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Disclaimer for Software Posted on Web Site

Important: The Retirement Probability Analyzer, Version 1.1 ("Software") posted on
this site is the property of the Society of Actuaries ("SOA™) and the Society of Actuaries’
Pension Section, and is protected under U.S. and international copyright laws. It was
created for the SOA and the SOA Pension Section by Moshe Milevsky and The IFID
Centre.

The Software has been developed for the benefit of actuaries FOR PEDAGOGICAL USE
ONLY, although others may find it useful. SOA and the SOA Pension Section make the
Software available to individual users for their personal use on a non-exclusive basis.
No commercial use, reproduction or distribution is permitted whatsoever.

SOA, the SOA Pension Section and the authors make no warranty, guarantee or
representation, either expressed or implied, regarding the Software, including its
quality, accuracy, reliability or suitability, and HEREBY DISCLAIM ANY WARRANTY
REGARDING THE SOFTWARE’'S MERCHANTABILITY OR FITNESS FOR ANY PARTICULAR
PURPOSE. SOA, the SOA Pension Section and the authors make no warranty that the
Software is free from errors, defects, worms, viruses or other elements or codes that
manifest contaminating or destructive properties. In no event shall SOA, the SOA
Pension Section or the authors be liable for any damages (including any lost profits, lost
savings, or direct, indirect, incidental, consequential or other damages) in connection
with or resulting from the use, misuse, reliance on, or performance of any aspect of the
Software including any instructions or documentation accompanying the Software. SOA,
the SOA Pension Section and the authors make no representation or warranty of non-
infringement of proprietary rights of others with respect to the Software. The entire risk
as to the uses, outputs, analyses, results and performance of the Software is assumed
by the user. This Disclaimer applies regardless of whether the Software is used alone
or with other software.

Operating Systems

To operate effectively, it is strongly recommended that the Retirement
Probability Analyzer program is used with one of the following systems: the new
Windows XP or Windows 2000. These two systems are most appropriate because they
are equipped with dynamic link library (DLL) files, which the program relies upon.
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Backaround

This program allows the user to explore in great detail a technical problem that
has occupied a number of investors, financial writers and especially retirees, during the
last few years, as the baby boomers start to approach retirement. Namely, what is the
probability that one will run out of money before running out of life, if his or her current
standard of living is maintained?

Indeed, the question has even reached the popular mainstream press. For
example, a recent article in Money Magazine (May 2004) discussed the probability of
running out of money — or the odds of being ruined — assuming an investor selected a
particular asset allocation (investment portfolio) and product allocation (mixture of fixed
and variable annuities). The reported probabilities in that article were all based on
Monte Carlo computer simulations. This program takes a distinct approach.

The purchase of payout (also called life or pension) annuities provides a form of
longevity insurance, to cover the risk of living too long and running out of money; and
in exchange for a lump sum of money, the issuing insurance company provides the
investor with a regular income stream, elected to be fixed or variable, for the rest of his
or her life.

This program — the Retirement Probability Analyzer (RetPro) - consists of a
collection of sequential modules — written specifically for the Society of Actuaries — that
compute probabilities associated with various retirement investment and spending
strategies. The underlying and main idea behind the program is to quantify the odds

that a particular self-annuitization pattern (i.e. involving no reliance on purchased
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payout annuities) is sustainable given a specific initial age, mortality table and portfolio
asset allocation. To this end, we have defined the Lifetime Probability of Ruin as the
probability that the retiree will exhaust all discretionary funds while still alive, if they
decide not to annuitize. Clearly, the larger this probability, the greater the argument in
favor of annuitization (or reducing consumption and spending).

The core of this program does not rely on computer simulations. Rather, it uses
a numerical procedure based on the underlying asset dynamics to derive the relevant
probabilities and estimates. The benefit in our approach is that our results do not
contain statistical sampling error. More importantly, our quick and efficient algorithm
allows the user to test any number of cases to obtain precise results for that scenario.
Another difference between our approach and the simulation methodology that other
authors and practitioners use is that we allow for a richer menu of payout annuity
products, such as real inflation linked annuities, variable annuities with flexible assumed
interest rates, and nominal annuities with escalating COLA payments.

Overall, we believe that our methodology — which we label the Numerical PDE
approach and is explained in greater depth in the technical appendix — provides the
user with many degrees of freedom to explore the impact of a variety of retirement
income choices.

In the following pages, we will illustrate the various components and capabilities
of the program and will apply the methodology in a series of cases. Finally, we provide
a Frequently Asked Questions section and a technical appendix in which we address

guestions the reader may have about our approach of assessing retirement strategies.
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Part 1 — Input of Individual Information

The initial phase of the program requires the user to select the mortality table of
choice, to specify the assumed yield curve and input the characteristics of the

individual, as well as the investment and consumption strategy.

&} [nput Individual Information

Investment and Porfolio Asset Allocation Financial Economic Assumptions
Mortality Tables Annuity Waluation Rates Indiviclual Inforrmation

Help

Please choose the relevant mortality table for:

Ruin Probability Annuity Factors
© UP 1994 & GAM 1983 (PBGC)
- _
AM 2000 Basic © 1AM 2000 Basic
© RP2000
Projection: Projection:
0 ~| vears 0 - vears

Print Screen
Calculate $

Mortality Tables

In this program, we allow the user to specify two different mortality tables in the
Mortality Tables panel: one for annuity calculations and one for retirement ruin
probability calculations. For more information on the table alternatives provided, please

consult the SoA website (http://www.soa.org).
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Both mortality tables may be projected forward to reflect mortality
improvements. The methodology behind the table projections can be summarized as
follows: a mortality table consists of a sequence of one-year mortality rates denoted by
q, and a projection (mortality improvement) scale denoted by g, . The resulting
projected conditional probability of survival is denoted by:

] - n-1
Gp)=]]A-0a,@-9,.))]]@-a.)
i=0 i=j+1
Where x is the current age, n is the number of survival years, and j is the number of
projection years. For example, if j=n-1 (signifying a full projection - where the table is
projected each year), q,, = 0.001, g, =0.002, q,, =0.003, g,, =0.010, g, =0.015, and

ds =0.020, then the conditional probability of survival from age 60 to age 63 is:

(1-0.001(1— 0.01)°)(L— 0.002(1— 0.015)")(L— 0.003(L — 0.020)?) = 0.99415
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= [nput Individual Information @

Inwestment and Fortfolio Asset Allocation ] Financial Econamic Assumptions ]
borality Takles Annuity Yaluation Rates } Individual Informatian ]

Help

The Current Yield Curve:

Interest Rate During Period: Nominal Real
Oyrs - Syrs: [500% ~| [400% ~|
Syrs - 10yrs: 600% < [510% |
10yrs - 15yrs : [700% | 620% ~|
15yrs - 20yrs : [a00% ~| [700% ~]
20yrs - 25yrs [a00% ~| [810% <
above 25 yrs : la50% |

Print Screen
Calculate $

Annuity Valuation Rates

In the Annuity Valuation Rates panel, the program allows the user to specify a
full term structure of interest rates (or a yield curve, which captures the relationship
between interest rates of default-free bonds for different maturities) for the pricing of
real (adjusted for inflation to be expressed in today’s dollars) and nominal life annuities.
It should be noted that the program “breaks” the yield curve into buckets of five years
each, and discounts all payments during the given period at the specified rate. These
numbers should be considered to be zero-coupon (not YTM) rates and are on an after
expense and load basis. The program also assumes inflation by subtracting the real

yield curve from the nominal yield curve, specified in this panel. Thus, since the two
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curves must be specified, inflation is not a stochastic variable in the program. The
program does not account for unexpected inflation and thus, the inflation variable used
in inflation scenario testing, for example, is limited to the value of the difference

between the two yield curves.
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&, [nput Individual Information g|
Investment and FPorfolio Asset Allocation ] Financial Ecanamic Assumptions ]
bdortality Tables ] Annuity aluation Rates Individual Infarmation
Help Current Age: Bs  ~ Gender: Male =
Real Target Income: 100.000 Liguid Retirement Wealth: 400.000
Current Pension Income (Annual) Allocation to Purchase of Annuities
MNominal / COLA; 20,000 jox o - MNominal f COLA, 10,000 j0x =
P - linked: 10,000 P - linked: 10,000
Yariable / AlR: 10000 2% = “ariahle } AR o000 |22 =
Acquired Annuity Income {Annual) Net Consumption Deficit: 56.937
Maminal § COLA; 1.162 (To be funded via SWiF)
CFI - linked: 1.095
Net Investable Wealth: 370.000
Yariakle f AlR: 806
(To be allocated amongst investrments)
Print Screen
Calculate $

Individual Information
The panel entitled /ndividual Information gathers the necessary information that

will be used to assess the individual's financial future. The input of the following
information is required:

e Current age — Ages 50 - 90 can be entered

e Gender

e Real target income - This is the desired level of real income, consisting of

income from all sources, to be received throughout the retirement years.
e Liquid Retirement Wealth — This represents the amount of financial assets

currently available for investment.
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e Current Pension Income — All sources are to be entered. The program
allows three types of entries of annual income: Nominal, CPI- Linked, and
Variable. For Nominal annuities, the Cost of Living Adjustment (“COLA™)
rate is entered, and for Variable annuities, the Assumed Interest Rate
(“AIR™) is entered. As an example of current pension income, CPI — linked
pension income may result from social security benefits and other public
pension systems.

e Allocation to Purchase of Annuities — This section represents the amount
of Liquid Retirement Wealth that has been allocated to purchase
annuities. Similar to current pension income, this section allows three
types of entries: Nominal, CPI-linked, and Variable. The total purchase
price of each annuity type is entered, as well as the COLA Rate for
Nominal Annuities and AIR Rate for Variable Annuities.

Once all of the above information has been entered, the user is ready to click the
“Go” icon. Upon clicking this icon, the program calculates the remaining items in
the panel. This feature can be used repeatedly on this panel to adjust the
calculated values to the ultimate desired levels or for scenario testing. The
following items are calculated:

e Acquired Annuity Income — This represents the annual income from each
annuity type entered in the allocation to purchase of annuities section.
The annuity income is determined based on the selected mortality table

and term structure of interest rates, as well as the selected Assumed
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Interest Rate (AIR) or the Cost of Living Adjustment rate (COLA)
(depending on the type of annuity selected).

e Net Consumption Deficit - This represents the Real Target Income less
the sum of Current Pension Income plus Acquired Annuity Income. It will
be funded via a Systematic Withdrawal Plan (SWIP). The Systematic
Withdrawal Plan will be financed using the Net Investable Wealth (NIW)
or financial assets which have not been allocated to the purchase of
payout annuities.

¢ Net Investable Wealth (NIW) — This represents the originally entered
Liquid Retirement Wealth less the funds specified in the Allocation to

Purchase of Annuities section.
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&| [nput Individual Information E

Mortality Tables ] Annuity Waluation Rates ] Individual Information l
Investment and Portfolio Asset Allocation l Financial Economic Assumptions l
Help Canada -
Print Screen Asset Allocation
Taday In |5 = s
1.) Equity  Stocks: 20% - 0% -
(Morgan Stanley Capital International Index (in CADY)
2.) Nominal Return Bonds: 20% - 0% -
(mcotia Mcleod Universal Bond Index)
3.) Real Return Bonds: 20% - 20% -
(Scotia Mcleod Real Return Index)
4) Cash } Money Market : 20% = anw -
[Awerage 3honth TBill Rate)
5_) Real Estate: 0% - 0% ~
ilshire Real Estate Securities Index (in CADY)
Total: 1002 100%

Calculate

Investment and Portfolio Asset Allocation

In the Asset Allocation panel, the user must input the fraction

Exit

of net investable

wealth that will be invested in each asset class, which in total will form the diversified

portfolio. Thus, the user should estimate the fraction of financial investments, including

mutual funds and variable annuities that are equity-based, bond-based, etc. Please note

that the sum of percentages of wealth invested in the asset classes must equal 100.

Similarly, the program can account for the possible case in which the individual plans to

change this allocation strategy several years into the future, in the adjacent column.

The program treats this reallocation of assets, using a static reallocation method.

Retirement Probability Analyzer
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The asset classes that can be chosen for the purpose of investment have been
represented here with the relevant indices which serve as benchmarks and reflect the
current average behavior of the asset class. For example, the Morgan Stanley Capital
International Index is a market capitalization weighted index tracking numerous equity
markets across the world. Alternatively, the Lehman Brothers Aggregate Bond Index is
generally representative of government bonds, good quality corporate debt, and
mortgage or asset backed securities in the USA. Selecting Canada or the USA in this

panel will display the relevant benchmarks for these countries.
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= |nput Individual Information

Mortality Tables Annuity Valuation Rates Individual Infarmation ]
: Financial Economic Assumptions

Inwestment and Porfolio Asset Allocation

Help Canada

Print Screen Real Expected Return  Standard Deviation

(after inflation)

1.) Equity / Stocks : 6O00% 1600% -

{Morgan Stanleyy Capital Intermational Index (in CADY)

2.} Nominal Return Bonds : a00% 1000% -

[Scatia Mcleod Universal Bond Index)

3.) Real Return Bonds : 200% o« 700%

[Scotia Mcoleod Real Return Index)

4.) Cash / Money Market : 050% -
[Awerage 3-Month T Bill Rate]

5.} Real Estate: 1R0% 1400% -

Pvilshire Real Estate Securities Index (in CADY)

Calculate Exit

wi Input Individual Information

Mortality Tables Annuity Waluation Rates l Indirsidual Information l

Investment and Parfalio Asset Allocation Financial Economic Assumptions

Help uUusA

Print Screen Real Expected Return  Standard Deviation
(after inflation)

1.) Equity } Stocks : 700% - 2000% -

{Morgan Stanley Capital International Index)

2.} Hominal Return Bonds : a0 - 10.00% -

{Lehman Brothers Aggregate Bond Index)

3.) Real Return Bonds : 2E0% - g.00% -

{Lehrman Brothers LLS. Treasury Inflation)

4.) Cash { Money Market : 050% =
[Awerage I-Month T.Bill Rate)

5.) Real Estate: 350% v 12.00% -

Milzhire Real Estate Securities Index)
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Financial Economic Assumptions

The purpose of the Financial Economic Assumptions panel is to gather
information about the performance of each asset class in order to project the
performance of the invested portfolio as a whole, which will serve as a crucial
component in determining the retirement ruin probability. The real expected return of
each index reflects the estimated return for each asset class, based on a probability
distribution curve of the possible rates of return, adjusted for inflation. Next, the
assumed standard deviation figures should be inputted such that they reflect the
forward-looking volatility of the return (or the spread of returns around the average
return) for the particular asset class. Currently, the default returns for these asset
classes are long-term historical rates reported by Ibbotson Associates. Further, the
correlation structure which determines the co-movement of the asset classes is hard-
wired into the program. For an explanation of the impact of the correlation structure
being hard-wired into the program on the results, please refer to Question 8 of the FAQ
section for more details.

The Financial Economic Assumptions panels, illustrated immediately above,
contain the default real expected returns and standard deviation parameters for the
different asset classes for both Canada and U.S.A., and are provided as a reference to

the user.
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Part 2 — Results and Analysis

Once all the required variables are inputted, the program displays the Results
and Analysis panels. Please note that in some cases, users may be required to wait
between 30-90 seconds for the computations to be performed. The program allows the
user to save the information from the Results and Analysis panels, in text format, by

clicking on the “Save Results” icon on any one of the four Results and Analysis panels.

m. Results and Analysis

{ Probahility Results I Projected Wealth ] Prajected Cansumption l kaonality Parameters ]

Your Net Investable Wealth (NIW)is: 3 260.000

Your Net Consumption Deficit is: $ 2 932

Probabili

o hiTSJ[y 10 Years 20 Years 30 Years  Lifetime
02 of initial NIW 0% [3a7% | #64%
10 %2 of initial MW 0.3% | 48.4% | 90.2% | 35.8%
26 % of initial NIWW 2.3% | 64.3% | 935% | 44.0%
B0 26 of initial NI 30.2% | 86.9% | 97.4% | 62.6%

What is the probability that vour net investable wealth (NIYW) — from which you are financing
yallr net consumption deficit - will hit 2 specified fraction of your initial MY within the given time
period? A large number indicates a low probability that vour consumption strategy is sustainable.

Print Screen

Save Results Return

Probability Results
The output in the Probability Results section presents the end product of the
program, or the consequences of the selected consumption and investment strategy.

After taking into consideration the future life distribution of the individual, the likelihood
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of retirement ruin (that is, the probability of exhausting all available funds if no
annuitization program is elected) within the lifetime is then calculated. A high
probability, of course, signals a need for a strategy change and/or annuitization. To
supplement this figure, the probabilities of depletion of the Net Investment Wealth to
various levels (0%-50%) within 10, 20 and 30 years are also displayed. To review the
underlying mathematical processes involved in attaining these results, please consult

the accompanying technical appendix.

Retirement Probability Analyzer
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| Results and Analysis

Frobability Results PI’DJECTEdWEﬂHhI Frojected Consumption ] tortality Farameters

Estate (Real) Conditional on Survival:

Bad (25%%) Median Good (75%)
10vyears: | 0585 | 070 | 085

20years: | o000 | 020 | 045
S0years: [ go0 [ o000 [ 0.00 X 250,000

The above table provides a statistical range for the net investable wealth (NIW) process —
from which you are financing the consumption deficit — at various time paints in the future.
This is the armount of money your estate would be entitled 1o, in the event of death at these
dates.

Print Screen

Save Results Return

Projected Wealth

The Projected Wealth table presents the fraction of Net Investable Wealth that is
projected several years into the future (10, 20 or 30 years). More specifically, this is the
amount of money that the individual's estate would be entitled to, should death occur
at these times (ignoring taxation). All values shown in the panel are on a real basis. The
chart consists of three columns that represent bad, median and good case scenarios,
where each is associated with a different probability (25%, 50%, and 75%) of the NIW,
valuing up to a given fraction of the original NIW at the future times. These fractions
are the output of the chart cells. Note that there is a 25% probability that the wealth

will be less than “bad” and a 25% probability of the wealth being better than “good.”
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Here are some examples of how to read and interpret these numbers. In the above
panel, 20 year results indicate that in 50% of future scenarios — i.e. with 0.50
probability -- NIW will be greater than 0.20 times $250,000 (=$50,000). This is the
definition of median. 50% of the time NIW will be greater than $50,000 in twenty years
and 50% of the time NIW will be less than $50,000. In 30 years, however, the median
outcome is 0.0 times $250,000 which is obviously zero. Likewise, in 10 years time,
there is a 25% chance that NIW will be less than 0.55 times $250,000 (=$137,500).
This implies that there is a 75% chance that NIW will be greater than $137,500. On the
flip side, after 10 years, there is a 25% chance that NIW will be greater than 0.85 times
$250,000 (=$212,500). The same interpretation applies for 20 and 30 years. The ‘three
zeros’ in year 30 should be interpreted to imply that over the many possible future
scenarios for NIW, the large bulk of them lead to ruin (or zero value). More precisely,
75% of the time, NIW will be zero. However — and this is key — there is a less than

25% chance that wealth might be greater than zero.

Retirement Probability Analyzer 20
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&l Results and Analysis g|§|@

Probahility Results ] Projected Wealth : Projected Consumption ‘ tdartality Farameters l

Expected Income Conditional on Survival

X 55,000
1.00

0a0

080

070
060 |
050
040
030 r
020 r
o1 F

I:II:“:I 1 1 1 1 1 1 1 1 1 1
E5 70 79 a0 85 a0 35 100 105 110 115

The abaove graph displays the amoaount of income you can expect to be receiving at various
paints - specified as a multiple of vour consurnption target — assuming you survive to the
given age.

Print Screen

Save Results Return

Projected Consumption

The Projected Consumption panel graphically illustrates the mean outcome of
income the retiree can expect to receive at various points in the future. All values in the
graph are on a real basis. We stress again, that mean and median are different
statistical quantities. The mean is an average that is computed by multiplying
probabilities by outcomes while the median is the 50% mark at which half the
outcomes are better, and half the outcomes are worse. /n our case, the median tends
to be lower than the mean. Thus, although the average or ‘mean’ consumption is

displayed above, the median consumption level might be (much) lower at any given
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point in time. The mean might be distorted by a number of very large possible
outcomes (i.e. in cases where the investor/retiree got lucky.) This is why caution is
needed when examining the above picture and inferring from it the 50% mark at which
money ‘runs out’.

The income level is expressed as a proportion of the Real Target Income level
that was initially inputted, and survival is assumed for all ages on the horizontal axis. It
should also be noted that this income pattern includes all sources of income, adjusted
for inflation. This graph is especially useful in comparing investment and consumption
plans with and without annuitization as it illustrates which investment strategy would

allow the retiree to most closely achieve his/her Real Target Income goal.
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w. Results and Analysis

Probability Results] Projected Wealth ] Projected Consumption ; Monality Parameters \

Individual Information
Current Age: 65 Gender: Male
Life Expectancy: g2 90th Percentile: 93

The probability of Survival
1.0
043
08
07
0B
05
04 F
03[
D2
01r

DD 1 1 1 1 1 1 1
B5 v Y% 80 8 30 95 100 105 110 115

Expected Ruin Age is 86

The above graph displays the probability of surviving to any given age based on the mortality
table selected, as well as the age at which ruin is expected 1o occur.

Print Screen

Save Results Return

Mortality Parameters

Finally, the Mortality Parameters panel summarizes statistics related to the
individual’s life distribution, and displays a probability function depicting the probability
of survival to a given age. Superimposing the curve is a vertical line, which is the mean
(not median or 50%) age at which ruin is expected to occur. In general, the panel
graphically illustrates the risk associated with the current investment/consumption
strategy when lacking an annuitization component. It is important to note, once again,
that ruin does not imply zero income or starvation, rather it signifies that liquid wealth

has been exhausted and all that remains is pension and annuity income, if any.
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Part 3 - Case Scenarios

The purpose of the ensuing examples will be to contrast the outcome of an
investment and consumption strategy that involves no annuitization with the outcomes
of strategies involving varying allocations to immediate annuity purchases. Four
examples will be developed, in which: 1) no payout annuities are purchased; 2) roughly
half of liquid wealth is allocated to variable payout annuity purchase; 3) a large portion
of liquid wealth is allocated among the three types of payout annuities; 4) the purchase
of payout annuities is maximized. For all four examples, the following parameters are
assumed: default mortality table selections, with no projections and the following real
expected returns and standard deviation for the asset classes: Equity/Stocks: 7%
return, 20% s.d.; Nominal return bonds: 3% return, 10% s.d.; Real return bonds:
2.50% return, 8% s.d.; Cash/money market: 0.50% return; Real estate: 3.50% return,
12% s.d. As well, a level term structure with a rate of 3% (real) and 5% (nominal); and
an even distribution among the asset classes is assumed, with 20% in each category.

The following inputted variables are also held constant throughout the examples:

Gender: Male

Age: 65

Liquid Retirement Wealth: $250,000

Real Target Income: $45,000

Pre-existing CPI linked annual pension income: $25,000

Retirement Probability Analyzer 24
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Case # 1: No purchase of payout annuit

ies

Pl linked annual pension income

e Only current source of income is the C
e Resulting net consumption deficit = $20,000
e Net investable wealth of $250,000 is a

will finance the net consumption defici
(SWiP)

Results and Analysis: Case #1

llocated among the 5 asset classes, and
t through a systematic withdrawal plan

A=

= Results and Analysis

| Probahility Results 1 Projected ‘Wealth ] Projected Consumption I Waorality Parameters }

Your Net Investable Wealth (NIW) is :

$ 250,000

Your Net Consumption Deficit is: $ 20,000

Probabil

&R,vah‘ltgy 10 Years 20 Years 30Years  Lifetime
0% of inftial NIve | [ 1.3% [ #6.0% [53.5%
10 % of initial NIW/ | 53% | 916% [ 99.7% | 586%
26 % of initial NIy | 20.5% [ 96.0% [99.8% | 65.6%
50 % of initial NIY/ | 68.2% [ 89.1% [[999% [ 77.8%

‘what is the probability that your net investable wealth (N ') — from which you are financing
your net consurnption deficit - will hit a specified fraction of your intial NIV within the given time
period? A large number indicates a low probahility that your consurnption strategy is sustainable.

Print Screen

=T

=. Results and Analysis

Probahility Results ZPV’DJEE‘BC‘ Wealth I Projected Consumption I Morality Parameters

Estate (Real) Conditional on Survival:

Bad (26%4) Median Good [75%)

10years. | 035 | 080 [ 085
20years: [ 0.00 [ 000 [ 000
S0years: [Tooo [ om0 [ 000 X 250,000

The above table provides a statistical range for the net investable wealth (NIW) process —
fram which you are financing the consumption deficit — at various time points in the future
This is the amount of money your estate would be entitled to. in the event of death at these
dates

Print Screen

Return |

E5x

Save Results ‘

& Results and Analysis

Probahility Results } Projected Wealth

Morality Parameters I

Expected Income Conditional on Survival

X 45,000
1.00
090
080
070
060
050
040
030
020
010
000
4

100

105 110

115

95

The above graph displays the amount of incorne you can expect to be receiving at various
points - specified as a multiple of your consunmption target — assuming you survive to the
qgiven age

Print Screen

Return |

E)5x

Save Results |

& Results and Analysis

Probahility Resullsl Projected Wealth I Frojected Consumption i Qai'{iy'"p'ér'

Individual Information
Current Ags: 65
Life Expectancy: 82

Gender.
90th Percenitile:

The probability of Survival

Exprected Ruin Ageis 79

7075 80 B85 90 95 100 105 110 115

The above graph displays the probability of surviving to any given age based on the mortality
table selected. as well as the age atwhich ruin is expected to occour.
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Panel:

Panel:

Panel:

Panel:

Probability Results

There is a 53.4% probability that the Net Investable Wealth will be entirely
depleted within the individual’s life time as a result of discretionary withdrawals
of $20,000 and the performance of the diversified portfolio.

Further into the future (10, 20, 30 years), the chances of the portfolio value
depletion increase. For example, whereas within 10 years there is a 5.3% chance
that the portfolio will be reduced to only 10% of the original net investment
wealth, the chances drastically increase to 91.6% within 20 years. Assuming the
individual survives 30 years (exceeding current life expectancy),the portfolio has
a 99.7% probability of falling below 10% of the original NIW.

Projected Wealth

Within 10 years there is a 75% chance that the portfolio value will fall to 65%
(or below) of the NIW or $162,500. In the pessimistic scenario, there is a 25%
probability that the value of the invested wealth will only measure up to $87,500.

Profected Consumption

The curve demonstrates that the retiree’s income target of $45,000 will only be
met for a short period of time. Beyond this period, the negative slope of the line
shows that the annual income will decrease as the portfolio value decreases,
until the invested funds are exhausted. Then, only employment and government
pension income of $25,000 will be received.

Mortality Parameters

The age by which the net investable wealth is expected to fall to zero, is 79.
Based on the projection of life expectancy of the 65 year old male to be 82, and
time of ruin to be the age of 79, there is a three year gap between the two
events.

After the time of ruin, the individual is expected to receive only pension income
of $25,000 (adjusted for inflation).

Summary: The expectation of ruin in this scenario is quite high. If the retiree survives
several years into the future, he will not be able to receive his annual real target
income. Furthermore, should he pass away in ten years, there is a 75% chance that the
wealth that his estate will be entitled to, will be reduced to less than 65% of the original

funds.

Should death occur in 20 years, there is a 75% probability his estate will not

receive any fraction of his originally invested wealth.
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Case # 2: Purchase of payout annuities

Additional source of income: allocate a portion of liquid retirement wealth -

$130,000 - to the purchase of variable payout annuities, selecting an assumed

[ ]

interest rate of 2%.
e Resulting net consumption deficit = $9,518
e Remaining net investable wealth = $120,000

Results and Analysis: Case # 2

[EX]

&| Results and Analysis

;___Pm_b_?tg_!h}y Besults || Projectad Wealth } Projected Consumption } Mortality Parameters I

Your Net Investable Wealth (NIW) is :

$ 120,000

Your Net Consumption Deficit is: 3 9618
Probabil
N3 hit;y 10 Years 20 Years 30Years  Lifetime
0% of initial NIV [ 97.9% [100.0% [100.0%
10 % of initial NIV ["99.2% [100.0% [100.0% | 87.2%
26 2% of initial NIw | 9982 [100.0% [100.0% | 89.5%
50 % of initial NI% [100.0% [100.0% [1o00% [ 92.9%

What s the probability that your net investable wealth (N1W) — frorn which you are financing
vour net consurnption deficit - will hit a specified fraction of your intial NIV within the given time
period? A large number indicates a low probability that your consumption strategy is sustainable
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Estate (Real) Conditional on Survival:

Bad (262:) Median Good [75%)

T0vyears: | ooo [ ooo [ oo0
20vyears: [ 000 | 0.00 | 0.00
30years” [“Tomo [ 000 [ 000 X 120,000

The above table provides a statistical range for the net investable wealth (NIW) process —
from which you are financing the consumption deficit — at various time points in the future
This is the amount of money your estate would be entitled to. inthe event of death at these
dates
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The above graph displays the amount of income you can expect to be receiving at various
points - specified as a multiple of your consurnption target — assuming you survive to the
given age.
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The above graph displays the probability of surviving to any given age based on the mortality
table selected, as well as the age at which ruin is expected to occur
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Panels: Probability Results and Projected Wealth

Panel:

Panel:

The original net investable wealth is expected to diminish to zero much sooner,
since it is a much smaller initial sum than the NIW of Case 1, and will be reduced
faster by discretionary withdrawals and portfolio losses.

Projected Consumption

The retiree’s $45,000 income target will only be met for a short period. Beyond
this, annual income will decrease until it is comprised only of pension and
annuity income.

After the portfolio funds are exhausted, the combined pension and annuity
income will allow the retiree to receive an annual sum approaching 75% of his
target income.

Mortality Parameters

The age by which the net investable wealth is expected to fall to zero, is 70.
Between the life expectancy and projected point of ruin - which are 82 and 70
years of age, respectively - there is a 12 year gap.

Following ruin, the individual is expected to receive pension and annuity income.

Summary: Wealth is expected to quickly decrease with age; however, income provided
by the payout annuity finances a portion of the consumption deficit. Although the
pattern of projected income also experiences a drop (as in Case 1), it remains closer to
the target income.
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Case # 3: Increased purchase of payout annuities

e Additional source of income: allocate an increased portion of liquid retirement
wealth to the purchase of variable payout annuities:
1) $50,000 in nominal payout annuities (adjusted 2% annually for cost of living).
2) $60,000 in CPI-linked payout annuities.
3) $65,000 in variable payout annuities (selecting an assumed interest rate of

29%).

e Resulting net consumption deficit = $5,104
e Remaining net investable wealth = $75,000

Results and Analysis: Case # 3

=, Results and Analysis

E”Elgl & Results and Analysis

Projected \Wealth ] Projected Consumption 1 Mortality Farameters ]

Your Net Investable Wealth (NIW) is :

$ 75.000

Your Net Consumptlion Deficit is: $ 5.104

Probabil

,JRNahll[gy 10 Years 20 ears 30%ears  Lifetime
0% of inftial NI [ 81.4% [100.0% [100.0%
10 % of initial NIv | 89.6% [100.0% [100.0% | 83.6%
25 % of initial NIw [ 9492 [100.0% [100.0% [ 86.1%
50 24 of initial NI [ 99.1% [100.0% [100.0% | 90.9%

What is the probability that your net investable wealth (NIW) — from which you are financing
vour net consumption deficit - will hit a specified fraction of your initial NI' within the given fime
period? A large number indicates a low probability that your consumption strateqy is sustainable
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The above table provides a statistical range for the net investable wealth (NIW) process —
Trorn which you are financing the consunption deficit — at vanous time points in the future.
This is the arnount of money your estate would be entitled to, in the event of death at these
dates.
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The above graph displays the amount of income you can expect to be receiving at various
points - specified as a multiple of your consumption target — assuming you survive to the
given age.
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The abave graph displays the probability of survving to any given age based on the mortality
table selected, as well as the age at which ruin is expected to ocour.
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Panels: Probability Results and Projected Wealth

Panel:

Panel:

The original net investable wealth is expected to quickly diminish to zero, with
high probability, due to its small starting size.

Projected Consumption

The retiree’s $45,000 income target will only be met for a very brief period.
Beyond this, portfolio funds will fall in value and annual income will be comprised
only of pension and annuity income, which in sum result in an annual payment
approaching 85% of the retiree’s target income.

Mortality Parameters

The age by which the net investable wealth is expected to fall to zero, is 71.
There is a gap between the life expectancy of the 65 year old male, which is 82
years and the projected point of ruin - age 71, of 11 years.

The individual would be expected to receive only pension and annuity income
after the point of ruin.

Summary: As in Case 2, wealth falls very quickly in value, leaving no funds to the

estate

in the event of death. However, Case 3 demonstrates a smoother expected

income pattern, resulting from increased annuitization, which is closer to the target
income.
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Case # 4: Maximized purchase of payout annuities

Additional source of income: allocate nearly all liquid retirement wealth to the

-$240,000 in nominal payout annuities (adjusted 3% annually for cost of living).

[ ]
purchase of nominal payout annuities:
e Resulting net consumption deficit = $646
e Remaining net investable wealth = $10,000

Results and Analysis: Case # 4

& Results and Analysis

i“PFbE‘a{b\lny Fesuits I Projected Wealth 1 Prajected Consumption I hortality Parameters I

Your Net Investable Wealth (NIW) is :

3 10.000

Your Net Consumption Deficit is: 3 646

Probabili

J?Wahllfgy 10 Years 20 Years 30%Years  Lifetime
0% of initial NIW | 06% [ 06% | 06%
10 2 of initial NI [ 10.4% [ 1062 [106% | 89%
25 % of initial NI [ 10.4% [10.6% [106% | 9.9%
50 % of initial NIY/ | 10.4% [ 10.6% | 106% | 9.9%

what is the probability that your net investable wealth (MIW) — from which you are financing
your net consurmption deficit - will hit a specified fraction of your initial NI within the given time
period? A large number indicates a low probability that your consumption strategy is sustainable
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10years: | 120 [ 120 [ 195
20vyears: | 285 | 470 | 650
30yvears: [ gs5 [ 1180 [ 1550 X 10,000

The above table provides a statistical range for the net investable wealth (NI process —
fram which you are financing the consumption deficit — at vanous time points in the future
This is the amount of money your estate would be entitled to, in the event of death at these
dates
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The above graph displays the amount of income you can expect to be receiing at various
points - specified as a multiple of your consurnption target — assuming you survve to the
given age
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The above graph displays the probability of surviving to any given age based on the mortality
table selected, as well as the age atwhich ruin is expected to ocour
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Panels: Probability Results and Projected Wealth

e There is little probability that the original net investable wealth will decrease to
the level of zero, since there will be little reliance on the systematic withdrawal
plan for the purpose of net consumption deficit financing. Thus, the initial sum
will largely remain intact, accumulating returns. For example, in 20 years, there
is a 75% probability that the portfolio value will reach as high as 650% of the
original net investable wealth.

Panel: Projected Consumption

e The graph illustrates that the investment strategy will allow the retiree to closely
meet his $45,000 income target throughout the lifetime, regardless of the actual
lifespan.

Panel: Mortality Parameters

e The panel reiterates the fact that the net investable wealth is not expected to fall
to zero, throughout the lifetime.

Summary: In the case scenarios developed above, maximizing the amount of the net
investable wealth allocated to the purchase of payout annuities allows the annuitant to
better ensure that his real target income goal is met throughout retirement years. The
strategy does however constrain the retiree’s accessibility to his funds, should he
require a larger than usual income at some point during his retirement.

As a result of the selected investment strategy, the wealth that the estate would be
entitled to in the event of death would be larger than that of cases 1-3, in most
scenarios.

It is important to recognize that the maximized annuitization case allowed the retiree to
best reach his real target income and resulted in a higher level of wealth (in most
scenarios) because the target income figure selected was relatively small in proportion
to the initial liquid retirement wealth.
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Frequently Asked Questions

1. There has been criticism recently about using Monte Carlo Simulations (MCS) for
retirement planning and estimating long-range probabilities. Does this
Retirement Ruin (ReRu) algorithm use MCS?

No. This program is based on analytic approximations and numerical solution
techniques for Partial Differential Equations (PDE) and therefore does not require
Monte Carlo Simulations of any kind.

2. Does the algorithm use the actual mortality tables selected in the input panels or
does it use an approximation to these tables?

The algorithm requires a continuous law of mortality as input since death and/or
ruin can occur at anytime during the year. Yet, most mortality tables are annualized.
Therefore, once the user selects the relevant mortality tables and projection factors,
the algorithm locates the best fitting Gompertz-Makeham curve to the dynamically
projected table and then uses the implied parameters in all calculations.

3. Does this mean that if annuity factors are computed using the discrete version
of the actual tables, they will differ from the ones computed in the program?

Yes, but only slightly. At worst there will be a 2% to 4% difference between our
annuity factors and the ones you might compute using traditional (annual)
payments. The justification for this assumption is that our ReRu algorithm is much
more sensitive to changes in capital market parameters, and using actual dollar-for-
dollar payments might give a false sense of precision.

4. If the investor is more healthy or less healthy than the average retiree, can the
program account for this?

No. Not exactly. But there is a ‘trick’ that can easily be used to force the program to
consider the investor to be healthier or less-healthy by modifying the projection
scale on the mortality tables used for either annuity or ruin probability calculations.
For example if he or she believes they can qualify for an impaired annuity — which
would provide greater income during retirement — no projections would be selected.
Vice versa, if the individual thought they were healthier than average and hence had
a longer life expectancy, a longer (greater) projection period could be selected for
the ruin calculations.
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5. The retiree has a surviving spousal benefit of 60% and the payout annuity she
purchased has a 10-year payment certain. How can these details be inputted into
the program?

The short answer is that they cannot be. All of our annuities are structured as /ife
only with zero term-certain and no survivor benefits. Clearly this is unrealistic, but is
deliberately so. Our intention with the ReRu algorithm is to provide intuitive
guidance on the impact of various asset allocation and annuity purchase decisions
on the probability of retirement ruin. We hope the program will help the user
develop a pedagogical intuition for the impact of various choices. This program is
not intended as a comprehensive retirement planning tool. That said, even if we did
allow these additional choices as inputs, the extra ‘moving parts’ in the program
would cloud the insights that can be gleaned from the output probabilities and
consumption paths.

6. The program only allows five different investment choices for the net investable
wealth (NIW) and variable payout annuity (VPA) category, yet a particular 401 (k)
and Variable Annuity allows the investor to choose between many more sub-
accounts. Why is the program so restrictive?

Although the range of investment choices in the program is admittedly narrow, the
sub-accounts that comprise the choices for variable annuity investments can
typically be classified under one of RetPro’s asset classes because of their
comparable characteristics.

7. The program and manual often uses the term ruin, but in fact, even If the
algorithm displays a large ruin probability, this is not necessarily bad news, is it?

Correct. Ruin, in our model, is just net investable wealth hitting zero. But if there is
sufficient annuity income, the retiree may still enjoy a long and prosperous
retirement.

8. What is the source of the default capital market parameters and the built-in
covariance matrix that is hard-wired in the program?

As a starting point we used the Ibbotson Associates yearbook (2003) parameters for
the various asset classes. We then used a variety of smoothing procedures and
decided to pick, what we consider to be, reasonable default parameters and a zero
correlation matrix, except for a 50% correlation between real and nominal bonds.

The correlation matrix is hard-wired into the program, to ensure that the probability
of financial ruin is not impacted by unreasonable assumptions the user may make
about the correlation among the five asset classes (note, the matrix must be
invertable). The program, however, leaves the remaining variables - expected return
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and standard deviation - as free parameters that can be manipulated. Therefore, the
quality of the program’s outputted results will depend on the soundness of the
user’s assumption about these two variables. The impact of changing these
parameters can be seen via experimentation. But as one would expect, more
‘bullish” assumptions will result in lower ruin probabilities and vice versa.

9. Some earlier work provided guidance on the optimal age at which to annuitize. Is
this information still available in the program?

An earlier (beta) version of the program had a panel that computed the value of the
option to delay annuitization — based on the recent work by Milevsky and Young
(2004). However, the current and final version does not include this material. It was
decided that this information was not within the scope of the intended use of the
program.

10. In some cases, the expected ruin age is quite far in the future, even though
there is a very high probability NIW will hit zero within 30 years. How can these
seemingly confiicting results be reconciled?

By definition, the expected value of any random variable — such as the age at which
NIW will hit zero — tends to be influenced by extreme events with small probabilities.
The median, in contrast, is not skewed by extreme values, which is why the mean
(expected) age of ruin will always be greater than the median age of ruin. This is
the case for all positive numbers. Therefore, it is quite feasible that the probability of
the NIW hitting zero is quite high at any given horizon, yet the expected ruin time is
far in the future.

11. Why does the graph in the Projected Consumption panel not show a sharp drop
at the same age that ruin is expected to occur, which is shown in the Mortality
Parameters panel?

Remember that mathematical expectations — weighting outcomes by their
probabilities — are tricky quantities. Note that consumption and income levels can
vary widely over time and the projected consumption is only an expectation. There
is a chance that consumption will be (much) higher, and also a chance that it will be
(much) lower. The actual spread of consumption will have an important impact on
the ruin time. In addition, there is a non-linear relationship between consumption
and wealth, and although zero wealth implies zero consumption and vice versa, the
distribution of these quantities are quite different.

12. Is there additional information about the underlying algorithm and similar
research papers?
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Technical Appendix

Our financial market is modeled as a geometric Brownian motion (GBM) with
drift and diffusion parameters denoted by { «, o } which, in turn, are the properly
weighted averages of the individual asset’s expected return and volatility (a.k.a.
standard deviation) parameters. These parameters can be time dependent, and the
program allows for one change after a pre-specified number of years. The process
followed by one unit of a variable account is (where Xis the Random Value of a unit
and Bis Brownian motion):

dX, = X, dt+0oX,dB,, X, =1. (eq.1)

We are currently at time t =0, with an individual aged x, who has liquid and
investable wealth denoted by the symbol W . Our retiree receives three types of (pre-
existing) pension annuity income: a variable life annuity, a real (inflation adjusted) life
annuity and a nominal life annuity. They are denoted by c¢",c',c"respectively. These
payout (a.k.a. immediate) life annuities have additional parameters governing their
dynamic behavior. The variable annuity requires the following as input: an assumed
investment return (AIR) denoted by the letterh, the nominal annuity requires a cost-of-
living adjustment parameter denoted by the letterl, which can also be treated as an
escalating annuity at this rate per annum. The retiree then decides how much additional
wealth to dedicate to annuity purchases. Once that decision is made, the initial value of

net investable wealth (NIW) is defined according to:
Wy =W —¢," [ (; p,)e" " dt—c," [ ( p,)e” " dt — ¢, [ (,p,)e et (eq.2)
0 0 0

where the symbol (R":) denotes the continuously compounded real yield curve and
(R";) denotes the nominal yield curve. The intuition is as follows: the first integral in
(eq.2) captures the per-dollar-factor for the nominal annuity that increases at the COLA
rate. This pricing scheme discounts cash-flows based on the nominal curve (R":). The

second integral covers the real (inflation-linked) annuity and therefore discounts based
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on the real curve (R't), while the third integral discounts based on the assumed

interest rate (AIR) denoted by (h).

As time evolves, the various annuity income flows — in real terms -- according to
the following dynamics:
c'=(c +c)e"™, ¢ =(c +c), ¢ =(c, +c)Xe"e™". (eq.3)
The intuition is as follows: the nominal annuity will grow at the COLA rate but must

then be deflated by the cumulative inflation factor, defined by (z,). The real annuity

will, by definition, maintain real value over time. The variable annuity will fluctuate

based on the performance of the market account ( X,), but is then deflated by the AIR
value (h) and finally deflated by the cumulative inflation factor (z,). In our current

model, the inflation factor is defined by the integral of the difference between the

nominal and real interest rate curves in the following manner:

t
7, = _[(RS” —R,")ds. (eq.4)
0

If the difference between the two curves is a constant, so that i =R." —R,", then
the inflation deflator will be a simple 7, =it. Note that our ability to combine similar

cash-flows in (eq.3) is the main reason we restricted our model to AIR and COLA values

that are the same for acquired and pre-existing annuity income. Of course, any of the

r

six values {c,",c",c,",c",c,’,c'} can be set to zero without any loss of generality. We
now define a new variable:

¢’ =c"+c +c, (eq.5)
which is the sum of all the annuity income flow that is received at any point in time, in
real after-inflation terms. The difference between the annuity income flow c,*and the
target consumption¢, is defined by ¢, =¢-c,” and withdrawn from (or possibly added
to) the discretionary wealth account. Thus, the dynamics of W, will obey:

dw, = dX, —dc,, (eq.6)

Retirement Probability Analyzer 38



Copyright © 2004 by The IFID Centre

The total amount consumed will be the target ¢, if the wealth process W, > 0and

c,”if the wealth processW, = 0. Our algorithm computes a number of relevant summary
statistics; the first is the hitting probability, which is defined equal to:

H,(y) = Prlinf,. W, = yW, = w], (eq.7)
where (T ) is either a random time of death, or a fixed horizon. For example, the
quantity H,(0) would capture the probability of ruin, which is hitting zero. We also
define a related quantity:

H, (y) = Prjw; < yWw, = w], (eq.8)
which is the probability of the process being less than or equal to a level (y) at some
point (T ). Thus, if we are interested in the median value of net investable wealth in
(T ) years, then we compute Hl‘l(O.S) , which is the inverse of the probability evaluated
at the value of 50%. In the same manner, Hl‘l(0.25) gives us the 25™ percentile.

Finally, the expected consumption at any future time (or age) will be computed

according to the formula defined by:

H,(0)E[c,” 1+ (1-H,(0))C.

The formula represents the probability of ruin, multiplied by the expected annuity
income flow, plus the probability of sustainability, multiplied by the target income level.

In theory, one can also compute a standard deviation for consumption at any given age

using the same idea.
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