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Quantification of Variability of Chain Ladder Reserve Estimates: Comparison of Mack’s Method vs Bayesian Simulation
Method Regarding Implementation Difficulties.

By Wenyi (Roy) Lu and Bill Lu (co-author), UT Dallas  Mar 18, 2022.

Brief Abstract

This presentation can serve as a hands-on guideline for practicing P&C actuaries to build their own in-house models to quantify the
range estimates of outstanding loss reserve in everyday work under the requirement of European Solvency Il or for business plan
purpose in North America.

This presentation shows explicitly how to use basic Excel functions to carry out quantifying variability of property/casualty insurance
loss reserve estimates according to Thomas Mack’s paper (1993) entitled “Measuring the Variability of Chain Ladder Reserve
Estimates” formula by formula.

This presentation also provides concrete description of how to set up a practical Bayesian simulation-based model in R according to
Professor de Alba’s paper (NAAJ 2002) “Bayesian Estimation of Outstanding Claim Reserves” for the same task.
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Motivation and Goals

» Motivation
To make practicing actuaries’ life easier if they want to set up
Mack’s formulas. | can reproduce every number in Mack's
paper, so | decide to share this verifiable and easy Excel skills.

> Goals
1. To explain explicitly how in Excel to calculate the Range
Estimates of Loss Outstanding Reserves.
2. To explain explicitly the counter method with Bayesian
simulation in concrete language.

» The Format of this presentation (hands-on and down-to-earth)
It is like actuarial team internal training to disseminate
knowledge of established models and to assign tasks later.

> My Assumption on the Audience
The audience know the idea of Chain-Ladder point estimate.



Mack's papers in chronological order

> [1] Mack, T. 1993. “Distribution-Free Calculation of the
Standard Error of Chain-Ladder Reserve Estimates.” ASTIN

» [2] Mack, T. 1993. “Measuring the Variability of Chain
Ladder Reserve Estimates” Casualty Actuarial Society (CAS)

> [3] MACK, T. 1994. “Which Stochastic Model is Underlying
the Chain-Ladder Method?" Insurance: Mathematics and
Economics

» [4] Mack, T. 1999. “The Standard Error of Chain-Ladder

Reserve Estimates: Recursive Calculation And Inclusion of A
Tail Factor” ASTIN

Note:

1. All papers are available in .pdf via google.

2. Paper [2] has two versions. The version from

Faculty and Insitute of Acturies Claims Reserving Manual v.2
(09/1997) is much more legible because it is re-edited.



Background (better for reading by self)

» General insurance claims data structure after full settlement:
Assume:
1. This line of business has been stable in the past k years.
2. The claims incurred in any origin/accident year will be fully
settled after s years.



Background

» Observed insurance claims data up to most recently reported:
1. Only the earliest origin/accident year has fully developed.
2. The most recent accident year is still in first 12 months of
development.
3. So the right lower triangle of the matrix is blank.
4. We need to project the entries in the right lower triangle.



Background

» Well-known examples:
1. In the required textbook for short-term actuarial
mathematics (STAM) exam for more than 30 years.

2. Claims from accident year 1988 is fully developed as of
1992.



Background

» Well-known examples (continued):
1. This table contains the numbers of closed claims up to
respective development age/year.
2. Estimated ultimate number of claims were provided
without justification/explanation. These are not consistent
with the results from the most widely used deterministic
method (Chain-Ladder method).



An Established Method

» Well-known examples: Chain-Ladder development method



An Established Method

» Well-known examples: Chain-Ladder (C-L) method
We can project cumulative and incremental closed claim
counts respectively by each development year.



An Established Method

» Well-known examples: C-L method: Outstanding liabilities



An Established Method

» Well-known examples: C-L method: Average Claim Sizes
Standard assumption (only good for some very friendly LOBs).
The difficulty is that incremental average claim payments are
from partial settlements of different claims.

» Well-known examples: C-L method: Average Claim Sizes
We don’t cover this here.
It is easy to read Professor Brown’s Textbook listed in
References [7] .



New Task: Range Estimates of C-L Reserves

» The Chain-Ladder is the most widely used method to calculate
outstanding general insurance liabilities (or called reserves).

» The results of Chain-Ladder method is point estimates of the
outstanding unfulfilled liabilities. They do not provide
information about uncertainty in these estimates by nature.

» Regulations on general insurance in the US so far do not ask
for reporting range estimates of outstanding reserves.

» Regulations on general insurance in Europe started to require
reporting range estimates of outstanding reserves in last
decade.

> Range estimates of outstanding reserves will help companies
to understand their financial position too in the US regarding
risk-based capital.

Therefore, it is beneficial to quantify range estimates of
outstanding reserves.



C-L Reserves’ Point Estimates: Mack's Method in Excel

Mack 1993 [2] Reinsurance Association of America (RAA)
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C-L Reserves’ Point Estimates: Mack's Method in Excel

Mack 1993 [2] Reinsurance Association of America (RAA)

1. We match Mack's result (every number), say, Column M.
2. Row 86 the formula is wighted average mean (volume-wighted

mean).

3. CDFs (cumulative development factors) more stable than simple
average.

This is point estimate only so far. We will next look at range
estimates.

Mack 1993 [1] paper has a bit different notation, for instance,
some bold-face letter with a hat. Please read paper [1] and [2] side
by side. This helps a lot.



C-L Reserves' Range Estimates: Mack's formulas
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C-L Reserves' Range Estimates: Mack's formulas

We have now shown how to establish confidence limits for every R; and therefore
also for every C;; = C;y,,; + R;. We may also be interested in having confidence

limits for the overall reserve
R=R, +.+R;

and the question is whether, in order to estimate the variance of R, we can simply add
the squares (s. e.(Ri))2 of the individual standard errors as would be the case with
standard deviations of independent variables. But unfortunately, whereas the R;’s
themselves are independent, the estimators R, are not because they are all influenced
by the same age-to-age factors fy , that is the R, ’s are positively correlated. In
Appendix F it is shown that the square of the standard error of the overall reserve
estimator —

R=R,+.+R
2 ! Coy pare ; Structure close 4o (7

is given by
M\
-1

k=l+1-i

1 1
(11) (se®)’ = Zise®,)’ +C{F§FIIJ
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C-L Reserves' Range Estimates: Mack's results

k

2

3 4

5 6

o’ !27883 1109 691

A plot of ln(akz) against k is given in Figure 13 and shows that there indeed seems

61.2

119 40.8

134 788

to be a linear relationship which can be used to extrapolate In(a ,2) . This yields

a,z = exp(—.44) = .64. But we use formula (9) which is more easily programmable
and in the present case is a bit more on the safe side: it leads to a,? = 1.34, Using
———

formula (11) for s.e.(R) as well we finally obtain

Cino R se(Cip) = se(R;) se.(R;)/R,
i= 16858 154 206 134%
i=3 24083 617 623 101%
i=4 28703 1636 747 46%
=5 28927 2747 1469 53%
=6 19501 3649 2002 55%
=7 17749 5435 2209 41%
=3 24019 10907 5358 49%
i= 16045 10650 6333 59%
=10 18402 16339 24566 150%
Overall 52135 26909 . ek 52% but I ot o+,

Ro sPpReific explanation by
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C-L Reserves' Range Estimates: formula (8) in Excel
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C-L Reserves’ Range Estimates: formula (7) in Excel
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C-L Reserves’ Range Estimates: formula (11) in Excel
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C-L Reserves’ Range Estimates: Mack's formulas in Excel

1. Formula (8): for k=8, for instance, cell "1125" has input of
"162:163" as weights, "176:177" as individual ratios, and "191" as
the observed center.

2. Formula (7): for i=3, for instance, cell "D130" has input of
rows 64, 91,125,126 and columns |,J. The input is 4 horizotal
vectors of length of 2 elements.

The notation for (7) is not easy as C's can be either observed or
estimated values in the table.

3. Formula (11): for i=3, for instance, the covariance part cell
"F130" has input of rows 91,125,126, and columns 1,J, plus
"B130" with "B131:B137" pairs.

Key: Row 125 is Mack's contribution, and we learned from him to
set up row 126 similarly. Then formula (7) becomes sumproduct of
4 vectors.

Cell "F137" needs to be 0, and Excel is not smart enough.



Counter Method: Bayesian simulation

» Assumptions implied in Chain-Ladder method

1. Claim counts independent of average claim amounts
(severity) in a period (a cell in the table).

2. Development yeat t (column index t) behaves the same for
each year of origin/accident.

3. The average claim amounts (severity) in a period (a cell in
the table) follows lognormal (reasonable start point.)



A New Bayesian Method: Data Claim Counts

Ni = ny, the total numbers of ultimately settled for year 1 (the
earliest) of origin. This is known (the only known) as we assume
the ultimate year of fully settled of every claim origin year is 5 (the
end of index 4). Without loss of generality, assume k is the
ultimate year of fully settled of all claims for every year of origin.

x1 = (X11,X12, - - -, X1,k—1, X1k) - ;
X2 = (X21, %02, . -, X2, k1), Fexed here
V.s.
. MT% Pper, k i
xe = (xk1). index  varying
Note that x; is all known, x5 has xp, unknown, and x, has
only xx1 known. As a result, No, N3, ..., Ni are unknown, with N,

having most certainty and N, least certainty.

Let p = (p1, p2, - - ., px) denote the vector of proportions of
claims settled in the vector of the development years. This vector
of parameters is stable (the same) for every year of origin.

We know that x; = (X,'1,X,'27 ... ,Xi,k—laxik) :M*

given N;,p. ¥ wmeans hard for actuearies !
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Bayesian: Priors/Posteriors about Claim Counts

Let D = {x1,X2,...,Xk, n1 = sum(x1)} denote the
information available in the left upper triangle.

Let x = sum(x;)

Let pi =p1+p2+-+ps=1—psi1—- — pk
Resultl: Using non-informative priors for
(N2 = np, N3 = n3, ..., Nx = ng,p), we have
f(NQ = ny, N3 =n3,..., Nk = nk,p]D) X

k

[H C(ni’ ni — X;k)(plt_,’+1)x" (l — plt—i-o—l)niix"*]x
=2

k k—1 2
X1t Pt \x, Pt Xk—1,t
(TP G TIE* T g
t=1 t=1 t=1 31."—
where C(m, n) means m choose n combination formula.
Resultl means the product of (k — 1) independent negative
binomials for the n;,i =2,3,...,k, and a 'DJLM,P,'- *

actuaries
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Bayesian: Priors/Posteriors about Claim Counts

Result2:
Pt )X Pt \x
f(p[D) o< {( H ) [H 2f] [H( )
t=1 P2
Proof (Result2): Directly taking summation on np, ns, ..., ng

respectively will yield result2.

Note that even with f(p|D) given, we can't use it directly. Since
we do not have the same information on p for each origin/accident
year, we need to express this posterior pdf differently.

f(p|D) o f(pk|D)f (Pk—1lPk, D) (Pk—2|Pk—1, Pk, D) ... f(p2|p3, pas - .. Py

P2
D)"‘f(7*|p3)p47"°7pk)D)
P>

Pk—1 Pk—2
f(pk| D)F (= D)f(=
Pr—1 k—2

With the writing in the last 'proportional to’, we can have Result3.
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Bayesian: Priors/Posteriors about Claim Counts

Result3:
k-1
f(pk|D) = Beta(xy ko + 1, x1.e+1)
t—1
k—2
F(PL pi., D) = Beta(xa k-1 + X241 + 1, D (et xee) +1)
Pi—1 =1
k-3
f(pgi |Pk—1, Pk, D) = Betafxy k—2+Xo k—2+X3 k—2+1, Z(Xl,t—I-Xz,t—i-st,j
- =1

f(p1lp2,p3;- -, Pk, D) =1

With result3, | will simulate the unknown lower right triangle for
numbers of claims as follows:
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A New Method: A Bayesian model for the numbers of

claims.

>

Assumptions implied in Chain-Ladder method

Let Xj; = number of claims in t — th development year.

The available information is
{Xie:i=1,..., ki t=1, ..., k i+t <k+1}

Let N; = total number of claims for origin year i, i = 1,
The available information is
Ny =ny is observed, while N, ..., N not observed yet.

Theoretical results for N; and Xj;
Assume Xj; ~ POI(A¢) and Xj; are independent.
Let X; = (X,'l, e ,X,'k)/, then Robert G.D. Steel 1953:

k
X,'|N,' = nj~ I\/Iu/tk(n,-; Pi,.- .,pk), with p; = )\t/Z)\t
t=1



Simulating the unknown triangle claim counts.

> Simulation steps for the number of claims.
1. To generate p,(;/), the proportion of k-th column from a
k—1

Beta(xy x + 1, Zx“ +1)

t=1

9)

2. To generate 5,5_1, the relative proportion the (k-1)-th

column out of the first (k-1) columns only, from a

k—2

Beta(xy -1 + Xo k-1 + 1, Z(Xl,t +x,t) +1)
t=1

3. Use the results of steps 1 and 2 to generate
A, =101~ )
I((J')

4. To generate ’, from

Beta(xl,k_z + X0 k—2+ X3 k2t 1, th(;f(xl,t +x0¢ + X37t) + 1).



Simulating the unknown triangle claim counts.

5. Use the results of steps 1-4 above to generate

p,((J)2 = 60) (1 p,(j) p,&’)), and so on to pé’), the remaining
proportion is pg) =1- Zk 2p,(j) With this, we will have
generated a vector pt) = (py U) p,(f)l, - ,pgj)).

6. Use this pY) and

nf’p7 D ~ NB(X;k7 plt—i—l—l)a

i=2,...,k, to generate an observation for each n;. where
X{=Xj1++ Xik—i+1, and pg_; . =p1+ -+ pr—it1-
Thus, (n2,n3,...,nc) =nb),

7. Use nU), pU) to generate observations for the unknown portions
of x(*’) from each of (k — 1) multinomials (one for each year):
f(x %), X9 xD1a%) p0)) = Mult(nD: p0)), i =2, k.

) I

For the known part, we discard the generated values.



Bayesian: data/model about average claim amounts.

M = (My1, Mya, ..., My k1, Myy),

S
M2 = (M217M22,...7M2,k71)' NO('e ) }\G"d

for
: Rctlrieg

My = (My1).

Note that Ty=(k+1)k/2 is the number of cells of the left upper

triangle having observed M;;.

Denote D’ for the observed information collection of M;;.

Assume:

log(Mit) = yie = p+aj + By + e e~ N(0,0%) (5.1)

This is an_unbalanced ANOVA model. *

Using matrix notation, (5.1) can be written as follows:

y=W6O+e e~ N0,02/),

where y is a Ty-dimension vector that contains all observed y;:,

0=(u, 2,3, ...,k 02,53,...,0) is the ((2k-1)x1) vector of

parameters, € is the ( Ty x1) vector of errors, and W is the (

Tuyx(2k-1)) design matrix (3;‘ the model.
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Bayesian: Priors/Posteriors about average claim amounts.
Here ary=0 and (31=0 is imposed to make sure W has full rank,
meaning the estimability of the parameters. *

With_non-informative priors*for independent 6 and o,
f(0,0) x (1/0). As a result, the posterior joint distribution is

7(0,010) o o~ (Tv+D) x expl—= (y — WO) (y — WO)]
o

= o~ (Tutl) exp[—i2 x SST] —
o

Note:

SST = SSE+SSR = (y—W@&)' (y—W8&)+(W6—-W8) (WH—-W8),
where 6 = (W'W)~1W'y.

Also note:

f(0,0|D") x f(8|o, D')f(c|D"), where

1 A "
f(8lo, D') oc o~ k7D x exp[—— (WO — WO)' (WE — Wo)]
g
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Bayesian: Priors/Posteriors about average claim amounts.

Therefore

A

Fo]D') ox o~ (Tv=2452) s expl—— (y — W) (y — W)
ag

If we let A =1/02, then do/d\ o< A\=3/2. As a result,

FIN|D) ox ATU=2k42)/2 5 axp[— Ny — W) (y — W8)] x A~3/2

oc MTU=2kH /21 5 expl—A(y — WY (y — W),

Therefore o is from a "square-root inverted-gamma” distribution
with parameters shape v = (Ty — 2k 4+ 1)/2 and rate
B=(y—W0)(y - Wo)/2.

I will now simulate the unknown lower right triangle for severity of
claims and compute reserves as follows:



Simulating the unknown triangle average claim amounts.

» Simulation steps for claim amounts.
8. Generate an observation oU) from a " square-root
inverted-gamma” distribution with parameters shape
o= (Ty — 2k +1)/2 and rate 5 = (y — W)’ (y — Wé)/2.
This can be done by first getting an observation gU) from a
gamma(a, rate = ) and then making o) = 1/1/g0).
9. Generate an observation '
oU) = (u(j),ag), ... ,a(kj),,é’g), e ,(;’))’ from
N(8, cD2(W'W)~1). »
This can be done in R by "mvnfast” package.
10. Generate an observation from the predictive ' '
distributionN(,ug), o)) — Y,-(tj), with ,u,({) = ub) + ozgj) + 59)
for each (i, t) in the right lower triangle, and compute
MY = exp{v}
11. Z9 = XD MY for each (i, t),i =2,... k t >k —i+1.
12. To obtain the total reserves RU) = Dot Zi(tj).
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Simulating the unknown triangle average claim amounts.

Sever Zw&'g,

» Simulation steps for claim amounts when seveirty is not
known or when negative incrementals are present.

Intuitively just use aggregate cummulative claims amounts in
step 8-12, meaning we set I\/l,-(l{) =1 for every cell in the table.
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Bayesian models design matrix example.

> Make sure the design matrix is of full rank. Pay attention to
index of the observation vector too.
For k = 5, design matrix has shape of 15 x 9.



Bayesian models results for the unknown triangle.

» Simulation (5000 times) results for claim numbers.
The mean of the predictive distribution is 1,872, very close to
C-L method'’s estimate. The 95% credible interval contains
1,861 well in the center.
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Bayesian models results for the unknown triangle.

» Simulation (5000 times) results for claim amounts.
With severity information included, the mean of the predictive
distribution is $57, 158, very close to C-L method’s estimate.
The 95% credible interval contains $60, 184 well in the center.

Histogram of
'Total Outstanding Unpaid Claim Amounts: Reserves'
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Comparison of Difficulties of Implementation
» Mack's method via Chain-Ladder:

1. Pros: Easy to implement; can handle negative incremental
payments; standard method for long time.

2. Cons: No landscape of the distribution, say, skewed or not?

» Bayesian method:

1. Pros: Can provide more information because simulation
provides full landscape of the required estimates.

2. Cons: Hard to implement because learning curve is very
high to practicing actuaries; still more like blackbox"el e.g, first,
the easiest part of design matrix really is not that easy for
practicing actuaries already; second, in Professor de Alba’s
paper, he did not explain why in Mwincluding
severity information produced much worse result than ignoring
severity informaion. Verral (940
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Future Presentations
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\
» Chain-Ladder Recursive way with tail +aeter in Excel;
Bornhuetter-Ferguson way in Excel (one separate talk).

» Thank Youl!

» Qs and As
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