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Chapter 1: Introduction

In 2016, | co-wrote a paper for the SOA that explored many calculations related to experience studies.
That paper touched on errors that result from the application of various exposure methods in a calendar-
year study. These errors arise from the use of two partial rate years, such as policy years or years of age,
to cover one calendar year. This paper examines those errors much more closely and, in the end, suggests
ways to minimize them.

To examine the absolute and relative errors arising from the different annual exposure methods, it is
necessary to adapt them to handle partial rate years. This is accomplished by developing equivalent
fractional year exposure methods using the mortality distributions implicit in the annual exposure
methods. The results are compared using a continuous mortality distribution as the measurement
standard.

Bringing together both annual and fractional-year approaches for the various exposure methods goes
well beyond existing actuarial notation. Chapter 8 is a glossary of the new terminology and notation used.
It is recommended that you print the glossary and keep it handy as you read this paper.

This paper is organized as follows:

Chapters 2 and 3 review the main exposure methods covered in the original paper. Chapter 2 introduces
the methods for rate years, i.e., years that run from one birthday to the next or from one policy
anniversary to the next. Chapter 3 applies the exposure methods introduced in Chapter 2 to calendar-
year studies. This introduces the use of partial ages or partial rate years to span a full year of age
partitioned by the end of the calendar year. Partial rate years are the source of all exposure errors.

Chapter 4 looks at how the errors arising from the exposure methods accumulate in a study due to the
layering of different cohorts in an experience study. A cohort is a group of lives a group of lives born in
the same year. For select studies, the cohort is a group of lives born in the same year who purchased
policies in the same year. In a multi-calendar-year study, multiple cohorts contribute exposure to the
rates under study, such as rates by attained age or by issue age and policy year.

Chapter 5 introduces two mortality distributions that can be used to test exposure methods: The linear
force and the bi-linear force distribution. Both distributions reproduce the annual mortality rate and
assume that the force of mortality changes linearly over the year of age. The linear distribution does not
enforce continuity from age to age, while the bi-linear distribution ensures continuity by using two linear
segments within each year.

Chapter 6 uses the linear force distribution to estimate the partial year (or partial age) errors associated
with three exposure methods. Using first-order approximations, a simple, generalized error formula is
developed that applies to the three exposure methods. Distributions of fractional rates are calculated for
the three exposures methods and compared to results from the bi-linear force distribution. A hybrid
exposure method is introduced, which uses one exposure methods for the partial years at the beginning
of a multi-calendar-year study and a different exposure method at the end of the study. The generalized
error formula is used to examine the errors associated with the hybrid exposure method and for a single-
year study and for a multi-year study with cohorts increasing in size.

The paper concludes with Chapter 7, which describes a weighted-exposure method that can be used to
eliminate the errors associated with exposure for partial rate years or partial ages.
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Chapter 2: Rate-Year Studies

The rate year is the period for which mortality rates are calculated in a rate-year mortality study. The rate
year starts at one anniversary and ends at the next anniversary; both anniversaries must fall within the
study period. The anniversary is typically the anniversary of birth, policy issue, or pension plan entry.
Partial rate years running from the study start date to the next anniversary are excluded from a rate-year
study. Similarly, partial rate years running from the last anniversary in the study to the study end date are
excluded.

A mortality study calculates the probability of death, or mortality rate, for lives active at the start of each
age. The traditional or actuarial exposure method calculates the mortality rate for an age as the number
of deaths for the age divided by the exposure for the age. As mortality is a continuous decrement, an
alternative approach is to use the average number of lives in force during the year of age to calculate the
average force of mortality. The average force can then be converted into a mortality rate. Later in this
section, we will show that these two approaches produce the same annual mortality rate.

For ease of reference, these two approaches are named and summarized below. Note that the average
number of lives in force during the year of age is equivalent to the amount of time all lives are active
during the year of age.

e The Annual Rate Method calculates the mortality rate for an age as the number of deaths for the age
divided by exposure equal to the number of lives in force at the start of the age. This assumes that
mortality is the only decrement.

e The Annual Force Method calculates the average force for an age as the number of deaths for the age
divided by the amount of time all lives are active during the year of age. The mortality rate is then
calculated from the annual force using §2.1 (1) i.e., formula (1) in section §2.1.

The mortality rate can also be calculated for fractional ages within an age. For example, a year of age
could be examined by calculating twelve monthly mortality rates, one for each monthly period during the
year of age. With a sufficiently large number of deaths, the fractional rates would allow the monthly
pattern of mortality over the year of age to be analyzed.

e The Fractional Rate Method calculates the fractional mortality rate for each fractional age as the
number of deaths that occurred during the fractional age divided by the number of lives in force at the
start of the fractional age. The mortality rate for the full age is then calculated from the fractional
mortality rates within the year of age using §2.4 (3).

e The Fractional Force Method calculates the fractional average force for each fractional age as the
number of deaths that occurred during the fractional age divided by the average number of lives in
force during the fractional age. The annual force for the full age is then calculated from the fractional
average forces within the year of age using §2.4 (4), and the mortality rate is calculated using §2.1 (1).

In §2.1, the notation for annual rates and annual forces is introduced, as well as formulas that convert
one to the other. Sections §2.2 and §2.3 show how annual rates and annual forces, respectively, are
calculated. The final three sections, §2.4, §2.5 and §2.6, introduce notation and formulas for fractional
rates and forces.

§2.1 Annual Rates and Forces

Traditional actuarial notation is used for the annual mortality rate and the annual average force of
mortality:
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qx: The annual mortality rate from exact age x to x + 1, and
[y: The annual average force of mortality from exact age x tox + 1.

The annual average force notation includes a bar to distinguish it from the instantaneous force, pu, at
exact age x, or, more generally, iU, 4 at exact age x + t.

The relationship between the annual rate and average force is:
Gx=1- e_ﬁx' €Y)
and conversely

Py = — 10ge(1 - Qx)- (2)

§2.2  Annual Rate Method
To calculate the annual rate for a full year of age x, from exact age x to x + 1 the exposure, deaths and
annual rate are defined as:

E,: The annual exposure for lives from exact age x tox + 1.

o One year of exposure is assigned to lives active from exact age x tox + 1, and

o One year of exposure is assigned to deaths between exact age x and x + 1.

0 Afraction of a year’s exposure is assigned from the start of the year of age to the date of
decrement, for decrements other than death, between exact age x and x + 1. Note that
decrements other than death are ignored here, but the full exposure definition is included for
completeness.

d,: The number of deaths between exact age x and x + 1.
qx: The annual mortality rate from exact age x to x + 1.

The annual mortality rate is equal to number of deaths divided by annual exposure:

qx = dy/Ex. (1)

§2.3  Annual Force Method

To calculate the annual force for a full year of age x, from exact age x to x + 1, the exposure and annual
force are defined as:

EE: The annual exposure for Force (note the “F” superscript) for lives from exact age x to x + 1.

0 One year of exposure is assigned to lives active from exact age x tox + 1, and

0 Afraction of a year’s exposure is assigned from the start of the year of age to the date of
death, for deaths between exact age x and x + 1.

0 Afraction of a year’s exposure is assigned from the start of the year of age to the date of
decrement, for decrements other than death between exact age x and x + 1. Note that
decrements other than death are ignored here, but the full exposure definition is included for
completeness.

[y: The average annual force from exact age x to x + 1.

The annual average force is equal to the number of deaths divided by annual exposure for force:
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7
By = dx/EJIE7 . (1)

The annual mortality rate can then be calculated from the annual average force using §2.1 (1), i.e,,
formula (1) in subsection §2.1.

The annual force method is only appropriate for continuous, non-skewed distributions. To illustrate,
consider a lapse study of 1000 lives with 10 lapses occurring at the end of the year and no other
decrements. In this case, the rate and force exposures will be equal. That is,

E, = EY = 1000.
The annual rate method will calculate the correct lapse rate as:
qx = dx/Ey =10/1000 = 0.1.

Because of the skewed distribution, the annual force will be incorrectly calculated as being equal to the
annual rate:

fi, = d./EF =10/1000 = 0.1.

When this annual force is converted to an annual rate using §2.1 (1), the result, using an F superscript to
denote an annual rate calculated from an annual force, is not equal to the true annual rate.

qgf =1-e7%1=0.0952#q, .

§2.4  Fractional Rates and Forces

We will use the following notation for fractional ages:
P: The number of periods per year. For monthly, P = 12.
f: The length of each fractional period, which equals 1/P. For monthly, f = 0.08333.

s: The starting point of a fractional period. For monthly, the first three fractional periods
correspond to s = 0, f, and 2f, which in turn equal 0, 0.0833 and 0.1667. For the year of age
x, the first three fractional periods run from ages x + O tox + f, fromx + f tox + 2f, and
fromx + 2f to x + 3f.

The notation for the fractional mortality rate and average force incorporates an f subscript:

#qx+s: The fractional mortality rate from exact age x + stox + s + f, and
Flx+s: The fractional average force of mortality from exactage x +stox + s + f.

The relationships between the fractional rate and fractional force are identical to Formulas §2.1 (1) and
§2.1 (2), substituting fractional for annual rate and force:

flx+s = 1= e rhars (1)
and conversely,

f.ax+s = _loge(]- - fo+s)- (2)
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Unlike annual studies, fractional studies provide direct insight into the mortality distribution over the
year, while still returning the annual rate. The fractional mortality distribution is composed of the series
of fractional rates or forces that for a full year of age. That is,

% fx+fr f9x+2f = fAx+(P-1)f/ and
f.ax: fﬁx+f' fﬁx+2f i f.ax+(P—1)f-

The annual mortality rate is calculated as one minus the probability of surviving through all P periods. The
probability of surviving each period is one minus the fractional mortality rate for the period:

qx = 1—“5(1— fo+s)- (3)
The annual force is the unweighted sum of the fractional forces:
My = foﬁx+s . 4)

The fractional rate and force can be annualized to compare them to the annual rates and forces. The A
superscript indicates the annualized fractional rate and an annualized fractional force, as follows:

fades = 1= (1= ;qers)” 5)

fﬁaéﬂ = f.ax+s/f' (6)
Annualized fractional rates or forces would be equal to the annual rate or force only if mortality is
constant over the year. So, generally:

fAx+s * Qx - (7)

fﬁ;?+s F [y - )

§2.5 Fractional Rate Method

To calculate the fractional rate for a fractional year of age, from exactage x + stox + s + f, the
exposure, deaths and fractional rate are defined as:

rEx+s: The fractional exposure for lives from exact age x + stox +s + f.

0 One period of exposure is assigned to lives active from exact age x + stox + s + f, and

O One period of exposure is assigned to deaths between exact age x + sandx + s + f.

0 Afraction of a period’s exposure is assigned from the start of the fractional year of age to the
date of decrement for decrements other than death between exact age x + sandx + s + f.
Note that decrements other than death are ignored here, but the full exposure definition is
included for completeness.

7Ax+s: The number of deaths between exactage x + sand x +s + f.
Fqx+s: The fractional rate from exactage x + sto x +s + f.
The fractional mortality rate is equal to the number of deaths divided by fractional exposure:
fx+s = fdx+s/fEx+s . (1

Annual exposure can be calculated from fractional exposure and fractional deaths, as follows:
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9
Ey =Zf(ffEx+s+ (1_(S+f))fdx+s)- (2)

The above formula can be simplified by assuming that deaths are uniformly distributed, i.e. fdyys =
fd,, which results in the following approximate formula:

Ex zfofEJHs‘}‘ 1/2(1_f)dx- (3)
Using the above formula, the annual rate can be approximated using fractional exposure, as follows:

qx = Zf fdx+s/(fzi3 fEx+s + 1/2(1 - f)dx)- (4)

§2.6  Fractional Force Method

To calculate the fractional force for a fractional year of age x, from exact age x + stox + s + f, the
exposure and fractional force are defined as:

fE,erS: The fractional exposure for force for lives from exactage x + stox + s + f.

O One period of exposure is assigned to lives active from exact age x + stox + s + f, and

0 Afraction of a period’s exposure is assigned from the start of the year of age to the date of
death for deaths between exactage x + sandx + s + f.

0 Afraction of a period’s exposure is assigned from the start of the year of age to the date of
decrement for decrements other than death between age x + s and x + s + f. Note that
decrements other than death are ignored here, but the full exposure definition is included for
completeness.

fHx+s: The fractional force from exactage x + stox +s + f.
The fractional force is the number of deaths divided by fractional exposure for force:

Flxt+s = fdx+s/fEJIC:+S . (D
The fractional mortality rate can then be calculated from fractional force using §2.4 (1):

Fx+s =1 — e fhx+s (2)

Annual exposure can be calculated using the sum of the fractional exposures. It is necessary to multiply
the sum by f to adjust from fractional exposure (i.e., exposure of 1 per fractional period) to annual
exposure (i.e., exposure of 1 per year):

Ef = f3] fEfys - (3)
The results of a fractional force study can be used to directly calculate an annual force, as follows:
Hx = dx/EJIE7 = fodx+s/(fszEJf+s) . 4)

Note that this relationship only holds true for continuous, non-skewed distributions, as was
demonstrated in §2.3.

We will denote fractional exposure weights for each of the P fractional periods (i.e., fors =

0,f,2f,..,(P—1)/P) as:

fa,’;+s: The fractional exposure weight from exactagex + stox + s + f.

© 2017 Society of Actuaries



10
The fractional exposure weight will be defined as the ratio of fractional exposure for the period to the
sum of the fractional exposures over the year:

fa£+s = fE£+s/foE£+s . (5)

Substituting (3), the fractional exposure weight can now be expressed as annualized fractional exposure
divided by annual exposure:

fa£+s = ffE£+s/E£ . (6)
Using (1) to substitute for (dy,s = fE,f+Sfﬂx+s into (4), and then simplifying using (6), results in:
Py = Zf fE£+s fﬂx+s/(fszE£+s) = Effa£+s(fﬂx+s/f) . (7)

As the annual force is also equal to the unweighted sum of the fractional forces, per §2.4 (4), this gives
the following identity:

foa£+s(fﬁx+s/f) = fo.ax+s . 8

That is, the sum of the exposure-weighted annualized fractional forces is equal to the sum of the
fractional forces over the year. This relationship only holds for continuous non-skewed distributions and

could be used to define a non-skewed distribution.
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Chapter 3: Calendar-Year Studies
Unless the rate year is a calendar year, each year of age will include time from two consecutive calendar
years. Looked at another way, a multi-calendar-year study period will include partial ages at the start and
end of the study. That is, the lives active at the start (or end) of the study will enter (or leave) the study
part way through a year of age. A multi-calendar-year study can be reconstructed as a series of one-year
calendar-year studies where deaths and exposure for each calendar year are calculated separately. This
would enable the study of calendar-year trends within the study period.

The exposure for a partial age assumes that the risk of death is proportional to the length of the partial
age. For lives active throughout the partial age, this is simply the length of time in years of the partial
age. For the exposure on deaths in the period, there is no impact on the annual force method, as
exposure is assigned to the date of death, but for the annual rate method, there are two approaches to
calculating exposure.

o Traditional exposure: Exposure on death up to the end of the year of age is allocated to the partial age
in which death occurred.
o Distributed exposure: Exposure on death is distributed between the two partial ages that constitute the
rate year, as follows:
o Exposure from the date of death to the end of the partial age in which death occurred is
assigned to the partial age in which death occurred.
o If death occurred in the first partial age, then exposure from the end of the first partial age to
the end of the rate year is assigned to the second partial age, which completes the rate year.

The last bullet point means that some exposure from each death occurring during a first partial age
ending at the study’s start date will be included in the study. When first implementing the distributed
exposure method, deaths prior to the study start date may not be available. This could result in a hybrid
exposure method using traditional exposure for partial ages at the start of the study and distributed
exposure for partial ages at the end of the study.

All the exposure methods assume that risk is proportional to the time exposed. This assumption of
proportional risk results in imputed distributions of mortality rates for the rate year. For each exposure
method, these imputed distributions are the source of errors when partial age data is used to calculate
annual rates.

§3.1  Partial Age Notation

A full year of age, from exact age x to x + 1, is divided into two partial ages, one ending and one
beginning at the calendar year end. Let t be the time from the start of an age, i.e. the birthday or policy
anniversary, to the end of the calendar year. Then the first partial age is from exact age x to x + t, and
the second partial age is from exactage x + ttox + 1.

The previous notation for fractional ages can be adapted to partial ages: A partial age will begin at time s
in the year of age x and run for a period f, i.e. from exactage x + sand x + s + f, wheres < 1 and

f <1 —s. Hence a partial age refers to any period within an age, while a fractional age refers to an age
being divided into equal periods. For two partial ages arising from a full year of age being partitioned by
calendar year, then P = 2 and the two partial ages are defined as:

e First partial age from exact age x to x + t, equivalentto s = 0and f = t, and
e Second partial age from exactage x + t tox + 1, equivalenttos = tand f =1 —¢.
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12
The same partial age notation can be applied to both the first and second partial ages, thereby removing
the need for duplicate formulas. In the following, either notation will be used as appropriate.

§3.2 Rate Distributions

For the annual rate method with traditional exposure, the partial rate from exactagex +tto x + 1is
assumed to be proportional to the annual rate. That is,

1-tGx+t = (1 — £)qy . €Y)

This is called the Balducci hypothesis and results in mortality decreasing over the year of age. This runs
counter to actual mortality trends at most ages.

For the annual rate method with the distributed exposure, the partial rate from exact age x to x + t is
assumed proportional to the annual rate. That is,

tdx = tqx - 2

This is equivalent to a uniform distribution of deaths assumption and results in mortality increasing over
the year of age.

For the hybrid method, the partial age at the start of the study assumes that mortality is decreasing in the
year of age, while the partial age at the end of the study assumes that mortality is increasing in the year
of age.

For the annual force method, the partial rate from exact age x to x + t is assumed equal to the annual
rate expressed as a partial rate. That is,

iy =1— (1 —q". 3)

Expressed in terms of force, the partial average force from exact age x to x + t is assumed proportional
to the annual average force. That s,

thyx = Cily - )

This is equivalent to mortality being constant over the year of age. This will be referred to as the constant
force assumption.

The graph below shows the annualized monthly rates for a 10% rate using the Balducci hypothesis (BH),
uniform distribution of deaths (UD), and constant force (CF) assumptions.
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As mortality increases with age, and hence increases within a year of age, the traditional exposure
method is considered flawed as it assumes that mortality is decreasing over the year of age, while the
distributed exposure method can be considered an improvement, as mortality is assumed increasing for
both starting and ending partial ages. For the hybrid method, mortality is increasing only for the ending
partial age. Similarly, the constant force method may be considered somewhat preferable as the
constant mortality assumption is “closer” to increasing mortality than the decreasing mortality of the
traditional method.

§3.3  Annual Rate Method for Partial Ages

The annual rate method notation for partial ages is given below. To distinguish notation for partial ages
from that for fractional ages, a subscript for the period f will be added to the right-hand side of the
symbol, instead of to the left-hand side. As exposure is calculated in years, it will be referred to as annual
exposure despite being calculated for a partial age. The resulting mortality rate is also considered an
annual rate. References to partial exposure and partial rates will refer to exposure and rates that are
calculated for a partial year of age. In both cases, rates are calculated as deaths divided by exposure.

To calculate the annual rate for a partial year of age, from exact age x + s to x + s + f, the following
variables will be used. Annual exposure for each exposure method is defined below, after the annual
mortality rate.

Ex4s,: The annual exposure for partial age x + stox + s + f.
dyys,r: The number of deaths for partial age x + sand x + s + f.
Qx+s,r: The annual mortality rate for partial age x + stox + s + f.

The annual mortality rate for a partial age is its deaths divided by its annual exposure:

Qx+s,f = dx+s,f/Ex+s,f- (1)
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Two different methods are used to calculate exposure for partial ages. The exposure and rate for each
exposure method will be identified by its underlying mortality assumption: For traditional exposure, BH
(Balducci hypothesis) will be used. For distributed exposure, UD (uniform distribution of deaths) will be
used.

Traditional exposure is denoted and calculated as:
Effs_f: The annual exposure for lives from exact age x + stox + s + f.

O f years of exposure is assigned to lives active from exact age x + stox + s + f, and
0 1 — syears of exposure, i.e., exposure to the end of the year of age, is assigned to deaths
between exactagex + sandx + s + f.

Comparing the above definition to that for fractional exposure, given in §2.5, the annual exposure for the
partial age can be expressed in terms of the partial exposure, as follows.

Effs,f = ffEx+s + (1 —(s+ f))fdx+s . (2)
Substituting (2) into (1) gives:
qf—ll:ls,f = (fo+s/f)/(1 + (1 - (S + f))(qu+s/f))- (3)

Using the Taylor expansion, i.e., 1/(1 +X) =1 — X + X? — X3 + ---, the annual rate using Traditional
exposure can be estimated by ignoring third and higher powers as:

qf—ll:ls,f ~ fo+s/f + (S - (1 - f))( fo+s/f)2 . (4)
Distributed exposure is denoted and calculated as:

ngs_f: The annual exposure for lives from exactagex + stox + s + f.
O f years of exposure is assigned to lives active from exactage x + stox + s + f, and
0 f years of exposure is assigned to deaths between exact age x and x + s + f. Note that this
includes exposure for deaths between exact age x and x + s, which is the exposure that is
“distributed.”

The annual exposure for the partial age can be expressed in terms of the partial exposure, as:

Ealc]fs,f = ffEx+s + fsdy . (5)
Substituting (5) into (1) gives:
qgfs,f = (fo+s/f)/(1 + qu+s(sdx/fdx+s))- (6)

In (6), the ratio of ¢d, to rdy, can be replaced by s/f, assuming that deaths are approximately
uniformly distributed. The annual rate can then be expressed in terms of the partial rate as:

qgfs,f ~ (fo+s/f)/(1 + S(qu+s/f)) ' (7)

Once again using the Taylor expansion, the annual rate using Distributed exposure can be estimated by
ignoring third and higher powers as:

%2+ ~ (saxss/f) = s(sauss/f)" - @)
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In the remainder of this subsection, we will examine the difference between a) the sum of annual
exposures over the partial ages that constitute a year of age and b) annual exposure for the full year of
age. That difference will allow us to analyze partial age rate errors. The formulas and relationships
presented in the remainder of this subsection will apply equally to Traditional and Distributed exposure.
For convenience, we will use the following notation:

® E,ysr Will be used to denote both Traditional (Effslf) and Distributed (Effs’f) exposure.

®  (xis,r Will be used to denote both Traditional (qffs,f) and Distributed (qffs’f) rates.

For a year of age split into P periods that are not necessarily equal, the annual exposure for the full year
is the sum of the annual exposures for the partial ages that constitute the year of age. That is,

Ex =S Episy. €))

The annual rate for the full year of age is equal to the ratio of total deaths to total exposure. This, in turn,
is equal to the ratio of the sum of partial age deaths to the sum of partial age exposures for the year.

qx = dx/Ex = z:fdx+s,f/szx+s,f- (10)
The partial age exposure weight will be denoted as:
Uy ys,r: The exposure weight for partial age x + stox + s + f.

The partial age exposure weight is defined as the ratio of annual exposure for the partial age to the
annual exposure for the year of age in which the partial age falls:

Axts,f = Ex+s,f/Ex (11)

Substituting (11) into (10) gives the annual rate over the full year of age as sum of the exposure-weighted
annual rates for the partial ages.

dx = 2:f‘)~'3c+s,qu+s,f (12)
The annual rate for a partial age is only an estimate of the annual rate for the full year of age. That is,
Ax+sf * qx, T s >00r f <1

However, if the distribution of deaths within each partial age were to match the assumed distribution of
deaths underlying the exposure method, then the annual rate for each partial age would equal the annual
rate for the full year of age.

The difference between the annual rate for a partial age and the annual rate for the full year of age is the
error in the annual rate for that partial age. We will denote that error as follows:

Ex4s,r: The error in the annual rate for partial age x + stox + s + f.

The error is the difference between the annual rate for the partial age and the annual rate for the full
year of age:

Ex+s,f = Qx+s,f — qx - (13)

Using (13) to substitute gy = Gxis5 + Exss, into (12) gives:

qx = z:fa'x+s,f(%c + £x+s,f) =qyt 2:f‘l'x+s,f“’:x+s,f . (14')

© 2017 Society of Actuaries



16
Hence the exposure-weighted sum of the partial age errors over the full year is equal to zero:

z:fax+s,f‘c-‘x+s,f =0. (15)

So, for a full year of age divided between two calendar years, the exposure-weighted errors in each
calendar year are equal in absolute value and opposite in sign. That is,

(16)

Axt-1€xt = ~Axtt,tEx+t,1-t -

§3.4  Annual Force Method for Partial Ages

The exposure and rate notation and terminology introduced in §3.3, Annual Rate Method for Partial Ages,
is continued in this subsection. The Annual Force Method for Partial Ages assumes that the force is
constant over the year of age. The superscript CF, for “Constant Force,” has not been added to the
notation, as no other force assumption is used in this subsection. In later sections, superscript CF will be
added as required.

The exposure for annual force for a partial age is denoted and calculated as:

E,f+s_f: The annual exposure for Force (denoted by the “F” superscript) for partial age x + s to

x+s+f.

O f years of exposure is assigned to lives active from exact age x + stox + s + f, and
0 Afraction of a year’s exposure is assigned from the start of the partial age to the date of death
for deaths between exactage x + sandx + s + f.

The annual force for a partial age is denoted as:
Hxys,r: The annual force for partialage x + stox + s + f.
The annual force for a partial age is equal to deaths during the partial age divided by its exposure:
/Ix+s,f = dx+S,f/EJIC:+S,f €Y
The mortality rate for the partial age, calculated using the force of mortality, is:
Qxssf=1— e Hxtsf (2)
Annual exposure for a partial age is equal to the fraction f times fractional exposure, as defined in §2.6:
E£+s,f = ffE£+s 3)

Comparing the definitions of exposure for a partial age’s fractional force (see lead-in to §2.6 (1)) and the
exposure defined above for a partial age’s annual force (see lead-in to §3.5 (1)), it becomes clear that the
partial age’s fractional force will equal the partial age’s annual force times f. This means a partial age’s
annual force is always equal to its annualized partial force, as shown below:

Hxtsf = flzx+s/f = fﬂ;?+s (4)

For a year of age split into P periods that are not necessarily equal, the annual exposure for the full year
of age is equal to the sum of the annual exposures for its constituent partial ages. It is also equal to the
sum of its partial exposures weighted for time (f):

Eaf = ZfE£+s,f = EfffE3€+s (5)
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Similarly, the annual force for the full year of age is equal to the sum of the annual forces for its partial
ages weighted for time (f). It is also equal to the sum of the partial forces from its constituent partial
ages:

Uy = foﬂx+s,f = 2:fflzx+s (6)

The annual force of the full year of age is also equal to the sum of deaths over all of its partial ages
divided by the sum of annual force exposure over all partial ages.

Py = dx/EJIE7 = Z:fdx+s,f/ZfE£+s,f 7
The partial age force-exposure weight will be denoted as:
a,’;s,f: The force-exposure weight for partialagex + stox +s+ f

The partial age force-exposure weight is equal to the annual force exposure for the partial age divided by
the annual force exposure for the year of age in which the partial age falls:

a£+s,f = E£+s,f/E£ (8)

Substituting (8) into (7) gives the annual force for the full year of age as the force-exposure-weighted sum
of the annual forces for its constituent partial ages.

Uy = z:f0*’9)":+s,fﬁx+s,f )

From (6), the annual force is also equal to the time-weighted sum of the annual forces for the partial ages
in the year, which leads to the following identity:

z:fa;;+s,fﬂx+s,f = foﬂx+s,f (10)

That is, the sum of the force-exposure-weighted annual forces for the partial ages in a year is equal to the
time-weighted sum of the annual forces for the partial ages in the year. This relationship only holds for
continuous non-skewed distributions and could be used to define a non-skewed distribution.

The annual force for a partial age is usually not equal to the annual force for the full year of age:
Bxysf # fy, ifs>0o0r f < 1.

In the remainder of this subsection, we will examine the difference between a) the sum of annual forces
over the partial ages that constitute a year of age and b) the annual force for the full year of age. That
difference will allow us to analyze partial age annual-force errors.

The difference between the annual force for a partial age and the annual force for the full year of age is
the error in the annual force for that partial age. We will denote that error using the Greek letter xi:

$x+s,r: The error in the annual force for partial age x + stox +s + f.

The error is the difference between the annual force for the partial age and the annual force for the full
year of age:

§x+s,f = ﬁx+s,f — fy (11)
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Using (11) to substitute fiy = flxys s + §xts,r INtO (9) gives us:

Uy = Zf“§+s,f(ﬂx + 5£+s,f) = Uy + 2:focallcr+s,ffx+s,f (12)

From (12), we can deduce that the exposure-weighted sum of the partial age errors over the full year of
age is equal to zero:

2:{)aJI;+s,f€Jc+s,f =0 (13)

So, for a full year of age divided between two calendar years, the exposure-weighted errors in each
calendar year are equal in absolute value and opposite in sign. That is,

a;tfx,t = —a£+t,1—tfx+t,1—t (14)

The annual force method for partial ages can be more directly compared with the annual rate method by
expressing the annual rate for a partial age in terms of the partial rate, as follows:

1/f
Qx+sf = 1- (1 - fo+s) (15)

Using the Taylor expansion, (1 + X)* =1+ aX + a(1 — a)X?/2 + ---, and ignoring third and higher
powers, we have:

Ax+sf = fo+s/f - 1/2(1 - f)(fo+t/f)2 (16)

Conversely, as the annual rate for the partial age will be known, the partial rate can be calculated from
the annual rate as:

fx+s = 1- (1 - Qx+s,f)f (17)

This can be expanded to show the relationship with respect to the first and second order terms:

2
fx+s ® fo+s,f - 1/2f(1 - f)(‘bﬁs,f) = fo+s,f (18)

© 2017 Society of Actuaries



19
Chapter 4: Study Cohorts

For purposes of this and later sections, a study cohort will be a group of lives born in the same year. Each
cohort will contribute exposure and deaths to one or more attained ages in the study. In a study
composed of N calendar years, a single cohort may contribute data for up to N + 1 consecutive ages, i.e.,
toages x,x + 1,..x + N. Looked at another way, multiple cohorts may contribute data to the same age.
Therefore, multiple cohorts may contribute to the errors for partial ages. In this section, we will examine
how cohort errors can partially offset one another. Defining the study cohorts with respect to the
calendar year of birth is only appropriate if the study is using life-years to define the rates. For other rate-
years, the cohort year would need to be adjusted to reflect the rate year. We will assume that lives enter
the study at the start of a rate year or year of age except at the start of the study where they enter at the
study start date.

For example, in a study of three calendar years, from 2012 to 2014, lives born in 1941 will contribute
exposure and deaths to ages 70, 71, 72 and 73, as follows:

e Because lives bornin 1941 turn 70 in 2011, age 70 will be a partial age that runs from the start of the
study (January 1, 2012) to their 71% birthdays in 2012.

e Theentirety of ages 71 and 72 will fall within the study period.

o Age 73 will be a partial age that runs from their birthdays in 2014 to the end of the study (December
31, 2014).

The following subsection, §4.1, will show cohorts spread across tables organized by study year and age to
illustrate how exposures, rates and errors accumulate in a study. We will then explore simplifications for
situations where cohorts are equal in size. The partial exposure weights by cohort year and across the
study period are examined in §4.2. As studies with equal cohorts are rarely seen in practice, §4.3 derives
a formula to investigate the impact of changing cohort sizes on the error flowing through to a study. §4.4
develops a simple model for cohorts that increase in size by the same annual amount. This model will be
used in §6.6 to look at the magnitude of errors flowing into a study for a range of cohort increases.

§4.1 Exposure by Cohort

In the following table, columns for 2011 through 2015 and totals have rows that show the exposure
contributed by ages 70 to 73. The years 2011 and 2015 are shaded because they are not part of the
study: They have been included to show the exposure excluded from the study for ages 70 and 73. The
totals for ages 71 and 72 contain a full year of exposure, as indicated by the second subscript, “1.” The
totals for ages 70 and 73 contain only a partial age of exposure, as indicated by the second subscript of

“1 —t” for age 70 and “t” for age 73. The time t will only be the same for lives with the same birthday.
As birthdays will be distributed over the year, the time t will represent the average time to calendar year-
end for the full cohort. For example, if birthdays are uniformly distributed over the year, t = %. It will be
assumed that the distribution of birthdays over the year will be the same for each cohort.
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Exposure by Study Year and Age
Age 2011 2012 2013 2014 2015 Total
70 Ez0¢ | E70+t1-¢ E70+t1-¢
71 E7ie | E714e1-t E711
72 E7o¢ E7z4t1-t E721
73 E73¢ E73+e1-¢ E73¢
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Repeating the above format, the next table shows mortality rates from the same study. For ages 71 and
72, the rates in the Total column are the exposure-weighted sum of the rates from the contributing study

years.

Mortality Rates by Study Year and Age
Age 2011 2012 2013 2014 2015 Total
70 q7o,t q70+t,1-t q70+t,1-t
71 q71,¢ q71+t1-t q711
72 q72,t q72+t1-t q72,1
73 473t q73+t1-t 473t

The following table shows the errors in the study’s mortality rates. For ages 71 and 72, the errors in the

total column are the exposure-weighted sum of the errors from the contributing study years.

Rate Errors by Study Year and Age
Age 2011 2012 2013 2014 2015 Total
70 €70t | €70+t1—t €70+t,1-t
71 E71,t E71+t1-t 0
72 €72t E72+t1-t 0
73 €73t | €73+1-t €73t

The above examples were based on a study with all lives born in 1941, so that arrays of exposure, rates

and errors could be clearly shown by study year and age.

In practice, many years of birth are included in a mortality study, so we will expand the example to
include four cohorts: birth years 1941 through 1944. Going forward, each age in the study will have
exposure and death contributions from lives born in one to four consecutive years.

Focusing on age 70, four cohorts contribute to the age 70 rate in three different ways:

Lives born in 1941 contribute a partial age 70, from the start of the study (January 1, 2012) to the 71%
birthday in 2012.
Lives born in 1942 and 1943 each contribute a full age 70, as each age 70 falls fully within the study.

Lives born in 1944 turn 70 in 2014 and contribute only a partial age from their birthdays in 2014 to the
end of the study period (December 31, 2014).

In summary, the mortality rate for age 70 is now based on data from two partial ages, for lives born in
1941 and 1944, and two full years of age, for lives born in 1942 and 1943.
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In the remainder of this section, we will introduce and use variables that include the cohort year to which
they apply. These variables will use the following three subscripts:

e x4+ sisthe starting exact age for the variable.

e fisthetime interval or length of time to which the variable applies. For a full year of age, f = 1.

e (Y isthe cohort year to which the variable applies. For brevity, cohort years are numbered
consecutively starting with 1 for each age. In the following examples for age 70, “1” indicates birth year
1941, “2” indicates birth year 1942, etc.

The following variables will be used to track the contributions from each cohort year:
Ex+s,f,cv: The exposure for lives from exact age x + s to x + s + f for cohort year CY.

dx+s,r,cy: The number of deaths between exact age x + s to x + s + f for cohort year CY.
Qx+s,f,cy: The mortality rate from exact age x + s to x + s + f for cohort year CY.

The age 70 exposure contributions by cohort year for lives born in 1941 to 1944 are illustrated in the
table below.

Exposure by Cohort Year
Age | 1941 1942 | 1943 | 1944 | Total

70 | Ezo4t1-t1 | E7012 | E701,3 | E7ot4 | E7o

The total exposure for age 70, E5q, is the sum of the exposures from each cohort. More generally, in a
study composed of N calendar years, exposure for age x will have contributions from M cohorts, where
M is no less than zero and no more than N 4+ 1 or the total number of cohorts. For this example, age 70
has contributions from the maximum number of cohorts suchthat M = N + 1 = 4.

Ey = 2:1(‘7/1Y=1Ex+s,f,CY (1)

The age 70 mortality rates calculated for each cohort and for the study in total are shown in the next
table:

Mortality Rates by Cohort Year
Age | 1941 1942 | 1943 | 1944 | Total
70 | q704t1-t1 | 970,12 | 970,13 | 97064 | q70

The mortality rate across all cohorts, gy, is the exposure-weighted sum of the mortality rates for each
cohort:

qx = z:é‘VIY=1(Ex+s,f,CY/Ex)qx+s,f,CY 2)

The error in the mortality rates calculated for each cohort and for the study in total is:

Rate Errors by Cohort Year
Age | 1941 | 1942 | 1943 | 1944 | Total
70 | &o04t1-t1 | O 0 |&0ta| &0

The total error across all cohorts, €,, is the exposure-weighted sum of the errors for each cohort:

& = 2:CMY:1(Ex+s,f,CY/Ex)“’:x+s,f,CY (3)

© 2017 Society of Actuaries



22
As the errors for the full years of age, such as 1942 and 1943 in the above example, are zero, the total
error is the exposure-weighted sum of the errors from the first and last cohorts:

Ex = (Ex+t,1—t,1/Ex)5x+t,1—t,1 + (Ex,t,N+1/Ex)€x,t,N+1 4)

We will extend §3.3 (11), i.e., formula (11) in Subsection §3.3, to identify cohorts for the full year of age x
split between two calendar years: this results in two partial ages: (x,t) and (x +t,1 —t). As new
entrants are assumed to enter at the start of the rate year, the exposure distribution within the year of
age is dependent only on the distribution of deaths within the year. The partial age exposure weights for
cohort CY are defined as partial age exposure divided by the full exposure for the age:

Axtcy = Ex,t,CY/Ex,l,CY (5)

Axt+t1-t,cy = Ex+t,1—t,CY/Ex,1,CY (6)

Next, we will assume that the distribution of deaths and exposure are the same for all cohorts. This may
be a reasonable assumption for most cohorts in a mortality study by attained age.

Assuming the exposure distribution is the same across all cohorts, then the partial age exposure weights
will be the same across all cohorts:

Axt,cy = Oxt (7)

Ax+t1-t,cy = Ax+t,1-t 3
Substituting (7) and (8) into (5) and (6) and rearranging gives:

Extcy = @xeExacy )

Ex+ta-tey = xtt1-tExacr (10)

That is, the partial age exposure for a cohort year is the exposure for the full year of age multiplied by the
partial age exposure weight. (9) and (10) allow the partial age cohorts at the start and end of the study to
be expressed in terms for the full age exposure. Using the age 70 example above for the partial age
cohorts 1941 (CY = 1) and 1944 (CY = 4), we would have:

Ex,t,4 = ax,tEx,lA (11)

Exit1-t1 = Axae1-tEx 11 (12)

Assuming cohorts have the same distribution, the errors in the rates for each cohort will be the same. So,
for all cohorts, we would have:

Extcy = Extr (13)
Ex+t1-tCy = Ex+t1-t - (14)
Substituting (11), (12), (13), and (14) into (4) gives us:

Ex = (a’x+t,1—tEx,1,1€x+t,1—t + ax,tEx,l,N+1€x,t)/Ex (15)

When the cohorts are equal in size and distribution, their exposures are also equal. Substituting E, ; ; for
Ey 1 n+1in (15), we have:

E = (a’x+t,1—t5x+t,1—t + ax,tgx,t)Ex,l,l/Ex (16)
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Using §3.3 (16), which states that @, 1€y ¢ = — @yt tEx+t,1—¢, We find that, if cohorts have the same
distribution and size, then the total error in the study will be equal to zero:
& =0 a7

In a full study, the required cohorts would be defined by the minimum and maximum ages in the study
given the study period. For a study from ages 20 to 90 for the study period 2012-2014, the youngest
cohort contributing to age 20 would be lives born in 1994, while the oldest cohort contributing to age 90
would be 1921. To calculate the rates from age 20 to age 90, such that the partial-age errors offset to
zero as in (17), would require the cohorts shown in the table below.

Age | Cohorts
20 | 1991-1994
21 | 1990-1993

70 | 1941-1944

90 | 1921-1924

Note that cohort years 1992 to 1994 could also contribute to ages 17 to 19, but these are below the
minimum age in the study and are therefore excluded. Similarly, cohort years 1921 to 1923 would
contribute to ages 91 to 93 which are greater than the maximum age and are again excluded.

Where the cohorts are not equal in size, there will be some residual error related to the difference in size
between the starting and ending cohorts for the full year of age. This will be investigated further in
following sections.

§4.2  Exposure Weights

The result from §4.1 (17), that errors in the partial ages at the start and end of the study net to zero for
cohorts equal in size, depends on two assumptions:

1. That the mortality distribution in the year of age is the same across all cohorts contributing to the age.
2. That the distribution of birthdays within each cohort year is the same across all cohorts.

In the following formulas, (1) through (8), it will be shown that aggregate (i.e., applicable to the overall
study) partial age exposure weights can be calculated in terms of cohort exposures. We start by noting
that total exposure is the sum of the exposures for all cohorts:

Ey = Exyen—t1 T Ex12 T Ex13t - tExin + Exenet €Y

Utilizing ay ¢ cy + Ax4t.1-t,cy = 1 for the full age exposures, we have:

Ey = Exyta-t1 7t (ax,t,z + ax+t,1—t,2)Ex,1,2 + (ax,t,3 + ax+t,1—t,3)Ex,1,3 + -
+ (a’x,t,N + ax+t,1—t,N)Ex,1,N + Extn+1 (2)

Rearranging the terms in the formula above, we have:

Ey = Exyta-t1t (ax+t,1—t,2Ex,1,2 + -t ax+t,1—t,NEx,1,N)
+ (ax,t,ZEx,l,Z + -t ax,t,NEx,l,N) +Eyint1 3)
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Assuming that all cohorts have the same distribution, we can use §4.1 (7) and (8) to substitute aggregate
exposure weights for cohort exposure weights, resulting in the following:

Ex =Exyti-t1t+ a’x+t,1—t(Ex,1,2 + et Ex,l,N)
+ ax,t( Exio+ ..+ Ex,l,N) + Extn+1 4)

Comparing (3) and (4), we find that the aggregate exposure weights can be calculated as:
Ayt = (ZgY=2ax,t,CYEx,l,CY)/(EéVY=2Ex,l,CY) ()

Axtt1-t = (ZgY:Zax+t,1—t,CYEx+t,t,CY)/(Zé‘VY:2Ex,l,CY) (6)

Substituting §4.1 (5) and 6) into the above two formulas, we find that the aggregate exposure weights can
be calculated as a sum of partial year exposures divided by a sum of full year exposures, where each sum
include cohorts 2 through N:

Ayt = (ZgY=2Ex,t,CY)/(EéVY=2Ex,1,CY) )

Axtt1-t = (ZgY:ZEx+t,1—t,CY)/(ZgY=2Ex,l,CY) €)

§4.3  Increasing Cohorts

For ages with N + 1 equally-sized cohorts, errors will offset, as illustrated by age 70 in the preceding
table and as shown by formula §4.1(10). If the cohorts are not equal in size, then the errors for these
ages will only partially offset. The net errors will be dependent on the cohort distribution.

The previously developed formula for the net error for ages with N + 1 cohorts, §4.1 (15), is:

E = (ax+t,1—tEx,1,1£x+t,1—t + ax,tEx,l,N+15x,t)/Ex (1)

This error has a systematic bias that arises from the error in the study method interacting with the
difference in cohort sizes. As such, the error can be estimated and, if required, eliminated.

Let I be the increase in size between the first and last cohorts, i.e.

I = Ex,l,N+1/Ex,1,1 -1 (2)
Substituting (2) into (1) and rearranging gives:

Ex = (ax+t,1—t‘9x+t,1—t + ax,t(l + I)Sx,t)Ex,l,l/Ex (3)

First substituting — @4 ¢1—tEx+t1-¢ FOr Ay ¢Ex ¢, USING §3.3 (16), and then substituting Ex 1 y+1/Ex11 — 1
for I, using (2) above, gives:

Ex = — €x+t,1—t(a’x+t,1—tEx,1,N+1 - a’x+t,1—tEx,1,1)/Ex 4)

Next, substituting Ey4¢1-¢1 fOr @yqr1-¢Ex 11, Using §4.1 (10), and then substituting Ey ¢ y41/ @y ¢ for
Ey 1 n+1, Using §4.1 (9), the above formula can be expressed in terms of the partial-age exposures for the
first and last cohorts:

Ex = T Ex+t1-t ((ax+t,1—t/ax,t)Ex,t,N+1 - x+t,1—t,1)/Ex (5)

Formula §3.3 (16) can be rearranged to substitute — &, ¢ (@y ¢ /Ax+t,1-¢) fOr €41+ in the above
formula, to yield the following result:

© 2017 Society of Actuaries



25
Ex = Sx,t(Ex,t,N+1 - (a’x,t/a’x+t,1—t)Ex+t,1—t,1)/Ex (6)

Note that formulas (5) and (6) are equivalent, alternative formulas. The above formula shows that the
error in the study can be estimated from

e theerror in the exposure method, &,  using (6), Or €;4¢1_¢ using (5),
e the partial age exposures, E ¢ y+1 and Ex ¢ 1-¢1 and
e the partial age exposure weights, @, ¢ and a4+ 1—¢, which can be estimated using §4.2 (7) and (8).

That estimate can then be used to eliminate the bias in the rates calculated by the study.
Later, a more general error formula, §6.1 (1), will be developed to estimate the error in the exposure

method. That, together with formulas (6) above and §4.2 (7) and (8), can be used to estimate the bias in
the rate and correct for it by subtracting the estimated error from the rate.

§4.4  Increasing Cohort Model

To investigate the impact of increasing cohorts on the errors in a study, consider a study of N calendar
years with cohort size increasing at a simple (i.e., not compounded) annual rate, i. We will assume that
the age has N + 1 cohorts and therefore that the increase in size between the earliest and latest cohort
for the age is Ni. The error formula developed here will be used in §6.6 to examine the impact of a range
of cohort increases on the errors in the study.

By definition:
Ni=Eyin+1/Ex11—1 ey

Next, we modify §4.3 (3) by substituting (1 + Ni) for (1 + I):

x = (ax+t,1—t5x+t,1—t + e (1 + Ni)ey )Ex,l,l/Ex (2)
Applying §3.3 (16), @y t&xt = —@xtt,1—tEx+t,1—¢, We find:
E = — ax+t,1—t5x+t,1—tNiEx,1,1/Ex (3)

Total exposure can be expressed as the sum of the exposure for each cohort:
Ey = Exte1-t1 t Exa12t HEcan + Exenea (4)

Replacing each cohort’s exposure with partial age exposure weights times the cohort’s full exposure and
utilizing ay ¢ + Ayye1-¢ = 1, we have:

Ey = txrt1-tEx11 + (a’x,t + ax+t,1—t)Ex,1,2+- . +(0~’x,t + a’x+t,1—t)Ex,1,N + ayiExiner  (5)
Grouping the above exposures by exposure weight gives:

E, = ax+t,1—t(Ex,1,1 +Ey1+ 0+ Ex,l,N)
+ Ayt (Ex,l,z + ..+ E Nt Ex,l,N+1) (6)

Exposure for cohort K can be calculated in terms of E, 1 1 as (1 + (K — 1)i)E, ; ;. Substituting this
expression for the exposures in (6) yields:
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E, = a’x+t,1—t(Ex,1,1 +(A+DE 1+ -+ 0+ N - 1)i)Ex,1,1)
+ e (14 DEgq + -+ L+ (N = DDEygq + (1+ NDEyy4) ©)

Using the arithmetic sum of the increases and rearranging gives:

Ex = ax+t,1—tEx,1,1(N + 1/2(N - 1)Ni) + ax,tEx,l,l(N + 1/2N(N + 1)0

26

(8)

Replacing a, ¢ with 1 — a4+ 1—¢ and simplifying further expresses total exposure in terms of the
exposure for cohort 1, the study period, the annual increase, i, and the exposure weight, @y 1—¢:

Ey = Ex11(N + % (N + DNi — ayypq-¢Ni)

Substituting (9) into (3) gives:

&x = = Uppr1-tExrta—tNi/(N + V(N + 1)Ni — atyyp1-¢Ni)

)

(10)

Once the error in the study methods has been established, the above formula will be used in §6.6 to
investigate the impact of cohort increases on the error arising in a study.

§4.5 Cohort Periods

The cohorts in a study are sometimes grouped to study how mortality changes over time between groups
of cohorts. For select rates, study cohorts are often defined by both year of birth and year of issue, where
issue periods may reflect periods of different underwriting conditions. As the rates calculated for each
age in a study are dependent on the blending of different cohorts to offset much of the errors from the
study method, grouping by cohort period will create additional errors at the cohort group level, although
no change in the error for all cohort groups combined. In this respect, the errors for sub-populations
defined by cohort periods differ from those defined by other mortality risk variables, such as gender,

where the different cohorts combine to offset much of the errors.

Consider the cohorts from 1941 to 1944 to be one such cohort group. The following table summarizes
exposure by cohort year and age, showing the seven ages from 67 to 73 that receive contributions from
the four cohorts. The boundary ages, 67 and 73, only receive contributions from one cohort, 1944 and
1941 respectively, while age 70 receives contributes from all 4 cohorts.

Exposure by Cohort Year and Age
Age 1941 1942 1943 1944 Total
67 Ee7+t1-t1 | Eg7
68 Eegtt1-t1 | Eesz Egg
69 E¢o+t1-t1 Ee9,1,2 E¢o,1,3 Eeo
70 | Ezo4t1-t1 | E7012 E70,1,3 E70,t4 E7
71 E7111 E711,2 E71¢3 E7q
72 E7211 E72¢2 E7,
73 E73¢1 E73

As before, we will use M to designate the number of cohorts which contribute exposure to age x. In a
study of N calendar years, M can vary from 1 to the lesser of N + 1 and the total number of years in the
cohort period, where the cohort period has been selected from the cohort range determined by the
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minimum and maximum ages in the study. In the table above, age 70 has contributions from 4 cohorts,
while ages 67 and 73 have contributions from 1 cohort. The parallelogram formed by the exposure cells
in the above table is representative of any cohort period that falls more than N years from the end of the
cohort range defined by the minimum and maximum ages in the study. In this example, with the age
range 20 to 90 for study years 2011 to 2014, that translates to any cohort period falling within the years
1925 and 1990. For cohort periods that start or end at the boundaries of study cohort range, the upper
and lower triangles in the parallelogram will become truncated.

To illustrate an upper triangle, consider the cohort period from 1991 to 1994 with minimum age 20.

Exposure by Cohort Year and Age
Age 1991 1992 1993 1994 Total
20 | Ezo+t1-t1 | Ez012 Ez0,1,3 Ezot4 Eso
21 Ez111 Ez11,2 Ez1e3 Eyy
22 Ez211 Exot2 Es;
23 Es¢1 Eys

The cohort period from 1921 to 1924 with maximum age 90 illustrates a lower triangle:

Exposure by Cohort Year and Age
Age 1921 1922 1923 1924 Total
87 Eg7+t1-t1 | Egy
88 Eggtt,1-t1 Egg 1,2 Egg
89 Egott1-t1 Ego,1,2 Ego1,3 Egqg
90 | Ego+t1-t1 Eg0,1,2 Eg90,1,3 Ego,t,4 Eqo

The next table shows rate errors by cohort year and age for the cohort period 1941 to 1944.

Rate Errors by Cohort Year and Age
Age 1941 1942 1943 1944 Total
67 E67+t,1-t,4 67
68 €68+t,1-t,3 0 68
69 €69+t,1-t,2 0 0 €69
70 | €70+t1-t1 0 0 €70,t,4 €70
71 0 0 €71,t,3 €71
72 0 E72,t2 €72
73 €73,t1 €73
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The above table illustrates three different patterns of partial ages that contribute to errors:

1. Only a cohort’s first year of exposure contributes a partial age of exposure (ages 67 to 69).
2. Both the cohort’s first and last year of exposure contribute a partial age of exposure (age 70).
3. Only a cohort’s last year of exposure contributes a partial age of exposure (ages 71 to 73).

For the youngest and oldest ages, only one cohort contributes to its partial-age errors. For the youngest
ages, 67 to 69, the total error for each age is:

& = (Ex+t,1—t,1/Ex)5x+t,1—t,1 1)
For the oldest ages, 71 to 73, the total error for each age is:
Ex = (Ex,t,M/Ex)sx,t,M (2)

For the middle ages, which is only age 70 in this example, the full formula shown in §4.1 (4) applies and is
equal to the sum of the above two parts.

In summary, the total errors for each age can be calculated in terms of the method errors for the
youngest and/or oldest ages, with the size of each error being proportional to its exposure.

Let f cy designate the length of time that age x is exposed for cohort year CY. For age 70, the sum of
these partial age periods is equal to the number of calendar years in the study period, N = 3 calendar
years, while for the three younger ages and the three older ages, this sum is less than the study period N.
The farther the age is from age 70, the fewer years of exposure it contains. The following table
summarizes the number of cohort years at each age together with the total years exposed.

Total Years Exposed
Age | M | E¢y=1frcr
67 | 1 1—t

68 | 2 2—t

69 | 3 3—t

70 | 4 3

71 | 3 2+t

72 | 2 1+t

73 | 1 t

Next, we will calculate errors by age compared to total exposure for the age, which we will refer to as the
total rate error. This captures the overall distortion of a rate due to the error in its total exposure. We will
employ two simplifying assumptions:

1. Exposure will be assumed to be uniformly distributed over the year of age.
2. Birthdays will be assumed to be uniformly distributed over the calendar year.

To understand the following formulas and the following table, it is helpful to remember that the partial
ages that create errors have only half as much exposure as each full year of age which contributes no
error. For age 68, with 1% years of exposure, this means that total exposure is three times the partial
age’s half year of exposure contributed by its 1943 cohort. Hence, the partial age error is divided by 3 to
calculate the error compared to total exposure, i.e., the total rate error.
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Using M to designate the number of cohort years that contribute exposure to the age, the error for the
youngest ages with fewer than N + 1 cohort years, such as ages 67 to 69 in the example above, can be

approximated by:

Total rate error for youngest ages: &, = €y41,1,1/(2M — 1)

(3)

Similarly, the error for the oldest ages with fewer than N + 1 cohort years, such as ages 71 to 73 in the
example above, can be approximated by:

Total rate error for oldest ages: €, = &1, 3/ (2M — 1)

4)

The following table illustrates the results of applying the above formulas for total rate error to the
youngest and oldest ages in the study previously illustrated:

Rate Errors by Cohort Year and Age
Age 1941 1942 1943 1944 Total Rate Error
67 E67+%,,1| €67 = €67+1,%,1
68 €68+14,1,1 0 68 = E68+14,1,1/ 3
69 £69+14,15,1 0 0 €69 = €69+14,1,1/ D
70 | €70+1,11 0 0 €704 | €70 =0
71 0 0 €71,%,3 €71 = €71,%,3/5
72 0 €72,%,2 €72 = 72,2/ 3
73 | &7331 €73 = €731

In the table above, only one age, age 70, has exposure from N 4+ 1 cohorts and, therefore, has partial age
errors that offset. The total rate error becomes an increasing proportion of total exposure as the lowest
ages approach the minimum age or the highest ages approach the maximum age. Generally, the number
of youngest and oldest ages with non-offsetting errors will be equal to the lesser of the number of
cohorts and the number of years in the study period. As mortality generally increases with age, the lower
age errors will usually be positive and the upper age errors will usually be negative but larger in
magnitude, due to higher rates at higher ages. Examining the overall error for the cohort group across all
ages, the lowest and highest age errors will offset but, as the errors for the highest ages are larger, the
overall error will be negative and hence the overall mortality rate will understate the true overall
mortality rate for the cohort group.

§4.6  Fractional Methods

Unlike the annual exposure study methods that prorate annual exposure for partial ages, fractional
methods use fractional exposure which allocates an exposure of 1 to lives active for the entire fractional
period. Fractional rates or forces are calculated for each fractional period in the year of age as fractional
period deaths divided by fractional exposure.

Fractional survival rates are calculated as one minus fractional mortality rates. An annual survival rate is
then calculated as the product of the fractional survival rates. The annual mortality rate is finally
calculated as one minus the annual survival rate, as shown below:

ax =1- l_[f(l - qu+s)
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The annual force is calculated more simply as the sum of the fractional forces:

My = foﬁx+s

For simplicity, consider a half-yearly study for calendar years 2012 to 2014 with four half-year cohorts for
lives born in the first and second halves of 1943 and 1944. We will further assume that policies were only
issued at the half year, either January 1 or July 1, using a half-year anniversary definition for both age and
cohorts. This will enable deaths, exposure and rates to be calculated for half-year ages and half-year
cohorts, as illustrated in the following table:

Exposure by Half-Year Cohorts and Ages
Age | 1943,1 | 19432 | 1944,1 | 1944,2 | Total

67V vEe714 | nE671
68 vEes3 | wEesa | 1.Ees
6872 wEes1,2 | nEes3 | nEeswa | 1Eesy
69 | wEeo1 | wEeo2 | wEeos | wEeoa | 1Eeo

69% | wEeon1 | nEeow2 | nEeon3 | nEeoma | 1,Eeo

70 wE701 | wE702 | wE703 | wE704 | wE70

70% | E701,1 | nE701,2 | E701,3 vE701
71| wE71m1 | nE712 wE71
71% | yE7131 vE715

In the table above, all ages, except for the first and last, have two or more half years. For ages with two
half-years of exposure, an annual rate could be calculated as

ax =1- 1- 1/2%6)(1 - 1/zCIx+1/z)

The annual rates calculated from the fractional rates are independent of the size of the cohorts, unlike
the annual method for which cohorts of different sizes will introduce errors in the rates.

Where the fractional period is defined with sufficient granularity (i.e., short enough) such that partial
fractional periods cannot occur or can be ignored, the fractional rates will not contain material errors due
to partial fractional periods and hence the annual rates will be without material error.
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Chapter 5: Actual Rate Distributions
The exposure calculated for a partial age in a study will reflect the mortality distribution of the actual
deaths in the study irrespective of the mortality distribution assumed by the method used to calculate
exposure. The difference between the actual distribution and the distribution implicit in the study
method will result in errors when mortality rates are calculated based on data that includes partial ages.
To explore and quantify the impact of errors in the rates from partial ages arising in calendar year studies,
a model of the actual distribution of rates over the year is required. The rate distribution can be
considered the series of fractional rates that would arise in a fractional study for a full year of age. If the
year were divided into P fractional periods of length f, that series of fractional rates would be:

% fx+fr f9x+2f = fAx+(P-1)f"

For the partial years of age that arise when a full year of age is split between two calendar years, we will
assume that the calendar year-end falls at the end of a fractional period, so that each partial age is made
up of an integer number of fractional periods. As both fractional and partial rates are being considered,
the fractional age notation using P, s and f will be used for the fractional periods, while the partial age
notation will use t to indicate the time from the start of the age in a calendar year to the end of the
calendar year. The partial rate for each partial age is given by

tdx =1— Hfil(l - qu+s) €Y)

1-tdx+e = 1 — ng:Pt+1(1 - fo+s) 2)

The annualized rates for the partial ages, using the partial age notation above, are

1/t
Gre=1— (1= gVt =1 - (25 (1~ fquss)) 3)

)1/(1—t)

Qe+ti-t = 1— 1- 1—th+t)1/(1_t) =1- (H§:Pt+1(1 - qu+s) 4)

The formula is greatly simplified when using the force of mortality over the year, as the force of mortality
is additive, while mortality rates are the complement of multiplicative survival rates. If the fractional

forces over the year are ¢fiy, fflx+f, flx+2f - plx+(p-1)f, then:
The partial force for each partial age is given by
thx = Eﬁlfﬂxﬂ Q)
1-tilx+t = ZE:Pt+1fﬂx+s (6)
The annualized forces for the partial ages are
Bt = eilx/t (7)
Bxtti—t = 1-thxre/ (1 — 1) (8)

As mortality is continuous and generally increasing from age to age, a simple model for the force
distribution is that it increases linearly over the year. We will apply two constraints to the force
distribution, referred to as consistency and continuity:
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e Consistency: the sum of the fractional forces over the year must equal the annual force, and
e Continuity: the exact force at the end of the year of age must equal to the exact force at the start of the
following year.

Since the mortality force curve is non-linear, a linear force distribution cannot satisfy both constraints
simultaneously:

e If continuity is maintained, then annual force over the year will not equal the sum of the fractional
forces.
e [f consistency is maintained, the forces will not be continuous from age to age.

For the sections of the mortality force curve where the annual force is small and its rate of increase
changes slowly from age to age, a linear force distribution can be used without seriously violating the
either constraint. However, as the aim is to project lives and deaths for a given mortality rate, a linear
force distribution will be set out in §5.3 that will preserve consistency. Where the force is large, or the
rate of increase is changing rapidly, the simple, linear force distribution is too crude. In §5.4, this is
resolved by splitting the age’s force into two separate but not necessarily equal linear segments. This will
be called the bi-linear force distribution here. It is constructed so that both consistency and continuity are
maintained. §5.5 illustrates the linear and bi-linear distributions for five consecutive ages, using select
and ultimate mortality rates from the Male Nonsmoker, Age Nearest Birthday, 2015 Valuation Basic
Table, which, going forward, will be referred to as “MNS ANB 2015 VBT.”

§5.1 Increase in Force

The increase in force over the year of age x, Ay, is the difference between the instantaneous forces at
the start and end of the year.

Apy = Pxy1 — Hx (1)

The increase in force can be interpreted as the average slope or gradient of the force of mortality curve
between exact ages x and x + 1.

The standard estimate of the instantaneous force of mortality at exact age x, u,, is the average of the
annual forces for the current and prior ages.

iy = Yo(ily—1 + i) (2)

Applying (2) to both p, .1 and u,, the increase in force can be restated as half the difference between the
annual force for the next age, [i,.,+1, and the average force for the previous age, ft,_q:

Apye = Py =ty = Yo(flr1 — HBx-1) 3)

The relative increase in force, i.e. the increase in force divided by the annual force, is a useful measure to
compare increases across a wide range of ages. It also simplifies some soon-to-be-developed formulas.
Going forward, we will refer to the relative increase in force as the relative gradient of the force, the
relative gradient, or simply the gradient. The relative gradient, A,, not to be confused with Ap,, is the
increase in force for age x divided by the annual force for age x:

Ay = Apy/ ity (4)

Since the minimum age, such as age 0, does not have a prior age, uy and Apgcannot be calculated. The
simplest remedy is to extrapolate the instantaneous force to age 0 by assuming the average force over
age 0 is equal to the instantaneous force at age %%, i.e., flg = H, . Further assuming that the increase in
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instantaneous force from age 0 to age 1, uy — Ko, is twice the increase in instantaneous force from age %2
to age 1, we have:

M — to = 2(g — py,) = 2(ug — o) (5)

Solving (5) for ug, we have:

Mo = 2fg — g (6)

Using (2) to substitute for 4, we have:

o = 2y — Yoo + i) = %(3fp — fiy) ™)

The above approach may not be consistent with the trend in the relative gradients that follow the
minimum age, such as A4, A5, and A;. If the trend is relatively stable, a good alternative may be to set the
relative gradient for the boundary age equal to the relative gradient for the following age, i.e., Ag = A;.
Assuming these two relative gradients are equal and substituting for Ay using (4) and rearranging, we find
that the increase in force for age 0 is equal to the average force for age 0 multiplied by the relative
gradient for age 1:

Apy = ol €)

However, if the trend in relative gradients is increasing or decreasing, a better approach may be to
extrapolate the relative gradient for the boundary age from the relative gradients for the two following
ages. Assuming that the ratios of successive relative gradients, Ay,/A; and A; /A, are equal, we can solve
for Ay in terms of A; and A,:

Ay = (A1)2/A2 )

Substituting for Ag using (4) and rearranging, we see that the increase in force for age 0 is equal to the
average force at age 0 multiplied by the relative gradient for age 1 and the ratio of the relative gradients
for ages 1 and 2.

Apg = f1ohg = 1oA1(A1/47) (10)

The relative gradients for the ultimate rates shown in the following section did not require extrapolation
since the starting age of 50 was higher than the minimum age in the MNS ANB 2015 VBT table. However,
formula (10) was used for first year select rates for all issue ages. Specifically, the relative gradient for
issue age x in the first policy year was calculated as:

Mgy = A2/ (B3 /B 2) (11)

The increase in force for the first policy year was then calculated using (10) as:

Apipey1 = Apg a1 = Apg B2 (B2 /B 3) (12)

§5.2 Sample Table Relative Gradients

To illustrate the range of relative gradients that may arise in a study, the relative gradients are calculated
across the age ranges using mortality rates from MINS ANB 2015 VBT. While ultimate rates are defined by
attained age, select rates are defined by issue age and policy year, although this is equivalent to issue age
and attained age. For simplicity here, “age” refers to attained age in either an ultimate or select table,
although the select rate charts presented will continue to use policy year.
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For ultimate mortality above age 50, the rates increase with age. The relative gradient increases from 6%
to 14% between ages 50 and 87, oscillating about the trend, and then decreases to 0% at age 112 when
the highest rate of 50% is reached, although there is a “kink” between ages 95 and 98 where the relative
gradient increases. While such oscillations and kinks may seem odd, keep in mind that the relative
gradient, equal to the increase in force divided by the force, is a new metric has never been used when

finalizing mortality rates, although it may be of future interest.
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The steep decline of the relative gradient curve in the first policy year increases with issue age, as the
table below shows.

Issue Age Year 1 Gradient

[50] 42%
[70] 61%
[90] 125%

§5.3 Linear Force Distribution

The linear force distribution assumes that the force changes linearly over the year of age, with the
average force, fi,, occurring halfway through the year of age at x + %. This ensures consistency with the
annual rate, as the sum of the force over the year will equal the average annual force, thereby
reproducing the annual rate. The linear force distribution is a simple model for the actual distribution of
deaths in the study. For clarity, linear force variables will use an LF superscript.

The linear force distribution reproduces fi, at age x + %2 and has a slope of Au,., which is the difference
between the instantaneous forces at exact ages x + 1 and x:

HJLcit = fiy + (t — %) Ay ey

Because the line is centered at x + %2, the average force for the year is equal to the instantaneous force
at x 4+ 1,:

aF =l = iy 2
The linear force distribution is not continuous from one age to the next: There are discontinuities at the
end of each age. The instantaneous force at exact age x is no longer well defined, with different values at
the start of age x, with t = 0, and at the end of age x — 1, with t = 1. Using §5.1(3) to substitute for Au,,
in (3) and for Ap,_4 in (4), we have:

MJLéiO = fiy + (0 — ¥2)Apy, = iy — Va1 — Bx—1) # Uy 3)
and
Hir-1y41 = fx—1 + (L= V) Ay_g = fly_q + (il — flx—z) # fix (4)

The above formulas show that, except for occasional coincidences, the linear force at the start of age x
will not equal the linear force at the end of age x — 1, nor will either equal the instantaneous force at age

X, Uy

To apply the linear force distribution to a partial age, the average force for a fractional period, f, is
required. The average force from exact age x + stox + s + f is given by:

s

%f(ﬂaeis + #Jléis+f
= 1/2f(/1x + (S - 1/Z)Al'lx + Tlx + (S + f - I/Z)A.ux)
= fix +(s = %2(1 = f))Auy) (5)

We will define Tsf define as the time from the middle of age x, i.e. x + ¥4, to the middle of the partial
age, i.e., x + s + ¥ f. The result is:

© 2017 Society of Actuaries



36

Tof=s— %1 —f) (6)
Substituting (6) into (5) and gives:
fﬂalzis = f(ﬂx + Ts,fAﬂx) (7)

The annual force for a partial age is equal to its annualized force. Using the partial age notation
introduced above, the annual force for a partial age from exact age x + s to x + s + f is given by:

ﬂ)léis,f = fﬂaléis/f = [y + Ts,fAﬂx 3)

By factoring out fi,, the above forces can be expressed in terms of the relative gradient, which was
defined in §5.1(4):

e = (1 + (t = Y2)Ay) 9)
fﬂalzis = fﬂx(l + Ts,fo) (10)
ﬂ)léis,f = ﬂx(l + Ts,fo) (11)

§5.4  Bi-Linear Force Distribution

The linear force distribution reproduced the annual force for each age, thereby achieving consistency, but
it lacked enough degrees of freedom to also achieve continuity between ages. In contrast, the bi-linear
force distribution uses two linear segments within each age to achieve both consistency and continuity,
as follows:

1. Thefirst linear segment runs from p,,, the instantaneous force at the start of the year of age x, to fi,,
the average force for age x, at a time to be solved for, which we will denote as Tﬁx'

2. The second linear segment runs from fi,, the average force for age x, at time T t0 fiy44, the
instantaneous force at the end of the year of age x.

3. By ending one age with the instantaneous force and starting the next age with the same instantaneous
force, continuity is achieved.

4. Time Ty, will be solved for such that the sum of the average forces for each segment, equals fiy, thus

insuring consistency is achieved.

Setting the sum of the time-weighted average force for each segment equal to the average force for age
X, fi,, yields the following:

1/2(.ux + ﬂx)Tﬁx + 1/2(ﬂx + :ux+1)(1 - Tﬁx) = ﬂx . (1)
Solving for Ty yields:
Tﬁx = (U1 — Bx)/ (agr — M) - (2)

Substituting for instantaneous forces as the average of the annual force for the current and prior ages
gives

Tﬁx = (lzx+1 - lzx)/(lzx+1 - lzx—l)- 3)

Extending the increase in force formula to partial ages, the partial force from exactage x + stox + s +
f is given by
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Afﬂx+s = f(ﬂx+s+f - .ux+s) 4)

Applying (4) to the partial ages from exact age x to x + Ty, and fromx + T tox + 1, the increase in
the partial forces for each segment are:

ATﬁx:ux = (ﬂx+Tﬁx - .ux)/Tﬁx =% (ﬂx - ﬂx—l)/Tﬁx (5)

Aj_ry Hxiry = (le+1 - .Ux+T,7x)/(1 - Tﬁx) = Yo(flxr1 — )/ (1 — Tﬁx) (6)
The exact linear force distribution is then given by

t< T pdih = i+ (t - Tﬁx)AT,;xﬂx (7)

t> Ty pikt = i + (t Tl_l-x)Al—lex”X+Tﬁx 3)

Formulas (7) and (8) are used to project the forces over the year for the bi-linear force distribution.

§5.5 Sample Linear Force Distributions

The distribution of rates both within and across rate years is illustrated below using five years of mortality
rates for sample age ranges from the MNS ANB 2015 VBT. The graphs below show annualized rates
calculated from linear forces in red and the original rates, which are level for each age or year, in blue.

The first graph shows ultimate mortality rates. The blue lines show typical annual mortality rates which
form a step function. The red mortality line, based on the linear force distribution, looks continuous
because the discontinuities at these ages are so small that they are not visible. At some ages, such as 30,
the discontinuities are more visible.

Ultimate, Ages 70-74

= Annual Rate - Annlzd Cts Rate (LF)

25%
2.0%

1.5%

Rate

1.0%
0.5%

0.0%
700 705 710 715 720 725 730 735 740 745 750

Continuous Age

The next graph shows select mortality for the first five select years for issue age 50. Again, the blue lines
show mortality rates as a step function. The red line shows annualized mortality rates based on the linear
force distribution, this time with discontinuities that are clearly visible.
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Select, Issue Age 50

= Annual Rate = Annlzd Cts Rate (LF)
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The next graph is similar to the previous graph, but with the red line using the bi-linear force distribution
instead of the linear force distribution. Two linear segments per age are quite visible for policy years 1 to
3. Notice how the segments do not bisect the age. This is needed to reproduce the overall average force
and mortality rate for each policy year.

Select, Issue Age 50

= Annual Rate = Annlzd Cts Rate (BLF)
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Chapter 6: Partial Age Errors

The idea of a generalized error formula was sparked by examining partial age error patterns arising from
sensitivity testing of the projections. This section will explore partial age errors and develop a generalized
error formula.

The error in a partial age will first be estimated by using the linear force distribution as a proxy for the
underlying, but unknown, distribution of deaths in a study. The linear force distribution is a simple model
that reproduces the mortality rate, and is symmetric about the mid-point of the age. This model is robust
enough for many situations, but not for the high relative gradients experienced for early-duration select
rates at older ages. The linear force distribution is a useful starting point to identify the key drivers of
partial age errors.

The first subsection, §6.1, will define and explore a generalized formula for partial age errors associated
with each of three exposure methods. It will also examine the mortality distribution that is implicit in each
exposure method. Next, §6.2 will examine the linear force distribution of deaths over the year of age
compared to the distributions implicit in the three exposure methods. §6.3 will first apply error formulas
to mortality rates for various age ranges from MNS ANB 2015 VBT. Next, annual rates for partial ages, and
hence their errors, will be calculated directly as part of a projection.

§6.4 will illustrate partial age rates based on the bi-linear force distribution. The bi-linear force
distribution will be used to more accurately model the distribution of deaths for early-duration select
rates at the older ages, using MNS ANB 2015 VBT. This will lead to the generalized error formula being
tested with the bi-linear force distribution.

§6.5 and §6.6 will accumulate partial age errors across cohorts in a study to examine the hybrid exposure
method discussed in Chapter 3, as well as the impact of increasing cohorts. The hybrid exposure method
will reduce partial age errors at the end of the study period but, as this error will not be symmetrical with
the error at the start of the study, the overall errors in the study will be increased. In contrast, it was
shown in §4.1 that the partial age errors across cohorts will offset to zero if the cohorts are equal in size.
Formulas from §4.4 and §6.1 will be used to examine the partial age errors for a study composed of
increasing cohorts.

Finally, the generalized error formula will be derived from first principles using fractional rates in §6.7.

§6.1 Generalized Error Formula

Partial age errors can be estimated using the following generalized error formula. A superscript of “G“is
used to indicate a generalized formula that applies to multiple exposure methods. The following
generalized error formula, which will be derived in §6.7, ignores cubic and higher order terms and is
therefore approximate:

€g+s,f ~ s,f(Ax + MQx)Qx ) (1)
where M takes on one of the following three values:

e M = 0 for the annual force method,
e M =1 for the annual rate method with traditional exposure, and
e M = —1 for the annual rate method with distributed exposure.
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Using M = 0, the error formula for the constant force method is:

ngs,f ~ s,foQx- (2)

Using M = 1, the error formula for the traditional exposure method is:

gf—ll:ls,f ~ s,f(Ax + Qx)Qx ' (3)
Using M = —1, the error formula for the distributed exposure method is:
galc]-ll—)s,f = s,f(Ax - Qx)qx . (4)

Setting the error formula to zero for each exposure method determines the relative gradients, and hence
the linear force distribution, that will produce no errors under that method for a given mortality rate.
That is,

°
>
x®
l

~ —(,.: Annual rate method with traditional exposure,
0: Annual force method, and
e A, = q,:Annual rate method with distributed exposure.

°
>

=
Q

The graph below shows the annualized monthly rates corresponding to a 10% annual rate for the three
exposure methods. The underlying distributions for the exposure methods were generated using the
linear force distribution with the following relative gradients:

e A, = —10% for the annual rate method with traditional exposure (BH for Balducci Hypothesis),
o A, = 0% for the annual force method (CF for Constant Force), and
e A, = 10% for the annual rate method with distributed exposure (UD for Uniform Distribution of
Deaths).
Linear Force Distributions
s BH A=-10% CF A=0% UD A=10%
10.6%
10.4%
10.2%
Y]
w 10.0%
o
9.8%
9.6%
9.4%

1 2 3 4 5 6 7 8 9 10 11 12
Month

For the traditional method, the mortality distribution resulting from the Balducci hypothesis is
approximately equal to the linear force distribution with a relative gradient equal to the mortality rate
multiplied by minus one. For the distributed method, the mortality distribution resulting from the
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uniform distribution of deaths is approximately equal to the linear force distribution with a relative
gradient equal to the mortality rate.

So, for both of the annual rate methods, the relative gradient and hence the linear force distribution that
produces no error is dependent on the size of the mortality rate. For the distributed method, the relative
gradient that minimizes errors is positive and hence the distribution of deaths is increasing over the year,
while for the traditional method the relative gradient that minimizes errors is negative and hence the
distribution of deaths is decreasing over the year.

For the annual force method, the distribution of deaths resulting from the constant force distribution is
approximately equal to the linear force distribution with a relative gradient equal to zero, so is therefore
independent of the mortality rate.

This compares favorably with the mortality distributions for each exposure method calculated using the
distributions originally shown in §3.2 and reproduced below.

Standard Distributions

e BH CF ub
10.6%
10.4%
10.2%

10.0%

Rate

9.8%
9.6%

9.4%
1 2 3 - 5 6 7 8 9 10 11 12

Month

As mortality rates increase by age, the linear force distribution that produces no errors for each method
will change as age increases for the annual rate methods. The table below shows the relative gradients
by exposure method that are required to produce no errors for a range of mortality rates.

Method 01% 1% 10% 50%
Traditional (BH) -0.1% -1% -10% -50%
Constant Force (CF) 0% 0% 0% 0%

Distribution (UD) 01% 1% 10% 50%

However, in a study, the mortality distribution for a given age, and hence the relative gradient, is
determined by the mortality rate and the slope of the mortality curve at that age. If the relative gradient
at an age happens to satisfy the conditions for a given exposure method, shown immediately after
formula (4) above, then that method will not produce an error at that age. §6.2 looks at mortality
distributions for sample ages that arise in a study and how these compare to the distributions implicit in
the exposure methods.
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More specifically, the relationship between the relative gradient and the rate determines which exposure
method produces the smallest errors:

e IfA, < —%q,, usetheannual rate method with traditional exposure,
o If|A,] < +%qy, use the annual force method, and
e IfA, > +%2q,, use the annual rate method with distributed exposure.

As the rates and relative gradients change over the range of ages in a study, no single exposure method is
optimal for all ages.

For small rates, the relative gradient term dominates and the annual rate methods produce errors similar
to the annual force method. When g, is small, the generalized error can be approximated as:

eJ?+S,f ~ s,foQx (5)

For large rates with large relative gradients, the three exposure methods will produce dramatically
different errors. For large, negative relative gradients, the traditional exposure method will produce the
smallest errors. For larger positive relative gradients, the distributed exposure method will generally
produce the smallest errors. With the distributed exposure method, as rates become larger than the
relative gradient, the error will change sign.

Later in this section, §6.3 Sample Table Errors will illustrate how the size of the errors vary by exposure
method and how they change over a range of ages from a sample mortality table.

For an annual study using fractional exposure, the scale of the error for a year of age is determined not
only by its rate and relative gradient, but also by its time factor, T ¢. This time factor equals the time from

the middle of the rate year to the middle of the fractional year of age; it affects both the size of the error
and its sign.

In an annual study with exposure calculated for fractional years of age, the time from the middle of the
rate year to the middle of the fractional period will be negative in the first half of the rate year and
positive in the second half of the rate year. The sum of a rate year’s time factors over all fractional
periods will equal zero. That is, for P fractional periods of length f:

ST =2(s—-%l-/)) =0 (6)

For an annual study with monthly exposure, the time from the middle of the rate year to the middle of
each month is shown in the following chart:
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Month s Tsy
1 0.000 | -0.4583
2 0.083 | -0.3750
3 0.167 | -0.2917
4 0.250 | -0.2083
5 0.333 | -0.1250
6 0.417 | -0.0417
7 0.500 0.0417
8 0.583 0.1250
9 0.667 0.2083
10 0.750 0.2917
11 0.833 0.3750
12 0.917 0.4583

Substituting the generalized error formula (1) into the formula for exposure-weighted errors, §3.3 (15),
which showed that the exposure-weighted sum of partial age errors over the full year is equal to zero, we
have:

z:fax+s,f‘c-‘x+s,f ~ 2:fax+s,fTs,f (Ax + MQx)Qx ~ 0 (7)

The generalized error formula is an estimate which ignores higher terms, resulting in symmetrical errors
around the middle of the year of age. Even though the exposure-weights will reflect the true non-linearity
of the errors, the equality from §3.3 (15) has been changed to an approximation.

Simplifying (7) shows that the exposure-weighted time factors are also approximately equal to zero, i.e.
2P ysfTsr = 0 (8)

For the two partial ages arising from a full year of age being split by the calendar year-end, the two
exposure-weighted errors will have equal absolute values and opposite signs. However, the rate errors for
the two partial ages will not be equal in absolute value.

gx,t ~ TO,t(Ax + qu)qx (9)

£x+t,1—t ~ Tt,l—t(Ax + MQx)qx (10)

For each age anniversary date, the lives in the study will have partial ages of different lengths. To
illustrate, assuming policies are issued on the first of the month and the age changes on the policy
anniversary, the following table shows the time from the middle of the rate year to the middle of the
partial year of age for twelve different policy anniversaries. For policy anniversaries falling on January 1%,
the rate year falls completely within the study year, so there are no partial ages or associated errors to
calculate. The table shows the exposure for each partial age, which is assumed to be uniformly
distributed by month, to illustrate that the exposure weighted sum of the time factors is equal to zero.
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Issue Date t Tor |Te1-t| Exe | Exve1-¢ Z(Ex+s,fo+s.f)
1%t Jan 0.000
1%t Feb 0.083 | -0.46 | 0.04 | 0.083 0.917 0.00
15t Mar 0.167 | -0.42 | 0.08 | 0.167 0.833 0.00
1%t Apr 0.250 | -0.38 | 0.13 | 0.250 0.750 0.00
1°t May 0.333 | -0.33 | 0.17 | 0.333 0.667 0.00
15 Jun 0.417 | -0.29 | 0.21 | 0.417 0.583 0.00
15t Jul 0.500 | -0.25 | 0.25 | 0.500 0.500 0.00
1%t Aug 0.583 | -0.21 | 0.29 | 0.583 0.417 0.00
1%t Sep 0.667 | -0.17 | 0.33 | 0.667 0.333 0.00
1%t Oct 0.750 | -0.13 | 0.38 | 0.750 0.250 0.00
1°t Nov 0.833 | -0.08 | 0.42 | 0.833 0.167 0.00
1%t Dec 0.917 | -0.04 | 0.46 | 0.917 0.083 0.00

To illustrate the calculations using the error formula, the rates, relative gradients and resulting errors,
results for sample ages from MNS ANB 2015 VBT are shown below. The calculations assume that policy
anniversaries occur at mid-year, on average, which translates to:

To,y

Ty, =

+%.

—%, and

Using (9) and (10), the errors for two half-year partial ages can be estimated as:

Ex,

~ —Y(Dy + Mq,)q,

Ext+1p1 = +%(Ax + MQx)Qx

(11)
(12)

The half-year errors shown below are based on attained age 70, with g, = 1.147% and A, = 11.2%. The
values shown are time (i.e., Ty 1, or T, 1,), and the rate errors for the traditional, daily and distributed

exposure methods.

Half-Year | Time | Traditional Daily Distributed
1 -0.25 -0.035% -0.032% -0.029%
2 +0.25 | +0.035% | +0.032% | +0.029%

The next set of half-year errors show the results for attained age 90, with qg¢ = 13.69% and Agg = 12.2%:

Half-Year | Time | Traditional | Daily | Distributed
1 -0.25 -0.89% -0.42% +0.05%
2 +0.25 | +0.89% | +0.42% -0.05%

The final set of half-year errors are for issue age 70, policy year 1, with q([7¢},1) = 0.25% and A((7¢},1) =

61%:

Half Year | Time | Traditional Daily Distributed
1 -0.25 | -0.0384% | -0.0383% | -0.0381%
2 +0.25 | +0.0384% | +0.0383% | +0.0381%
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§6.2 Sample Age Distributions
The following charts illustrate annualized monthly rates based on the distribution of deaths implicit in
three exposure methods:

e Annual rate method with traditional exposure (BH for Balducci Hypothesis),
e Annual force method (CF for Constant Force), and
e Annual rate method with distributed exposure (UD for Uniform Distribution of Deaths).

|Il

A fourth set of actual annualized monthly rates are also shown in in each chart. These “actual” rates were

calculated using a distribution that reflects the actual relative gradient and rate at each rate.

Three ages are illustrated, using sample rates from MNS ANB 2015 VBT.

At age 70, while there are discernible differences between the annualized rates for the three exposure
methods, there is a much larger difference when compared to actual rates. Rates for the uniform
distribution of deaths are closest to actual, but are not close.

Ultimate, Age 70,9 =1.15%,A=11.2%
e BH A=-1.147% == CF A=0% UD A=1.147% Actl A=11.23%

1.22%
1.20%
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1.16%
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1.12%
1.10%

1.08%
1 2 3 4 5 6 7 8 9 10 11 12

Month

At age 90, the rate has increased to 14% and is slightly larger than its relative gradient. This relationship
causes the actual rates to be very close to the rates associated with a uniform distribution of deaths.
Meanwhile, the relative gradient for the Balducci hypothesis, at -14%, is causing its rates to decline with
increasing monthly age.
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Ultimate, Age 90,9 = 13.7%, A =12.2%
= BH A=-13.69% ====CF A=0% == UD A=13.69% Actl A=12.20%

15.0%

14.5%
14.0% \

Rate

13.5%

\

6 7 8 9 10 11 12
Month

13.0%

12.5%

=
]
[¥§)
o
LA

For issue age 70 in the first policy year, the actual rates are considerably steeper than the rates for all
three exposure methods, which are indistinguishably flat in the graph below.

Select, Issue Age 70, Policy Year 1, 0 =0.25%, A =61.2%
——BH A=-0.25% == CF A=0% === UD A=0.25% Actl A=61.23%
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§6.3 Sample Table Errors

In the following graph, the percentage errors for the partial ages at the start of the study period are
shown for all three exposure methods, using ultimate ages 50 to 115 from MNS ANB 2015 VBT. The “%
Error” scale on the left-hand side of the graph applies to the BH, CF and UD exposure methods while the
“Rate” scale on the right-hand side applies to the rate itself, which ranges from less than 0.01 to 0.50.
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Rate

The above graph shows that the percentage errors are similar below age 70, ranging from 2% to 3%, for
all three methods. Above age 70, the percentage errors for the traditional exposure method increase up
to 12% at age 112 when the mortality rate reaches 50%. For the constant force method, the percentage
error decreases from 3% at age 70 to 0% at age 112. For the distributed exposure method, the
percentage error reduces to 0% at age 89 and then becomes increasing negative, reaching -12% at age
112. This method has the smallest error of the three methods up to age 93, after which the constant
force method has the smallest error.

The next graph uses the same format as the preceding graph but illustrates select rates for issue age 70
for policy years 1 through 25. While the rates are lower, the errors show a pattern similar to that shown
in the preceding graph.
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For select rates, the percentage error varies considerably by issue age, particularly in the first policy year,
as shown in the table below for sample issue ages. These errors percentages are much higher than those
for ultimate rates due to the rapid increase in mortality rates during the first few policy years after issue.

Issue  Policy Year 1

Age % Error
[50] 10.5%
[70] 15.4%
[90] 31.0%

The percentage errors for the partial ages at the start and end of the study are shown below for the
traditional exposure method only. Notice how the curves for the start and end of the study are mirror
images. The first graph shows ultimate rates while the next graph shows select rates.

Ultimate, Ages 50-115, Traditional (BH)
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§6.4 Projected Sample Age Errors

Annual rates for half-years of age are illustrated in the following three graphs. The yellow line indicates
the true annual rate while the three groups of bars show rates for the first half-year, second half-year and
full year for each of the three exposure methods.

The first graph illustrates ultimate age 70. As expected, the three study methods produce similar errors
for each half-year, with the distributed method the closest to and the traditional method the farthest
from the true annual rate. Note that the relative gradient is almost 10 times the rate.

Ultimate, x =70,q=1.147%,A=11.2% Full Year
B BH s CF s UD - Annual Rate mBH mCF mUD
121%
1.19%
1.17%
£ 1.15%
4]
o
1.13%
1.11%
1.09%
1.07%
1 2 70
Half Year Age

The next graph shows ultimate age 90, where there is a more significant spread in the errors. Again, the
distributed method is the closest, the traditional method is the farthest, but the errors are now opposite
in sign, since the rate now exceeds the relative gradient.

Ultimate, x=90,9=13.69%,A=12.2% Full Year

mmm BH meem CF s UD == Annual Rate mBH mCF mUD

15.2%
14.7%

14.2%

Rate

13.7%
13.2%
12.7%

12.2%

Half Year Age
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The last of the three graphs illustrates issue age 70, policy year 1. The annual rates by half-year produced
by all three methods are indistinguishable and not close to the actual rate, because the relative gradient
is more than 200 times the rate.

Select, ([x],y)=([70],1),g=0.25%, A =61% Full Year

I BH s CF e JD - Annual Rate mBH mCF mUD
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Rate
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1 2 1
Half Year Year

The next three graphs illustrate annual rates by month for the same three sample ages shown above. The
yellow line shows the true annual rate. The annual rates for the three exposure methods use the bi-linear
force distribution, which is why the lines connecting the annual rates change slope at an inflexion point
around month 7, where annual rates cross the true annual rate.

For ultimate age 70, the three exposure methods produce fairly similar annual rates.

Ultimate, x =70, =1.147%,A=11.2%

BH CF uD Annual Rate

1.21%
1.19%
1.17%
1.15%
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Rate
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1.07%

Month
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For ultimate age 90, the three exposure methods produce dramatically different patterns of annual
monthly rates: Distributed exposure shows rates that slightly decline, traditional exposure shows rates
that increase by about 2% per month and constant force rates are halfway between the two.

Ultimate, x =90, q = 13.69%, A = 12.2%

BH CF uD Annual Rate
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For issue age 70, policy year 1, the three exposure methods produce rates that are so close that only the
UD line is visible.

Select, ([x],y)=([70],1),9=0.25%, A=61%

BH CF uD Annual Rate

0.33%
0.31%
0.29%
0.27%
0.25%
0.23%
0.21%

Rate

0.19%
1 2 3 - 5 6 7 8 9 10 11 12

Month

§6.5 Hybrid Annual Rate Method

The hybrid exposure method, introduced in Chapter 3, uses traditional exposure for partial ages at the
start of the study and distributed exposure for the partial ages at the end of the study. The following table
shows the errors at the start and end of an N-year study for the traditional, distributed and hybrid
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methods, assuming uniformly distributed anniversaries. The errors originate from the first and last
cohorts which contribute exposure to the age, with notation defined in §4.1.

Error Traditional Distributed Hybrid

StUdy Period Start: £x+1/2,1/2,1 +%(Ax + qx)Qx +%(Ax - qx)Qx +%(Ax + qx)Qx

StUdy Period End: Ex,%,N+1 _%(Ax + Qx)Qx _%(Ax - Qx)Qx _%(Ax - Qx)Qx

For the traditional and distributed methods, the two errors are equal and opposite in sign. If the first and
last cohorts are equal in size, these errors will cancel out to give a zero net error. For the hybrid method,
the errors will have the same sign. If the first and last cohorts are equal in size, the total error will be
double.

The error in the rate for age x using the hybrid method and assuming equal cohorts is:

& =% (£x+1/z,1/2,1 + Sx,l/z,N+1)/N (1)
Substituting the hybrid error formula gives:

Ex =% (%(Ax + Qx)qx + 1A(Ax - Qx)Qx)/N (2)

Simplifying (2) shows the error is proportional to the square of the rate and inversely proportional to the
number of study years.

& = %q%/N 3)

So, given cohorts equal in size, the traditional and hybrid methods will result in no error, while the hybrid
method introduces errors that are insignificant for sufficiently small values of g, but potentially quite
significant for large values of q,.

Using ultimate rates from MNS ALB 2015 VBT, the following table shows that errors for the hybrid
exposure method for a three-year study. Errors are not material for ages 50 and 70, but for a three-year
study, by age 90 the erroris 1%, and increases to over 4% at age 112 where the mortality rate reaches
50%.

X 50 70 90 112
q, | 0.192% | 1.147% | 13.690% | 50.000%
g/q | 0.016% | 0.096% | 1.141% | 4.167%

§6.6  Increasing Cohorts

In §4.4 the, following formula was developed for the errors accumulating in an N-year study with cohort
size increasing simply at an annual rate, i:

Ex = — a’x+t,1—t€x+t,1—tNi/(N + % (N + 1)Ni — ax+t,1—tNi) (D

A three-year study using the annual rate method with traditional exposure will be used to illustrate the
range of errors arising due to increasing cohorts, assuming birthdays are uniformly distributed through
the calendar year and the distribution of deaths is the same for all cohorts. Applying these assumptions
to §6.1 (3), we have:

Ex+1p = TEx 1 = Ya(Dyx + qx)qx (2)
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Uxripry, = 1=y,

53

(3)

The following table shows the overall ultimate mortality rate, relative gradient, error, percentage error,
ultimate mortality rates for the first and last cohorts, and the exposure weight for the first half-year of
age at the start of the study for ultimate ages 50, 70, 90, and 112.

x 50 70 90 112
g, | 0.192% | 1.147% | 13.690% | 50.000%
A, 6.0% | 11.2% | 12.2% 0.0%
£xiy, | 0.003% | 0.04% | 089% | 6.25%
£/q 2% 3% 6% 13%
Qxivp1 | 0.195% | 1.18% | 14.58% | 56.25%
Qron+1 | 0.189% | 1.11% | 12.80% | 43.75%
@iy, | 49.95% | 49.76% | 46.71% | 35.35%

The following table shows percentage errors accumulating in the study based on the ultimate rates from
the preceding table combined with six different cohort growth rates.

Increase % Study Error
Annual | 3 Yr Study 50 70 90 113

0% 0% 0.000% 0.000% 0.000% 0.000%

1% 3% | -0.008% | -0.015% | -0.029% | -0.043%

5% 15% | -0.036% | -0.072% | -0.139% | -0.204%
10% 30% | -0.067% | -0.134% | -0.259% | -0.379%
50% 150% | -0.221% | -0.439% | -0.845% | -1.212%
100% 300% | -0.309% | -0.615% | -1.178% | -1.670%

The following table shows the select rate, relative gradient and error together with select rates for the
first and last cohorts, and the exposure weight for issue ages 50, 70 and 90 and select year 1.

[x],y 50,1 | [701,1 | [90],1
qix)1 0.052% | 0.250% | 2.069%
A[x],l 41.9% 61.2% | 125.0%
€x],1+%,%, | 0.005% 0.04% 0.66%
g/q 10% 15% 32%
Ax]1+%,%1 0.057% 0.29% 2.73%
qx],1,%N+1 0.047% 0.21% 1.41%
Aty | 49.98% | 49.96% | 49.97%

The following table shows percentage errors accumulating in the study based on the select rates from the
preceding table combined with six different growth rates. These percentage errors for select rates are
much higher than those for ultimate rates due to the rapid increase in mortality rates during the first few

years after issue.
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Increase % Study Error
Annual | 3YrStudy | [50],1 [70],1 [90],1

0% 0% | 0.000% | 0.000% | 0.000%

1% 3% | -0.052% | -0.076% | -0.156%

5% 15% | -0.244% | -0.357% | -0.738%
10% 30% | -0.456% | -0.668% | -1.380%
50% 150% | -1.497% | -2.194% | -4.534%
100% 300% | -2.096% | -3.071% | -6.347%

In summary, for studies where cohorts are not equal in size for a given age, there may be material errors
in some or all ages. As was shown, these errors can be quantified and, if material, then either:

e The partial ages can be excluded from the study by using a rate-year study period, or
e Therates can be adjusted to correct for the bias arising from the study method.

§6.7  Error Formula Derivation
The error in the annual force for a partial age using the annual force method was given in §3.4 (11) as:
§x+s,f = ﬁx+s,f — [y . (1)

Using §5.3 (8) to substitute for i r (using the linear force distribution) into the above formula results
in the following:

Ex+s,f = [y + Ts,fA:ux —fy = Ts,fAﬂx = Ts,folzx (2)

The above formula shows that the error can be expressed as the product of T ¢, the relative gradient and
the annual force.

In the first part of the following equation, the formula for the error in the annual rate for a partial age,
from §3.3 (13), is shown with a superscript of CF added to denote constant force. In the next part, §3.4
(2) is used to substitute for gy . In the final part of the equation below, 1 — g, is substituted for e Hx,
using §2.1 (1), and terms are regrouped.

gg—fs,f = qgis,f —qx = 1- e_(ﬁx-l-TS'fAux) —qx = (1 - Qx)(l - e_TS'fAux) (3)
Expanding the exponential term, ignoring higher order terms and rearranging gives:

gg—fs,f ~ _Ts,fAﬂx(l — dx) 4)

The increase in force, Ay, = A, fl,, can be re-expressed in terms of the mortality rate and the relative
gradient by using §2.1 (2) to substitute —log, (1 — q,) for fiy:

Ap, = —Ay loge(l - qx) 5)

Using the Taylor expansion, i.e., log,(1 — X) = =X — X?/2 — X3 /3 — -+, to eliminate the natural
logarithm, the increase in force can be estimated by ignoring second and higher powers as:

A/lx = _Ax dx (7)

Substituting (7) into (4) gives:

Eagfs,f = s,foqx(l - qx) (8)
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lgnoring the second power of q,, i.e. substituting 1 — g, = 1,the error is given by:

gg—fs,f ~ Ts,fAHxQx (9)
The relationship between the annual rate calculated in the study, qgfslf, and the true underlying annual
rate, gy, is:

qgis,f ~ (1 + Ts,fAﬂx)Qx (10)

The error in the annual rate for a partial age using the traditional exposure method, £x+sf qx+sf Qx,
can alternatively be expressed as the difference between qx+sf and qx+s_f plus the error for the constant

force method, sx+s’f, as follows:

galc?-ll:lsf = CIx+sf dx = qg—ll:ls,f - qgis,f + Ea(éfs,f' (11)

Substituting using the approximations shown in §3.3 (4) and §3.4 (16) to convert annual rates to
fractional rates gives:

eBl o~ (saxes/f + (5= A=) (rares/f))
_(fo+s/f 1/2(1_f)(qu+s/f) ) x+sf (12)

Combining terms, (12) simplifies to:

x+sf ~ sf(qu+s/f) +"':x+sf (13)
Substituting for ¢qy4s in (13), using the first order estimate shown in §3.4 (18)), and then substituting for
e,ffs’f, using (9) above, gives:

Ealc?fs,f ~ s,f(Ax + qx)qx (14’)

Similar to (11), the error in the annual rate for a partial age using the distributed exposure method can be
alternatively expressed as the difference between qx+sf and qgfs’f plus the error for the constant force

method, sx+s_f, as follows:

galc]fsf Qx+sf qx = qg—ll—)s,f qx+sf + £x+sf (15)

Substituting using the approximations shown in §3.3 (8) and §3.4 (16) to convert annual rates to
fractional rates gives:

Salc]-ll—)s,f = (fQX+s/f - S(fo+s/f)2)
_(fo+s/f 1/2(1 f)(qu+s/f) ) x+sf (16)
Combining terms, (16) simplifies to:

Ealc]fs,f sf(fo+s/f) + €x+sf (17)

Substituting for £G4 in (17), using the first order estimate shown in §3.4 (18)), and then substituting for
e,ffs’f, using (9) above, gives:

Evvss = Tsr(Bx = 4x)qx (18)
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Equations (9), (14) and (18) can be merged by defining a method factor M such that

e M = 0 for the annual force method,
e M =1 for the annual rate method with traditional exposure, and
e M = —1 for the annual rate method with distributed exposure.

The generalized error formula is shown below, with a superscript of G indicating a generalized approach
that applies to multiple exposure methods.

£g+s,f ~ Tsp(Bx + Mqy)qx (19)
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Chapter 7: Annual Force with Weighted Exposure

The partial-year errors that have been examined were due to differences between actual and assumed
mortality distributions. Using the annual force method, such errors can be eliminated by adjusting the
exposure to reflect the actual distribution of deaths in the study.

Formula §3.4 (11) states that the annual force for a partial age, ﬁgis,f, is equal to the actual annual force,
Ay, plus the error in the annual force for the partial age, $x 4 . Replacing the error using §6.7 (2), yields
the final part of the equation below:

ﬂgis,f = [y + fx+s,f = ﬂx(l + Ts,fo) (1)
The annual force for a partial age can also be expressed as deaths divided by exposure, as in §3.4 (1):
ﬁxis,f = dx+s,f/EJ€fs,f (2)

Equating (1) and (2) and solving for the annual force gives:

Hy = dx+s,f/((1 + Ts,fo)ngs,f) 3)
We will define E,%is_f as the exposure for force weighted by the linear force distribution, as follows:

Ealc'is.f = (1 + Ts,fo)EJE-fs,f (4)
Substituting (4) into (3) gives:

Uy = dx+s,f/E£55,f Q)

The above formula can be interpreted as follows: If the annual force for a partial age is calculated using
exposure weighted for the linear force distribution, i.e., E,%fslf, then that annual force will be without
error if the actual mortality distribution matches the linear force distribution. In other words, we can
adjust exposure to minimize the error associated with partial ages.

While (5) indicates that deaths divided by weighted exposure is identically equal to the true annual force,
it is just an estimate that only holds true if the linear force distribution with its assumed relative gradient
is accurate.

Using the partial age notation in a similar fashion to §3.4, let ﬁ,ﬁis,f be the annual force for a partial age

with exposure weighted for the linear force distribution:

.aaléis,f = dx+s,f/EJI;is,f (6)

Then the annual force for a partial age with weighted exposure will equal the annual force for the full
year of age without error if the linear force distribution is accurate:

ﬂ)léis,f = [y (7
The following charts for the usual three ages show annual rates by half-year calculated with exposure
weighted by the linear force distribution (designated by “LF”) and without exposure weighted by the
linear force distribution (designated by “CF”). The underlying distribution of lives and deaths is based on
the more advanced bi-linear distribution, which was developed in §5.4 to be both consistent and
continuous.
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In each case, the CF rates show material errors in both half-years while both LF half-year rates closely
reproduce the actual rate. In the third chart, for issue age 70, policy year 1, there is a small error in the LF
annual rates due to the difference between the linear force distribution, assumed in the weighted
exposure, and the bi-linear force distribution, used to project lives and deaths. To the far right of each
chart, you will see that both methods reproduce the full-year rate.
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Select, ([x],y)=([70],1),9=0.25%, A = 61% Full Year
s CF s L F Annual Rate BCF mLF
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0.23%

Rate
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1 2 1
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The following graphs illustrate annual CF (unweighted exposure) and LF (weighted exposure) rates by
month for the same three ages. As the annual rates using weighted exposure closely match the annual
rate in all months, a dashed line is used to distinguish the annual rate line. As noted previously, while the
rates calculated using weighted exposure rates eliminate most of the errors shown by the CF rates, there
is some residual error due to the difference between the linear force distribution, assumed in the
weighted exposure, and the bi-linear force used to project lives and deaths.
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Chapter 8: Glossary

§8.1 Terminology

Annual Rate Method: Calculates the mortality rate for an age as the number of deaths for the age divided
by the number of lives in force at the start of the age. For full years of age, there is no assumption
regarding the distribution of deaths, ignoring decrements other than death. For partial ages, deaths may
be assumed to be distributed according to the Balducci Hypothesis or the uniform distribution of deaths,
depending on the exposure method used. Also known as the actuarial method.

Annual Force Method: Calculates the average force for an age as the number of deaths for the age divided
by the amount of time all lives are in force during the year of age. The mortality rate is then calculated
from the annual force, using an exponential formula. For full years of age, the distribution of deaths is
assumed to be continuous and non-skewed. For partial ages, the force of mortality is assumed to be
constant over the year. Also known as the exact method or constant force method. This is closely related
to the daily exposure method, which calculates exposure in days: There is no practical difference between
continuous and daily, as time of death has never been used.

Fractional Rate Method: Calculates the fractional mortality rate for a fractional age as the number of
deaths for the fractional age divided by the number of lives in force at the start of the fractional age. The
annual mortality rate is then calculated from the fractional mortality rates.

Fractional Force Method: Calculates the fractional average force for a fractional age as the number of
deaths for the fractional age divided by the amount of time all lives are in force during the fractional year
of age. The annual mortality rate is then calculated from the sum of fractional forces, using an
exponential formula.

Annual Rate Method with traditional exposure: calculates the annual mortality rate for a partial age
assigning exposure for deaths into the partial age that death occurs assuming that deaths are distributed
according to the Balducci Hypothesis. Also referred to as the traditional exposure method or just the
traditional method.

Annual Rate Method with distributed exposure: calculates the annual mortality rate for a partial age at the
start of a rate year by assigning exposure for deaths only to the end of the partial age. The remaining
exposure for those deaths, which runs from the end of the partial age to the end of the rate year, is
distributed to the following partial age that completes the rate year. This method of assigning exposure is
consistent with the uniform distribution of deaths. Also referred to as the distributed exposure method or
just the distributed method.

Hybrid Annual Rate Method: This method uses traditional exposure for the partial age at the start of a
study and distributed exposure for the partial age at the end of the study. Also referred to as the hybrid
method.

Constant Force Method: calculates the average force for a partial age assuming the force is constant over
the year. Also referred to as the annual force method with unweighted exposure.

Linear Force Method: calculates the average force for a partial age assuming the force is linear over the
year. Also referred to as the annual force method with weighted exposure.
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§8.1 Notation
Mortality Rate:

g.: The annual mortality rate for a full year of age, from exact age x to x + 1.
£qx+s: The fractional mortality rate for a fractional age from exactage x + sto x +s + f.
Qx+s,r: The annual mortality rate for a partial age from exactagex + stox + s + f.

qffslf: The annual mortality rate for a partial age from exact age x + s to x + s + f, calculated using the
traditional exposure method which assumes that deaths are distributed by the Balducci Hypothesis.

qgfs’f: The annual mortality rate for a partial age from exact age x + s to x + s + f, calculated using the
distributed exposure method which assumes that deaths are uniformly distributed.

qgfslf: The annual mortality rate for a partial age from exact age x + s to x + s + f, calculated using the
annual force method assuming the force is constant over the year.

dx+s,f,cy: The annual mortality rate for a partial age from exact age x + s to x + s + f for cohort year
CY.

Average Force of Mortality:
[Ly: The annual average force of mortality for a full year of age from exact age x tox + 1.

flx+s: The fractional average force of mortality for a fractional age from exactagex + stox +s + f.

fﬂ,ﬁisz The fractional average force of mortality for a fractional age from exactagex + stox +s + f,
calculated assuming the linear force distribution.

Hx+s,r: The annual average force of mortality for a partial age from exactagex + stox + s + f.
ﬂgislf: The annual average force of mortality for a partial age from exact agex + stox + s + f,
calculated using the annual force method assuming the force is constant over the year.

ﬂ,Lc’j:S,f: The annual average force of mortality for a partial age from exact agex + stox + s + f,
calculated using the annual force method assuming the force changes linearly over the year.

Related Force of Mortality:
Uyttt The annualized instantaneous force of mortality at exact age x + ¢

UL . The annualized instantaneous force of mortality at exact age x + t, assuming the linear force
distribution.

uBLE: The annualized instantaneous force of mortality at exact age x + t, assuming the bi-linear force
distribution.

Ap,.: The increase in the force of mortality, or gradient, from exact age x to x + 1.

A,: The relative increase in the force of mortality, most often referred to as the relative gradient, from
exactage x tox + 1.
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Deaths:

d,.: The number of deaths in a full year of age from exact age x to x + 1.

fdx4s: The number of deaths in a fractional age from exactage x + stox + s + f.

dyys,r: The number of deaths in a partial age from exact age x + stox +s + f.

dy r,cy: The number of deaths in a partial age from exact age x + s to x + s + f for cohort year CY.
Rate Exposure:

E,: The annual exposure for a full year of age from exact age x to x + 1 with survivors and deaths
assigned 1 year of exposure.

rEx4+s: The fractional exposure for a fractional age from exact age x + s to x + s + f, with survivors and
deaths assigned 1 fractional period of exposure.

Ex4s,r: The annual exposure for a partial age from exact agex + stox + s + f.

Effs,f: The annual exposure for a partial age from exact age x + s to x + s + f, calculated using the
traditional exposure method which assigns the remaining exposure for deaths into the partial age in
which death occurs.

ngs_f: The annual exposure for a partial age from exact age x + s to x + s + f, calculated using the

distributed exposure method which assigns remaining exposure for deaths into the partial ages following
death.

Eyxys,r,cy: The annual exposure for a partial age from exact age x + s to x + s + f for cohort year CY.
Force Exposure:

EL: The annual exposure for force for a full year of age from exact age x to x + 1 with deaths assigned
exposure in years from the start of the age up to the date of death.

fE,erS: The fractional exposure for force for a fractional age from exact age x + s to x + s + f with
deaths assigned exposure in fractional years from the start of the fractional age up to the date of death.

E,f+s,f: The annual exposure for force for a partial age for lives from exact age x + s to x + s + f with
deaths assigned exposure in years from the start of the partial age up to the date of death.

E,ffs_f: The annual exposure for force for a partial age for lives from exact age x + s to x + s + f with
deaths assigned exposure in years from the start of the partial age up to the date of death.

E,%is_f: The annual exposure for force for a partial age for lives from exact age x + s to x + s + f with
deaths assigned exposure in years from the start of the partial age up to the date of death, weighted for
the distribution of forces over the year assuming the linear force distribution.

Exposure Weights:

Qyxys,r: The partial exposure weight, i.e. Ex s ¢ divided by the total exposure for the full year of age for a
partial age between exactagex +sandx + s + f.
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fa§+5: The fractional exposure weight, i.e. fE,f+S divided by the total exposure for the full year of age, for
a partial age between exactagex +sandx + s + f.

a£+s,f: The partial exposure weight, i.e. E,f+s,f divided by the total exposure for the full year of age, for a
partial age between exactagex +sandx +s + f.

Annual Rate Error for a Partial Age:

Ex4s,r: The error in the annual rate for a partial age from exactage x + stox + s + f.

£§+S’f: The error in the annual rate for a partial age from exact age x + s to x + s + f, using the generic
study method G.

effs’f: The error in the annual rate for a partial age from exact age x + s to x + s + f, using the

traditional exposure method.
e,‘{f&f: The error in the annual rate for a partial age from exact age x + sto x + s + f, using the
distributed exposure method.

e,gfs,f: The error in the annual rate for a partial age from exact age x + s to x + s + f, using the annual

force method which assumes the force is constant over the year.
Annual Force Error for a Partial Age:

$x+s,r: The error in the annual force for a partial age from exact age x + s to x + s + f, exclusively used
with the annual force method.
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About the Society of Actuaries

The Society of Actuaries (SOA), formed in 1949, is one of the largest actuarial professional organizations
in the world dedicated to serving 24,000 actuarial members and the public in the United States, Canada
and worldwide. In line with the SOA Vision Statement, actuaries act as business leaders who develop and
use mathematical models to measure and manage risk in support of financial security for individuals,
organizations and the public.

The SOA supports actuaries and advances knowledge through research and education. As part of its work,
the SOA seeks to inform public policy development and public understanding through research. The SOA
aspires to be a trusted source of objective, data-driven research and analysis with an actuarial perspective
for its members, industry, policymakers and the public. This distinct perspective comes from the SOA as
an association of actuaries, who have a rigorous formal education and direct experience as practitioners
as they perform applied research. The SOA also welcomes the opportunity to partner with other
organizations in our work where appropriate.

The SOA has a history of working with public policymakers and regulators in developing historical
experience studies and projection techniques as well as individual reports on health care, retirement, and
other topics. The SOA’s research is intended to aid the work of policymakers and regulators and follow
certain core principles:

Objectivity: The SOA’s research informs and provides analysis that can be relied upon by other individuals
or organizations involved in public policy discussions. The SOA does not take advocacy positions or lobby
specific policy proposals.

Quality: The SOA aspires to the highest ethical and quality standards in all of its research and analysis. Our
research process is overseen by experienced actuaries and non-actuaries from a range of industry sectors
and organizations. A rigorous peer-review process ensures the quality and integrity of our work.

Relevance: The SOA provides timely research on public policy issues. Our research advances actuarial
knowledge while providing critical insights on key policy issues, and thereby provides value to
stakeholders and decision makers.

Quantification: The SOA leverages the diverse skill sets of actuaries to provide research and findings that
are driven by the best available data and methods. Actuaries use detailed modeling to analyze financial
risk and provide distinct insight and quantification. Further, actuarial standards require transparency and
the disclosure of the assumptions and analytic approach underlying the work.
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