Quantitative Finance and Investments Advanced Formula Sheet

Fall 2018/Spring 2019

Morning and afternoon exam booklets will include a formula package identical to the one
attached to this study note. The exam committee believes that by providing many key
formulas, candidates will be able to focus more of their exam preparation time on the ap-
plication of the formulas and concepts to demonstrate their understanding of the syllabus
material and less time on the memorization of the formulas.

The formula sheet was developed sequentially by reviewing the syllabus material for each
major syllabus topic. Candidates should be able to follow the flow of the formula package
easily. We recommend that candidates use the formula package concurrently with the syl-
labus material. Not every formula in the syllabus is in the formula package. Candidates are
responsible for all formulas on the syllabus, including those not on the formula
sheet.

Candidates should carefully observe the sometimes subtle differences in formulas and their
application to slightly different situations. Candidates will be expected to recognize the
correct formula to apply in a specific situation of an exam question.

Candidates will note that the formula package does not generally provide names or definitions
of the formula or symbols used in the formula. With the wide variety of references and
authors of the syllabus, candidates should recognize that the letter conventions and use of
symbols may vary from one part of the syllabus to another and thus from one formula to
another.

We trust that you will find the inclusion of the formula package to be a valuable study aide
that will allow for more of your preparation time to be spent on mastering the learning
objectives and learning outcomes.



Interest Rate Models - Theory and Practice, Brigo and Mercurio

Chapter 3
Table 3.1 Summary of instantaneous short rate models
Model Dynamics r>0| r~ | AB | AO
\% dry = k[0 — rdt + odW, N N Y |'Y
CIR dry = k[0 — r)dt + o/rdW; Y NCx? | Y | Y
D th = artdt + O'T'tth Y LN Y N
EV dry = rin — alnr]dt + or dW, Y LN N | N
HW d?”t = k‘[@t - Tt]dt + Uth N N Y Y
BK dry = ry[n — alnrydt 4+ orydW, Y LN N | N
MM | dro=r |- (A= ) dironawe | Y | IV [ N[N
CIR++ T =Ty + Pt dxt = k[e - l’t]dt + U\/l_’tth Y* SNCX2 Y Y
EEV | r=x 4 ¢, dry=x[n—alnx]dt + ox dW, | Y* SLN | N | N
*rates are positive under suitable conditions for the deterministic function ¢.
(3.5) dr(t) = k[0 — r(t)]dt + cdW (), r(0) =g
(3.6) r(t) =r(s)e?=) 40 (1—e*=)) + 5 fst e Pt dW (u)
(3.7) E{r(t)|F} =r(s)e *=9) 46 (1 — eH=9)
2
g - —s
Var{r(t)|Fs} = o [1— e72(t=9)]
(3.8)  P(t,T) = A(t,T)e B&DIr )
(3.9)  dr(t) =[k0 — B(t,T)o* — kr(t)|dt + cdW™(t)
(3.11)  dr(t) = [k0 — (k + Xo)r(t)]dt + odWO(t), r(0) = 7o
(3.12)  dr(t) = [b— ar(t)]dt + ocdWO(t)
b
(313)  r(t)=r(s)e ) 4~ (1= e ) 4o [l AW (u)
(3.14) b= ny i Zirif; — Zi:lnri 21:127"1'*1
ny i i — (i i)
5 Dia|ri — Q]
3.15 = ==
(3.15) p n(l—a&)
1 R 2
(3.16) V2 ==X, |ri—ari - B(1—a)]
(3.19) FE {r(t)|]-"5} = 7(s)e=%) and Var{r(t)|F,} = r?(s)e?=9) <e"2(t*3) — 1)
2
(3.20) P(t,T)=— fo sin(2v/Tsinhy) [ f(z) sin(yz)dzdy + T(2p) 7P Kop(24/7)
(3.21) dr(t) = k:(@ —r(t))dt + o+/r(t)dW(t T(O) =1y
(3.22)  dr(t) = [k0 — (k+ Xo)r(t)]dt + o/ dWO r(0) = rg
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(3.23)

(3.24)

(3.25)

Page 68

(3.29)
Page 69

E{r(0)F} = r(s)e™0- 40 (1 = 7H-)

o? k(i _ R Ch(t—s)\ 2
Var{r()|F.} = 7(s) - (707 = e 79) 05 (1 - oK)

P(t,T) = A(t, T)e~B&Dr®)
2hexp {(k+h)(T —1)/2}

AT = S (et by (oxp (T — D)} — 1)

2(exp{(T —t)h} — 1) _ i3 2
Bt.T) = 2h+(k~|—h)(exp{( —t)h}—l)’ h=Vk+o
dr(t) = [k0 — (k + B(t,T)o?)r(t)]dt + o/r(t)dW 7T (t)

pz(t)",«(s) (33') = pr(v,é(t,s))/q(t,s) (.I') = Q(t> S)pxz(v,5(t,8))(Q(t7 8)33')
4p(t — 5)%r(s)eht=2)

q(t,s) =2[p(t —s)+¢ + B(t,T)] and 6(t,s) = 105)

R(t,T) = at,T) + B, T)r(t),  P(t,T)= At T)e BGTrO

osit.1) = 228D (1 1)

dr(t) = b(t,r(t))dt + o(t,r(t))dW ()
b(t,z) = \t)x + n(t), o%(t,x) = y(t)x + 6(t)
%B(t,T) + At)B(t,T) — %y(t)B(t,TF +1=0, B(T,T) =0

0

S A, T)] — () B, T) + SWBET? =0, ATT) =

Page 69/70  Vasicek \(t) = —k, n(t) =k0, ~(t)=0, (t)= o>

Page 70

Page 71

(t
CIR X(t) = =k, n(t)=k0, ~(t)=02 6(t)=0
b(z) = Az +n, o%(x) =vyxr + 0

4a

6 o o?
hm\/ar{r(t)|.7-"} = exp (; + 2—@) {exp (%> — 1}
dr(t) = [9(t) — a(t)r(t)]dt + o (t)dW (1)
dr(t) = [9(t) — ar(t)]dt + ocdW (t)
=9 a; 1) +afM(0,t) + %(1 — e 2at)
1(6) = r(s)e-a09) 4 [* e-alt-9(w)du+ o [ =09 aIW (u)

=r(s)e” ) + a(t) — a(s)e %) 4 o fst eI aW (u)
2

where a(t) = fM(0,t) + ;_a?

2
tlim E{r(t)|Fs} = exp Q + U—)
500 a

2

9(t)

(1 _ efat)Q



(3.37) E{r(t)|F,} = r(s)e %) 4+ a(t) — as)e )

Var{r(t)|F.} = 2 [1 - e20(0-)]
(3.38) dx(t) = —az(t)dt + odW (1), z(0) =0
Page 74  x(t) = 2(s)e ) 4 ¢ f; e~ =W dW (u)

Page 74  Q{r(t) <0} =9 (—\/%)
So[1—e=20t

M
Page 75 [ r(u)dulF, ~ N <B(t, T)[r(t) — ()] + In by 4+ L[V (0,T) - V(0,0)], V (¢, T)>
where B(t,T) = 1 [1 — e~*(T1]
and V(1,T) = % [T — t + 2e7a(T=0) _ L=2a(T—1) _ 3]
(3.39)  P(t,T) = A(t,T)e B&TIr®
where A(t,T) = 2000 oxp, {B(t, T)FM(0,1) — Z(1 — e~2t)B(t, T)?}

(3.40)  ZBC(L,T,S, X) = P(t,S)®(h) — XP(t, T)®(h — )
where 0, = U\/i#B(T, S) and h = giplnplzgﬁ}( + 2
(341)  ZBP(t,T,S,X) = XP(t,T)®(—h + 0,) — P(t,S)®(—h)
(342)  Cap(t,T,N,X)=NS" (1+ Xr,)ZBP <t, ti1,ts, #)
or Cap(t,T,N,X) =N3> | [P(t, ti1)®(—h; + 0}) — (1 + X7;) P(t,t;)P(—hs)],

i 1—e—2a(ti—1—1) . . 11, PAt)(+XT) | o)
where o), = 01/ =———DB(t;_1,t;) and h; = a;',ln—P(t,tH) +

(343)  FlIr(t, T,N,X) = N0 [(1+ X7)P(t,t,)®(h;) — P(t,t, 1)®(h; — )]
(3.44)  CBO(L,T,T.c,X) =", ZBO(t,T,T; X;)

(3.45)  PS(t,T,T,N,X)=NY", ¢,ZBP(t,T,t; X;)

(3.46)  RS(t,T,T.N,X)=NY", ¢;ZBC(t,T.t;, X,)

(3.47)

E{a(ti)|e(t) = @i} = wije % =1 My
2
Var{a(ti)|o(t) = 2} = g— [1— e 2a80] = V2
a

3
(348) A:EZ = ‘/;_1\/3 =0 2_[1 _ e*QCLAti,1
a

MZ,]
(3.49) k —round<A )

Li+1

1 0 M.k 2 N LMk Mk

3.50 w = =
(3:30)  pu=gt 6 612 23V

(3.64) dx$ = p(zd; a)dt + o(zd; o) dW}



(3.65) P*(t,T) =TI*(¢, T, z%; «)
(3.66) re =+ @(t; a), t>0
(3.67)  P(t,T) =exp [ ft (s;a ds] (¢, T, ry — o(t; a); )
(368)  @ltia) = ¢*(t:0) = [ (0,1) — F*(0,t50)
. L PM0,T) T1I%(0,t, 2¢; @)
(3.69) exp [ ft (s; ds] = ®*(t, T, xp; ) := 70T 20:0)  PY(0.1)
(3.70) I(t, T,ry; ) = (¢, T, wo; ) I1*(¢, T, ry — @*(t; 0); )
(3.71) Ve, T,r, K) =Vv*(t, T, 1, K, z{; a)
(3.74) dr; = {k‘@ + ko(t; o) + %t;a) — k:rt] dt + odW;

k%0 — 0%/2 2
k;f / _ ;-_l#e—kt(l . e—kt) — zge

PM(0,T)A(0,t) exp{—B(0,t)xo}
PM(0,t)A(0,T) exp{—B(0,T)xo}
x A(t, T) exp{—B(t,T)[r: — V43 (t; )]}
(3.76) dr(t) = k(0 — 2(t))dt + o/x(t)dW (t), z(0) = xo, r(t) = z(t) + ¢(t)
3.77) ¢ (ta) = fM(0,8) — [0, @)

Page 100 " (t;a) = fM(0,1) + (7 = 1)

Page 101 P(t,T) =

; L 2k0(exp{th} — 1) 4h? exp{th}
FORO b 0) = ot e+ 1) (exp{th} —1) "k + (k + h)(exp{th} — 1)
h = vVk? 4+ 202
Chapter 4
(4.4)  re=az(t) +y@) + o),  7(0)=ro
(4.5) dx(t) = —ax(t)dt + odW, (), z(0) =0
dy(t) = —by(t)dt +ndWa(t),  y(0)=0
(4.6)  E{r(®)|F} = a(s)e =) +y(s)e ") + (1)
Var{r(t)|Fs} = 0—2 [ — e 2alt= 5)] + n—z [1 e*%(t’s)} + 2'0a(i|7—7b [1 — e*(“b)(“s)]
(4.7) r(t) = afo e~ =W aWy (u —i—nfo eI AWy (u) + p(t)

(4.8) dx(t) = —ax(t)dt + odWy(t) dy(t) = —by(t)dt + npdWy(t) + 77\/1 — pPdWy(t

where dW, (t) = ddWy(t) and dWa(t) = pdW1(t) + /1 — p2dWa(t

1 — —a(T—t) 1 — —b(T—t)
49) MET)=-—% s +-—°

- 7 y(t)



(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

Page 152

V(t T) ? T — ¢t 4 ge—a(T—t) - i€—2a(T—t) o i
a? a 2a 2a
2
n 2 1 _ 3
LT = t (T—t) _ — —2b(T—t) _
e { e 2%° %
—a(T—t) _q —b(T—t) _ 1 —(a+b)(T—1) _ 1
on e e e
2p— |T —t _
P [ e T atb }
1— —a(T—t) 1— —b(T—t) 1
P(t,T) = exp{ ft w)du — eTx(t) — —6b y(t) + §V(t,T)}
o’ —aT\?2 Uk b7\ 2 an —a _
o) = FMO0.T) + 55 (1= e ) 4 o (L= e7T) 4 p— (1= e D)(1 = e
PM(0,T) 1
T -\ _Z _
PM(0,T)
Pt,T)= —"2 T
(4.7) = Farig g P LA T
1 1 — e—a(T—t) 1 —b(T—t)
A, T) = §[V(t’ T)-V(0,T)4+V(0,t)] — Tas(t) — Ty(t)

P(t,T) = A(t,T)exp{—B(a,t,T)x(t) — B(b,t, T)y(t)}
Jf(t,T) — \/0-2672a(T7t) + n2€f2b(T7t) + ZpO-nef(a+b)(T7t)
COU(df(ta T1)7 df(t7 TQ))

dt
OB OB ,0B OB
8T(a t TQ) —I—T] a—T(b,t,Tl)aT
88 GB 8B 0B

267(1(T1 +T5— ) + ,’726713(’111 +T272t)

|:€ all— bT2+(a+b)t+e—aT2—bT1+(a+b)t]

=o*—(a,t,Th)

= (b,t,T)

+pon =7 (b8, T1)

=0
+pon
o2e~a(TiHTa=20) | 2 o=b(Ti+T>20)
of(t, Th)os(t, Tz)
[efaTlbe2+(a+b)t + efaTgbe1+(a+b)t]

Of(?f, Tl)O'f(t, Tg)

Corr(df(t,Ty),df (t,T3)) =

pon

+



In P(t,T) —In P(t,T3)
T, —Th

B(a,t,Ty) — B(a,t,T)

T — 1T
+B(b,t,T2) — B(b,t,T})
T, — T

op(t, Ty, Ty) = \/02B(a, t, Ty, Ty)? + 12B(b, t, T1, T2)? + 2ponf(a, t, Ty, To) (b, t, Ty, T5)

B(z,t,Ty) — B(z,t,Ty)
T, — 1T

Page 153 ft, T'Ty) =

df(t, Tl, Tz) - dt +

O'dWl (t)

where Bz, t,T1,Ty) =

CO’U(df(t, Tl, TZ), df(t, T3, T4))
dt
2B(a7 l TQ) — B(aa t Tl) B(CL, t, T4) — B(a’ t, T3)
T2 - T1 T4 - T3
,',/2 B(bv l, T2) — B(b7 12 Tl) B<b> l, T4) — B(ba t TS)
T, -Th Ty — 13
B<a7 2 TQ) — B(CL, l Tl) B<b7 l T4> _ B<b7 l T3)
T2 — T1 T4 - T3
B(CL, l, T4) — B(CL, t T3) B(b7 t TQ) — B(b7 12 Tl)
T4 — T3 T2 - Tl

g

+pan {

2
Page 160 o3 = \/0% + @ 2_ + 2
a

Page 161 a=a, b=b, oc=o03 n=04 p=

a=a, b=b, o=+/02+n2+2pon, o3=n(a—0b)

op+n de(t)

= 0(t) = —— t

T 00 =T ey

Managing Credit Risk: The Great Challenge for Global Financial
Markets, Caouette, et. al.

Chapter 20

N
(202) Ry =3 XiEAR

N N
(203) V;, = Z E XinO'Z'O'j,Oij

i=17=1



N N
(205) UALp = Z Z XinO'iO'ij‘jl

i=1j=1

Page 403 CVM%CL%ZEADoLGDo(®<V$®4«§¥;SF%PDi>—PD)

1+ (M —2.5) e b(PD)
1—1.56(PD)
Bond-CDS Basis Handbook: Measuring, Trading and Analysing
Basis Trades, Elizalde, Doctor, and Saltuk

Page 13, Equation 1 S=PD x(1—-R)

— Al
Page 15, Equation 2 FR= v + FC
RA
P — BP
Page 18, Equation 3 SS = V[C;}];Ll

Page 25, Equation 4 BTP1 =CNx(100-oR—U—-CP—-FC)+BNx(R+CR—BP—-FC)
Page 25, Equation 5 BTP2= BN x (100+ CR—BP—-FC)—CN x (U+CP+ FC)
BP — R
Page 43, E i N=—————XxBN
age 43, Equation 7 C 00— E—T X

A Survey of Behavioral Finance, Barberis and Thaler

(1) (,pry,q) =7npv(r)+m(gv(y)

(0% . >
(2) > mv(z;) where v = ai)\(_x)a ii 5 8 and 7 = w(P) — w(PY),
P
P) =
wP) = - Py
Dy
(3) e 69D+O'D5t+1
Dy
(4) Céj_l — p9ctocni+1
t
) ( ;i ) N (( 8 ) ; ( 111) ;U )), ii.d.over time
00 1—y
6 E pt t
© B3
C _
(7) 1 =pEy ( g—l) Rii1
t
(8) Rt+1 _ Dt+1 _I_ Pt-i—l _ 1 + Pt+1/Dt+1 Dt+1

Pt Pt/Dt Dt
(9) riv1 = Adgy+const.= dy; — dy+const.



(10) Eﬂ-’l}[(l — w)RJgtH + U)Rt+1 — 1]

(o) Cl—’Y —
(11) E() Z |:pt ¢ + boot ’YU(XH_I):|
t=0 -
P+ Dy
13 Ry, = = T 7t
(13) t+1 P
(14)  pe—di=E; )] p'Adpian — B Y- p'regiyy + By Jim P (pryj — diyj)+const.

00 Cl—V _
(15) Ey ). [Ptl : 5 + boC, 7U(Xltﬂa Zt)}

t=0 -

(16) T =Ty :Bi.l(ﬁl _Tf)—f-... +Bi,K(FK —Tf)
(17) Tig — T =0 + Bit(Fie—rpe) + oo+ Bix(Fry —7p1) +€in

(18) Ry = levgc+o.5v%é
p

(19) 1 = pﬂegz)—”/Gc+0.5(a%+72a2c—27gchw)

(20) R :Dt+l+Pt+1:1+B+1/Dt+1Dt+l:1—|—f6
t+1 Py P,/ D, D, f

CAIA Level 1I: Advanced Core Topics in Alternative Investments,
Black, Chambers, Kazemi

gp+0DpEL+1

Chapter 16
16.1) PP = ot BB 4 BLPIY + By P 4

) Pl e g a(1 - a) PR+ a(l - a)2PRg 4 -
) P = (1/a) x PP [(1 - a)/a] x PERened
) pire — prevorted |11 /) 5 (preported _ preported))
) Ry veported = Bo Ry true + B1Ri—1 true + B2FRt—2 true + - -

16. 6) Ptreported _ ( . p) Pttrue + p Ptriliorted
) A Ptreported — (1= p)API™ 4 pA Ptriliorted
) Ry reported = (1 — p) Rt true + PRi—1 reported
) Rt,true = (Rt,reported - PRt—l,reported) / (1 - P)

16~10) p= COTT(Rt,reported - Rt—l,reported)

16.11)  pi; = 0ij/(0i0;)

16.12) R = o+ BRI+ BRI o BRI gy



Managing Investment Portfolio: A Dynamic Process, Maginn, Tut-
tle, Pinto, McLeavey

Chapter 8
Page 523 TRCI=CR+ RR+ SR
Page 553 RRn’t = (Rt + R 1+ Ria+ ...+ Rt_n)/n
m . % 2
Page 554 DD = \/ 2 iz min(r; = 77, 0)
n—1
ARR —rf
P h tio=—~—~"—"+—_"+9
age 555 Sharpe Ratio <D
ARR —rf
P ti tio= ———
age 5H6 Sortino Ratio oD

The Secular and Cyclic Determinants of Capitalization Rates: The
Role of Property Fundamentals, Macroeconic Factors, and ”Struc-
tural Changes,” Chervachidze, Costello, Wheaton

(1) LOg(ijt) =ag+ a; IOg(ijt_l) + as 1Og(Oj7t_4) + as 1Og(RR]j7t) + a4RTBt + CL7Q2t

(1.1)

+ag@3; + agQ4; + ai0D;
RRI;; s = RR;;/MRR;

(2) Log(Cjs) = ag + a1 10g(Cj1-1) + azlog(Cji—a) + azlog(RRI;—s) + asRT By

(2.1)

+G5SPREAD,5 + a6DEBTFLOWt + G7Q2t + a8Q3t + a9Q4t + ClloDj
DEBTFLOW,; =TNBL,/GDP,

(3) Log(Cjy) = ag + a1 10g(Cj1-1) + azlog(Cji—a) + azlog(RRI;;—s) + asRT B,

+asSPREAD; + agDEBTFLOW, + a7Q2; + asQ3; + agQ4,

(4) Log(Cj) = ag+ aryearq + azlog(Cj—1) + aslog(Cji—4) + aslog(RRI; ;) + as RT B,

+CL65PREAD,5 + CL7DEBTFLOWt + G7Q2t + CLgQSt + CLgQ4t + ClloDj

Analysis of Financial Time Series, Tsay

Chapter 9

rie = o + B fre+ o+ Bimfow e, t=1,....T, i=1,....k
rn=a+0f,+e, t=1,...,T

R, =17+ FB, + E;

R=G¢{+E

rig = o; + Bty + €, t=1,....k t=1,....T

Var(y;) = wi3,w;, i=1,...,k

Cov(yi,yj) = Wi, wj, i,5=1,...k
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(9.20)

3 Var(r) = () = 34 = YVar(u)

=1

£, = [by] = N D)~ F), Fmn
y =040 ==——> (r; —T)(r; —T), T==> r
Js T_12 t t Tt:lt
5 — 18,60

—p=pf+e

Yr = Cov(r;) = E[(r; — p)(v; — p)'] = E[(Bf, + &) (Bf, + &)'] = 85"+ D
(anﬁ)ZEK — wii] = BE(EL]) + E(af]) = 5

= (3] = [VAaa Vsl -+ [V A

1 2 A ”a .
T—1- (2k+5)— gm} (ln S, — In |88 + D|)

LR(m) = — 5

Handbook of Fixed Income Securities, Fabozzi

Chapter 69

(69 — 4)

Asset Allocation > (w? — w?) - RE

(69 — 5) Security Selection Y w? - (RY — RP)
69-12) ol fF— o S = Yol L i — Sl fE
Chapter 70
(70 —1) Asset Allocation w? - ? (ZP ) (TRE — TRB)
(70 —2)  Sector Management > w? - (TRY — TRP)
(70 — 3) Top-Level Exposure (w! —w?) - TRP
A A : P wf wB B B
(70 — 4) sset Allocation w” - ; P wb - (ERy — ER")
(70 — 5) Sector Management > w! - (ERY — ERP)
(70 — 6) Top-Level Exposure (w? — w?) - ERP
(70—7)  Outperformance from average carry (yl, —y5 ) - At
(70 —8)  Key rate contributions Z (Wl (v —yby) —wP (v —vE,)) - At
(70—9)  Outperformance from avg. parallel shifts — (OADT — OADP) - Ay,
(70 — 10) Outperformance from reshaping — 3 (KRDY — KRD?) - (Ay; — Ayaug)

J

11



(70 — 11) Asset Allocation

wPOASDY  wBOASD?E
OASDF OASD#B

(70 — 12) Security Selection — Y wlOASDY - (AOASE — AOASE)

~oasor-x

) - (AOASE — AOASE)
(70 — 13) Spread Duration Mismatch —(OASD? — OASD?) . AOASP
(70 —14)  Asset Allocation — Y (wfOASDF — wBOASDE) - AOASE

S

70 —15 ecurity Selection — ) w D - —
S Sel POASDY . (AOAST — AOASE

Introduction to Credit Risk Modeling, 2nd ed., Bluhm, Overbeck,
Wagner

Chapter 6
Page 237
M, = M?

Guarantees and Target Volatility Funds, Morrison and Tadrowski

Page 4
w{™™ — min <“t‘"~"@t 100%)

~equity’
O.tq Y

2
) =2 )+ - (i (52)

Si—at

Proxy Functions for the Projection of Variable Annuity Greeks,
Clayton, Morrison, Turnbull, and Vysniasuskas
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