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ABSTRACT

This paper deals with the problem of determining the effect on reserves
of variations in the assumptions. A general approach to this problem is
presented and then used to extend Lidstone’s theorem, mainly to cases
involving a nonmonotone critical function. The setting is a general type of
insurance policy that allows benefits, interest rates, and premiums to vary
freely by duration. In addition, the paper discusses an auxiliary problem
that arises in applications of Lidstone’s theorem, namely, the determination
of monotonicity properties of reserves and costs of insurance.

1. INTRODUCTION

HAT is the effect on reserves when changes are made in the

s ’s / underlying assumptions? The major work dealing with this ques-

tion is the 1905 paper of Lidstone [S]. A partial account of this
material is given in the book by Spurgeon [7]. Some other references dealing
with the subject are the papers of Baillie [1], Gershenson [2], and Milgrom
{6l.

In this paper we will summarize this work, and supplement some of the
intuitive arguments used in previous accounts with rigorous mathematical
proofs. We then give various new extensions and applications.

The main conclusions of Lidstone’s work are well known through the
name of Lidstone’s theorem as described, for example, in [3]. However,
the complete details of his ideas do not seem to appear in North American
actuarial literature. We will elaborate on this after first introducing some
notation. o S o o

We will consider throughout a policy of duration n. Let

B, = Death benefit payable at time ¢t + 1, should death occur in policy year
t + 1;
P, = Premium payable at time ;
g, = Rate of mortality for policy yearr + I;
i, = Rate of interest for policy year + + | (note that the subscript here
differs from those of [5] and [6];
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E = Endowment payment payable at time n, should the insured be then
alive (this can, of course, be zero, as in the case of term insurance);
,V = Terminal reserve at the end of year r (note that ,V = E).

In all cases the subscript ¢ takes on the values 0, 1, ..., n — 1. When
any of the foregoing symbols are primed, they will refer to an alternate
basis. Let

A=V - V.

Note that we allow for all quantities to vary with time. The varying interest
necessitates some additional notation. Let

=+ i),
v(t) = vey, .. .v,_, fore >0, v(0) =1.

Annuities can be defined as usual, with v(z) replacing v'. For example, we
have

n—1

g = 2, (1) px -

1=0

We now define the following (fort = 0, 1,...,n — 1):
¢ = (IV +Pr)(1: _II) + Q:(B, - I-HV) _q;(B: - n»lv) s
L= - —t—,
a+i)

Jo=L - (P, - P).

Note that ¢, above corresponds to the so-called critical function in [3]
(where it also is called c¢,), while (1 + i) J, corresponds to — S, in the
notation of [3] or —R, in the notation of [1].

It is clear from the discussion in [5] and [6] that ¢, represents the value
at time ¢ + 1 of the gain that occurs in policy year t + 1 when original
assumptions are replaced by alternate ones. L, is then the value at time ¢
of the loss in policy year r + 1. (We discount with interest only, since this
loss is occasioned by each policyholder who is alive at time ¢.) J, equals L,
adjusted by the extra premium and therefore represents a kind of net loss
at time 1.
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We need one final definition to cover the possible loss occurring at maturity
if the new basis provides a different endowment amount. We define

At this point we observe that we easily could have incorporated additional
generality (as was done in [6]) and considered such factors as withdrawal
rates, cash values, expenses, benefit payments in midyear, and so on. The
definition of ¢, would require appropriate adjustment, but the definitions of
L, and J,, as well as all that follows concerning these quantities, would
remain unchanged.

One of Lidstone’s key observations was to note that the present value
of the extra premiums paid must be equal to the present value of the losses,
where present values are computed using the alternate assumptions. The
demonstration of this first appears in [4], an earlier paper of Lidstone. Similar
results can be found in the basic theorem of [6] and in formula (6) of [1].
This observation suggests the following point of view.

We consider the policy with the alternate assumptions as being decom-
posed into two separate contracts. The first of these is just the original
policy. The second is a life annuity that provides a payment of L, at time
t and carries premiums of (P, — P,) at time . Its operation is governed by
the new basis for interest and mortality. We will refer to this second contract
as the auxiliary annuity. Lidstone referred to it as the variation fund. (It is
quite possible, of course, for the auxiliary annuity premiums and/or pay-
ments to be negative, but this does not affect the theory.)

Let W, be the auxiliary annuity reserve at time ¢ calculated before premium
and benefit payments are made. It is easy to see that

A=W,. (rn

This shows that the question of whether reserves on the new basis are
greater than or less than standard reserves can be replaced by the questlon
- of whether auxiliary annuity reserves are positive or negative.

We now can give a verbal explanation of the classical Lidstone theorem.
Consider first the case when the original and alternate assumptions provide
for level premiums of P and P’, respectively. Suppose that L, is increasing.
The auxiliary annuity then consists of an increasing sequence of payments
that must be paid for by the level premium P’ — P. This naturally causes
positive reserves. Similarly, a decreasing sequence of benefits will result in
negative auxiliary annuity reserves.
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Now consider the general case of varying premiums. We simply observe
that the reserves on any annuity contract are obviously unchanged if at any
duration we adjust both the premium and benefit by the same constant
amount. (Indeed, the extra amount of premium is paid out immediately as
a benefit.) Accordingly, for the purpose of calculating auxiliary annuity
reserves, we can add (P, — P;) to both premiums and benefits for each
duration 7. The result is a contract with benefit payments of J, but now with
level premiums of zero amount. We thus conclude that for increasing J,,
auxiliary annuity reserves will be positive and new reserves will exceed
standard ones. The reverse is true for decreasing J,.

All previous writers on Lidstone’s theorem have indicated that there is
a difference between the level premium and the varying premium case, but
the true nature of this difference has not been fully explained. The above
analysis should help to clarify the situation. As shown above, the basic
theoretical considerations are the same regardless of the premium pattern.
In all cases, reserve changes are determined by the behavior of J,. We are
faced, however, with the problem of trying to determine this behavior. In
many instances, it is easy to determine the effect on L, of given interest or
mortality changes. In the level premium situation, J, differs from L, by a
constant and will therefore have the same monotonicity properties. This is
the great advantage of this case. For the general varying premium policy,
on the other hand, we may know a great deal about L, but still find it difficult
to obtain information about J,.

To illustrate the difficulty, we consider a limited payment policy. Assume
that there is an index & < n — 1 such that P, and P; are both positive
constants for ¢ < k and are both equal to zero for + > k. Suppose we have
a change in assumptions that results in a decreasing L,. If L, is negative,
then the premiums will decrease. Therefore, (P; — P)) is increasing, since
it starts out negative and eventually becomes zero. Hence, J, is also de-
creasing, and we know that reserves will be reduced. However, if L, is
positive, then the premium increases and we can no longer infer that J, is
decreasing. It will, of course, be decreasing over each of the intervals
O0<t=<kandk + I <t=n — 1, butifthe constant extra premium is greater
than L, - L,,,, then J,,, will be greater than J,. Special cases of this situation
were considered by Baillie ([1], Sec. V, cases a and b). He considered a
policy with reserves increasing with duration. An increase in interest rates
and a constant increase in mortality rates both result in a decreasing L,, but
premiums decrease in the former case and increase in the latter. We will
return to this example later in Appendix A.

One of the main limitations of Lidstone’s theorem is that it applies only
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when J, is either decreasing or increasing. It is natural to inquire what
happens when J, is no longer monotone. We will use the general framework
that we have established to investigate this problem in certain cases. Of
course, the situation is much more complicated than the monotone case and
there are no longer any easily stated conclusions.

A case of particular interest is the one that, in some sense, is closest to
the monotone case, namely, when J, changes direction exactly once over
its entire range. This is of practical significance, because such behavior of
J, arises in many circumstances (examples are given in Sec. III). In this
case, we are able to give a reasonably complete description of the resulting
reserve changes, which can be summarized as follows: Just as a monotone
sequence {J;} produces a sequence {A} that is of constant sign, the case
where {J}} changes direction exactly once produces a sequence {A,} that
changes sign at most once. Complete details are given in conclusion E of
Section II. This result is not new. It follows intuitively from the observations
of Articles 18 and 19 of [5], but Lidstone did not pursue this idea. In addition
to the applications, we extend this case by investigating the effect on the
point of sign change when we vary the alternate assumptions.

The remainder of the paper is organized as follows. The main conclusions
are listed in Section II, for the most part without derivations. In Section
III, we give a few miscellaneous applications of the Section II results.
Section IV provides some insight into the method of deriving these results.
In particular, we present a formula for annuity reserves that shows that the
problem can be reduced to some mathematical questions involving weighted
averages of finite sequences of real numbers. For the interested reader this
mathematical theory is developed in Appendix A, where we have proceeded
in a somewhat more general manner than is needed for present purposes.
However, since weighted averages play a role in many actuarial consider-
aticns, it is possible that the results in Appendix A will have more universal
applicability.

In order to make effective use of Lidstone’s theorem and its extensions,
it is often necessary to have knowledge of the patterns of reserves and costs
. of insurance. This point is illustrated by some_of the examples in Section
IIL, and is well known from the familiar corollaries to the classical theorem
that deal with constant increases in mortality and interest rates. In both
cases, the hypothesis requires that reserves increase by duration. Appendix
B is devoted to an investigation of the monotonicity properties of reserves
and costs of insurance.

We conclude this section with a few remarks on terminology and notation.
Throughout the paper (except for Appendix B), we will be dealing with
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functions f{1) that are defined only on the integers. Accordingly, when we
speak of the behavior of fir) on the interval @ < 1 < b, where a and b are
fixed integers, we are referring only to the integers in this interval, that is,
t=a,a+1,...,b.
When we say that f{r) is increasing on the interval ¢ < ¢ < b, we mean
that
fiy=sft+1) forasrsb-1. (1.2)

In other words, we do not mean strictly increasing. We prefer this to the
alternate choice of nondecreasing, which some writers would choose to
indicate relationship (1.2). Decreasing functions are defined analogously.
Note that under this definition a constant function is both increasing and
decreasing!

1. MAIN CONCLUSIONS
We consider the policy introduced in Section 1, and we use the notation
of that section throughout. In addition, let
m=n-1 (fE =EF
n ifE" # E.

In some sense, m is the last pertinent duration for the auxiliary annuity.
We always have A,,., = 0.

The classical Lidstone theorem tells us the sign of {A;} when the sequence
{7} is monotone. In general, {J,} is not monotone, but it is natural to inves-
tigate the behavior of reserve changes for a time period corresponding to
a monotone subsequence of {J,}. We will therefore consider the following
question. Given a monotone sequence

{J.n J;-{»Is s Jv} * (2.])

where 0 < s < v < m, what can we say about the signs of the entries in the
following sequence?

{AJ’ AJ?I! L Ar+l} - (22)

The conclusions are as follows:

A. General case. Without further conditions, our information is somewhat
sparse, but we still can say something.
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1. Suppose that sequence (2.1) is increasing. Then the entries of se-
quence (2.2) are limited to the following possibilities:
a) They may be of constant sign, that is, all nonpositive or all non-
negative.
b) They may change sign exactly once, either from positive to neg-
ative or the other way.
¢) They may change sign exactly twice, from negative to positive
and back to negative.
2. Suppose that sequence (2.2) is decreasing. The conclusions are the
same, except that in case c the change is from positive to negative and
back to positive. Indeed, by applying the reasoning in part 1 to the
sequence {—J,, ..., —J.}. we must reach exactly the same conclusion
but with positive and negative interchanged.
. Case of an initial segment. We can say considerably more in the case
of an extreme segment of durations, that is, eithers = 0 or v = m.
Now the double sign change no longer occurs, and there are further
restrictions for the other cases. Moreover, even if sequence (2.1) is not
monotone, we can still infer results when its entries are of constant sign.
Suppose, for example, s = 0 in sequence (2.1). Then we have the
following:
1. Suppose that (2.1) is increasing. Then
a) If J, <0, either the entries in (2.2) are positive throughout (except
for A,, which is always equal to zero), or they change sign exactly
once, from positive to negative.
b) If J, > 0, the entries in (2.2) (other than A,) are all negative.
¢) If J, = 0, the entries in (2.2) are negative except for an initial
string of zeros ending one duration later than the initial string of
zeros in (2.1). Thatis, if Jo=J, = ... =J_,=0and J, ¥ 0,
then A, = 0for0<str<j,and A, <Oforj<t<v
2. Suppose that (2.1) is decreasing. As indicated in conclusion A for the
general case, we can simply write down the same result as in part
1, except that positive and negative (>0 and <0} are interchanged
. throughout. ... __ .. . .. . _ e
3. If the entries of (2.1) are <0, those of (2.2) are =0.
4. If the entries of (2.1) are =0, those of (2.2) are <0.
. Case of a terminal segment. Suppose that v = m in sequence (2.1). We
then have the following:
1. Suppose that (2.1) is increasing. Then
a) If J,, > 0, either the entries in (2.2) are positive throughout (except
for A,., = 0), or they change sign exactly once, from negative
to positive.
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b) If J, < 0, the entries in (2.2) (other than A,,. ) are all negative.
¢) If J,, = 0, the entries in (2.2) are all negative except for a final
string of zeros starting at the same point as the final string of zeros
in @.1). Thatis,if J,, = J,.,=...=J,=0and J_, # 0, then
,=0forisr=m+ l,and A, <Ofors ¢ <.
2. Suppose that (2.1) is decreasing. The conclusion is as in part 1, with
positive and negative (>0 and <0) interchanged tliroughout.
3. If the entries of (2.1) are all <0, those of (2.2) are all <0.
4. If the entries of (2.1) are all =0, those of (2.2) are all =0.

D. Classical Lidstone theorem. Suppose that {J,} is monotone over its entire
range. Since the present value of this sequence is zero under the alternate
assumptions, we cannot have J, and J,, both positive or both negative.
Comparing conclusions B and C, we obtain the following.

1. If {J} is increasing for 0 < r < m, and it is not a constant zero
sequence, then

A,>0 forlsrsm.

2. If{J,}is decreasing for 0 < ¢ =< m, and is not a constant zero sequence,
then

A<O forlst=sm.

3.1fJ, =0for0 <t < m, then

A =0 for0<stsm+ 1.

E. Case of one change of direction in {J,}. We now arrive at the key result
mentioned in the Introduction:
1. Suppose that for some index g (0 < g < m)

hsh<...<],>l.,=...>1],. 2.3)

a) If J,> 0,then A, < 0,1 <1< m.
b) IfJ,>0,thenA, > 0,1 <

c) If J, and J,, are both <0, there is an index p, 1 < p < m, such that

=
t=sm.

A>0, Isr<p;

<0, p<t=sm.




EXTENSIONS OF LIDSTONE’S THEOREM 375

d)IfJy=J, =...=1J. =0 andJ, # 0, then

<0, j<t=m.

eyIlfJ,=J,.,=...=J,,=0,and J; # 0, then

2. Suppose that for some index g (0 < g < m)

Lh=zl=... 2] <J,<...<I,. (2.4)

We can write down the same conclusion as in part 1, with positive
and negative (< and >) interchanged throughout in all statements
about J and A.

Suppose now that we have a second set of alternate assumptions, and we
wish to compare the resulting reserve changes with those produced by the
first set. Let J and A denote the quantities calculated with respect to the
new alternate basis.

We will continue to discuss the case where {J,} has one change of direction.
Now in many familiar applications there is a simple linear relationship be-
tween J and J—for example, in the case of constant multiples of mortality
or constant additions to mortality or interest on level premium policies.
(These are discussed more fully in Sec. II1.) In such cases, {J;} will also
have one change of direction and, by conclusion E, we can expect both
{A}and {A} to exhibit one change of sign. A natural procedure is to compare

- the point at which-this -change occurs..The relationship between A, and A, _
is more complicated than that between J, and J,, since the auxiliary annuity
reserves are calculated according to the alternate mortality and interest
assumptions, which differ in each case. We need to consider the ratios

_ V) P
V@) P,

2.5)

1
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where double-primed symbols refer to the second alternate basis. When
{\} is monotone, we obtain the following conclusions:

F. Point of sign changes for alternate assumptions. Suppose that there are
constants r > ; and h, such that

Jo=rl,+h, O<t<m,

and suppose that J, and hence J, satisfy (2.3) or (2.4).
1. If {A} is increasing, then the point of sign change in {A,} occurs later
(or at the same time) for the second set of alternate assumptions, that
is,
a) If (2.3) holds, then A, = (resp. >)' 0 implies that A, = (resp. >)
0.
b) If (2.4) holds, then A, < (resp. <) 0 implies that A < (resp. <) 0.
By interchanging the two sets of alternate assumptions, we see that
2. If {r} is decreasing, then the point of sign change in {A} occurs earlier
(or at the same time) for the second set of alternate assumptions, that
is,
a) If (2.3) holds, then A, < (resp. <) 0 implies that A,
A

= (resp. <) 0.
b) 1f (2.4) holds, then A, = (resp. >) 0 implies that A, = (

s
= (resp. >) 0.

II. EXAMPLES AND APPLICATIONS
A. Limited Payment Policies

We return to the situation introduced in Section I where we have a change
in assumptions producing values of L, that are decreasing and positive. We
want to determine the effect on reserves for a limited payment policy for
which premiums are level during the premium-paying period. We can use
the results of Section II to conclude in general, as Baillie does in a particular
case ([1], Sec. V, case b), that new reserves may begin lower than standard
ones but will eventually become higher and remain so. Indeed, this
pattern is given by conclusion B, part 2, in Section II, during the premium-
paying period. After the premium-paying period, when J, = L, > 0, new
reserves are higher, from conclusion C, part 4.

B. Mortality Increases on Endowment Policies

Suppose that interest rates remain unchanged but mortality rates increase.
Under what conditions will the new reserves be higher than standard at all

! The notation (resp. ) means that the preceding symbol should be replaced throughout the
expression by the symbol in parentheses, thus producing an alternate expression.
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durations prior to maturity on a level premium endowment policy? The
simple but somewhat surprising answer is that this is never true. This was
brought out in the discussions of [1] and [2]. In fact, simply using the
assumptions that

B,.,=B,,=E =E 3.1
and

3.2)

it follows that
E E
= _ p <l—= _p 1= v.
n-lV (l + in_l Pn—l) (] + i,,,| n l) a=1

We see that there cannot be a higher reserve in the last duration prior to
maturity.

This is readily verified by general reasoning. Assumption (3.1) means that
the extra mortality has no effect in the final policy year, while assumption
(3.2) means that there is still a payment due for the extra mortality at the
beginning of this year. If we consider the auxiliary annuity at the end of
n — 1 years, we see that the insured has received all the benefits from this
annuity but has not yet paid for them. This naturally means a negative
reserve.

One can ask, however, for conditions that ensure that new reserves will
be higher than standard at all durations up to some fixed point. This was
done by Greville in the discussion of [2]. A special case of this result was
also derived by Baillie in his author’s review of the discussion of [1]. We
will state Greville’s result and show how it may be derived from the results
in Section II.

Consider a level premium n-year endowment policy issued at age x. (We
will be considering here the normal conditions, that is, i is constant and £
= B, for all +.) For ease in notation, let

al = dl+l:n—l' .

Suppose that mortality rates change and i/ remains the same. Let 8, and z,
be defined by

q. =q + —
Va, .,
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and

d, = + z)i, .
THEOREM (Greville). Suppose that r is an index <n such that
8, is increasing (resp. decreasing) , for0st<r —1, 3.3)

and

Z, = (resp. <) 0,_,; (3.49)

then V' = (resp. <) VforO=st=<r.

Proof (for the case where 6, is increasing). Assume that £ = 1. Using
standard formulas for endowment reserves and premiums ([3], formulas
[4.7} and [5.6]), we have

i
Ll = V(q; - qr)(l - l+|v) = a_

0

J.=§—(%—%)=(u’), (3.5)
d, d, dp dy

which shows that J, is increasing. We apply conclusion B of Section II to
the sequence {J,, J,, . . ., J._\}.

Suppose that J,_, < 0. Then J, < 0 for 0 <t < r — 1, and the conclusion
follows from conclusion B, part 3.

Suppose, on the other hand, that J,_, > 0. Then (3.4) and (3.5) show that

and

Zr>zoy

g a\ _d (z -
A= (2 -2 =2 (52 >0
d, dy do \1 + z,
This last inequality precludes the second possibility in conclusion B, part
1, a, and the conclusion of the theorem follows.

implying that

C. Multiples of q,

We consider the common type of mortality change where

q: = (1 + kg,
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for some constant k. If all other assumptions are unchanged, we have
Lr = qul(Br - ulV) -

We will assume that £ > 0 throughout the discussion. For k < 0, we
simply interchange the original and new bases.

We see that in the level premium case the monotonicity properties of J,
depend only on the corresponding properties of the sequence

{Kl} = q.(B, _1+|V) .

The behavior of {K,} depends, of course, on many factors, such as the
type of policy, the mortality table, the range of ages, and even the interest
rate. Observations show, however, that in many of the familiar cases we
tend to obtain a sequence with one change of direction. Some mathematical
evidence of this statement is provided in Appendix B.

Consider, for example, the normal type of endowment policy with B, =
E = 1. It is usual for {K}} to increase at the early durations because of the
effect of the increasing values of g, As reserves begin to build up, the
decreasing nature of the (1 — ,.,V) term often dominates, and {K,} will
decrease until a value of zero is reached for t = n — 1. We can apply
conclusion E of Section II to conclude that, typically, new reserves will
begin higher than standard and then eventually become lower than standard.

A natural problem that now arises is to determine the effect of changing
k. Suppose that 0 < k < k, and let us compare the results of changing
mortality rates to (I + k)g, and (1 + k)q,, respectively. Let J, and P" (the
level premium) refer to quantities calculated with respect to £. It is not hard
to see that J and J are linearly related. Indeed,

ETEON

Jo=<J+h, O0=strs=n-1,

‘where A
k k
= PR _P’ ...P”_
h (l kP+,k

The ratio in expression (2.5) is given by

Aoy = [M] . [LM] . 3.6)
1 - + kg, 1 — (1 + kg,
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It is clear that each factor in expression (3.6) is less than 1, and, hence,
{\} is decreasing. We can apply conclusion F of Section 11 to obtain the
result that, as we increase the multiple of g,, the substandard reserves
remain higher than standard for longer periods.

For a particular example of how one may use such results, consider a
twenty-year level premium endowment policy for which {K,} exhibits the
typical pattern described above. Suppose we know that at 150 percent
mortality, the fifteenth terminal reserve is higher than the standard one. We
then know that, for all multiples higher than 150 percent, the rth substandard
terminal reserve is higher than standard for all + < 15.

It is, of course, possible that K, will be decreasing over the entire duration
of the policy. In that case, it is of interest to note that no matter what & is,
all substandard reserves will be less than standard. In Appendix B, one can
find sufficient conditions for a decreasing K, in the continuous case. (See
Theorem B.2 and inequality [B.18].)

D. Term Insurance

The familiar corollaries to the classical version of Lidstone’s theorem do
not apply to term insurance, since the reserves do not increase by duration.
In the typical case, the reserves will increase up to a point and then decrease
to a final value of zero. Our extensions of Lidstone’s theorem can be ex-
ploited to yield information in this case. In this subsection we will, for
simplicity, consider a level premium policy with constant interest rate,
B, = 1forallt,and E = 0.

Suppose first that q; = g, + ¢ for some positive constant ¢, while all
other assumptions remain unchanged. Then

Ll = vc(l - :+|V) .

In the ordinary life or endowment case, L, decreases and new reserves are
lower. In the term insurance case, L, (and hence J,) exhibits the pattern of
(2.4). From conclusion E of Section II we obtain the result that new reserves
typically will begin lower than, but eventually become higher than, the
original. Using an expression similar to (3.6), with (1 + k)g replaced by
q + ¢, and applying conclusion F of Section I1, it is clear that as ¢ increases
the period during which the new reserves are lower is increased. We can
also verify this last observation intuitively. If ¢ increases to 1 — g,_,, then
q.-. = 1 and we are essentially in the ordinary life case.

Next we consider the case (discussed in the previous section for endow-
ment policies) where g, = (1 + k)q,, for some positive constant k, and all
other assumptions remain unchanged. It is clear now that since reserves
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eventually are decreasing, we can expect K, eventually to be increasing. In
fact, observations show that K, tends to be increasing over the entire du-
ration of the policy. Again, mathematical evidence of this can be found in
Appendix B. (See Corollary B.4, part a.) The classical Lidstone theory will
apply, and we conclude that new reserves are higher than original.

We now consider interest changes for the term policy. Suppose that
i' =i+ c, for some positive constant ¢, and all other assumptions remain
unchanged. Then

L = —c(V+P)

will follow the pattern of (2.4). We conclude that for early durations the
new reserves may be lower, as they would be for an endowment policy,
but we expect them eventually to be higher. Let us also compare two
constant interest changes, ¢ and ¢, where 0 < ¢ < é. The relevant ratio of

2.5) is
(1 v+ é)"
)\l =0T L ’
1 +1+ ¢

which decreases. Therefore, as ¢ increases the new reserves remain lower
for longer periods. Again, this seems intuitively correct. As interest rates
become larger, the present value of an endowment payment diminishes,
and the term and endowment situations tend to coalesce.

IV. A FORMULA FOR ANNUITY RESERVES

Consider a life annuity that provides for a ner payment of b, at age x +
t,1=0,1,...,n - 1. We mean by this that b, equals the annuity payment
less the premium. As indicated in Section I, we can think of the benefit
payment as being equal to b, and the premium as being equal to zero, thus
viewing the annuity as a level premium contract.

As in Section I, we let W, denote the reserve at age x + / computed
before the payment of b, is made. One method of deriving a formula for W,
is to view our annuity as n separate contracts and value each separately.
The rth such contract, r = 0, 1,.. ., n — 1, provides for a single payment
of b, at age x + r and carries level annual premiums of

_ b p,
dx:ﬂ

Q. ) 4.1
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payable for n years beginning at age x.
To simplify notation, we introduce the function
dx:l dx+!:n -1
F,=——J—-——_]" , t=1,...,n. 4.2)

ax:m
Let W,, be the reserve at time ¢ applicable to the rth contract. For r =
1, we take a retrospective viewpoint, since there are no annuity payments
prior to time f. For r < t, it is easier to view the situation prospectively.
The result is

Wt.r = Qrs:x:ﬂ > r=t

_Qrdxﬂzm H r<t,
and, using (4.1) and (4.2),

W,, = F(r)[w] L =

fin -, (4' 3)
- -rofte],
i
Let
u’l=v(t)lp.(’ t=0917-~-7n"l; (44)
then, using (4.3), we have,for¢t =1,...,n — 1,

n—1
Wl = Z() Wl.r

E bw,
]

n-1 1
2 bw,
r=1 r=0

n—1
2w, W,
r=t

r=0

=F1

~M
i

It

Let the two terms in the bracketed expression above be denoted by E,
and 7, respectively; then

Wl = FI[EI - II] -
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Since F, is >0 for all ¢, W, is 20 or <0 according as E, = I, or <I,. These
latter quantities are weighted averages associated with the sequence {b,, b,,
., b,_,} and the sequence of weights {w,, w,, . .., w,_\}. E, is the weighted
average of a final segment, and I, the weighted average of an initial segment.
Now, since the weighted average of the entire sequence is zero, it is intu-
itively clear that E, and [, are of opposite signs or are both zero. Applying
this to our auxiliary annuity where b, = J,, and using (1.1), we see that

A, >0 ifandonlyif I, <0,
or, equivalently,

A, >0 ifandonlyif E >0.

Most of the results in Section II can be derived intuitively from these
observations. Consider, for example, conclusion B, part 1, a. In this case,
I, begins negatively and A, will be positive at the beginning. If 1, becomes
positive, it must remain so due to the increasing nature of J,, and A, will
remain negative.

As mentioned earlier, precise derivations of all the Section Il statements
can be found in Appendix A, as follows:

Section II Appendix A
A Theorem A.4, part a (see also Theorem A.4, part b, for further
refinements concerning the possible pattern of zero entries)
Band C Theorem A.4, parts ¢ and d; Theorem A.1l
D Corollary A.5
E Theorem A.6
F Theorem A.7 and the remark following that theorem
APPENDIX A

SOME FACTS ABOUT WEIGHTED AVERAGES

Let {bo, by, by, . . . ,“l?,,,} be a finite sequence of arbitrary real numbers
and let {we, w;, . . . , w,} be a sequence with w; > 0 for each i. We will
think of the latter as a sequence of weights. We define

=1
E bpw;

_ i=0

- ’
2 Wi
i=0

1,
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Note that [, is the weighted average of an initial segment of the sequence
{b}, while E, is the weighted average of a final segment.

Our main goal in this appendix is to establish conditions for determining
the signs of the entries in the sequence {Y}.

It will be convenient to extend the definitions of the above quantities. Let

p'=1m-tI:E0’

the weighted average of the entire sequence.
We define

bpoy=b_,=pn and E,, =1l =np,

We now define

w,

@y Bl '

The three formulas below follow immediately from the definitions.

ll+| = Vzb, + (1 - ‘YI)II s O<i=m ) (A])
E =38b + (1 ~8)E.,,, O0<tr<sm; (A.2)
- ol t+ BE I<i<m. A3)

b}

o + B
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From (A.3) we can derive two expressions for Y,. First solve for E, in
terms of I, and then subtract /,. Alternatively, solve for — 1, in terms of E,
and then add E,. The resulting formulas are (for ¢t # 0)

AR A Gl (A4)
B,
and
Y, = - @8 (A5)
From (A.4) and (A.5) it is clear that, for 1 <t < m,
Y, > (resp. <) 0 if and only if I, < (resp. >) n, (A.6)
Y, > (resp. <) 0 if and only if E, > (resp. <) n . (A.7)

We can now state our first main result concerning the signs of {¥}.

THEOREM A.l. Let r be a fixed index (1 < r < m); then

a) Ifb,< (resp. =) pforO0<=t<r ~ 1, then Y, = (resp. <) 0 for |
stsyr

b) If b, = (resp. s)pforr <t <m, then Y, = (resp. <)0 forr <1t
s m.

Proof. Part a follows immediately from (A.6) after it is noted that the
condition on {b} implies that I, < (resp. =) u for 1 < r < r. Similarly, part
b follows from (A.7).

This theorem gives information strictly from quantitative data concerning
the sequence {b}. All subsequent results will depend on the monotonicity
properties of this sequence. Consider first the behavior over an increasing
segment. Suppose that, for some indices s and v (0 < s < v < m),

bsbhb,<...sb_ <bh,. (A.8)
We wish to investigate the signs of entries in the associated sequence
YJ: Ys+l: oy Yw Y\~+| . (A9)

LEMMA A.2. Suppose that (A.8) holds. Let r be any index in the interval
s < r < v, satisfying

pn<l<bh,; (A.10)
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then Y, <0 forr <t <v + 1. Moreover, if either inequality in (A.10)
is strict, then Y, < Q0 forr<it<sv + 1.

Proof. From (A.1) and the fact that 0 < vy, < 1, we see that /., is between
I, and b,, and, in fact, it is strictly between, unless /, = b,. Hence

A

[ Ir+lsbrsbr+l s

where we use (A.8) for the third inequality. We see that (A.10) holds for
index r + 1 as well. By induction, (A.10) will hold for all r withr < t <
v, and the first inequality will hold for r = v + 1. The desired result now
follows from (A.6). The statements regarding strict inequality are clear from
the proof.

COROLLARY A.3. Suppose that (A.8) holds. Given any indices i and j
withs si<j=<v,

a)Y,>0and Y, < 0implies Y, <O0forj<r=sv +
b)Y, =0and Y, < Oimplies Y, <0 forj<r=<sv +
)Y, =0and Y, = Oimplies Y, <0 forj<t<v +

I;
1;

1.

Proof. In part a, let r be the smallest index such that i < rand ¥, < 0.
From (A.6) we see that /,_, < p =< [,, and from (A.1) and (A.8) we see that
I, < b.. Since r < j, the conclusion follows directly from Lemma A.2. Parts
b and c follow in a similar manner. In part b, for example, we take r to be
the smallest index such that i < rand Y, < 0.

We can now state our main result, namely,

THEOREM A.4. Suppose that (A.8) holds. We then have the following:
a) Either

W) Y, <Oforsst<sv+ 1l,or

(i) There are indices k and |, withs < k <[] <v + 1, such that

Y, <0, s=sr<k
=0, kstr=sl
<0, I<t=sv+1.

b) If part a(ii) holds, then either
(i) Y,>0fork <t <l or

(i) Y, =0 for k <t < [. If this occurs, then b, = p fork <1t <
I — 1. Ifk>s, thenb,_, < w, and ifl < v + 1, then b, > p.
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¢) Suppose that s = 0. Then part a(ii) holds with k = 0. Condition
b(ii) will hold if and only if by, = p., and in this case | is the lowest
index for which b, > p(orl = v ifb, = p).

d) Suppose thatv = m. Then pari a(ii) holds with | = m + 1. Condition
b(ii) will hold if and only if b,, < w, and in this case k is the highest
index for which b, < p(or k = s if b, = p).

Proof. If part a(i) does not hold, let k and / be the smallest and largest
indices, respectively, between k and v for which Y, = 0. From parts a and
b of Corollary A.3, we see that ¥, = 0 for k < r < [, establishing part a of
the theorem.

Suppose that ¥, = 0 for k < ¢ < [. The rest of part b(ii) follows from the
fact that any two of the three statements

Y¥/=0, Y. =0, b=p

imply the third. Use (A.1) and (A.6).

Suppose, on the other hand, that Y, > 0 for some r between k and /. Part
a of Corollary A.3 implies that ¥, > 0 for r < r < I, while part ¢ of this
corollary implies that ¥, > 0 for kK < 1 < r. Hence, part b(i) holds.

If s = 0, the fact that ¥, = 0 shows that part a(ii) holds with & = 0. If
by < p, then [, < p and Y, > 0, so part b(i) holds. If b, = p, Y, < 0 and
the statement in part b(ii) completes the proof of part c.

If v = m, reasoning analogous to the above establishes part d.

Suppose we apply Theorem A.4 to the case where s = 0 and v =m, that
is, the entire sequence is increasing. Both of parts ¢ and d apply, and we
can conclude the following.

COROLLARY A.5. Suppose that (A.8) holds fors = 0 andv = m. Then
either Y, > 0 for 1 st <mor Y, = 0 for all t. The latter condition
holds if and only if {b} is a constant sequence.

Of course, it is not difficult to deduce this corollary directly in this simple
case. o N ) o ’ ’
At this point, it is natural to consider the case of a decreasing segment.

Suppose that there are indices s < v such that

b,=b,=...2b_,=b,. (A.8%)

We obtain the same conclusions except with all inequalities reversed.
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In fact, for any statement involving the quantities b, I, E, Y, we can obtain
a new statement by interchanging < and =, and < and >. We will call this
new statement the dual of the original. For any valid theorem concerning
these quantities, the dual theorem is also valid. We can see this by consid-
ering the sequence {— b,} in place of {b,}. The signs of I and E change, and
all relevant inequalities are reversed. Sometimes we write a statement to-
gether with its dual by using parentheses, as in Theorem A.1. This is not
always notationally convenient, however. Instead, for a statement or theo-
rem referenced by number n, we will reference the dual by number n*, as
in condition (A.8%). The dual statement itself will not always be written out
explicitly.

Corollary A.5 and its dual say that a monotone sequence {b;} gives rise
to a sequence {¥} of constant sign. Theorem A.4 can be used to extend this
idea. We can show in general that a small number of changes of direction
in {} will mean a small number of changes of sign in {¥;}. We will analyze
in detail the simplest case, next to the monotone one. This is where the
entire sequence {b;} changes direction exactly once. The conclusion is that
{¥} changes sign at most once.

We consider the case where there is an index g (0 < g < m) such that

bhhs=bh<s...=b>b,,,=...2b,,2b,. (A1)
THEOREM A.6. Suppose that (A.11) holds. We then have the following:
a) If b, = w, then
Y,>0, l<tr=<i

=0, i<tsm,

where i is the largest index for which b; > .;
b) If by, = W, then

<0, j<t<m,

where f is the smallest index for which b; > w;
¢) If b, and by are both <\, there is an index p, with 1 < p < m, such
that

Y,>0, I<t<p

<0, p<t<m.
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Proof. We apply Theorem A .4, part ¢, to the segment (b,, by, . . ., b))
and Theorem A.4*%, part d, to the segment (b,, b,.,, . .., b,).

a) If b, = p, it is clear from (A.11) that b, = . Now Theorem A.4*, part
d, gives us the indicated pattern for ¢ < t < m with a value of i > q. The
pattern of (A.11) and the fact that p is the weighted average of the entire
sequence show that b, < w. Using this together with the fact that ¥, >
0, we conclude from Theorem A.4that ¥, > 0,1 <t =< q.

b) Our argument is similar to that in part a. If b, = p, it is clear from (A.11)
that b, > p and b,, < p. Theorem A.4, part c, gives the indicated pattern
for 1 <t < g, and Theorem A.4*, part d, shows that ¥, < 0 for g < ¢
s m.

c) Let I and k* be the indices obtained from Theorem A.4, part ¢, and
Theorem A.4*, part d, respectively. If b, and b,, are both <p., we know
that 0 < [ and k* < m, as well as the fact that part b(i) of each theorem
holds. f t </=<gq,then ¥,>0forl <r<land ¥, < Oford <t=<gq.
We see as in part b above that Y, < 0 for ¢ + 1 < ¢ < m, which shows
that part ¢ holds with p = 1. If ] = 1, we can take p = 2, since I, = b,
<0.If! =g + 1, we can show in a similar fashion that part ¢ holds with
p =k*.

We next consider the problem of determining what happens to the various
quantities when we change the sequence of weights. Let {3y, W, . . ., W,}
be a new weight sequence. We will use symbols with carets above them to
denote quantities computed with this new sequence.

Let

Writing W; as A\w;, we see that, for all applicable values of r,

1- i, - ’5:] WiW; (b; -lij)()\j - N) ) (A.12)
: ij=0 ax, -
A similar expression holds for (E, — E). We must use B instead of a in the
denominator and let r and m replace zero and ¢t — 1, respectively, as the
limits of summation. .
From (A.1) and (A.2) we obtain, with a minor amount of algebraic ma-
nipulation, the recursion formulas

(ll+| - in»l) = (‘Yr - ﬁl)(bl - 11) + U - 'AYI)(I( - ir) s (AIS)
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(E,—E)=(@®, —-3)b, - E.) + (U —3)E, —E.). (A.19

It is tempting to try to use the above formulas to make statements con-
cerning the relative magnitude of the original and capped quantities. This
is difficult or impossible without further assumptions. If we impose some
monotonicity requirements on {\} and {b;} we can reach some conclusions.

Suppose that {b} satisfies (A.11) and that {\} is decreasing. For 0 < i
<j< q(qgisasin[A.11]), we have (b, —b) < 0 and (\; — \) < 0. From
(A.12) we conclude that

LI, Istsqg+1. (A.15)

Similar reasoning shows that

Els 1y qgtsm (A.16)
as well as

Y<v, 0stsm (A.17)
and

8, <35, O0<t=m. (A.18)

In fact, for 0 < 1 < m, (A.17) and (A.18) follow directly from (A.15) and
(A.16), respectively. For fixed t, we apply these latter formulas to the
sequence which has an entry of 1 in the position indexed by ¢ and zero
entries elsewhere. For such a sequence, which obviously satisfies (A.11)
with g = t, we havey, = [,,, and §, = E,.

We can now formulate and prove our main result concerning change of
weights. If {b} satisfies (A.11), we know from Theorem A.6 that {¥} will,
in general, change from positive to negative. A natural problem is to de-
termine how the weight sequence affects the point of change. It turns out
that if the ratios of new weights to old are decreasing, then the point of
change is deferred and {¥} will, in general, have more (or as many) positive
entries. The precise statement is as follows.

THEOREM A.7. Suppose that {b} satisfies (A.11). Let (w) and (w;) be
two weight sequences such that ;' is decreasing. Then Y, = (resp.
>) 0 implies that ¥, = (resp. >) 0.

Proof. We prove the statement for =. The case of strict inequality requires
nothing more than modifying the second inequality sign in (A.23) and (A.24).
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Suppose first that r = ¢ and assume that Y, = 0. We then have
IL<E<b, gst=<r, (A.19)

where the first inequality follows from Theorem A.6 and the second follows
from the definition of g. Now using formulas (A.13), (A.17), and (A.19), we
obtain by induction

IL=r, (A.20)
where we use (A.15) to start the induction at index g. From (A.15),

E <E,
which, combined with (A.20), yields

i,=2v,20. (A.21)

Next, suppose that r < gq. We will derive the contrapositive of the desired
result, namely, that 7, < 0 implies ¥, < 0. If ¥, < 0, we have

A

E<l<b, rst=gq, (A.22)

where the first inequality follows from Theorem A.6 and the second follows
from the definition of gq. Now, using formulas (A.16), (A.18), and (A.22),
we obtain by induction

E.<E. , (A.23)

where we use (A.16) to start the induction at index g and work backward
to index r. From (A.15),

Y ,=<Y, <0, (A.24)

completing the proof.
Suppose we have a sequence satisfying (A.11*); that is, it consists of an
initial decreasing segment followed by a final increasing one. What happens
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to {Y;} now if we change to weights with a decreasing sequence of ratios?
Theorem A.6* tells us that {Y} will, in general, change from negative to
positive, and Theorem A.7* says that Y,=< 0 implies that ¥,< (. Exactly as
in the case of (A.11), the point of change is deferred.

Note that if the ratios in the sequence {A} are increasing rather than
decreasing, we simply interchange the two weight sequences to conclude
that, with the new weights, the point of change in sign of { ¥’} occurs earlier,
in the case of either condition (A.11) or ‘condition (A.11%).

Remark. In certain cases we can apply Theorem A.7 to situations where
changes occur in the sequence {b} as well as the weight. Suppose we
have a new sequence

b, = kb, + h

for some constants k> 0 and k, and let ¥ be calculated with respect to
{b} as well as {W}. It is clear that ¥ = k¥, and hence the conclusions of
Theorem A.7 will still hold.

APPENDIX B-

MONOTONICITY PROPERTIES OF ,V AND X,

In this appendix, we show that, under certain general and natural con-
ditions, both reserves and costs of insurance either are monotone or change
direction exactly once. The examples in Section III provide the motivation
for such results and their relationship with the previous sections of the
paper.

For mathematical convenience, we replace the discrete model that we
have used up to now with a continuous one. This permits the use of calculus
‘and facilitates the derivations. Similar conclusions couid, no doubt, be ob-
tained in the discrete case, but it appears that some rather complicated
algebraic manipulations would be involved.

We will adopt the notation and terminology of Section I, with suitable
modifications. The variable ¢ now will assume all values in the interval 0
=< t < n. The benefit B, is payable at the moment of death. Premiums are
paid continuously and P, now denotes the annual rate of payment at time
t. We now have ,V denoting the reserve at time ¢, rather than at the end of
year ¢. In place of g, and i, respectively, we will consider

p, = Force of mortality at age x + ¢
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and

8, = Force of interest at time ¢ .
The cost of insurance X is now defined by
K = p(B — V). (B.1)

We will assume that, for all values of ¢, B,, P,, 3, = 0 and w, > 0, and that
E=0.

We also assume that all functions under discussion are twice differentiable
on the closed interval [0, n] (the appropriate one-sided derivatives existing
at the endpoints).

Note carefully that, in this section, primes will denote differentiation with
respect to t (a change from their use in previous sections).

To simplify the notation, we will often omit the subscript ¢.

We remind the reader that we will use the same conventions as in Section
I regarding the use of the words “‘increasing’’ and ‘‘decreasing.”

The starting point in our development is to observe that the monotonicity
properties of a function often can be obtained by looking at differential
equations that the function satisfies. We now state a general lemma in this
regard, which will be applied later to both reserves and costs of insurance.

LeEMMA B.1. Let f be a function on [0, n] satisfying
f10) =0 (B.2)
and the differential equation
ff=a -5, (B.3)

where a and b are functions such that

(i) a(t) > 0 and a'(t) = 0 for all t, and

(ii) For all t such.that b(n).= 0 ,. (B.4) .
b'(p) = o) b(t) . . (B.9)

Then f either is monotone or changes direction exactly once, from
increasing to decreasing.
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Proof. Differentiating (B.3) and substituting for fin terms of f',

f=af + a’(f, : b) - b

(a4 L)r - (- Lo).
a a

We now define a point r as follows. Take r to be the smallest zero of b,
if such exists. If not, take r = nif b <0 or r = 0if b > 0. Assumptions
(B.4) and (B.5) show that if b(r) = 0, then b'(z) is also =0. Hence, once b
becomes nonnegative, it is increasing and remains nonnegative. In any
event, we see that

(B.6)

bn <0, 0<t<r (B.7)

=20, r<t=n.

Using (B.7) together with (B.4), we can infer from equation (B.3) that, for
t on the interval 0 < ¢ < r, if f(t) = 0, then f'(¢) is also =0; hence, fis
increasing and remains =0 in this interval. Now, invoking (B.2), it is not
difficult to see that f, and therefore f*, are nonnegative in the interval [0,
r). By continuity, this holds in the closed interval [0, r].

Suppose that f'(1) < 0. Then, as we saw above, we must have t > r. From
(B.6), using (B.4), (B.5), and (B.7), we see that f”(r) is also <0. Hence, once
f' becomes negative, it is decreasing and remains negative. This shows that
once f begins to decrease it continues to decrease, and the conclusion of
the lemma is evident.

Remarks. Assumption (B.5) can be put into more enlightening forms. Since

-t
a a a

the inequality in (B.5), together with the fact that a > 0, says that (b/a)
is increasing. Also, for b > 0, (B.5) is equivalent to
bl

a’
— = -,
a

b

In other words, (B.5) really says that after b becomes positive, its relative
rate of growth is greater than that of a.
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We next apply the lemma to the case where f = ,V. We have the familiar
differential equation

Vl

P +38V-K (B.8)
V(p + 8) — (Bp — P),

which is in the form of (B.3) with
a=(n+38, B=(Bp-—-P). (B.9)

We define a new function
p=E =@np,
I

which will play an important role in the remainder of the section.

THEOREM B.2. Suppose that
(1) p is increasing;

(ii) B is increasing;

(iii) P’ < pP;

(iv) —pp < 8 = pd.
Then V is either (a) increasing, or (b) increasing then decreasing. More-
over, if E = B, then (a) holds; and if E = 0, then (b) holds (unless ,V
= 0 for all t).

Proof. The main conclusion follows by simply verifying the conditions
of Lemma B.1 for the functions a and b given in (B.9). Since V = 0 for ¢
= 0, (B.2) holds. The first statement of (B.4) is clear, and the second follows
from the first inequality in part (iv). We now observe that

b = B'n+ Bu' — P’
=By - P, using part (ii) (B.10)
= p(B. — P) = pb, using part (iii) ,
while, using the second inequality in part (iv), we have

a =p + 8 <pp + d) = pa (B.11)

and (B.5) is immediate from (B.10) and (B.11).
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The statement regarding E = 0 is now evident from the fact that ,V =
E, while the remaining statement follows from the fact that

V. =P, + 8E - p,B,— E)

is =0 when E = B,.

Remarks on the assumptions of Theorem B.2. Note that assumption (i) is
natural, while the others all hold in the familiar case where B, P, and 8
are constant. Assumption (iii), in fact, allows for any decreasing P (as
would be the case in a continuous version of a limited payment policy).
It also allows for increasing P, provided that the relative rate of increase
is less than that of p. It is precisely this upper bound on P’ that rules out
the possibility of negative reserves (which, it is easy to see, are precluded
by the conclusion of the theorem). We could not have a negative reserve
produced by premiums being less than the benefit cost at early durations,
since there would be no chance for premiums to increase sufficiently to

make up this deficit. In fact, with the assumptions of the theorem, it is
clear that V' = 0 at + = 0 and hence, from (B.8), that

P, = By, . B.12)

The concluding statements of the theorem reflect the expected patterns
of reserves in the case of endowment and term insurances.

We now wish to apply Lemma B.1 to K. From formula (B.l) we solve
for V in terms of K and substitute in (B.8), to obtain

V=P+M—Ke+g. (B.13)
Differentiating (B.1), we have
K =pnB —-V)+ pB — pv' . (B.19)

Now, noting that p'(B — V) = pK, and substituting for V' from (B.13), we
obtain, from (B.14),

K =(@+38+pK —- pP+ 3B - B, (B.15)
which is in the form of (B.1) with
a=@+38+p), b=pnP +5B - B). (B.16)

We now give some sufficient conditions to enable Lemma B.1 to be
applied to K. One of these conditions (inequality [B.17] below) may appear
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somewhat unusual at first. We will attempt to clarify it later and show that
it does indeed hold in many cases.
THeEOREM B.3. Suppose that

(1) w and p' are increasing;
(i1) B is increasing and B' is decreasing;
(i) 0 < ¥';
Giv) 0 < P’;
V) psp2+pd-238. (B.17)
Then K is either (a) decreasing, (b) increasing, or (c) increasing then
decreasing. Moreover, (a) holds if and only if

Py = By + Bopo + B, . (B.18)

Proof. We verify the conditions of Lemma B.1 for a and b as given in
(B.16). Since K, = poB, = 0, we see that (B.2) holds. From parts (i) and
(iii), we easily obtain (B.4).

Letc = P + 8B ~ B'. Using parts (ii), (iil), and (iv),

¢ =P +8B+38B" -B" =0,
S0
b' = p'c+ pc' =p'c = ppc = pb . (B.19)
From (B.17),
a =pn +8 +p <pn+ p*+ pd=pa, (B.20)

and (B.5) is immediate from (B.19) and (B.20).
The final statement of the theorem follows from the fact that

K = wolBo(po + po) + By — Pol,
which we obtain by setting + = 0 in (B.15).

COROLLARY B.4. Assume the conditions of Theorem B.3.

a) Ifreserves are eventually decreasing (i.e., decreasing on the interval
[s, n] for some s < n), then K is increasing.

b) If

E=B -%p (B.21)

n

then K either is decreasing or is increasing then decreasing.
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Proof. Part a: In this case, K is eventually increasing, and, by Theorem
B.3, it must be increasing in the entire interval {0, n]. Part b: In this case,
K, < K,, so the conclusion is obvious.

In the following corollary, the assumptions are those of Theorems B.2
and B.3 combined, so the conclusions of both theorems will hold.

CoROLLARY B.5. Suppose that (B.17) holds and that
(i) w and u' are increasing,
(i) B is increasing and B’ is decreasing;
(iii) 0 < &' < pd, and
(iv) 0 = P’ < pP.
Then V is increasing under either of the following conditions:
a) P, satisfies (B.18);
b) E satisfies (B.21).

Proof. In both cases, K is not increasing. Now apply Corollary B.4, parts
a and b, respectively.

We can view Corollary B.5 as follows. Basically, a sufficiently large en-
dowment payment is the feature that makes reserves on a policy increase.
This is reflected directly in part b. In Theorem B.2 we saw that E = B, was
sufficient to cause increasing reserves. We now see that, with the added
conditions of Theorem B.3, we can reach this conclusion with the smaller
value of E given by (B.21). Of course, without direct knowledge of E, we
can still infer that it must be large if premiums are sufficiently large. This
is the idea of part a. It is of interest to compare this part with (B.12), which,
as shown earlier, is always true under the given assumptions.

Under the assumptions of Theorem B.3, if K does not decrease, the
inequality in (B.18) is reversed. This gives an upper bound for the initial
premium rate. We can apply this to term policies, and therefore also to
ordinary life policies, since they can be viewed as a limiting case of a term
policy. For a simple example, consider an ordinary life policy with a constant
death benefit of 1, constant interest, and level premiums. Assume that p,
together with its derivative, is increasing and satisfies (B.17). All assump-
tions are satisfied, and we may invoke both (B.12) and the negation of
(B.18), to obtain the premium estimate

Mo < P =<, + (B.22)

)
Mo
The lower bound in (B.22) is obvious in this case, but the upper bound is
decidedly not so. In fact, it is somewhat surprising at first, since it involves
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the values of i and p’ only at issue age. Note, however, that assumption
(B.17) does establish a connection between the values of p at various points.

Remarks on the assumptions of Theorem B.3. Assumption (i) is reasonable
and reflects the expected behavior of w over most ages. It is clear from
the proof that assumptions (i), (iii), and (iv) can be weakened. We need
only conditions on B, P, and & that will ensure that ¢’ and a’ are non-
negative. The chosen conditions are easy to state, and they hold when
all quantities are constant.

Assumption (v) is of a different nature, and it is not easy to grasp its
meaning. It may become more transparent if we write it in a somewhat
different manner. For simplicity, we will restrict our discussion to the
case where 8 is constant (so & = 0). For p > 0, (B.17) can then be written
as

E’p-s-+a, (B.23)

which involves a comparison of the relative growth rates of p and p.
When 8 = 0, further simplification is possible. In this case, (B.23) is
equivalent to the statement that

’

“—2 is decreasing . (B.24)
T8 .

We go from (B.24) to (B.23) by writing u'/n? as p/u, applying In, and
differentiating. The steps can be reversed to show that (B.23) with 8 =
0 implies (B.24).

We see then that condition (B.17) restricts the growth rate of p'. The
underlying principle is for p’ to grow at a relative rate that is less than
the relative growth rate of p2. If this happens, then the condition will hold
regardless of 8. However, some relaxation of this growth restriction is
allowed as b increases. In fact, no matter what the mortality basis is, the
condition can always be made to_hold by taking d sufficiently large.

Perhaps the best test of the reasonableness of (B.17) is to see whether
it holds in cases where we have a known analytic expression for p. In
the case of Gompertz's law, p is a constant, and the condition holds
automatically for all constant & (in fact, for all 3 satisfying assumption
{iv] of Theorem B.2). In the more general case of Makeham’s law, this
universality no longer applies, but (B.17) does hold in a wide variety of
circumstances. To see this, suppose that

B = A +Bc,
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where A, B, and ¢ are positive constants. (Recall that x is the issue age.)
Suppose also that 3 is constant and satisfies

2 (z 4 _ 1) . (B.25)
Inc Mo
Observe that

W=@-Alnc,

so that
Alnc

p=Inc - (B.26)

Since p. is increasing, (B.25) holds when w, is replaced by any w,, and we

can write
p+8>lnc[(l —é) +(24— l)]
1 ®

=lncé.

(B.27)

Differentiating (B.26) gives

L p’i, = (lncA—u)—’t, = lncé,

p B W/ W

and comparison with (B.27) yields (B.23). We conclude that condition
(B.17) holds under Makeham’s law, provided that (B.25) also holds. Since
the right-hand side of this latter inequality is <1, condition (B.17) will
always hold for 8 = In ¢. Moreover, as soon as the issue age is high
enough so that p, = 24, the right-hand side of (B.25) is nonpositive and
condition (B.17) will hold for all &.
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DISCUSSION OF PRECEDING PAPER

THOMAS KABELE!

It is interesting to see a paper on the famous Lidstone theorem concerning
net premium reserves and the remainder function. Mr. Promislow has given
new proofs of Lidstone’s results.

Lidstone’s remainder function is essentially our contribution dividend
formulas, and, in fact, his 1905 paper on reserve charges was a sequel to
his earlier 1895 paper on the contribution dividend formula. (See my dis-
cussion of Don Cody’s paper, which appears elsewhere in this volume.)

Lidstone’s treatment was remarkably general. He considered lapse rates
and varying interest rates, and dealt with a nonmonotone remainder func-
tion. Note that Lidstone’s ‘‘equation of equilibrium’’ is not the same as
Sheppard Homans’s ‘‘equation of equilibrium.”” Lidstone’s equation states
the equality between the ‘“‘normal’’ and ‘‘special’’ reserves. Homans’s
equation relates the ending reserve to the beginning reserve, plus premium
and interest, less claims and expenses. Homans’s equation is also called the
‘‘retrospective reserve formula’’ or the *‘Fackler accumulation formula’ or
the ‘“Elizur Wright accumulation formula.”” Lidstone called Homans’s equa-
tion the ‘‘fundamental principle.”

(AUTHOR’S REVIEW OF DISCUSSION)
S. DAVID PROMISLOW:

Mr. Kabele has added some interesting historical remarks to my paper.
I would like to thank him for these, and also for some helpful discussions
that I had with him previously concerning the work of Lidstone.
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