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The Sparre Andersen Model (1957) for an aggregate claim is
given by:

N(t)
S(ty=> X«, t=0, (1)
k=1

where N(t) is a renewal process.

If we consider the effect of the interest and inflation on the
claims, Léveillé and Garrido (2001a) propose the following
model.
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Model

The compound present value sum is denoted by:

N(t)
Z(ty=>Y e’kX., t>0, (2)
k=1

with Z(t) = 0 if N(t) = 0.

@ The net interest rate § = interest rate -inflation rate > 0.

@ The claim arrival times { Ty ; k € N*} form a renewal
process.

@ The deflated claim severities { Xy ; k € N*} are iid,
independent from the times Ty.
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The Distribution of the Compound Sum Z({) if the
Net Interest 6 > 0

@ Taylor (1979), Delbaen and Haezendonck (1987) and
Willmot (1989): the moments of the discounted compound
Poisson process .

@ Léveillé and Garrido (2001a, 2001b): the first two moments
and recursive formulas for all the moments of Z(t).

@ Kim and Kim (2006): the moments of discounted
aggregated claims in a Markovian environment.

@ Ren (2008): explicit formula for the first two moments of
discounted compound renewal sums.

@ Jang (2004): Laplace transform of the discounted
compound Poisson process if the claim severities are
exponential and mixture of exponential.
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The Distribution of the Compound Sum Z({) if the
Net Interest § > 0O (...continued)

This talk will present:
@ the moment generating function of the discounted
compound Poisson aggregate sums when the deflated
claims are PH distributed.

@ moment generating function of the discounted compound
renewal sums.

@ the comparison Poisson and Erlang(n) models are made.
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Recall our model:

Z(y=> e Tk X, t>0.
k=1

Léveillé and Garrido (2001b) give the moment generating
function (m.g.f.) of Z():
Mzo(s / M (e~ )Mz (56~ )aF,(v),  (3)

or in term of the renewal function (Léveillé, Garrido and Wang,
2008) we have:

t
MZ(,)(S)1+/O [Mx(se™°") = 1] Mz (se™*")dm(v). (4)
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Analytic Results for the M.G.F

Continuously substituting Mz(t,v)(se“s") in (3) into itself gives
an analytical expression of the m.g.f. in terms of F:

:ZHk(t7S)7 (5)
k=0

where Hy(t,8) = [ Mx(se™0")Hx_4(t — v, se~*")dF,(v), and
Ho(t,s) = F ( t), for all s.

Or in term of renewal function
:Zlk(tas)a (6)
k=0

where I(t,8) = [o [Mx(se~") — 1] k_1(t — v, se %) dm(v),
and fp(t,s) =1,forall s
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PH Inter-arrival Times

Definition

Let A be an arbitrary non-singular square matrix of order n
such as limy_... e®* = 0, a be a n-dimensional column vector
such that o’ 1 = 1, where 1 is a n-dimensional column vector of
1’s, that is:

Q:(Om Qg v an)/a27:10‘i:1704i207
and 1=(11 - 1),
If the distribution function Fx can be written as:

FX(X) =1 _QleAX17

x>0, (7)

then we say that Fx is (or X has) a phase-type (PH) distribution
with parameters («, A).
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PH Inter-arrival Times

The mean E[N(t)] is defined as renewal function and renewal
density is given by:

/A1l |

Asmussen (2003).

Substituting it into the m.g.f. equation (6) yields ( (Léveillé,
Garrido and Wang, 2008):

t—xq tz,1x,k+1
M) = 13 [

{[/\/lx(se—<S Si-%) —1]o’e BXI( A) }arxk+1 . dxpdixy
(8)
where B = A(l — 1¢/).
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A differential equation in t is obtained for Mz ;):

;Mz(,)(s) — [My(se™™) — 1] [/eB (AL + f(t,5)] . (9)
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PH Inter-arrival Times

A differential equation in t is obtained for Mz ;):

;MZ(,)(s)_[MX(sefS) 1][a/eB (AL +£ts)], (9)

where

L e e

i=1

{ |:MX(Se_6YI) _ 1:|Q/eB(,Vi—YI—1 )(—A)1} dy; - - - dyi_1dyx ,

with yo = 0.



Discounted Compound PH-renewal Sums
[ Jelele]e]

Corollaries

Outline

e Discounted Compound PH-renewal Sums

@ Corollaries



Discounted Compound PH-renewal Sums
o] Jelele]

Corollaries

Discounted Compound Poisson Sums

If the inter-arrival times are exponential distributed, that is
F.(t) =1—e* = m(t) = \t, the m.g.f. can be simplified as
(Léveillé, 2002):

Mzr)(s) = elolMx(se™)~Tldv. (10)
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Discounted Compound Poisson with PH Claim
Severities

Considering PH claim severities, the result (10) can be
simplified as.

If the deflated claims { Xy }>1 have a PH («, A) distribution
with sprad{sA~'} <1 and N = {N(t),t > 0} forms a Poisson
process, then for 6 > 0
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Corollaries

Discounted Compound Poisson with PH Claim
Severities

Considering PH claim severities, the result (10) can be
simplified as.

If the deflated claims { Xy }>1 have a PH («, A) distribution
with sprad{sA~'} <1 and N = {N(t),t > 0} forms a Poisson
process, then for 6 > 0

Mz (s) = exp {3a'In [(1+ se~A~")(1+- sA") 1|1}, s€eR,
(1)

which is a generalization of Jang (2004).
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For 6 > 0 we have:

E[Z(f)] = _g (1-eMgA 1, t>0, (12
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Corollary

For 6 > 0 we have:

E[Z(f)] = _g (1-eMgA 1, t>0, (12

and
(1—e?Ha/A21, t>0. (13)
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Corollary
For 6 > 0 we have:

EZ(0)] = 5 (1

and

—e /A1, t>0,

t>0.

(12)

(13)

which is consistent with Léveillé and Garrido (2001a).
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Corollaries

Erlang(2) Inter-arrival Times

Considering Erlang(2) inter—arrival times, then the m.g.f. of Z(t)

satisfies:
02 0
o Mz(n(8) = ai(t) 5:Mz(r(S)+ao()Mzr(s),  t=20,s€R,

(14)
with initial values Mz(0)(s) = 1 and &Mz (s)| —o0 = 0, where
2 [Mx(se*5’)—1] 5 s
_ ot _ — y _ A
ay (1) Ii(se——1] 2\, ap(t) = N [Mx(se~°") — 1] and
My is the m.g.f. of the deflated claim severity X.
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Let inter-arrival time be Erlang(2) (a = ( g) ) ,

A= _0)\ _)‘)\ > deflated claim X be exponential distribution
(f) and § = 0.01,A =0.01,60 = 1. We have homogeneous

differential equation:
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Example

Let inter-arrival time be Erlang(2) (a = ( 1 ) ,

0
A= _0)\ _)‘)\ > deflated claim X be exponential distribution
(f) and § = 0.01,A =0.01,60 = 1. We have homogeneous

differential equation:

82

0
ﬁMZ(t)(S) = a1(t);Mz(1)(S) + ao(t)Mz(1(s)

ot
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Example

Let inter-arrival time be Erlang(2) (a = ( g) ) ,

A= _0)\ _)‘)\ > deflated claim X be exponential distribution
(f) and § = 0.01,A =0.01,60 = 1. We have homogeneous

differential equation:

52 0
ﬁMZ(t)(S) = 31(1‘)&’\42(0(3) + ao(t)Mz1(s) s
where
P —0.01t
_ [M(t,s)] 5, _ 0.01(2se —3)
ai(t) = M(t, s) 2A = 1 —se- 001t 7
0.0001se 001t 9
2
a(t) = MMt s)= 1 se 00 M(t, s) = 9 _se ot
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The asymptotic behavior of the Mz (s):

2+2(1 —s)I2n(1 —s).
s s
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Comparison of Erlang(n)

We have the following assumption for the comparison

@ Erlang(n) inter-arrival times n=1,2, 3, 4.
@ Erlang(2) with mean 2 deflated claim severities.

@ 0=0.01,\= 55 forn=1,2,3,4.
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Application

The mass at x = 0 of the distribution of Z(t) differs for Erlang
claim inter—arrival distributions.

The comparison should be made for the conditional density
functions of Z(t), given that x > 0 (see following figures).

We can see that the exponential claim inter—arrival times have
the heaviest tail; i.e. compound Poisson discounted sum is the
most dangerous Erlang compound renewal sum.
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Conclusion

Summary

developing a close form for m.g.f. if the discounted
compound sums is Poisson process with PH claim
severities.

@ obtaining homogeneous differential equation for m.g.f. if
the inter-arrival times are Erlang(2) distributed.

@ asymptotic results as t — oo and § — 0 are also
considered.

@ some numerical examples are given to illustrate the results.

@ the results can be applied to delated and stationary
renewal processes.

@ the computation of the stop-loss premium.
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