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Fabozzi, Handbook of Fixed Income Securities 
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Hardy, Investment Guarantees 
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Babbel and Fabozzi , Investment Management for Insurers 
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Hull, Options, Futures and Other Derivatives 
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n

u ui
i

n

=
−

−
=
∑1

1
2

1
b g   where  

1

ln i
i

i

Su
S −

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 

 

  s
n

u
n n

ui i
i

n

i

n

=
−

−
−
F
HG
I
KJ==

∑∑1
1

1
1

2

1

2

1 b g  

 
  dS Sdt Sdzμ σ= +  
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2

2 2
2

1( )
2

f f f fdf S S dt Sdz
S t S S

μ σ σ∂ ∂ ∂ ∂
= + + +

∂ ∂ ∂ ∂
 

 

             
2

2 2
2

1( )
2

f f f ff S S t S z
S t S S

μ σ σ∂ ∂ ∂ ∂
Δ = + + Δ + Δ

∂ ∂ ∂ ∂
 

 

          Π = − +
∂
∂

f f
S

S  

     

  
2

2 2
2

1
2

f f S t
t S

σ
⎛ ⎞∂ ∂

ΔΠ = − − Δ⎜ ⎟∂ ∂⎝ ⎠
 

 
∂
∂

+
∂
∂

+
∂
∂

=
f
t

rS f
S

S f
S

rf1
2

2 2
2

2σ  

 
 ( )ˆrT rT

Tf e E S Ke− −= −    
 
  ( ) 0

ˆ rT
TE S S e=  

 
0

rTf S Ke−= −  
 
  ( ) ( )0 1 2

rTc S N d Ke N d−= −  
 
  ( ) ( )2 0 1

rTp Ke N d S N d−= − − −  
 

  where   
( ) ( )2

0
1

/ / 2ln S K r T
d

T

σ

σ

+ +
=  

 

                 
( ) ( )2

0
2 1

/ / 2ln S K r T
d d T

T

σ
σ

σ

+ −
= = −  

 
 ( ) ( )0 1 2

rT rTc e S N d e KN d− ⎡ ⎤= −⎣ ⎦  
 
           ( ) ( ) ( )nr T t

n n nS t D Ke S t K− −− − ≥ −  
 
            0

rT qTc Ke p S e− −+ = +  
 
  ( ) ( )0 1 2

qT rTc S e N d Ke N d− −= −  
 
  ( ) ( )2 0 1

rT qTp Ke N d S e N d− −= − − −  
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( ) ( )2

0
1

/ / 2ln S K r q T
d

T

σ

σ

+ − +
=  

 

  
( ) ( )2

0
2 1

/ / 2ln S K r q T
d d T

T

σ
σ

σ

+ − −
= = −  

 
            ( )dS r q Sdt Sdzσ= − +  

 

   
( )r q te dp
u d

− Δ −
=

−
 

 
              ( ) ( )0 1 2

rTc e F N d KN d−= −⎡ ⎤⎣ ⎦  
 
  ( ) ( )2 0 1

rTp e KN d F N d−= − − −⎡ ⎤⎣ ⎦  
 
              0

rT rTc Ke p F e− −+ = +  
 
             (1 )rT

df e pf p fμ
− ⎡ ⎤= + −⎣ ⎦  

 

             
2

2 2
2

1
2

f f F rf
t F

σ∂ ∂
+ =

∂ ∂
 

 
              0

qT rTp S e c Ke− −+ = +  
 

 ( )( ) 1r q tSe pSu p Sd− Δ = + −  
 

            p a d
u d

=
−
−

 

 
  tu eσ Δ=  
 
  td e σ− Δ=  
 
  ( )r q ta e − Δ=  
 

 ( ), 0max ,0j N j
N jf K S u d −= −  

 
  ( ), 1, 1 1,1r t

i j i j i jf e pf p f− Δ
+ + +⎡ ⎤= + −⎣ ⎦  

 
( ){ }, 0 1, 1 1,max , 1j i j r t

i j i j i jf K S u d e pf p f− − Δ
+ + +⎡ ⎤= − + −⎣ ⎦  
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                        Δ =
−
−

f f
S u S d

11 10

0 0

 

( ) ( ) ( ) ( ) ( )
2 2

22 21 0 0 21 20 0 0 2 2
0 0

/ /
where   h = 0.5 S

f f S u S f f S S d
u S d

h

⎡ ⎤ ⎡ ⎤− − − − −⎣ ⎦ ⎣ ⎦Γ =    −  

   

            21 00

2
f f

t
−

Θ =
Δ

 

 

  
*f fν

σ
−

=
Δ

 

 

 ( )2 / 2r q t tu e σ σ− − Δ + Δ
=  

 

  ( )2 / 2r q t td e σ σ− − Δ − Δ
=  

 

 3 tu eσ Δ= ,  1d
u

=  

 

  
2

2

1
12 2 6d

tp r q σ
σ

⎛ ⎞Δ
= − − − +⎜ ⎟

⎝ ⎠
, 2

3mp =  

 

  
2

2

1
12 2 6u

tp r q σ
σ

⎛ ⎞Δ
= − − +⎜ ⎟

⎝ ⎠
 

 
            ( ) ( )f t g t ta e − Δ⎡ ⎤⎣ ⎦=  

 

  
( ) ( )f t g t te dp

u d

− Δ⎡ ⎤⎣ ⎦ −
=

−
 

 
            ( ) ( ) ( ) ( )ˆS t t S t S t t S t tμ σ ε+ Δ − = Δ + Δ  

 

             ( ) ( )
2

ˆexp
2

S t t S t t tσμ σε
⎡ ⎤⎛ ⎞

+ Δ = − Δ + Δ⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

 
            ( ) ( ) ( ) ( )ˆi i i i i i it t t m t t s t tθ θ θ θ ε+ Δ − = Δ + Δ  

            
2

2 2
2

1( )
2

f f fr q S S rf
t S S

σ∂ ∂ ∂
+ − + =

∂ ∂ ∂
 

 

             , 1 ,i j i jf ff
S S

+ −∂
=

∂ Δ
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             , , 1i j i jf ff
S S

−−∂
=

∂ Δ
 

 
, 1 , 1

2
i j i jf ff

S S
+ −−∂

=
∂ Δ

 

 

             
2

, 1 ,, 1
2 2

2i j i ji jf f ff
S S

−+ −∂ +=
∂ Δ

 

 
a f b f c f fj i j j i j j i j i j, , , ,− + ++ + =1 1 1   where 

 

  2 21 1( )
2 2ja r q j t j tσ= − Δ − Δ , 2 21jb j t r tσ= + Δ + Δ , 

  2 21 1( )
2 2jc r q j t j tσ= − − Δ − Δ  

 
1, 1 1, 1

2
i j i jf ff

S S
+ + + −−∂

=
∂ Δ

 

 

  
2

1, 1 1, 1 1,
2 2

2i j i j i jf f ff
S S

+ + + − ++ −∂
=

∂ Δ
 

 
  f a f b f c fi j j i j j i j j i j,

*
,

*
,

*
,= + ++ − + + +1 1 1 1 1   where 

 

  * 2 21 1 1( )
1 2 2ja r q j t j t

r t
σ⎛ ⎞= − − Δ + Δ⎜ ⎟+ Δ ⎝ ⎠

, ( )* 2 21 1
1jb j t

r t
σ= − Δ

+ Δ
 

 

  * 2 21 1 1( )
1 2 2jc r q j t j t

r t
σ⎛ ⎞= − Δ + Δ⎜ ⎟+ Δ ⎝ ⎠

 

 
             , 1 , , 1 1,j i j j i j j i j i jf f f fα β γ− + ++ + =  
 

             where   
2

2
2( )

2 2 2j
t tr q
Z Z

σα σΔ Δ
= − − −

Δ Δ
 

 

  2
21j

t r t
Z

β σΔ
= + + Δ

Δ
 

 

  
2

2
2( )

2 2 2j
t tr q
Z Z

σγ σ−Δ Δ
= − − −

Δ Δ
 

 
                         * * *

1, 1 1, 1, 1 ,j i j j i j j i j i jf f f fα β γ+ − + + ++ + =  
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              Where     
2

* 2
2

1 ( )
1 2 2 2j

t tr q
r t Z Z

σα σ
⎡ ⎤Δ Δ

= − − − +⎢ ⎥+ Δ Δ Δ⎣ ⎦
 

 

  * 2
2

1 (1 )
1j

t
r t Z

β σΔ
= −

+ Δ Δ
 

 

  
2

* 2
2

1 ( )
1 2 2 2j

t tr q
r t Z Z

σγ σ
⎡ ⎤Δ Δ

= − − +⎢ ⎥+ Δ Δ Δ⎣ ⎦
 

 

               σ n n i
i

m

m
u u2 2

1

1
1

=
−

−−
=
∑ b g  

 

                        σ αn i n i
i

m

u2 2

1

= −
=
∑  

 

                        2 2

1

m

n L i n i
i

V uσ γ α −
=

=  + ∑  

 
  σ λσ λn n nu2

1
2

1
21= + −− −b g  

 

             ( )2 1 2 2

1
1

m
i m

n n i n m
i

uσ λ λ λ σ−
− −

=

= − +∑  

 
             2 2 2

1 1n L n nV uσ γ α βσ− −= + +  
 

σ ω α βσn n nu2
1

2
1

2= + +− −  
 
  σ ω βω β ω α αβ αβ σn n n n nu u u B2 2

1
2

2
2 2

3
2 3

3
2= + + + + + +− − − −  

 

            1
2 2

2

1 πv
u
v
i

i

m

exp −F
HG
I
KJ

L
NM

O
QP=

∏  

 

  1 2

1m
ui

i

m

=
∑  

 

             ( )
2

1

m
i

i
i i

uln v
v=

⎡ ⎤
− −⎢ ⎥

⎣ ⎦
∑  

 

            m wk k
k

K

η2

1=
∑  

 

  2
k

mw
m k

+
=

−
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  ( )2 2 2

1 11n L n nV uσ α β α βσ− −= − − + +  
 
             ( ) ( )2 2 2

1 1n L n L n LV u V Vσ α β σ− −− = − + −  
 
             ( ) ( )2 2t

n t L n LE V Vσ α β σ+⎡ ⎤ = + + −⎣ ⎦  
 

             
1

1cov
m

n n i n i
i

x y
m − −

=

= ∑  

 
             ( )1 1 1cov cov 1n n n nx yλ λ− − −= + −  
 
             1 1 1cov covn n n nx yω α β− − −= + +  
 

 ( ) ( )1 t tQ t eλ= −  
 
 E V N d De N drT

0 0 1 2= − −b g b g  where 
 

( )2
0

1

/ / 2v

V

lnV D r T
d

T

σ

σ

+ +
=  

 
  d d TV2 1= − σ  
 
             σ σE VE N d V0 1 0= b g  
 
              21i i i ix a M a Z= + −  
 

  ( ) [ ]1

2

( )

1
i i

i

i

N Q T a M
Q T M N

a

−⎛ ⎞−
⎜ ⎟=
⎜ ⎟−⎝ ⎠

 

 

              ( ) [ ]1 ( )
1

i
i

N Q T M
Q T M N

ρ
ρ

−⎛ ⎞−
= ⎜ ⎟⎜ ⎟−⎝ ⎠

 

 

             
2 2

( ) ( ) ( )( )
( ) ( ) ( ) ( )

AB A B
AB

A A B B

P T Q T Q TT
Q T Q T Q T Q T

β −
=

⎡ ⎤ ⎡ ⎤− −⎣ ⎦ ⎣ ⎦
 

 
( )

2 2

( ), ( ); ( ) ( )
( )

( ) ( ) ( ) ( )
A B AB A B

AB

A A B B

M x T x T Q T Q T
T

Q T Q T Q T Q T

ρ
β

−
=

⎡ ⎤ ⎡ ⎤− −⎣ ⎦ ⎣ ⎦
 

 



Advanced Portfolio Management Formulae Sheet 18 December, 2006   

                        ( ) [ ]1 1( ) ( )
,

1
N Q T N X

V X T N
ρ

ρ

− −⎛ ⎞+
= ⎜ ⎟⎜ ⎟−⎝ ⎠

 

 

                        [ ]1

2

( )
( )

1
i i

i

i

N Q T a M
Q T M N

a

−⎛ ⎞−
⎜ ⎟=
⎜ ⎟−⎝ ⎠

 

 

  [ ]1 ( )
( )

1
N Q T pM

Q T M N
ρ

−⎛ ⎞−
= ⎜ ⎟⎜ ⎟−⎝ ⎠

 

 

             !( , ) ( ) 1 ( )
( )! !

N kkNp k T M Q T M Q T M
N k k

−
= ⎡ − ⎤⎣ ⎦−

 

 

             1 1

0

ˆrT Se E c
S

− ⎡ ⎤
⎢ ⎥
⎣ ⎦

 

 
 ( ) ( ) ( )2 2 1

0 1 1 1 2 2 2 2 1 2 1 2, ; / , ; /qT rT rTS e M a b T T K e M a b T T e K N a− − −− −   

 

  
( ) ( )* 2

0 1
1

1

/ / 2ln S S r q T
a

T

σ

σ

+ − +
=   a a T2 1 1= − σ  

 

  
( ) ( )2

0 2 2
1

2

/ / 2ln S K r q T
b

T

σ

σ

+ − +
=   b b T2 1 2= − σ  

 
  
 ( ) ( ) ( )2 2 1

2 2 2 1 2 0 1 1 1 2 1 2, ; / , ; /rT qT rTK e M a b T T S e M a b T T e K N a− − −− − − − − + −  

 
 ( ) ( ) ( )2 2 1

2 2 2 1 2 0 1 1 1 2 1 2, ; / , ; /rT qT rTK e M a b T T S e M a b T T e K N a− − −− − − − − − −  
 
  

 ( ) ( ) ( )2 2 1
1 1 1 2 2 2 2 1 2 1 2, ; / , ; /qT rT rT

oS e M a b T T K e M a b T T e K N a− − −− − − − − +  

 
  ( ) ( ) ( )( )( )2 1 2 1

1max , max 0,q T T r q T Tc p c e Ke S− − − − −= + −  

  
 ( ) ( ) ( ) ( )2 2 2

0 0 0: / /qT rT
diH K c S e H S N y Ke H S N y Tλ λ σ−− −≤   = − −  

 

  λ σ
σ

=
− +r q 2

2
2/  
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( )2

0/ln H S K
y T

T
λσ

σ

⎡ ⎤⎣ ⎦= +  

 
  do dic c c= −  
 

( ) ( ) ( ) ( ) ( ) ( )2 2 2
0 1 1 0 0 1 0 1: / /qT rT qT rT

doH K c S N x e Ke N x T S e H S N y Ke H S N y Tλ λσ σ−− − − −≥   = − − − + −

 
  di doc c c= −   
 

  ( )0
1

ln S H
x T

T
λσ

σ
= +  

 

  ( )0
1

ln H S
y T

T
λσ

σ
= +  

  
 

( ) ( ) ( ) ( ) ( )2
0 1 1 0 1: /qT rT qT

ui oH K c S N x e Ke N x T S e H S N y N yλσ− − −>   = − − − − − −⎡ ⎤⎣ ⎦

 ( ) ( ) ( )2 2
0 1/rTKe H S N y T N y Tλ σ σ−− ⎡ ⎤+ − + − − +⎣ ⎦  

 
 uo uic c c= −  

 

( ) ( ) ( ) ( )2 2 2

0 0 0: / /qT rT
uiH K p S e H S N y Ke H S N y Tλ λ σ−− −≥   = − − + − +  

 
  uo uip p p= −  

 
( ) ( ) ( ) ( ) ( ) ( )2 2 2

0 1 1 0 0 1 0 1: / /qT rT qT rT
uoH K p S N x e Ke N x T S e H S N y Ke H S N y Tλ λσ σ−− − − −≤   = − − + − + + − − − +

 
 ui uop p p= −  

 
 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2
0 1 1 0 0 1

2 2
0 1

: /qT rT qT
di

rT

H K p S N x e Ke N x T S e H S N y N y

Ke H S N y T N y T

λ

λ

σ

σ σ

− − −

−−

<   = − − + − + + −⎡ ⎤⎣ ⎦

⎡ ⎤− − − −⎣ ⎦

 

 
 do dip p p= −  

 

( ) ( ) ( ) ( ) ( ) ( )1

2 2

0 1 0 1 min 2 32 2
YqT qT rT

ELBc S e N a S e N a S e N a e N a
r q r q
σ σ− − − ⎛ ⎞

= − − − − −⎜ ⎟⎜ ⎟− −⎝ ⎠
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( ) ( )2

0 min
1

/ / 2ln S S r q T
a

T

σ

σ

+ − +
=  

 
  a a T2 1= −σ  
 

  
( ) ( )2

0 min
3

/ / 2ln S S r q T
a

T

σ

σ

+ − + +
=  

 

  
( ) ( )2

0 min
1 2

2 / 2 /r q ln S S
Y

σ

σ

− −  
= −  

 
 

( ) ( ) ( ) ( ) ( ) ( )2

2 2

max 1 3 0 2 22 2
YrT qT qT

ELB op S e N b e N b S e N b S e N b
r q r q
σ σ− − −⎛ ⎞

= − − + − −⎜ ⎟⎜ ⎟− −⎝ ⎠
 

 

  
( ) ( )2

max
1

/ / 2oln S S r q T
b

T

σ

σ

+ − + +
=  

 
  b b T2 1= − σ  
 

  
( ) ( )2

max 0
3

/ / 2ln S S r q T
b

T

σ

σ

+ − −
=  

 

  
( ) ( )2

max 0
2 2

2 / 2 /r q ln S S
Y

σ

σ

− −
=  

 
  ( ) ( )max 0, TS S S Kτ τ− + −  
 

 
2 21 1

2 6 2 6
r r q r qσ σ⎛ ⎞ ⎛ ⎞

− − − = + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 

  M e
r q T

S
r q T

1 0
1

=
−

−

−b g

b g  

 

 
( )( )

( ) ( ) ( ) ( )
( )22 2 2

0 0
2 2 2 22 2 2

2 2 1
22 2

r q T r q Te S S eM
r q T r q r qr q r q T

σ

σ σσ σ

− + −⎛ ⎞
= + −⎜ ⎟⎜ ⎟− − + − +− + − + ⎝ ⎠

 

 

  2 2
2

1

1 ln M
T M

σ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 

 
 ( ) ( )1 0 2

T Tqv qu
oV e N d U e N d− −−  
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( ) ( )2

1

ˆ/ / 2

ˆ
o o U Vln V U q q T

d
T

σ

σ

+ − +
=  d d T2 1= − �σ  

 
  2 2ˆ 2U V U Vσ σ σ ρσ σ= + −  
 
 
  ( )dS r q Sdt S dzασ= − +  
 

  ( )dS r q k dt dz dp
S

λ σ= − − + +  

 
( ) ( )dS r q Sdt t Sdzσ= − +  

 

( ) S
dy r q dt V dz
S

= − +  

               
( )L VdV a V V dt V dzαξ= − +  

 
 ( ( ) ( )) ( , )dS r t q t Sdt S t Sdzσ= − +  

 

[ ] [ ]
( )

2

2 2 2

( ) ( ) ( )
( , ) 2 mkt mkt mkt

mkt

C T q T C K r T q T C K
K T

K C K
σ

∂ ∂ + + − ∂ ∂
=

∂ ∂
 

 
d mdt sdzθ
θ

= +  

 1 1 1 1 1f f t f zμ σΔ = Δ + Δ  
 
  2 2 2 2 2f f t f zμ σΔ = Δ + Δ  
 

2 2 1 1 1 2( ) ( )f f f fσ σ∏ = −  
 

1 2 1 2 2 1 1 2( )f f f f tμ σ μ σΔ ∏ = − Δ  
 

1 2

1 2

r rμ μ
σ σ
− −

=  

 
df dt dz
f

μ σ= +  

 
rμ λ

σ
−

=  
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 μ λ σ− =
=
∑r i i
i

n

1

 

 
d dzθ σ=  

( )f g
f fd dz
g g

σ σ
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

 

 

0 0
T

g
T

ff g E
g

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 

 
dg rgdt=  

 

  l
0

T
o

T

ff g E
g

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 

 

0
ˆ ( )T

Tf E e fγ−=  
 

0 (0, ) ( )T Tf P T E f=  
 

( ) ( ) ( )
1

1 1
0

,
N

i i i
i

A t T T P t T
−

+ +
=

= −∑  

 
( ) ( )As t E s T= ⎡ ⎤⎣ ⎦  

 

  ( ) ( )
0 T

o A
ff A E

A T
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 

 
[ ](0, ) max( ,0)T Tc P T E S K= −  

 
[ ]max( ,0)RT

T Tc e E S k−= −  
 

[ ] 1 2max( ,0) ( ) ( ) ( )T T T TE S K E S N d KN d− = −  
 

0 0 max 1,0T
U

T

Vf U E
U

⎡ ⎤⎛ ⎞
= −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
 

 
0 0 1 0 2( ) ( )f V N d U N d= −  

 

 
2 2

1
i i i i

i
i i

F tF
F

σ τ
τ

+
+
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, ,2 21
,2

( )
( ) 1

i i i i y i F i ii i
i i y i i

i i i i

y F tG yy y t
G y F

τ ρ σ σ
σ

τ
′′

− −
′ +

 

 
             , ,i i i W i V i iV V tρ σ σ+  

 
*
2

2

(0, ) ( )i
QL P s N d
n
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( ) ( )
( ) ( ) ( )

0 1 0 2

2 2
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1

2 1

1 1ln / ln /2 2

rT

rT

P N d V Fe N d

V F r T V Fe T
d

T T
d d T

σ σ

σ σ
σ

−

−

= − − + −

+ + +
     = =

     = −

 

 

    

( ) ( )

0 0

0
2 1

ln ln

1 ln

rT

T

T T rT

B Fe P
F Fy

T T
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T Fe
π

−

−

−

= − = −

⎛ ⎞= − = − + −⎜ ⎟
⎝ ⎠

 

 
     ( )

( ) ( )1

20 0 2
N d rT
N dP V Fe N d− −

−
⎡ ⎤= − + −⎣ ⎦  

 

  ( ) ( )2 1
11TEL F N d N d

LR
⎛ ⎞= − − −⎜ ⎟
⎝ ⎠

 

 

     ( )
( ) ( ) 0

2 11 1ln ln
rT

T

V
F N d N d

FeF
TF EL FT T

π
−

⎛ ⎞+ −⎜ ⎟
⎝ ⎠

−

⎛ ⎞
⎜ ⎟= − =
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dV Vdt VdZ
corr dZ dZ dt
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Note: Typo in text (1)1n
ir =  either way will receive full credit. 
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