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What is going on with the
exchange rate, anyway? In 2002,
$1 U.S. bought $C 1.60, and now
in May 2005 you only get  $C
1.25—that’s  20 percent less!

Where’s it going next?
One way to answer that question is with a time

series model. Let’s review some terms first, and then
investigate the data. An autoregressive (AR) time
series model has the form:

where ∆X = a* (MR – Xt-1) + εt

where MR gives the mean reversion target, and “a”
gives the speed at which the series approaches its
long-run target.

A moving average (MA) time series has the form

∆X  = f * εt-1 + εt

where “f” controls the autocorrelation of the result-
ing series. If f is large and negative, successive
shocks are dampened, while if f is positive, shocks
are magnified.  

Technically, a model of the change in an
economic variable is called an “integrated” (I) time
series. The models may use data from one or more
time periods. The series used here are ARIMA(1,1)
time series, which means they are autoregressive
moving average models of the change in the variable,
both using one period of history.

Back to the loonie. The monthly change in the
exchange rate (in absolute dollars) gives a familiar
picture, similar to a seismogram. There are periods
of high and low volatility. It’s not obvious from the
monthly change series, though, whether we’re in an
up trend or a down trend. To get at this, I also
graphed the 12-month moving average of the
change in the exchange rate (after filtering out some
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reversion to the long-run average since 1971 of
about 125).

This suggests that we could reflect the frequency
and severity of trends in the CAD series by modeling
the mean change as a separate process. In contrast to
popular “stochastic volatility” models, this would be
a stochastic mean model. The form of the model is:

∆X =    Vt + a1* (MR – Xt-1) +  f1εt-1 + εt
Monthly change in CAD value

∆V =    a2*(0 - Vt-1) +  f2εt-1 + εt
Change in mean of ∆X

That is, two autoregressive moving average
models with one month of “memory.” The second
series, V, reverts to zero. The base series, X, experi-
ences rising or falling trends when V is positive or
negative, respectively.

I fit such a model, with least-squares minimiza-
tion on the monthly data since 1971 from Bloomberg.
The parameters are shown in the table on page 15.

The mean reversion target, 125.16, is the average
value from the data set. The series for V has a posi-
tive autocorrelation parameter, F2, which magnifies
trends away from the long-term average. V also is
modeled with a normal random deviate.

Once we filter out mean reversion and the
process for the mean, the historical data for ∆X shows
non-normal, fat-tailed residuals. To capture this
behavior, the random term for X is modeled as a mix
of two normal random deviates. The random term
has a “low” standard deviation close to one for half
of the time; the rest of the time it is over two. This fits
the tail of the residuals reasonably well.

To check consistency over time, I recalibrated the
model to the period after 1989. The parameters for V
are comparable, which indicates that trends in the
mean are not significantly different. The residual
term for X shows higher volatility parameters in the
more recent period. The average exchange rate was
higher in the recent period, so the mean reversion
target is higher as well.
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Monthly Change in CAD and Moving Average

            



As may be seen from the moving average graph,
the mean term V has recovered from its historic lows
of around -2, to around -0.8 as of the end of April. It’s
still negative, which means the model starts with the
presumption that we are in a down trend. The
Canadian dollar would continue to strengthen under

this model. However, today’s value of 125.83 is close
to the long-run average.

Let’s see what this model (1971 parameters)
implies for the long term, and for the end of this year.

AUGUST 2005 • RISKS AND REWARDS • 15

CANADIAN DOLLAR TIME SERIES

Since 1990 Since 1971

A1 0.018226 0.008258 speed of mean reversion for X

F1 0.005241 (0.018521) autocorrelation for X

MR1 136.857826 125.160000 mean reversion target for X 

A2 0.068838 0.068179 speed of mean reversion for V 

S2 0.233072 0.195848 std dev of V 

F2 0.114252 0.056541 autocorrelation of V 

P 0.667780 0.529337 chance of being in high state 

S1a 1.160138 0.950646 low state st dev 

S1b 2.735238 2.289211 high state st dev 

X0 125.830000  125.830000 initial X  4/29/05 Value 

VO (0.800000) (0.800000) initial V  4/29/05 Value 

max used 200.000000 200.000000  max X 

min used 50.000000 50.000000 min X 

turn to page 16

Table 1: Canadian Dollar Time Series Parameters

       



This table shows the moderate strengthening
trend continuing. Average CAD levels strengthen to
117, before turning back to the assumed long run
level in 20 years.  It takes that long to work off the
trend!

The model could also be run under other initial
conditions. Suppose the mean trend variable were at
1.6, its all-time high. In that case the model output is:
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CANADIAN DOLLAR TIME SERIES

Table 2: Distribution of CAD/$US, simulation of 1000 30-yr scenarios

From Page 15

      



Again the trend works its way off in 30 years, but
not before breaking 140 in the next three years. So,
the model is sensitive to the initial condition for V. It
may be more appropriate to start with a point half
way between the observed 12-month moving average

and zero. By the time we observe the trend, it may be
over.

Finally, by running the model with parameters
from 1990, we get
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CANADIAN DOLLAR TIME SERIES

Table 3: Sensitivity Test: Historical Maximum for V

     



It’s interesting that the 1990 parameters give a
distribution that is “fatter” in the early years, since
the coefficient of variation (std. dev./average) is
greater. After five years or so, the 1990 parameters
give a tighter distribution of results (as well as rever-
sion to a higher mean reversion level).

I’ll hazard a forecast: 1 $US = $C 1.23 on
December 31, 2005.

This sort of model may be useful for other sorts
of financial data such as interest rates. An equity
price series probably should be modeled with a non-
zero mean reversion target for V, to reflect long-term
growth. �
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CANADIAN DOLLAR TIME SERIES

Table 4: Parameters Calibrated Since 1990

From Page 17

       


