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Motivation 
• Traditional DB pension scheme  DC pension scheme 

• Low demand of annuities - “Annuity Puzzle”

• A decumulation strategy comprising 
◦ A deferred annuity purchased at retirement 

◦ Optimal consumptions before the commencement of the annuity 
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Previous Research – Deferred annuities 
Major advantages of deferred annuities:

• It requires a smaller initial investment, which overcomes a potential psychological 
barrier to annuitisation

• It provides almost as much longevity insurance as an immediate annuity product

• It suffers much less actuarial unfairness

• It improves and simplifies the process of retirement wealth decumulation while 
retaining the chance to leave a bequest

Supporting literature:

Milevsky (2005); Gong and Webb (2010); Scott (2008); Sexauer and Siegel (2013).
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Previous Research – Decumulation strategies  
• A first year withdrawal of 4%, followed by inflation-adjusted withdrawals (Bengen, 
1994)

• DCDB: a laddered Treasury Inflation Protected Securities (TIPS) for 20 years and a 20-
year deferred annuity (Sexauer et al., 2012) 

• A annually recalculated virtual annuity (Waring and Siegel, 2015) 
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Objectives 
• The Utility-maximisation decumulation strategy

◦ The optimal fraction of wealth to be invested in a deferred annuity

◦ The optimal consumption path that investors should follow 

• The impact of following additions to the model: smooth consumption 
requirement, the state benefit, the target replacement ratio, the bequest 
motive.

• The optimal decumulation strategy for irrational retirees with: 
◦ Time-inconsistent preferences 

◦ Subjective mortality rates 
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Optimal decumulation strategies 
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Optimal decumulation strategies 
A decumulation strategy comprising of 

(a) A deferred life annuity purchased at the point of retirement 
(b) Optimal consumptions before the annuity commences

𝑉 = max
𝐶65,𝐶66,…

 𝑖=0
54 𝛿 𝑖 𝑖𝑃65 𝑢(𝐶65+𝑖)

Subject to  𝑖=0
𝑑−1𝐶65+𝑖 𝑣

𝑖 +  𝑖=𝑑
54 𝐶65+𝑖𝑣

𝑖
𝑖𝑃65 1 + 𝐿 = 1

where: 𝐶𝑥: consumption at age 𝑥, for 65 ≤ 𝑥 ≤ 119

𝛼: percentage of wealth to be invested in the deferred annuity 

r: deterministic risk free interest rate, 𝑟 = 3%

𝑣: one-period exponential discount rate, 𝑣 = 1/(1 + 𝑟)

𝑢 𝐶𝑥 : CRRA utilities, 𝑢 𝐶𝑥 =  𝐶𝑥
1−𝛾 (1 − 𝛾), 𝛾 = 2

L: profit loading factor, 𝐿 = 10%
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Optimal decumulation strategies – Fixed deferred annuity 
M01: the available deferred annuity has a fixed deferred period d. 
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Optimal decumulation strategies – Flexible deferred annuity
M02: the deferred period, d, is at the choice of investors. 
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𝛼
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Model extensions
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Optimal decumulation strategies – Smooth consumptions  
𝑉 = max

𝑐65,𝑐66,…
 𝑖=0
54 𝛿 𝑖 𝑖𝑃65 𝑢 𝐶65+𝑖 − 𝜅 𝑖=0

53 (𝐶65+𝑖+1−𝐶65+𝑖)
2

Subject to:  𝑖=0
𝑑−1𝐶65+𝑖 𝑣

𝑖 +  𝑖=𝑑
54 𝐶65+𝑖 𝑣

𝑖
𝑖𝑃65(1 + 𝐿) = 1
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𝜿 102 103 104 105 106

𝛂 21.58% 21.43% 21.06% 21.00% 21.25%

max 𝑪𝒊 6.8% 6.8% 6.7% 6.6% 6.4%

min 𝑪𝒊 5.7% 5.8% 6.1% 6.3% 6.4%

max-min 1.1% 1.0% 0.7% 0.3% 0.0%
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Optimal decumulation strategies – State benefits  
𝑉 = max

𝑐65,𝑐66,…
 𝑖=0
54 𝛿 𝑖 𝑖𝑃65 𝑢 𝐶65+𝑖 + 𝑠𝑏

Subject to:  𝑖=0
𝑑−1𝐶65+𝑖 𝑣

𝑖 +  𝑖=𝑑
54 𝐶65+𝑖 𝑣

𝑖
𝑖𝑃65 1 + 𝐿 = 1
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sb 0.0036 0.0072 0.0361 0.0721 0.1442

𝛂 21.60% 21.62% 21.76% 21.92% 22.25%

The optimal percentage of wealth to be invested 
In a 15-year deferred annuity

The optimal consumption path at retirement (d=15)
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Optimal decumulation strategies –Target replacement 
ratio 

𝑉 = max
𝑐65,𝑐66,…

 𝑖=0
54 𝛿 𝑖 𝑖𝑃65 𝑢 𝐶65+𝑖 − 𝜅 𝑖=0

54 (𝐶65+𝑖 − 𝑡𝑎𝑟𝑔𝑒𝑡)2

Subject to:  𝑖=0
𝑑−1𝐶65+𝑖 𝑣

𝑖 +  𝑖=𝑑
54 𝐶65+𝑖 𝑣

𝑖
𝑖𝑃65(1 + 𝐿) = 1
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𝜶

Replacement Ratio 

0.5 0.6 0.7 0.8 1

target
0.0361 0.0433 0.0505 0.0577 0.0721

𝜿

0 21.60% 21.60% 21.60% 21.60% 21.60%

10^2 20.88% 21.05% 21.22% 21.40% 21.78%

10^3 18.72% 19.38% 20.07% 20.79% 22.32%

10^4 16.43% 17.66% 18.92% 20.20% 22.81%

10^5 15.83% 17.24% 18.65% 20.07% 22.92%

10^6 15.75% 17.19% 18.62% 20.06% 22.93%
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Optimal decumulation strategies –Bequest motives
𝑉 = max

𝑐65,𝑐66,…
 𝑖=0
54 𝛿 𝑖 𝑖𝑃65𝑢 𝐶𝑖 + 𝛿 𝑖 + 1 𝑖𝑃65𝑞65+𝑖 𝑛𝑊𝑖+1

Subject to:  𝑖=0
𝑑−1𝐶65+𝑖 𝑣

𝑖 + 1 + 𝐿  𝑖=𝑑
54 𝐶65+𝑖𝑣

𝑖
𝑖𝑃65 = 1
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The decumulation strategy for retirees with
time-inconsistent preferences
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Hyperbolic discount model vs Exponential discount 
model
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Optimal decumulation strategies – Fixed deferred annuity 
M01: the available deferred annuity has a fixed deferred period d. 
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𝜶
Deferred period
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discounting
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Optimal decumulation strategies – Flexible deferred annuity
M02: the deferred period, d, is at the choice of investors. 
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𝜶

Profit Loading 
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Conclusions
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Strategies Asset allocation 

M01 6.9% in a 20-year deferred annuity 

M02 56.95% in a 6-year deferred annuity 

DCDB 93.12% in 20-year TIPS + 6.88% in a 20-year deferred annuity

M01 M02 DCDB

Reduce longevity risk * * *

Reduce liquidity risk * *

Reduce inflation risk *

Achieve higher utility * *



Conclusions
•A target replacement ratio is an influential factor on wealth allocation. 

•Smooth consumption requirement, state benefits and bequest motives do not show 
significant impacts on wealth allocation.

•Retirees with time-inconsistent preferences tend to prefer inflation protected deferred 
annuities.
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