1 . 2 7  

- -  0 . 7 2  

- -  0 . 4 4  

- -  0 . 3 3  

- -  0 . 3 7  
- -  0 . 5 2  
- -  0 . 7 3  

- -  0 . 9 5  

- -  1 . 1 5  

- -  1 . 3 1  

- -  1 . 4 0  

- -  1 . 3 9  

- -  1 . 2 9  

- -  1 . 1 0  

- -  O .  82  
0 . 4 7  
0 . 0 0  

- 9 9 . 6 5  
- -  8 9 . 9 8  

- 8 0 . 0 8  
- 7 0 . 3 0  
- 6 0 . 6 9  
- 5 1 . 3 5  
- -  4 2 . 3 4  

- -  3 4 , 8 8  
- -  2 8 . 0 1  
- -  2 1 . 6 1  
- -  1 5 . 7 5  
- -  1 0 . 4 9  

- 7 . 7 7  
- 5 . 3 2  
- 3 , 0 9  
- -  1 , 0 9  

0 . 6 7  

1 . 4 9  
2 . 1 9  
2 . 8 1  
3 . 3 9  

3 . 9 6  

4 . 4 2  
4 . 8 6  
5 . 2 4  
5 . 4 9  
5 . 5 7  

5 . 4 2  
5 . 1 1  
4 . 6 6  
4 . 1 2  
3~ 53 

2 9 2  
2 . 3 4  
1 . 8 0  
1 . 3 3  

O. 9 4  

0 . 6 2  
0 . 3 7  
0 . 1 9  
0 . 0 5  
0 . 0 0  

5 . 9 6  
7 . 2 0  

8 . 3 4  
9 . 3 6  

1 0 . 2 7  
1 1 . 0 4  
1 1 . 6 8  

1 2 , 1 8  
1 2 . 5 6  
1 2 . 8 1  
1 2 . 9 5  
1 2 . 9 9  

1 2 . 8 8  
1 2 . 6 7  
1 2 . 3 9  
1 2 . 0 3  

1 1 . 6 0  

1 1 . 1 1  
1 0 . 5 8  
1 0 . 0 2  

9 . 4 5  
8 . 8 7  

8 , 3 1  
7 . 7 6  
7 . 2 5  
6 . 7 6  
6 . 2 9  

5 . 8 6  
5 . 4 4  
5 . 0 3  
4 . 6 4  
4 . 2 6  

3 . 8 7  
3 . 4 9  
3 . 1 1  
2 . 7 3  
2 . 3 3  

1 . 9 1  

1 . 4 7  

1 . 0 1  

0 . 5 2  
0 . 0 0  

* Basis t--contingency reserve, no mortality margin; Basis 2--mortMity margin, no contingency reserve. 
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APPENDIX 

DEFINITION OF SYMBOLS 

In the following definitions, a subscript  t refers to policy year  t unless 
otherwise indicated. 

BPe = Year-end book profit, including the effect of survivorship 
since issue; 

F t  = In teres t  discount factor for BPt; 
n = Shareholders '  investment  horizon (often taken as the  period 

to the end of the mor ta l i ty  table);  
Z ,  = Present  value at  issue of the first n annual  book profits;  
j t  = Shareholders '  pre- tax  rate of re turn for use of surplus funds; 
i ,  = Net  (after  investment  expenses) new-money interest  rate;  
i '  t = Portfolio net earned rate;  

i[;k = Approximat ion  to i't after the kth i terat ion;  
i't = Portfolio net  af ter- tax earned rate;  

i~:k = Approximat ion  to g'~ after  the kth i te ra t ion;  
it c = Actual  portfolio yield rate at  the beginning of year  t + 1 for 

C . 
A t4-1, 

iT = Portfolio net earned rate  for purposes of federal income tax;  

iT' = Adjus ted  reserves rate for purposes of federal income tax;  

iv = Interes t  rate  for calculation of s t a tu to ry  reserves; 

i~ nv = Inflat ion rate  for per  contract  maintenance expenses in year  
t + l ;  

g = Period of guaranteed annui ty  payments ,  in years;  

m = Frequency of periodic annui ty  benefit  payments ;  
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R,r, 

R2' 

PF 
pF~k> 
PF* 

Z,,(R~ >) 

z~ 
CF in l; rk 

CFoUt t;sk 

CFt 

ICV(i) 

N i l ,  
r~ O) 

r~ 1) 

A t =  
Vt 

t V  G ~- 

t V  L 

$ 7 =  
ce,,,  = 

CRTo = 

C =  

51 

Annuity payout rate: mthly income per $1,000 single premium 
after policy fee and state premium tax; 

= kth trial annuity payout rate; 
= Annuity payout rate meeting profit objective Z*; 
= Policy fee; 
= kth trial policy fee; 
= Policy fee meeting profit objective Z*; 
---Present value of book profits when annuity payout rate 

equals R~k>; 
= Profit objective; 

= A general component of cash inflow at fractional duration rk 
during policy year t (premiums), 0 < rk _< 1; 

= A general component of cash outflow at fractional duration 
sk during policy year t (commissions, expenses, benefits, and 
federal income taxes), 0 < sk _< 1; 

= Cash outflow from benefit payments and maintenance ex- 
penses; 

= Interest earnings during policy year t on CFt, assuming an 
effective annual net earned rate i; 
Total net investment income; 

= Fraction of principal invested at issue which is rolled over t 
years later; 

= Same interpretation as r~ °> except that r~ ~) applies only to 
rollover from investments made after the first policy year; 

= Funds invested in years prior to year t that are made available 
for reinvestment at the beginning of year t; 
Funds invested in cell t during year t, excluding any cash flow 
from insurance operations during year t; 
Total funds invested during policy year t at the net new- 
money rate it; 
Total assets in cell s at the beginning of policy year t (t > s) ; 
Year-end total assets for the block of issues; 
Year-end statutory reserve for the block of issues; 
Terminal reserve factor for guaranteed annuity benefits; 
Terminal reserve factor for life-contingent annuity benefits; 
Year-end contingency reserve for the block of issues; 
Contribution per $1,000 single premium to the contingency 
reserve; 

Fraction of NII t  contribution to the contingency reserve; 
Year-end unassigned surplus for the block of issues; 
Commission rate; 
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E C 

EAQ 
E M 

S P  
Fi 
Et 
Bt 

M V t  
A? 

r7 

TII~ 

OGt 
T A X t  

Alower = 
e 

AsUpp er = 

x0, a ,  b, c = 

select qx+, = 
ultimate 

qx+t = 

/I~l+t-z = 
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= Commission-related acquisition expense; 
= Per contract acquisition expense; 
= Uninflated per contract annual maintenance expense; 
= Average size of contract, in thousands of single premium; 
= Total  unlnfiated maintenance expenses for the block of issues; 
= Total  maintenance expenses for the block of issues; 
= Total  annuity benefits for the block of issues accumulated to 

year-end at rate i't; 
= Mean reserve for purposes of federal income tax; 
= Assets of the entire company at the beginning of policy 

year t; 
= Fraction of assets A c made available for reinvestment during 

year t; 
= Growth rate (before payment  of federal income tax) of the 

entire company's  assets; 
= Taxable investment income for purposes of federal income 

tax; 
= Taxable operating gain for purposes of federal income tax; 
= Federal income tax; 
= Theoretical level net after4ax earned rate for period s, used 

in the annuity rate basis; 
Approximation to L after the kth iteration; 

Total  assets for the block of issues at the beginning of 
period s; 
Total  assets for the block of issues at the end of period s; 
Constants used in fitting the male and female select and 
ultimate mortali ty bases used in the sample pricings; 

Average select mortality rate at attained age x + t; 

Average ultimate mortality rate at attained age x + t; 
Number  of annuitants surviving at the beginning of policy 
year t. 



DISCUSSION OF PRECEDING PAPER 

LARRY R. PETERSON:  

In Section I of Mr. Tilleys fine paper on the pricing of nonparticipating 
single premium immediate annuities (SPIAs), we find a discussion of the 
nonparticipating nature of these annuities. To quote: "There is seldom 
any consideration of equitable distribution of surplus to policyholders." 
Later, Mr. Tilley discusses some advantages and disadvantages of this 
approach. 

I wish to draw attention to reasons why an actuary should consider 
the development of participating SPIAs. These comments apply equally 
to life income settlement agreements issued under current (net SPIA) 
rates. I offer the following thoughts. 

1. Yonparticipating Contracts Are Counter to Mutual Philosophy 

Bypassing the consideration of equitable distribution of surplus is 
counter to the actuarial philosophy espoused by the profession, especially 
by practicing actuaries in mutual companies and fraternal benefit 
societies. From a philosophical viewpoint, a case can be made that 
annuitants should benefit from the favorable experience (or share in the 
loss) of their equity class, just as those insureds who hold single premium 
life insurance or deferred annuity policies do. 

2. Several Experience Factors May Require Adjustment 

Some conservatism is in order in the pricing of the SPIA. Mr. Tilley 
recognizes this in the important mortality factor. Since experience is 
different from that assumed in pricing, the actuary should review and 
adjust, as necessary, the dividend scale to account for the actual cost of 
the annuity. Experience factors under the actuary's review include the 
following: 

1. Mortality. 
2. Interest, based on the chosen interest rate philosophy and experience as a 

result of operating under that philosophy. 
3. Expenses, especially those of ongoing policy maintenance. 
4. Contingencies, to the extent that adjustments must be made to the rate at 

which contingency reserves are released over the life of the policy. 

There are, of course, some practical and theoretical problems involved 
in paying more (or less) dividends to continuing annuitants when those 
who die early deserve the reward (or burden) of participation. Some 
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problems are mitigated by the actuary's annual review of the dividend 
scale. 

I suppose one reason why most SPIAs are nonparticipating is that it is 
difficult to develop a method for adjusting dividends in line with experi- 
ence factors. Two available methods for adjusting SPIA dividends are 
described below: 

1. Accumulated asset share method.--The asset shares may be accumulated 
for surviving annuitants, on the basis of actual experience. Each asset share 
is then applied to the present value of future income payments and expenses, 
based on current assumptions and adjusted for duration from issue, to deter- 
mine the new total income payment. From this, the new dividend can be 
established. 

2. Present value of future income method.--The present values of future in- 
come payments and expenses may be calculated on the basis of assumptions 
used at issue (or as of the last dividend adjustment, if later). Each present 
value is then applied to the present value of future income payments and 
expenses, based on current assumptions and adjusted for duration from issue, 
to determine the new total income payment. 

The accumulated asset share method is theoretically more correct, 
since, under this method, all experience prior to the point of dividend 
determination can be reflected. However, the method may be difficult to 
apply in practice for lack of reliable experience data. In this case, the 
actuary may rely on the present value of future income method, espe- 
cially when dividends have been kept up to date periodically. 

A modification of each method is to use the same mortality assumptions 
employed in the original "new business" pricing and to adjust only for 
the other experience factors. This is practical where actual current 
experience is too small to use, and future experience is not expected to 
depart markedly from that originally assumed. This modification, espe- 
cially for the accumulated asset share method, avoids the possibility of a 
tontine effect at later durations. 

A further practical modification is the curtailment of dividend scale 
changes after some advanced age, such as 90. This avoids problems of 
assumption and dividend instabilities that involve relatively few surviv- 
ing annuitants. 

3. Participating S P I A s  Are Competitive 

Competition is significant in the SPIA market. An advantage of the 
nonparticipating SPIA contract is that decisions can be made on the 
basis of a single number, the guaranteed amount of periodic income. 
However, nonparticipating contracts should not be an axiom of SPIA 
competition. 
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Companies can offer attractively priced participating SPIAs with 
lower income guarantees but higher current incomes. This should appeal 
both to annuitants, who receive favorable incomes, and to the actuary, 
whose job is made easier. Less conservative assumptions may be used in 
setting the current income levels, and an attractive product can be pro- 
vided to the intensely competitive marketplace. 

4. Participating SPIAs Produce Less Statutory Surplus Strain 

Nonparticipating SPIAs create initial statutory surplus strain because 
the guaranteed periodic income must be valued by the use of more con- 
servative assumptions than those used in pricing. 

This problem is reduced or eliminated with participating SPIAs, since 
reserves are based on the guaranteed periodic income at the legal valua- 
tion rates of interest and mortality. The current dividend is held in the 
annual statement under the provision for policyholders' dividends pay- 
able in the following calendar year. 

Since the guaranteed rates of interest and mortality used in pricing are 
closer to those used in reserve valuation, less surplus strain is created. 
This giyes the actuary more flexibility in pricing and the company more 
flexibility in sales. As always, it is very important for the actuary to 
exercise judgment as to the adequacy of reserves, and, if necessary, to 
establish reserves stronger than those provided under the minimums of 
the Standard Valuation Law. 

3. ALAN LAUER:  

This is a very interesting and worthwhile paper for actuaries interested 
in single premium immediate annuities. Man), of the concepts and con- 
siderations discussed in the paper are applicable to other products as 
well. A particularly laudable aspect of the paper is that it records in the 
literature the manner in which Anderson's method can be applied to a 
product such as the single premium immediate annuity. 

The author describes two approaches to determining an appropriate 
rate of return to shareholders. He then indicates a preference for the 
second approach, and goes on to develop the rest of the paper on the 
basis of that approach. I share Mr. Tilley's preference for the second 
approach, under which the risk premium can be related to the nature of 
the particular risk, although it is true that a contingency reserve held 
for a particular risk would be available in case of adverse experience 
with reference to some other risk. However, even if one prefers the 
second approach, the shareholders' rate of return under the first approach 
is still of interest. I t  should not be difficult to estimate that rate of 
return if the pricing has been done by the second approach using the 



56 PRICING OF SINGLE PREMIUM IMMEDIATE ANNUITIES 

Anderson technique described in the paper. One would simply set the 
contingency reserve to zero and determine by trial and error (Newton- 
Raphson method or otherwise) an effective rate of return under the first 
approach. This might be expressed as a level rate or as a constant per- 
centage of the effective rate of return under the second approach. Of 
course, the answer would vary with plan, age, and sex. 

Since the contingency reserve remains after the last policy in the block 
of business has gone off the books, Mr. Tillev's annual contributions to 
the contingency reserve would seem to be no different from what some- 
times are referred to as "permanent contributions to surplus." While 
Mr. Tilley's methods for determining these contributions are not the 
only correct ones, the)" are very reasonable and illustrate quite well a 
rational approach to the question. 

The author describes the manner in which he has developed mortality 
assumptions for his pricing and points out correctly the importance of 
exercising care in selecting these assumptions. Mr. Tilley indicates that 
he has relied heavily on Table 3 of the 1967-71 study reported in TSA, 
1973 Reports. Let us first agree that the 1973 Reports are the latest avail- 
able at the time the pricing is done, and are therefore appropriate. Also, 
while some actuaries might prefer to use Table 1 (experience on nonrefund 
annuities) and Table 2 (experience on refund annuities), Table 3 (experi- 
ence on nonrefund and refund annuities combined) has the advantage 
of being based on the combined experience of Tables 1 and 2 and there- 
fore is less subject to random fluctuation. However, a review of Table 12 
of the 1973 Reports shows that even Table 3 should not be used directly 
without analysis and exercise of some actuarial judgment. 

Table 12 presents the mortality ratios in the six most recent studies 
for individual immediate nonrefund and refund annuities combined. 
The ratios from Table 12 that are shown below are based on expected 
deaths according to the Annuity Table for 1949 Ultimate, without pro- 
jection. Consider first the following figures applicable to females at 
attained ages 60-69 in contract years 6 and over: 

ExDerience 
Years between 

Anniversaries 

1 9 4 1 - 4 8  . . . . . . .  1 1 9 %  
1 9 4 8 - 5 3  . . . . . . .  116 
1 9 5 3 - 5 8  . . . . . . .  108 

Experience 
Years between 

Anniversaries 

1 9 5 8 - 6 3  . . . . . . . .  1 2 0 %  
1 9 6 3 - 6 7  . . . . . . . .  102  
1 9 6 7 - 7 1  . . . . . . . .  8 9  
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Consider the actuary to whom the latest data available were from the 
1958-63 experience. Now that we can see the experience for 1963-67 
and 1967-71, it is quite evident that it would have been unwise for our 
actuary to assume a continuation of the 1958-63 mortality ratio of 120 
percent. That is, while the mortality ratio for that period was, in fact, 
120 percent, the wise (or lucky) actuary would have recognized this as a 
random fluctuation and would have assumed some lower ratio. 

Now let us see how this principle would apply to the most recent 
experience. Let us consider the following data for males at attained ages 
70-79 in contract )'ears 1--5: 

Years 

1941-48 . . . . . . . .  
1948-53 . . . . . . . .  
1953-58 . . . . . . . .  

Experience 
between 

Anniversaries 

107% 
97 
94 

Experience 
between 

Years Anniversaries 

1958-63 . . . . . . . . .  I- 8 ~ o  
1963-67 . . . . . . . . .  I 81 
1967-71 . . . . . . . . .  / 93 

In my opinion, the prudent actuar), would assume that the 93 percent 
ratio for 1967-71 represents a fluctuation, and would assume some lower 
ratio (perhaps 80 percent) in his pricing. By the time this discussion is 
published, it is possible that the results of the 1971-76 annuity mortality 
study will have been published and will have proved me right or wrong. 

In setting mortality assumptions, it is helpful to calculate the ratio 
of the select mortality ratio to the ultimate mortality ratio for each of 
the age groups in each of the studies. The ratio of assumed select mortal- 
ity to assumed ultimate mortality should be consistent with the trend. 

The author's approach to graduation of his mortality assumptions is 
quite elegant. It is also in keeping with the admirably complete approach 
he has taken to the total problem of pricing the immediate annuity. 
Many actuaries probably would feel that the degree of elegance achieved 
by Mr. Tilley in his graduation is far greater than that necessary in 
practice. It  must be remembered that the product has a single premium, 
is nonparticipating, and has no cash values. In particular, I suspect that 
little was gained by departing from the original four mortality tables 
and constructing a pair of true select and ultimate tables using formula 
(39). This may have had some impact on the book profits of individual 
years (although I suspect that the impact was not large), but I doubt 
very much whether it had any real effect on the final answer, which is 
monthly income per $1,000 single premium. 
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There is a consideration that is worth discussing that Mr. Tilley may 
have felt to be outside the scope of his paper. This is the necessity of 
avoiding anomalous results when highly complicated assumptions are 
used in developing rates for immediate annuities. The most likely 
anomaly, if one is not careful, is that the periodic income purchased by 
a given amount of premium is greater for a life annuity with a short 
certain period than for a straight life annuity, or is greater for a life 
annuity with a given certain period than for a life annuity with a shorter 
certain period. This is particularly likeh, to happen at the younger ages 
at issue (below ages 50 or 55 for single life annuities, and below age 60 
for joint life annuities). At the younger ages the near-term mortality 
rates are quite low, and the difference in annuity rates for life annuities 
with only slightly different certain periods is very small when both rates 
are based on identical pricing assumptions (other than the length of the 
certain period). When the assumptions for the two annuities are different, 
this delicate balance can be upset. For instance, Mr. Tilley has used an 
annual contribution to the contingency reserve for the mortality risk 
that is not made during the period of guaranteed payments. This ap- 
proach is not unreasonable, but it does favor the annuity with the longer 
certain period and thus possibly could result in anomalies if care were 
not taken. Similarly, Mr. Tilley has used interest assumptions that vary 
slightly by plan. Although the differences would appear to be small, the 
resulting annuity rates still should be inspected carefully. While Mr. 
Tilley has used the same mortality assumptions for refund and nonrefund 
annuities, some actuaries might choose to use different assumptions. The 
use of different assumptions would favor the refund annuities and might 
produce anomalous results at the young ages. 

Finally, I would like to say a word about the mathematical formulas 
in the paper. There are many of them, and it does take some time to go 
through them all. The author has done a clear, thorough job of describing 
his technique, which does require many calculations. However, I detected 
no mathematics in the paper that was not covered on the examinations 
when I began to take them twenty-five years ago. Actuaries interested 
in the subject of single premium immediate annuities should not allow 
the many formulas to deter them from reading this very fine paper. 

(AUTIIOR~S REVIEW OF DISCUSSION) 

JAMES A. TILLEY: 

I would like to thank Messrs. Lauer and Peterson for their discussion 
of my paper. 
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Mr. Peterson states the case for participating single premium immedi- 
ate annuities very well, and his discussion is a welcome addition to the 
paper. I suspect that the pressure to quote a competitive guaranteed 
annuity payment as well as the difficulties, both theoretical and practical, 
of developing credible dividend practices have prevented more com- 
panies from marketing participating single premium immediate an- 
nuities. 

Mr. Lauer is correct in emphasizing that considerable judgment is 
required in determination of the credibility of actual-to-expected mor- 
tality ratios. It  is useful to estimate 95 percent confidence intervals for 
the ratios, and these should be included in the reports of the Society's 
mortality studies. In examining the mortality ratio for males at attained 
ages 70-79 in contract )'ears 1-5, Mr. Lauer concludes that the 93 percent 
ratio for 1967-71 was an upside statistical fluctuation from a more 
reasonable value of 80 percent. Another (perhaps less plausible) interpre- 
tation is that the 1963-67 value was a downside fluctuation, and that 
over the period 1958-71 the mortality ratio was fairly stable between 
85 and 90 percent. A mortality ratio of 90 percent at age 75 is obtained 
when the parameters for the male select curve are substituted in equation 
(38). 

Mr. Lauer has stressed the importance of scrutinizing the annuity 
rate basis for anomalies, especially if complicated pricing assumptions 
that differ by plan/age/sex cell have been used. The accompanying table 
indicates that anomalies probably do not arise (or are insignificant) for 
straight life and guaranteed annuities issued to males at ages 40, 50, and 
60, despite my particular treatment of the mortality contingency reserve. 
The pricings utilized the assumptions described in Section III  of the 
paper. 

Mr. Lauer has remarked that slightly different interest assumptions 
were used in pricing different plans. This is not true. The investment 

ANNUITY PAYOUT RATES PER $1,000 
SINGLE PREMIUM (MALES) 

GUARAN~ED PERIOD (YEAIZS) 
ISSUE 
AGE 

0 5 I0 20 

40 . . . . . . . . .  $6 .030  $ 6 . 0 2 8  $ 6 . 0 0 6  $5.915 
50 . . . . . . . . .  6.910 6.877 6.778 6.478 
60 . . . . . . . . .  8. 287 8.163 7. 854 7. 051 
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assumptions consist of new-money interest rates and rollover rates for 
the initial investment and subsequent reinvestments. The assumptions 
used in the sample pricings are described in Section I I I ,  A, 2, and do nat 
vary by plan/age/sex cell. The values of i't and i't shown in Table 6 do 
vary by pricing cell, but these interest rates are not the a priori assump- 
tions. They are calculated from equation (27) after net investment in- 
come has been determined from equations (22)-(24), which do not depend 
on i'~ and ~'t at all. Before- and after-tax portfolio rates that differ slightly 
by plan/age/sex cell occur because of differences in the amount and 
incidence of cash flow among the pricing cells. This must be dealt with 
when fitting the annuity rate basis, as discussed in Section II,  G, of the 
paper. 

Many of the calculations (and associated computer time) can be 
eliminated if the pricing objective is a stipulated amount of unassigned 
surplus at the end of a specified period. In this case, the portfolio rates 
i't and $', need be determined only for the fitting of the interest rate part  
of the annuity rate basis-- that  is, only on the last trial run. 

Several actuaries who have discussed this paper with me orally have 
raised interesting questions about the "shareholders' rate of return." 
This phrase is somewhat ambiguous and is used very loosely in the 
literature. I have used it in the paper to mean the rate of return payable 
to the general surplus account of a mutual company or to the share- 
holders' surplus account of a stock company. Arguments were given in 
the paper to suggest that such a rate of return is thought of most fruit- 
fully as an after-tax rate. However, this means "after- tax" only as far 
as the surplus account of the insurance company is concerned, not with 
respect to individual shareholders to whom actual dividends will be paid. 
Except for a dividend exclusion, individual shareholders must pay per- 
sonal income tax on after-tax earnings of corporations that are dis- 
tributed as dividends--the so-called double taxation of dividends. Thus, 
after-corporate-tax earnings from the block of business to the share- 
holders' surplus account form the basis for pre-personal-income-tax 
dividends to shareholders. 

In equation (1) of the paper, the denominator of the discount factor 
contains factors (1 + 0.52j,), where the j, 's are pre-tax rates of return 
to the shareholders' surplus account. The use of the factor 0.52 assumes 
that surplus funds of the insurer are taxed at a marginal rate of 48 
percent, which is valid only if the underlying investments produce fully 
taxable investment income. The discount factor FL(j) was written in 
this form primarily for the later convenience of identifying Z~ = 0 with 
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j ,  = i'~ as break-even pricing. What is relevant, of course, is the after- 
corporate-tax return to the shareholders' surplus account, because this 
is the source of actual shareholder dividends and of retained earnings 
that permit the company to grow and its stock to appreciate. 

On the basis of the preceding discussion, it can be seen that a break- 
even profit objective probably will not result in an attractive overall 
yield to individual shareholders. For example, with a net new-money 
rate of 10 percent on fully taxable fixed-income investments, the after- 
tax yield to the insurer's surplus account is 5.2 percent. If this is paid 
out fully to shareholders, their pre-tax yield is also 5.2 percent; this is 
not unattractive by itself, but, without any retained earnings, there are 
no prospects for long-term capital appreciation. Individual shareholders 
might expect to get a combined (dividends plus appreciation) pre-tax 
return of about 10 percent in this example, and the pre-corporate-tax 
rate of return to the shareholders' surplus account would have to be 
about twice the prevailing new-money rate on fully taxable fixed-income 
investments. 

I am grateful to Messrs. Lauer and Peterson for taking time to work 
through my length)" paper and for their written comments. I would also 
like to thank those who offered me their opinions orally. 




