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Let T, denote the time-until-death random variable for
a life aged x.
Let S(t) be the time-t price of a stock or mutual fund.
Consider death benefits that depend on the value of
S(T,), 1.e., consider b(S(T,)) for some function b(.).
Examples:

b(s) = Max(s, K)

b(s) = (s - K),

Problem: Evaluate
E[e°'xb(S(Ty))]

where the expectation is taken with respect to an
appropriate probability distribution and
o 1S a continuously compounded interest rate.




E[e °"™*b(S(T,))]
= E[E[e°"™*b(S(T,)) | T, 1]

e *'b(S(1)) | T, =t] 1 (1) dt

J El
0]
j E[e*'b(S(t))] fr. (t) dt
0]

If T, Is independent of {S(t)}.



So we want to calculate
o0

j E[e'b(S(t)Ify, (t)dt.
0]
fr,®=2c;f (O,
J

T E[e *'b(S(t))1f+, (t)dt

_Z ; j E[e *'b(S(t)]IF,, (t)dt
_Z E[e "Ib(S(t)]-



The time-until-death density function can be
approximated by linear combinations of exponential
density functions

At

fTX(t)zZ ijrj(t) :Z j < kje_ s
J J

Thus, our valuation problem becomes finding
E[e~*" b(S(x))].
where 1 IS an exponential random variable

Independent of {S(t)}. It turns out to be an elementary
calculus exercise for geometric Brownian motion
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Let S(t) = S(0)ext+oz | t>0,
where {Z(1)} Is a standard Brownian motion.
et T be an independent exponential random variable

with mean 1/A. Then,

E[e-°% b(S(t), Max{S(t); 0 <t <1})]

=% _fb(S(O)eX,S(O)em)e‘“de e P~ IMdm

G 35| 2%

where a < 0 and (3 > 0 are the solutions of
15622 + ux — (A+9) = 0.



E[e—°% b(S(t), Max{S(t); 0 <t <1})]

B 2_7\,00 m
62 O —oo
Examples:

b(s,u) = (s—-K),
b(s,u) = (K=5),
b(s,u) = u

j b(S(0)e*,S(0)e™)e **dx |e"®~™dm.

call option

out option

nigh water mark payoff



Barrier Options

Assume S(0) < B, a barrier.

b(s, u) = I(u < B)xn(s)
Up-and-out option

b(s, u) = I(u = B)xn(s)

Up-and-in option

Useful for incorporating lapses or surrenders.



Assume S(t) = S(0)eX® , t >0, where
Ny () Ny (t)

X(t) =pt+cZ()+ > - D> Ky

j=1 k=1

m
fJ (X):ZAIVIG_V'X, X>O
i=1

n
i=1

m n

> A =1 > B=1

1=1 I=1



S(t) = S(0)eX®, t>0
Running maximum M(t) = Max{X(u); 0 <u <t}

Running minimum m(t) := Min{X(u); 0 <u <t}

Because {X(u)} Is a Levy process,
(1) M(7) and [X(t) — M(7)] are independent random
variables,

(1) [X(t) — M(7)] has the same distribution as m(r).

(1) I1s hard to prove; (i) Is easy.



In fact, (i1) Is true for each fixed t.

X(t) = M(t) = X(t) — Max{X(s); 0 <s <t}
= X() + MIn{—X(s); 0 <s <t}
= MiIn{X(t) — X(s); 0 <s <t}
= MiIn{X(t—s); 0 <s <t} in distribution
= MiIn{X(s); 0 <s <t}
= m(t)



Running maximum M(t) = Max{X(u); 0<u<t}
Running minimum m(t) := Min{X(u); 0 <u <t}
(1) M(t) and [X(t) — M(7)] are independent r.v.’s.
(1) [X(t) — M(7)] and m(z) have the same distribution.

Then,
E [eZX(’C)] — E [eZ[X(’C)—M(’C)-I—M (1:)]]

_ E[edX®-ME@I] x E[e?MO)]
— E[ezm(r)] % E[eZM(’C):,

which Is a version of Wiener-Hopf factorization.




Assume N, (t) N, (1)

X(t)=pt+oZ(t)+ > J;i— D K,
j=1 k=1
where

m
f (x) = ZAivie_"iX, X >0

n
fi (X) = Z Bw.e "X, x>0

Then, E[eZX(] = e™¥®@ for each t > 0, with

i
¥ (2 Z+%c%2° +vY A, > B
(2) = pz +% 21: v Z —



m
¥ (z) =z +%c°z° +vy A oaz B, ‘_
VAR Wi + Z

can be extended by analytic continuation.
The moment-generating function of X(t) IS
E[e”™] = E[E[e*)|]]

= F [e\P(Z)’C]
A

T A—¥(2)

he zeros of the RHS are the poles of ¥(z).
The poles of the RHS are the zeros of A — W(2).




Label the parameters (the poles of W(z)) such that
V<V, <...<V,
W, <W, < ...<W,

If the weights A’s and B’s are positive, then

—00< 0l < ~W, <. <= W <01 <O<B < V<L <V < <00
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Label the parameters (the poles of W(z)) such that
V<V, <...<V,
W, <W, < ...<W,

If the weights A’s and B’s are positive, then

—00< 0l < ~W, <. <= W <01 <O<B < V<L <V < <00

Wiener-Hopf:  E[eZX()] = E[ezM(M]xE[ezM()].

For z >0, 0 < E[ez2™®] < 1. No positive zeros or poles.

For z <0, 0 < E[ez2M()] < 1. No negative zeros or poles.



—00<(t, 4 < —Wn<...<—W1<OL1<O< B1< V<o V<1 <00

/n+1 1 )
E[e”™(P] o H(Z wi || ]1
L Ui 27 %5
( m /m+1 1 )
E[e™O]oc| [T(z-v)) || T]
\_j=1 \j=1Z_Bj/

/ N 7 W\/n—l-l —QOL - \

E[e?™()] = 1 LT J

ik Wi U 29

(m V__Z\/m+l Bj )
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m+1/m Vj_Bk\( m-+1

=211

k=1\_ j=1

Thus, fp () =D be ™,

where by =

A\V4 )
A" Bi— Y,
\
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For y > max(x, 0),

fX(r), M(r)(X’ Y)

= fM(r), X(r)—M(t)(y’ X —y)x1
= Ty Y) Tx@mmX —Y)
= TuoY) Tnp(X—Y)

m+1
k=1

m+1 n+1

J

/n+1

Za o %) j(X=y)

=L

_ Z za bk % @ —Q;X e_(Bk_OCj)y

k=1 j=1

\

Y



Further Work
1. Use SOA CAE research grant to hire graduate
students to estimate the parameters and to

program the formulas.

2. Binomial tree version.
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