
1 9 8 5  V A L U A T I O N  A C T U A R Y  
S Y M P O S I U M  P R O C E E D I N G S  

SESSION 6 

NEW METHODS OF ANALYT.ING EXISTING ASSETS AND 

T H E I R  ABILITY TO MEET F U T U R E  TJAB~.FrY DEMANDS 

MR. JAMES TILLEY:  The n u m b e r  of  p r o b l e m - s o l v i n g  m e t h o d s  a v a i l a b l e  to  the  

v a l u a t i o n  a c t u a r y  is l a rge r  than  anyone  migh t  h a v e  l iked,  and is s t i l l  g rowing .  

I 'm no t  su re  wha t  kind of  cu rve  i t ' s  g rowing  on, b u t  i t  is i n d e e d  growing .  

U n f o r t u n a t e l y ,  in this  d i scuss ion  I am not  going to  r e s o l v e  any confus ions  a b o u t  

m e t h o d o l o g y ,  r a t h e r  I am going to add to  t h a t  by  p r e s e n t i n g  y e t  a n o t h e r  m e t h o d ,  

one  involving c o n c e p t s  of  d u r a t i o n  and m a r k e t  va lues .  My m e t h o d o l o g y  will  

a p p e a r ,  on t he  s u r f a c e ,  to  d i f f e r  c o n s i d e r a b l y  f r o m  e x t r a p o l a t i o n  and s imula t ion .  

In f a c t  i t  does  not ,  bu t  I b e l i e v e  it  m a y  sound v e r y  d i f f e r e n t .  I will do my  b e s t  to  

e s t ab l i sh  t h a t  this  new  m e t h o d o l o g y  is j u s t  a d i f f e r e n t  w a y  of  s u m m a r i z i n g  

i n f o r m a t i o n  l ead ing  to  the  s a m e  sound conc lus ions  one would  ob ta in  f rom 

fo l lowing  o t h e r  m e t h o d s .  

My f i r s t  goa l  is to  p rov ide  a d e m o n s t r a t i o n  of  the  u s e f u l u e s s  of  the  c o n c e p t s  of  

du ra t ion ,  i n t e r e s t - r a t e  s e n s i t i v i t y  and, in p a r t i c u l a r ,  m a r k e t  va lues .  When I t a lk  

a b o u t  m a r k e t  va lue  surplus ,  I am r e f e r r i n g  to  b o t h  s ides  of  the  b a l a n c e  shee t .  

Mos t  a c t u a r i e s  f ee l  t h e y  know how to  va lue  a s s e t s  to t he  m a r k e t ,  c e r t a i n l y  

t r a d e a b l e  a s se t s .  H o w e v e r ,  n o b o d y  e n g a g e s  in much  t r ad ing  of  l i ab i l i t i es .  One 

could  a rgue  t h a t  s o m e  r e i n s u r a n c e  a r r a n g e m e n t s  a m o u n t  to  t r ad ing  l i ab i l i t i e s ,  

b u t  t h o s e  a re  n e v e r  r e a l l y  va lued  at  m a r k e t  r a t e s  in t r a n s a c t i o n s .  T e c h n i q u e s  

d e s c r i b e d  b y  s o m e  of  t he  o t h e r  s p e a k e r s  a t  this  s y m p o s i u m  a m o u n t  to  o t h e r  ways  

of  p u t t i n g  a m a r k e t  va lue  on l i ab i l i t i e s .  I am going to  c o m p a r e  the  m a r k e t  va lue  

of  l i ab i l i t i e s  wi th  t he  m a r k e t  va lue  of  a s s e t s  and then  look  a t  t he  r e su l t i ng  
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m a r k e t  va lue  of  surplus .  Fo l l owing  this ,  I will  e x a m i n e  how the  m a r k e t  va lue  of  

surp lus  is s e n s i t i v e  to  changes  in i n t e r e s t  r a t e s .  

I have  d e l i b e r a t e l y  t a i l o r e d  a GIC e x a m p l e  to  be  q u i t e  s imple .  It  is a s o m e w h a t  

a r t i f i c i a l  e x a m p l e ,  wi th  no e x p e n s e  or t ax  a s sumpt i ons .  Those  i t e m s  a re  c l ea r ly  

i m p o r t a n t ,  and t h e y  can  b o t h  b e  hand led  in the  m e t h o d o l o g y .  What  I r ea l l y  wan t  

to  do h e r e  is show wha t  the  t r a d i t i o n a l  kind of  C-3 r isk m e t h o d o l o g y  has to  s ay  

a b o u t  m y  GIC e x a m p l e  shown in Exhib i t s  6-1 t h rough  6-3.  In l a t e r  exhib i t s ,  

i l l u s t r a t i ons  of  f u r t h e r  c o n c e p t s  a re  p r e s e n t e d ,  such  as r ea l  m a r k e t  va lue  surplus  

and c o n v e x i t i e s  of  a s s e t s  and l i ab i l i t i e s .  These  a re  v e r y  usefu l ,  as the  ma in  

r e a s o n  for  looking a t  m a r k e t  va lues  and i n t e r e s t - r a t e  s e n s i t i v i t y  is t ha t  t h o s e  

a l low one  to u n d e r s t a n d  a c o m p l e x  s i t u a t i o n  in v e r y  s imple  t e r m s .  One does  no t  

have  to  c a r r y  a round  c o m p u t e r  o u t p u t ,  nor  does  one h a v e  to  e m p l o y  t r i a l  and 

e r r o r  m e t h o d s  to  d i s c o v e r  w h e t h e r  a s s e t s  a re  t oo  shor t  or t oo  long for  l i ab i l i t i es .  

T h e s e  c o n c e p t s  a re  so p o w e r f u l  t h a t  t he  e s s e n t i a l  i n f o r m a t i o n  abou t  a po r t fo l i o ' s  

e x p o s u r e  can  be  c a r r i e d  a round  on one l i t t l e  card .  Once  the  new c o n c e p t s  a re  

u n d e r s t o o d ,  t h e y  a l low one  to  s p e a k  concisely wi th  s en io r  m a n a g e m e n t  and 

f a sh ion  s t r a t e g i e s  t ha t  p r o p e r l y  c o n t r o l  i n t e r e s t - r a t e  r isk.  

I will  d i scuss  t h e  GIC e x a m p l e  b r i e f l y .  T h e r e  a re  fou r  bonds  in t he  p o r t f o l i o  and 

six bu l l e t  GIC l iab i l i t i es .  This d e m o n s t r a t i o n  is a r r a n g e d  so t ha t  i t  s t a r t s  o f f  

w i th  $100 mi l l ion  in b o o k  va lue  f o r  b o t h  a s s e t s  and l i ab i l i t i e s .  C o m p a r i n g  t he  

w e i g h t e d  a v e r a g e  cos t  on funds  on the  l i ab i l i t i e s  to  the  w e i g h t e d  a v e r a g e  book  

y ie ld  on t he  a s se t s ,  t h e  s p r e a d  is 7Z.5 bas i s  po in t s .  Tha t  is an u n r e a l i s t i c a l l y  

l a rge  n u m b e r  for  a GIC p o r t f o l i o ,  and is u sed  j u s t  as an e x a m p l e .  
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At the  b o t t o m  of  Exhib i t  6-1, the  cash  f low runou t  of  the  a s se t s  and l i ab i l i t i e s  in 

t he  p o r t f o l i o  is shown.  The d i f f e r e n c e  b e t w e e n  asse t  and  l i ab i l i ty  cash  f low is 

ca / led ,  no t  surpr i s ingly ,  surplus  cash  f low. The surplus cash  f low s t r e a m  lies a t  

the  h e a r t  of  C-3 r isk t echn iques .  

EXHIBIT 6-1 

ASSET PORTFOLIO 

PAR BOOK 
SECURITY MATURITY COUPON* VALUE VALUE 

BOND AA 3 YEARS 13.Z50 5 MM 5 MM 
BOND BB 4 YEARS 13.000 15 MM 15 MM 
BOND CC 5 YEARS 14.000 45 MM 45 MM 
BOND DD 6 YEARS 13.Z50 35 MM 35 MM 

AVERAGES/TOTALS 13.550  100 M M  100 M M  

• ANNUAL COUPONS 

I / A B I L I T Y  PORTFOLIO 

CONTRACT/CLASS 
G U A R A N T E E  FUND 

MATURITY RATE VALUE 

GIC BULLET-PFI 
GIC BULLET-PFZ 
GIC BULLET-PF3 
GIC BULLET-PF4 
GIC BULLET-PF5 
GIC BULLET-PF6 

Z YEARS 1Z.000 I0 MM 
3 YEARS 1Z.750 15 MM 
4 YEARS IZ.500 Z0 MM 
5 YEARS 13. 500 30 MM 
6 YEARS IZ.750 Z0 MM 
7 YEARS 1Z.ZS0 5 MM 

AVERAGES/TOTALS 1Z.8Z5 100 M M  

CASH FLOW ANALYSIS FOR EXISTING PORTFOLIO 

TIME 
ASSET 

CASH FLOW 
LIABH-ITY 

CASH FLOW 
SURPLUS 

CASH FLOW 

1 YEAR 
Z YEARS 
3 YEARS 
4 YEARS 
5 YEARS 
6 YEARS 
7 YEARS 

13550000 
13550000 
18550000 
Z7887500 
55937500 
39637500 

0 

0 
IZ544000 
Z1500IZ1 
3ZO3613Z 
56506780 
4108935Z 
11ZZTZ77 

13550000 
1006000 

-Z950IZI 
-414863Z 
-569Z80 

-145185Z 
-IIZZTZ77 
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The surplus cash  f low co lumn  d a t a  i n d i c a t e s  a q u i t e  good m a t c h  b e t w e e n  asset 

and l i ab i l i ty  cash  f lows.  The  e x a m p l e  was  c o n s t r u c t e d  t h a t  way.  The b igges t  

m i s m a t c h e s  a re  a t  the  end of  the  f i r s t  and s e v e n t h  yea r s .  Because  the  l iab i l i t i es  

run  out  a t  the  end of  s even  years9 a s e v e n - y e a r  p r o j e c t i o n  per iod  will be used.  

The r ea son  rye  c o n s t r u c t e d  this  type  of  cash  f low p a t t e r n  for  surplus is t h a t  I 

can  e x a m i n e  the  b e n e f i t s  of  a du ra t i on  m a t c h i n g  s t r a t e g y  by using a s t r a i g h t  

f o r w a r d  r e i n v e s t m e n t  s t r a t e g y .  At  the  end of  the  f i r s t  year~ one inves ts  t he  big 

excess  a s se t  cash  f low over  l i ab i l i ty  cash  f low in a bond t h a t  m a t u r e s  a t  the  end 

of  the  ana lys i s  ho r i zon  -- in o t h e r  words~ in a s i x - y e a r  bond.  The r e l a t i v e l y  minor  

d e f i c i e n c i e s  occu r r i ng  t h e r e a f t e r  are  also i n v e s t e d  in bonds m a t u r i n g  a t  the  

hor izon ;  t h a t  is~ a t  t he  end of  the  s econd  y e a r  the  surplus  cash f low is i nves t ed  in 

a f i v e - y e a r  bond~ those  a t  the  end of  t he  t h i rd  y e a r  in a f o u r - y e a r  bond~ and so 

o n .  

Exhib i t  6-Z shows a s u m m a r y  of some  f a i r l y  na ive  r e i n v e s t m e n t  s t r a t e g i e s .  

Those are  c o n s t a n t  s t r a t e g i e s  in which  one uses  f i v e - y e a r  bonds or t e n - y e a r  

m o r t g a g e s  for  ail r e i n v e s t m e n t s .  Three  such s t r a t e g i e s  are  examined .  Exhibi t  6- 

3 con ta in s  t h e  y ie ld  cu rve  scena r ios .  I will no t  discuss  t h e s e  in de t a i l  bu t  w a n t  to  

n o t e  t h a t  rye  used  y ie ld  curves  wi th  n o n z e r o  shapes .  

L e t ' s  s t udy  the  t ab le  t i t l e d  "Marke t  Value Surplus (in millions) a t  End of  L iab i l i t y  

Runou t , "  Exhib i t  6-Z. I t  is the  s ame  type  of  t ab le  used  in p r e s e n t a t i o n s  where  

one ca r r i e s  f o r w a r d  as se t  and l i ab i l i t y  cash  f lows  acco rd ing  to an a s sumed  

r e i n v e s t m e n t  s t r a t e g y  aga ins t  the  d i f f e r e n t  s cena r ios ,  and  c o m p u t e s  a t  the  end 

of  t he  p r o j e c t i o n  pe r iod  (seven y e a r s  in th is  case) t he  t e r m i n a l  m a r k e t  va lue  of 
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surplus.  Since all l i ab i l i t i e s  a re  fu l ly  pa id  o f f  a f t e r  seven  y e a r s  in this  example~ 

the  surplus  f igure  is j u s t  t he  m a r k e t  va lue  of the  t e r m i n a l  a s se t  po r t fo l io .  

EXHIBIT 6-Z 

MARKET VALUE SURPLUS (IN Mrr.LIONS) 
AT END OF LLqBnYFY R U N O U T  

R ~'rrNVESTMENT STRATEGY 
CONSTANT CONSTANT CONSTANT 6,5~4~3,Z 

SCENARIO 1 - Y E A R  5 - Y E A R  10 -YE AR 1-YEAR 

1 - UP, THEN LEVEL 

Z - DOWN~ THEN LEVEL 

3 - RAPID UP/DOWN 

4 - RAPID DOWN/UP 

5 - MODERATE UP/DOWN 

6 - MODERATE DOWN/UP 

7 - SLOW UP/DOWN 

8 - SLOW DOW N /UP 

9 - LEVEL T H R O U G H O U T  

6 .075  4 . 3 0 5  3 .868  4 .2Z0 

-2 .7Z5  1.328 4 .671  2 .037  

1. 627 8. 657 10. 847 6 .485  

-0 .  040 - 2 . 4 3 7  - 3 .  664 -1 .  658 

2. 178 3. 148 7. 364 5. 124 

- 0 . 4 8 6  1 .632 - 0 . 3 3 9  0 .561 

4.  008 4.  617 6. Z13 4.  258 

-1 .  888 1. 582 Z. 127 1. 934 

0.  281 3. 047 4 .476  3. 352 

EXHIBrr 6-3 

YIELD CURVE SCENARIO I 

TERM 
TO TIME 

MATURITY 0 YR 1 YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

1 YEAR 8 . 0 0  10.Z5 1Z.50 14.75 14.75 14.75 14.75 14.75 
Z YEARS 9 . 0 0  10.80 1Z.60 14 .40  14 .40  14 .40  14.40 14 .40  
3 YEARS 9 . 7 5  11.Z3 1Z.70 14.18 14.18 14.18 14.18 14.18 
4 YEARS 10.Z5 11 .50  1Z.75 14.00 14 .00  14.00 14.00 14.00 
5 YEARS 10.65 11 .70  1Z.75 13 .80  13.80 13 .80  13 .80  13 .80  
6 YEARS 10.95 11 .85  1Z.75 13 .65  13 .65  13.65 13.65 13.65 
7 YEARS 11.20  1Z.00 1Z.80 13 .60  13 .60  13 .60  13 .60  13.60 
8 YEARS 11 .35  11 .10  1Z.85 13 .60  13 .60  13 .60  13 .60  13 .60  
9 YEARS 11.45 1Z.15 1Z.85 13.55 13.55 13.55 13.55 13.55 

10 YEARS 11.50 1Z.18 1Z.85 13.53 13.53 13.53 13.53 13.53 
11 YEARS 11.50  1Z.18 1Z.85 13.53 13.53 13.53 13.53 13,53 
1Z YEARS 11.50  1Z.18 1Z.85 13.53 13.53 13.53 13.53 13.53 
13 YEARS 11.50  1Z.18 1Z.85 13.53 13.53 13.53 13.53 13.53 
14 YEARS 11.50  1Z.18 1Z.85 13.53 13.53 13.53 13.53 13.53 
15 YEARS 11.50 12..18 1Z.85 13.53 13.53 13.53 13.53 13.53 
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EXHIBIT 6-3 
(Continued) 

YIELD CURVE SCENARIO Z 

TERM 
TO TIME 

MATURITY 0 YR I YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

1 YEAR 8.00 6.50 5.00 3.50 3.50 3.50 3.50 3.50 
Z YEARS 9.00 7.50 6.00 4.50 4.50 4.50 4.50 4.50 
3 YEARS 9.75 8.Z5 6.75 5.Z5 5.Z5 5.Z5 5.Z5 5.Z5 
4 YEARS 10.Z5 8.75 7.Z5 5.75 5.75 5.75 5.75 5.75 
5 YEARS 10.65 9.15 7.65 6.15 6.15 6.15 6.15 6.15 
6 YEARS 10.95 9.45 7.95 6.45 6.45 6.45 6.45 6.45 
7 YEARS II.Z0 9.70 8.Z0 6.70 6.70 6.70 6.70 6.70 
8 YEARS 11.35 9.85 8.35 6.85 6.85 6.85 6.85 6.85 
9 YEARS 11.45 9.95 8.45 6.95 6.95 6.95 6.95 6.95 
10 YEARS 11.50 I0.00 8.50 7.00 7.00 7.00 7.00 7.00 
11 YEARS 11.50 10.00 8.50 7.00 7.00 7.00 7.00 7.00 
IZ YEARS 11.50 10.00 8.50 7.00 7.00 7.00 7.00 7.00 
13 YEARS 11.50 10.00 8.50 7.00 7.00 7.00 7.00 7.00 
14 YEARS 11.50 10.00 8.50 7.00 7.00 7.00 7.00 7.00 
15 YEARS 11.50 10.00 8.50 7.00 7.00 7.00 7.00 7.00 

Yr~.D CURVE SCENARIO 3 

TERM 
TO TIME 

MATURITY 0 YR I YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

I YEAR 8.00 14.75 8.00 3.50 8.00 14.75 8.00 3.50 
Z YEARS 9.00 14.40 9.00 4.50 9.00 14.40 9.00 4.50 
3 YEARS 9.75 14.18 9.75 5.25 9.75 14.18 9.75 5.Z5 
4 YEARS 10.25 14.00 10.25 5 .75  10.25 14.00 10.25 5 .75  
5 YEARS 10.65 13.80 10.65 6.15 10.65 13.80 10.65 6.15 
6 YEARS 10.95 13.65 10.95 6.45 10.95 13.65 10.95 6.45 
7 YEARS II.20 13.60 11.20 6.70 11.Z0 13.60 11.20 6.70 
8 YEARS 11.35 13.60 11.35 6.85 11.35 13.60 11.35 6.85 
9 YEARS 11.45 13.55 11.45 6.95 11.45 13.55 11.45 6.95 
10 YEARS 11.50 13.53 11.50 7.00 11.50 13.53 11.50 7.00 
II YEARS 11.50 13.53 11.50 7.00 11.50 13.53 11.50 7.00 
IZ YEARS 11.50 13.53 11.50 7.00 11.50 13.53 11.50 7.00 
13 YEARS 11.50 13.53 11.50 7.00 11.50 13.53 11.50 7.00 
14 YEARS 11.50 13.53 11.50 7.00 11.50 13.53 11.50 7.00 
15 YEARS 11.50 13.53 11.50 7.00 11.50 13.53 11.50 7.00 
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EXHIBIT 6-3 
(Continued) 

YIELD CURVE SCENARIO 4 

TERM 
TO TIME 

MATURITY 0 YR 1 YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

1 YEAR 8 .00  3 .50  8 .00  14.75 8 .00  3 .50  8 .00  14.75 
Z YEARS 9 .00  4 .50  9 .00  14.40 9 .00  4 .50  9 .00  14.40 
3 YEARS 9 .75  5.Z5 9 .75  14.18 9 .75  5.Z5 9 .75  14.18 
4 YEARS 10.25 5 .75 10.Z5 14.00 10.Z5 5 .75  10.Z5 14.00 
5 YEARS 10.65 6 .15  10.65 13.80 10.65 6 .15  10.65 13.80 
6 YEARS 10.95 6 .45 10.95 13.65 10.95 6 .45  10.95 13.65 
7 YEARS 11.Z0 6 .70  11 .20  13.60 11.Z0 6 .70  11.Z0 13.60 
8 YEARS 11.35 6 .85  11.35 13.60 11.35 6 .85  11.35 13.60 
9 YEARS 11.45 6 .95  11.45 13.55 11.45 6 .95  11.45 13.55 

10 YEARS 11.50 7 .00  11.50 13.53 11.50 7 .00  11.50 13.53 
11 YEARS 11.50 7 .00  11.50 13.53 11.50 7 .00  11.50 13.53 
1Z YEARS 11.50 7 .00  11.50 13.53 11.50 7 .00  11.50 13.53 
13 YEARS 11.50 7 .00  11.50 13.53 11.50 7 .00  11.50 13.53 
14 YEARS 11.50 7 .00  11.50 13.53 11.50 7 .00  11.50 13.53 
15 YEARS 11.50 7 .00  11.50 13.53 11.50 7 .00  11.50 13.53 

YIELD CURVE SCENARIO 5 

TERM 
TO TIME 

MATURITY 0 YR 1 YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

1 YEAR 8 .00  11.38 14.75 11.38 8 .00  5 .75  3 .50  5 .75  
Z YEARS 9 .00  11.70 14.40 11.70 9 .00  6 .75  4 .50  6 .75  
3 YEARS 9 .75  11.96 14.18 11.96 9 .75  7 .50  5.Z5 7 .50  
4 YEARS 10.Z5 1Z.13 14.00 12.13 10.Z5 8 .00  5 .75  8 .00  
5 YEARS 10.65 1Z.Z3 13.80 1Z.Z3 10.65 8 .40  6 .15  8 .40  
6 YEARS 10.95 1Z.30 13.65 1Z.30 10.95 8 .70  6 .45  8 .70  
7 YEARS 11.Z0 1Z.40 13.60 1Z.40 11.Z0 8 .95  6 .70  8 .95  
8 YEARS 11.35 12.48 13.60 12.48 11.35 9 .10  6 .85  9 .10  
9 YEARS 11.45 12.50 13.55 1Z.50 11.45 9 .20  6 .95  9 .20  

10 YEARS 11.50 1Z.51 13.53 12.51 11.50 9.Z5 7 .00  9 .25  
11 YEARS 11.50 12.51 13.53 1Z.51 11.50 9.Z5 7 .00  9.Z5 
1Z YEARS 11.50 1Z.51 13.53 1Z.51 11.50 9.Z5 7 .00  9.Z5 
13 YEARS 11.50 1Z.51 13.53 1Z.51 11.50 9.Z5 7 .00  9.Z5 
14 YEARS 11.50 12.51 13.53 12.51 11.50 9.Z5 7 .00  9 .25  
15 YEARS 11.50 12.51 13.53 12.51 11.50 9 .25  7 .00  9.Z5 
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EXHIB1T 6-3  
(Cont inued)  

YIELD CURVE SCENARIO 6 

TERM 
TO TIME 

MATURITY 0 YR I YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

1 YEAR 8.00 5.75 3.50 5.75 8.00 11.38 14.75 11.38 
Z YEARS 9.00 6.75 4.50 6.75 9.00 11.70 14.40 11.70 
3 YEARS 9.75 7.50 5.Z5 7.50 9.75 11.96 14.18 11.96 
4 YEARS 10.Z5 8.00 5.75 8.00 10.Z5 IZ.13 14.00 IZ.13 
5 YEARS 10.65 8.40 6.15 8.40 10.65 IZ.Z3 13.80 IZ.Z3 
6 YEARS 10.95 8.70 6.45 8.70 10.95 12.30 13.65 12.30 
7 YEARS II.Z0 8.95 6.70 8.95 ll.Z0 12.40 13.60 IZ.40 
8 YEARS 11.35 9.10 6.85 9.10 11.35 IZ.48 13.60 IZ.48 
9 YEARS 11.45 9.Z0 6.95 9.Z0 11.45 IZ.50 13.55 IZ.50 
I0 YEARS 11.50 9.Z5 7.00 9.Z5 11.50 IZ.51 13.53 IZ.51 
II YEARS 11.50 9.Z5 7.00 9.Z5 11.50 IZ.51 13.53 IZ.51 
IZ YEARS 11.50 9.Z5 7.00 9.Z5 11.50 IZ.51 13.53 IZ.51 
13 YEARS 11.50 9.Z5 7.00 9.Z5 11.50 IZ.51 13.53 IZ.51 
14 YEARS 11.50 9.Z5 7.00 9.Z5 11.50 IZ.51 13.53 IZ.51 
15 YEARS 11.50 9.Z5 7.00 9.Z5 11.50 IZ.51 13.53 IZ.51 

YIELD CURVE SCENARIO 7 

TERM 
TO TIME 

MATURITY 0 YR 1 YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

1 YEAR 8.00 10.Z5 IZ.50 14.75 1Z.50 10.Z5 8.00 6.50 
Z YEARS 9.00 10.80 IZ.60 14.40 IZ.60 10.80 9.00 7.50 
3 YEARS 9.75 II.Z3 IZ.70 14.18 IZ.70 II.Z3 9.75 8.Z5 
4 YEARS 10.Z5 11.50 IZ.75 14.00 IZ.75 11.50 10.Z5 8.75 
5 YEARS 10.65 11.70 1Z.75 13.80 IZ.75 11.70 10.65 9.15 
6 YEARS 10.95 11.85 1Z.75 13.65 IZ.75 11.85 10.95 9.45 
7 ~YEARS If.Z0 IZ.00 IZ.80 13.60 IZ.80 IZ.00 II.Z0 9.70 
8 YEARS 11.35 IZ.10 IZ.85 13.60 IZ.85 IZ.10 11.35 9.85 
9 YEARS 11.45 IZ.15 IZ.85 13.55 1Z.85 IZ.15 11.45 9.95 
I0 YEARS 11.50 IZ.18 IZ.85 13.53 12.85 IZ.18 11.50 I0.00 
II YEARS 11.50 IZ.18 IZ.85 13.53 IZ.85 IZ.18 11.50 10.00 
IZ YEARS 11.50 IZ.18 1Z.85 13.53 1Z.85 IZ.18 11.50 10.00 
13 YEARS 11.50 12.18 12.85 13.53 IZ.85 1Z.18 11.50 10.00 
14 YEARS 11.50 IZ.18 12.85 13.53 IZ.85 1Z.18 11.50 10.00 
15 YEARS 11.50 IZ.18 IZ.85 13.53 IZ.85 IZ.18 11.50 10.00 
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EX 14]RIT 6-3 
(Continued) 

YIELD CURVE SCENARIO 8 

TERM 
TO TIME 

MATURITY 0 YR 1 YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

I YEAR 8.00 6.50 5.00 3.50 5.00 6.50 8.00 10.Z5 
Z YEARS 9.00 7.50 6.00 4.50 6.00 7.50 9.00 I0.80 
3 YEARS 9.75 8.Z5 6.75 5.Z5 6.75 8.Z5 9.75 II.Z3 
4 YEARS 10.Z5 8.75 7.Z5 5.75 7.Z5 8.75 10.Z5 11.50 
5 YEARS 10.65 9.15 7.65 6.15 7.65 9.15 10.65 11.70 
6 YEARS 10.95 9.45 7.95 6.45 7.95 9.45 10.95 11.85 
7 YEARS II.Z0 9.70 8.Z0 6.70 8.Z0 9.70 II.Z0 IZ.00 
8 YEARS 11.35 9.85 8.35 6.85 8.35 9.85 11.35 IZ.10 
9 YEARS 11.45 9.95 8.45 6.95 8.45 9.95 11.45 IZ.15 
I0 YEARS 11.50 10.00 8.50 7.00 8.50 10.00 11.50 IZ.18 
II YEARS 11.50 10.00 8.50 7.00 8.50 10.00 11.50 IZ.18 
12 YEARS 11.50 I0.00 8.50 7.00 8.50 I0.00 11.50 IZ.18 
13 YEARS 11.50 10.00 8.50 7.00 8.50 I0.00 11.50 IZ.18 
14 YEARS 11.50 10.00 8.50 7.00 8.50 I0.00 11.50 IZ.18 
15 YEARS 11.50 10.00 8.50 7.00 8.50 10.00 11.50 IZ.18 

YIELD CURVE SCENARIO 9 

TERM 
TO TIME 

MATURITY 0 YR 1 YR Z YR 3 YR 4 YR 5 YR 6 YR 7 YR 

1 YEAR 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 
Z YEARS 9.00 9.00 9.00 9.00 9.00 9.00 9.00 9.00 
3 YEARS 9.75 9.75 9.75 9.75 9.75 9.75 9.75 9.75 
4 YEARS 10.Z5 10.Z5 10.Z5 10.Z5 10.Z5 10.Z5 10.Z5 10.Z5 
5 YEARS 10.65 10.65 10.65 10.65 10.65 10.65 10.65 10.65 
6 YEARS 10.95 10.95 10.95 10.95 10.95 10.95 10.95 10.95 
7 YEARS II.Z0 II.Z0 II.Z0 II.Z0 II.Z0 II.Z0 II.Z0 II.Z0 
8 YEARS 11.35 11.35 11.35 11.35 11.35 11.35 11.35 11.35 
9 YEARS 11.45 11.45 11.45 11.45 11.45 11.45 11.45 11.45 
10 YEARS 11.50 11.50 11.50 11.50 11.50 11.50 11.50 11.50 
II YEARS 11.50 II.50 II.50 II.50 II.50 II.50 II.50 II.50 
IZ YEARS 11.50 11.50 11.50 11.50 11.50 11.50 11.50 11.50 
13 YEARS 11.50 11.50 11.50 11.50 11.50 11.50 11.50 11.50 
14 YEARS 11.50 11.50 11.50 11.50 11.50 11.50 11.50 11.50 
15 YEARS 11.50 11.50 11.50 11.50 11.50 11.50 11.50 11.50 
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The d e s c r i p t i o n s  for  t he  i n t e r e s t - r a t e  s c e n a r i o s  in Exhib i t  6-4 th rough  6-7 c o m e  

f rom e x a m i n i n g  the i r  b e h a v i o r  o v e r  t ime .  Rapid ,  m o d e r a t e ,  and s low r e f e r  to  

the  l eng th  of  the  i n t e r e s t - r a t e  cyc le .  U p / d o w n  and down / up  d i f f e r  in the  

d i r e c t i o n  of  t he  in i t ia l  i n t e r e s t - r a t e  m o v e m e n t .  N o t i c e  t h a t  I have  used  p a i r e d  

s c e n a r i o s .  In doing this  k ind of  ana lys is ,  e s p e c i a l l y  when  choos ing  to  do any  

i n v e s t m e n t  s t r a t e g y  o p t i m i z a t i o n ,  i t  is a good  i d e a  to  pa i r  s cena r io s .  If  one 

l o o k e d  a t  a s ingle  s c e n a r i o ,  s t r i c t l y  u p w a r d  for  e x a m p l e ,  one would  conc lude  wi th  

p e r f e c t  f o r e s i g h t  t h a t  i t  is b e n e f i c i a l  to  b e  i n v e s t e d  v e r y  shor t .  Looking  at  a 

s c e n a r i o  t ha t  is s t r i c t l y  down,  one would  aga in  s ee  wi th  p e r f e c t  f o r e s i g h t  t ha t  i t  

wou ld  b e  good  to  be  i n v e s t e d  v e r y  long. Bringing b o t h  t h o s e  s c e n a r i o s  in to  t he  

analys is ,  one  t ends  to g e t  t r a d e o f f s  b e t w e e n  using sho r t  and long asse t s .  If  

mode l ing  l i ab i l i t i e s  as  wel l ,  so t h a t  t he i r  d u r a t i o n  p r o p e r t i e s  e m e r g e  f rom the  

ana lys i s ,  using p a i r e d  s c e n a r i o s  induces  the  kinds of  t r a d e o f f s  t ha t  l e ad  to  

i m m u n i z e d  s t r a t e g i e s .  So one w a n t s  to  b e  u n b i a s e d  in the  c h o i c e  of  s cena r io s ,  

and i t  g e n e r a l l y  m a k e s  sense  to  pa i r  t h e m  m u c h  as I h a v e  done  he re .  

I am no t  going to  t r y  to  d iv ide  t h e s e  s c e n a r i o s  or  p a t h s  in to  " reasonab le"  and 

"p laus ib le ."  I don ' t  know w h e t h e r  I hold  the  m a j o r i t y  or m i n o r i t y  v iew,  bu t  I 

r e a l l y  do no t  th ink  a n y b o d y  can  do t h a t .  To g ive  an e x a m p l e ,  p r o b a b l y  mos t  of  us 

h e r e  t o d a y  migh t  a g r e e  tha t  ove r  the  n e x t  f ive  y e a r s ,  pe rhaps  ove r  the  nex t  t en  

y e a r s ,  i n t e r e s t  r a t e s  a r e  no t  l ike ly  to  b e  t a m e .  T hey ' r e  l ike ly  to  be  q u i t e  

vo l a t i l e .  We 'd  p r o b a b l y  have  wide  d i f f e r e n c e s  of  v i ews  as to w h e t h e r  t h e r e  is 

going to  b e  a t r e n d  up or  t r e n d  down or no t r e n d  a t  all. But  if  we could  ag re  e 

t h a t  t h e r e  would  b e  a t  l e a s t  m o d e s t  vo l a t i l i t y ,  t hen  I s u g g e s t  t ha t  any  s c e n a r i o  in 

which  i n t e r e s t  r a t e s  a re  r e l a t i v e l y  t a m e  t h r o u g h o u t  is not  a "reasonalSle" 

s c e n a r i o ,  a l though  m a y b e  i t ' s  a "p laus ib le"  s cena r io .  I do not  b e l i e v e  any of us 
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has even  thought  about  doing valuat ion a c t u a r y  work with anything o ther  than a 

"level throughout"  scenar io  in the  "reasonable"  group. My cur ren t  thinking is 

tha t  a level  scenar io  is p robably  one of the most  "unreasonable"  scenar ios  tha t  

one can rea l ly  look at.  But, b e c a u s e  it is a bench  mark  in some sense,  it is useful  

to include in the analysis~ but  it is ce r ta in ly  not  " reasonable ."  

Again in Exhibits  6-4 to 6-79 I have used four  r e i n v e s t m e n t  s t r a t eg ies :  they ' re  

labe led  "cons tant  1 -year / '  "cons tant  5-year ,"  "cons tant  10-year"  and "6,5,4939Z 1- 

year ."  A cons tan t  s t r a t e g y  means tha t  any t ime  the re  is inves tab le  cash flow, 

whe ther  it 's  pos i t ive  or negative~ it will be  p laced  into one -yea r  bonds for the 

cons tan t  1-year  s t r a t egy ,  into f i v e - y e a r  bonds for  the  cons tan t  5-year  s t r a t egy ,  

and into t en -yea r  bonds for  the  cons tan t  10-year  s t r a t e g y .  

Let ' s  examine  the exhibi ts  to t ry  to dec ide  what  the  "worst" paths  are. We might 

then also decide whether  to kick the worst  pa ths  out of the  analysis as being 

unreasonable  and/or  implausible~ but  f i rs t  let 's  suppose we t ry  only to answer 

what  is the wors t  path.  A lot of t radi t ional  C-3 risk me thodo logy  is based  on 

wors t -pa th  analysis.  Let ' s  look at the  cons tan t  1 -year  s t r a t e g y  in Exhibit  6-4. 

The worst  pa th  is c lear ly  Scenario Z. The te rmina l  surplus there  is $-Z.7 million. 

Looking down at the  cons tan t  5-year  s t r a t eg i e s  in Exhibit  6-5, we see that  the  

worst  pa th  is Scenario 4. Now if we look at the cons tan t  10-year  s t r a t e g y  in 

Exhibit  ~ 6-6, we see  tha t  the  wors t  scenar io  is also Scenar io  49 with the same 

resul t  for the 6,594,3,Z, 1-year  r e i nves tmen t  s t r a t e g y  shown in Exhibit  6-7. 

Al ready  the re  is an ambigui ty .  
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EXHIBrr  6--4 

MARKET VALUES, DURATIONS,  AND CONVEXITIES 
CONSTANT 1-YEAR BOND REINVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 1 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS I.IAB'S 

CONVEXITY 
ASSETS IJ.AB'S 

0 110.9  108.9 Z.1 4 .01  4 .51  18.7 22.1 
1 119.9 117.7 Z.Z 3.1Z 3.51 11.8 14.1 
Z 118.0 115.4  Z.6 Z.47 Z.78 7 .3  9 .0  
3 108.7 105 .4  3 .3  1.88 Z.1Z 4 .1  5 .3  
4 9Z.1 88.Z 3 .9  1 .33 1.53 Z.O Z.8 
5 48 .9  4 4 . 4  4 . 6  1 .00 1.19 1.0  1 .6  
6 15.1 9 .8  5 .3  1 .00 1 .00 1.0  1 .0  
7 6 .1  0 .0  6 .1  

TIME 

INTEREST RATE SCENARIO Z 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS I.I/~B'S 

0 
1 
Z 
3 
4 
5 
6 
7 

110.9  108.9  Z.1 4 .01  4 .51  18.7 ZZ.1 
129.4 128.5 0 .9  3 .17  3 .54  1Z.O 14 .4  
133.6  133.9  - 0 . 3  Z.54 Z.83 7 .7  9.Z 
1Z5.3 1Z6.8 - 1 . 5  1 .95 Z.17 4 . 4  5 .5  

99 .9  101.8 - 1 . 9  1 .36 1.56 Z.1 Z.9 
47 .6  50 .0  -Z .3  1 .00 1.Z1 1.0  1 .6  

8.Z 10.8 -Z .6  1.00 1.00 1.0  1 .0  
-Z .7  0 .0  -Z .7  

TIME 

INTEREST RATE SCENARIO 3 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS I-IAB'S 

0 110.9  108.9  Z . l  4 .01  4 .51  18.7 ZZ. l  
1 l l Z . 4  109.4  3 .0  3 .09  3 .50  11.6  14.1 
Z 126.0 123.8 Z.Z Z.49 2.79 7.4 9.1 
3 12,7.0 1Z6.8 O.Z 1.94 Z.17 4.3  5.5 
4 96 .4  95 .3  1.1 1 .35 1 .54  Z.0 Z.8 
5 46 .Z 4 4 . 4  1 .8  1 .00 1.19 1.0  1 .6  
6 11.9 10 .4  1 .5  1 .00 1.00 1.0  1 .0  
7 1.6 0 .0  1 .6  
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EXHIBIT 6-4 
(Continued) 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
CONSTANT 1-YEAR BOND REINVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 4 

M A R K E T  VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LTAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9 108.9 Z.I 4.01 4.51 18.7 ZZ.I 
1 141.3 14Z.Z -0.9 3.Z3 3.60 IZ.4 14.7 
Z IZ4.5 IZ3.8 0.7 Z.51 Z.79 7.5 9.1 
3 107.0 105.4 1.6 1.90 Z.IZ 4.Z 5.3 
4 96.Z 95.3 0.9 1.35 1.54 Z.0 Z.8 
5 49.7 50.0 -0.3 1.00 I.ZI 1.0 1.6 
6 10.4 10.4 0.0 1.00 1.00 1.0 1.0 
7 0.0 0.0 0.0 

TIME 

INTEREST RATE SCENARIO 5 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS T.TAB'S 

CONVEXITY 
ASSETS T.TA..B'S 

0 110.9 108.9 Z.I 4.01 4.51 18.7 ZZ.I 
1 117.9 115.5 Z.4 3.11 3.51 11.7 14.1 
Z 114.7 111.5 3.Z Z.46 Z.77 7.3 8.9 
3 113.6 110.4 3.Z 1.89 Z.13 4.Z 5.3 
4 98.3 95.3 Z.9 1.34 1.54 Z.0 Z.8 
5 51.1 48.7 Z.4 1.00 I.Z0 1.0 1.6 
6 13.0 10.8 Z.I 1.00 1.00 1.0 1.0 
7 Z.Z 0.0 Z.Z 

TIME 

INTEREST RATE SCENARIO 6 

MARKET VALUE DURATION 
ASSETS T.T.'I~B'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS T.T&B'S 

0 
1 
Z 

3 
4 
5 
6 
7 

110.9 108.9 Z.l 4.01 4.51 18.7 ZZ.I 
13Z.Z 131.7 0.5 3.18 3.56 IZ.I 14.4 
138.3 139.5 -I.Z Z.56 Z.85 7.8 9.3 
IZO.Z IZI.I -0.9 1.94 Z.16 4.3 5.4 
94.6 95.3 -0.7 1.35 1.54 Z.I Z.8 
45.3 45.9 -0.6 1.00 I.ZO 1.0 1.6 
9.4 9.8 -0.4 1.00 1.00 1.0 1.0 

-0.5 O. 0 -0.5 
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EXHIBIT 6-4 
(Continued) 

MARKET VALUES, DURATIONS,  AND C O N V E X r r [ ~  
CONSTANT 1-YEAR BOND Rk':rNVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 7 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9 108.9 Z.1 4.01 4.51 18.7 ZZ.1 
1 119.9 117.7 Z.Z 3.1Z 3.51 11.8 14.1 
Z 118.0 115.4 Z.6 Z.47 Z.78 7.3 9.0 
3 108.7 105.4 3.3 1.88 Z.1Z 4.1 5.3 
4 94 .0  90 .5  3 .6  1.33 1.53 Z.O Z.8 
5 50.1 4 6 . 4  3 .7  1 .00 1.ZO 1.0 1.5 
6 14.1 10.4  3 .7  1 .00 1.00 1.0 1 .0  
7 4 . 0  0 .0  4 . 0  

INTEREST RATE SCENARIO 8 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 

0 
1 
Z 
3 
4 
5 
6 
7 

110.9  108.9  Z.1 4 .01  4 .51  18.7 ZZ.1 
1Z9.4 1Z8.5 0 .9  3 .17  3 .54  1Z.O 14.4  
133.6 133.9 -0.3 Z.54 Z.83 7.7 9.Z 
1Z5.3 1Z6.8 - 1 . 5  1 .95 2 .17 4 . 4  5 .5  
98.1 99.6 - 1 .5  1.36 1.55 Z.1 Z.8 
46 .7  48 .3  - I . 6  1 .00 l .ZO 1.0 1 .6  

8 .6  10 .4  - 1 . 7  1.O0 1 .00 1.O 1.O 
- 1 . 9  0 .0  - 1 . 9  

TIME 

INTEREST RATE SCENARIO 9 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS TJ~B'S 

0 110.9 108.9 Z . I  4 .01  4 .51  18.7 ZZ.I  
1 I g 4 . 0  IZZ.3 1.7 3 .14  3 .52  11.9 14.Z 
Z 1Z5.1 IZ3 .8  1.3 Z.50 Z.79 7 .5  9 .1  
3 116.7 115.7  1.O 1.9Z Z.14 4 .3  5 .4  
4 96.0 95.3 0.7 1.35 1.54 Z.0 Z.8 
5 47 .9  47 .5  0 .4  1 .00 I.ZO 1.0 1.6 
6 10.7 10.4  0 .3  1 .00 1.00 1.0  1 .0  
7 0.3 0.0 0.3 
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EXHIBIT 6-5 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
CONSTANT 5-YEAR BOND Pk~NVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 1 

MARKET VALUE DURATION 
ASSETS I.TAkB'S SURPLUS ASSETS T.I~.B'S 

CON-v'E xrrY 
ASSETS T.T~kB'S 

0 110.9 108.9 Z.1 4 .01  4 .51  18.7 ZZ.1 
1 119.9 117.7 Z.Z 3 .47 3 .51  13.7 14.1 
Z 117.8 115.4  Z.4 Z.81 Z.78 9 .0  9 .0  
3 108.0 105.4 Z.5 Z.IZ Z.IZ 5.I 5.3 
4 91 .1  88.Z Z.9 1.40 1.53 Z.0 Z.8 
5 47 .7  4 4 . 4  3 . 4  0 .95  1 .19 0 .7  1 .6  
6 13.7 9 .8  3 .9  3 .73  1 .00 17.0 1 .0  
7 4 .3  0 .0  4 .3  

TIME 

INTEREST RATE SCENARIO Z 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS T.TAB'S 

0 110.9  108.9 Z.1 4 .01  4 .51  18.7 ZZ.1 
1 1Z9.4 lZ8 .5  0 .9  3 .51 3 . 5 4  14.0 14 .4  
Z 134.9 133.9 0.9 Z.85 Z.83 9.Z 9.Z 
3 1Z?.9 1Z6.8 1.1 Z.14 Z.17 5.1 5 .5  
4 103.1 101.8  1.Z 1.39 1 .56  1.9  Z.9 
5 51.1 50 .0  1.1 0 .88 1.Z1 0 .4  1 .6  
6 11.7 10.8 0 .9  4 .45  1 .00 ZZ.3 1.0  
7 1.3 0.0 1.3 

TIME 

INTEREST RATE SCENARIO 3 

MARKET VALUE DURATION CONVEXITY 
ASSETS LIAB'S SURPLUS ASSETS I.TA.B'S ASSETS TJA..B'S 

0 110.9 108.9 Z.I 4.01 4.51 18.7 ZZ.I 
1 IIZ.4 109.4 3.0 3.44 3.50 13.6 14.1 
Z IZ7.4 IZ3.8 3.6 Z.8Z Z.79 9.1 9.1 
3 131.4 IZ6.8 4.6 Z.16 Z.17 5.3 5.5 
4 100.1 95 .3  4 .7  1.43 1 .54  Z.1 Z.8 
5 49 .6  44 .4  5.Z 1.0Z 1.19 1.1 1 .6  
6 15.8 10 .4  5 .4  3 .74  1.00 17.0 1.0 
7 8 .7  0.0 8.7  

-Z05- 



EXHIBIT 6-5 
(Continued) 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
CONSTANT 5-YEAR BOND REINVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 4 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS LtaB'S 

0 110.9  108.9 Z.1 4 .01  4 .51  18.7 ZZ.1 
1 141.3 14Z.Z - 0 . 9  3 .56  3 .60  14.3 14.7 
Z 123.1 123.8 -0 .7  Z.82 2.79 9.1 9.1 
3 104.5 105.4 -0.9 2.I0 2.12 4.9 5.3 
4 94.4 95.3 -I.0 1.35 1.54 1.7 2.8 
5 47.7 50.0 -Z.Z 0.74 l.Zl -0.3 1.6 
6 8 .7  10.4  -1 .7  4 . 5 2  1.00 23.1 1.0 
7 -Z.4 0 .0  -Z.4 

TIME 

INTEREST RATE SCENARIO 5 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS T.TA.B'S 

0 110.9 108.9 2.I 4.01 4.51 18.7 22.I 
1 117.9 115.5 2.4 3.46 3.51 13.7 14.1 
2 114.2 111.5 Z.6 2.80 2.77 9.0 8.9 
3 113.6 110.4 3.2 2.13 2.13 5.1 5.3 
4 99.Z 95.3 3.8 1.42 1.54 Z.1 Z.8 
5 52.5 48.7 3.8 0.97 1.Z0 0.9 1.6 
6 14 .4  10.8 3 .5  4 .16  1 .00 ZO.O 1.0 
7 3 .1  0 .0  3 .1  

TIME 

INTEREST RATE SCENARIO 6 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS T.TAB'S 

0 110.9 108.9 Z.1 4 .01  4 .51  18.7 22.1  
1 13Z.Z 131.7 0 .5  3 .52  3 .56  14.1 14.4  
Z 139.9 139.5 0.4 2.87 2.85 9.3 9.3 
3 121.5 121.1 0 .4  2 .13 2 .16  5.1 5 .4  
4 95 .9  95 .3  0 .5  1.37 1 .54  1.8 2 .8  
5 46 .5  45 .9  0 .6  0 .85  1 .20 0 .2  1.6 
6 10.9 9 .8  1.1 3 .98  1 .00 19.0  1 .0  
7 1.6 0 .0  1.6 

-2,06- 



EXHIBIT 6-5 
(Continued) 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
CONSTANT 5-YEAR BOND REINVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 7 

MARKET VALUE DURATION 
ASSETS I.TAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9 108.9 2.I 4.01 4.51 18.7 22.1 
1 119.9 I17.7 2.2 3.47 3.51 13.7 14.1 
2 117.8 115.4 2.4 2.81 2.78 9.0 9.0 
3 108.0 105.4  Z.5 2 .12  2 .12  5.1  5 .3  
4 93 .5  90 .5  3 .0  1.41 1.53 Z.0 Z.8 
5 49 .7  4 6 . 4  3 .3  0 .95  1.Z0 0.7  1.6 
6 13.6 10 .4  3 .2  3 .89  1.00 18.2 1.0 
7 4.6 0.0 4.6 

TIME 

INTEREST RATE SCENARIO 8 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS I-TAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9 108.9  Z.1 4 .01  4 .51  18.7 ZZ.1 
1 129.4  128.5  0 .9  3 .51  3 .54  14.0 14 .4  
Z 134.9 133.9 O. 9 Z. 85 Z. 83 9.2 9.2 
3 I27.9 126.8 I . I  2.14 2.17 5.1 5 .5  
4 100.9 99.6 1.3 1.39 1.55 1.9 2.8 
5 49 .7  48 .3  1 .4  0 .88  1 .20 0 .4  1 .6  
6 11.9 10.4  1 .5  4 .06  1 .00 19.5 1 .0  
7 1.6 0.0 1.6 

TIME 

INTEREST RATE SCENARIO 9 

MARKET VALUE DURATION 
ASSETS I.TAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS IffAB'S 

0 110.9 108.9 2.1 4 .01  4 .51  18.7 ZZ.1 
1 124.0 122.3 1.7 3 .48 3 .52  13.8 14.2 
2 125.7 123.8 1.9 2.82 2.79 9.1 9.1 
3 117.8 115.7 2 .1  2 .13  2 .14  5.1 5 .4  
4 97 .7  95 .3  2 .4  1.40 1 .54  2 .0  2 .8  
5 49.9 47.5 Z.5 0.92 l.ZO 0.6 1.6 
6 12.8 10.4 2.4 3.96 1.00 18.8 1.0 
7 3 .0  0 .0  3 .0  
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ExI-m~IT 6-6 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
CONSTANT IO-YEAR BOND RRrNVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 1 

MARKET VALUE DURATION 
ASSETS T -T~LB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS T-TAB'S 

0 110.9 108.9 Z.1 4.01 4.51 18.7 ZZ.l 
1 119.9 117.7 Z.Z 3.71 3.51 17.4 14.1 
Z 117.8 115.4 Z.4 3.13 Z.78 13.Z 9.0 
3 108.0 105.4 Z.6 Z.48 Z.1Z 9.0 5.3 
4 91.1 88.Z 2.9 1.85 1.53 5.5 Z.8 
5 47.6 44.4 3.Z 1.96 1.19 7.1 1.6 
6 13.3 9.8 3.6 3.97 1.00 17.7 1.0 
7 3.9 0.0 3.9 

TIME 

INTEREST RATE SCENARIO Z 

MARKET VALUE DURATION 
ASSETS T-L%B'S SURPLUS ASSETS T.T~8'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9 108.9 Z.I 4.01 4.51 18.7 ZZ.1 
I IZ9.4 IZ8.5 0.9 3.76 3.54 17.8 14.4 
Z 135.4 133.9 1.5 3.ZZ Z.83 13.9 9.Z 
3 1Z9.5 1Z6.8 Z.7 Z.59 Z.17 9.8 5.5 
4 104.9 101.8 3.1 1.91 1.56 5.8 Z.9 
5 53.4  50.0 3 .4  Z.OZ 1.Z1 7.Z 1.6 
6 14.8 10.8 4 .0  3.91 1.00 15.7 1.0 
7 4 .7  0.0 4.7  

TIME 

INTEREST RATE SCENARIO 3 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS T.TAB'S 

CONVEXITY 
ASSETS T.TAB'S 

0 110.9 108.9 Z.1 4.01 4.51 18.7 ZZ.1 
1 l l Z . 4  109.4 3 .0  3.70 3 .50 17.3 14.1 
Z 127.4 123.8 3.6 3.16 Z.79 13.4 9.1 
3 134.1 126.8 7 .3  Z.67 Z.17 10.6 5.5 
4 100.4 95.3 5.1 1.92 1.54 6.1 2.8 
5 49.5 44 .4  5.1 Z.06 1.19 7.9 1.6 
6 17.3 10.4 6 .9  4.07 1.00 19.3 1.0 
7 10.8 0.0 10.8 
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E X H r a r r  6-6 
(Continued) 

MARKET YALUES~ DURATIONS,  AND CONVEXITIES 
CONSTANT 10-YEAR BOND P ~ - V E S T M E N T  STRATEGY 

TIME 

INTEREST RATE SCENARIO 4 

MARKET VALUE DURATION 
ASSETS I.TA..B'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 
1 
Z 
3 
4 
5 
6 
7 

110.9  108.9 Z.1 4 .01  4 .51  18.7 ZZ.1 
141.3 14Z.Z - 0 . 9  3 .85  3 .60  18.6  14.7 
1Z1.6 1Z3.8 -Z .Z 3 .09  Z.79 1Z.7 9 .1  
103.1 105.4  -Z .3  Z.39 Z.1Z 8.1  5 .3  

9Z.7 95 .3  -Z .6  1 .70 1 .54  4 .Z Z.8 
48 .0  50.0  -Z.O 1 .70  1.Z1 4 . 4  1 .6  

7 .6  10.4  -Z .8  3 .45  1 .00  7 .6  1.0 
- 3 . 7  0 .0  - 3 . 7  

TIME 

INTEREST RATE SCENARIO 5 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS I.T/tB'S 

CONVEXITY 
ASSETS T-T/LB'S 

0 110.9 108.9 Z.1 4.01 4.51 18.7 ZZ.1 
1 117.9 115.5 Z.4 3.71 3.51 17.4 14.1 
Z l14 .Z  111.5 Z.6 3.13 Z.77 13.Z 8.9 
3 113.6 110.4  3 .Z Z.50 Z.13 9 .1  5 .3  
4 99 .4  95 .3  4 .1  1 .89 1 .54  5 .8  Z.8 
5 54.3  48 .7  5 .6  Z.11 1.ZO 8.Z 1.6  
6 18.5 10.8  7 .7  4 .11  1.00 19.0  1 .0  
7 7 . 4  0 .0  7 .4  

TIME 

INTEREST RATE SCENARIO 6 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS T.TAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9  108.9  Z.1 4 .01  4 .51  18.7 ZZ.1 
1 13Z.Z 131.7 0 .5  3 .78  3 .56  18.0 14 .4  
Z 140.8 139.5 1.3 3.Z6 Z.85 14.3 9 .3  
3 1Z1.3 1ZI .1  0 .3  Z.50 Z.16 9 .0  5 .4  
4 94 .9  95 .3  - 0 . 4  1 .77 1 .54  4 .8  Z.8 
5 45 .5  45 .9  - 0 . 4  1 .76 1.ZO 5 .5  1.6 
6 9 .1  9 .8  - 0 . 6  3 .7Z 1 .00  13.0  1 .0  
? - 0 . 3  0 .0  - 0 . 3  
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EXHIBIT 6-6 
(Continued) 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
CONSTANT 10-YEAR BOND REINVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 7 

M A R K E T  VALUE DURATION 
ASSETS T-T-a~B'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9  108 .9  Z.1 4 .01  4 .51  18.7 ZZ.1 
• 1 119.9 117.7 Z.Z 3 .71  3 .51  17 .4  14.1 
Z 117.8 115.4 Z.4 3.13 Z.78 13.Z 9.0 
3 108.0 105.4 Z.6 Z.48 Z.IZ 9.0 5.3 
4 93.5 90.5 3.1 1.86 1.53 5.6 Z.8 
5 50.0 46.4 3.6 1.99 I.Z0 7.3 1.6 
6 15.0  10 .4  4 . 6  3 .99  1 .00  17.9 1 .0  
7 6.Z 0.0 6.Z 

T I M E  

INTEREST RATE SCENARIO 8 

M A R K E T  VALUE DURATION 
ASSETS UAB'S SURPLUS ASSETS T-L%.]B'S 

CONVEXn'Y 
ASSETS LIAB'S 

0 110.9 108.9 Z.l 4.01 4.51 18.7 ZZ.1 
1 1Z9.4 1Z8.5 0.9 3.76 3.54 17.8 14.4 
Z 135.4 133.9 1.5 3.ZZ Z.83 13.9 9.Z 
3 1Z9.5 1Z6.8 Z.7 Z.59 Z.17 9.8 5.5 
4 101.8 99.6 Z.Z 1.87 1.55 5.6 Z.8 
5 50.3 48.3 Z.I I.gz I.Z0 6.6 1.6 
6 IZ.4 10.4 Z.0 3.88 1.00 15.7 1.0 
7 Z.l 0.0 Z.l 

TIME 

INTEREST RATE SCENARIO 9 

MARKET VALUE DURATION 
ASSETS UAB'S SURPLUS ASSETS T.TA.B'S 

CONVEXITY 
ASSETS T.TAB'S 

0 110.9 108.9 Z.l 4.01 4.51 18.7 ZZ.l 
1 1Z4.0 IZZ.3 1.7 3.7Z 3.5Z 17.4 14.Z 
Z 1Z5.6 12,3.8 1.8 3.14 Z.79 13.2, 9.1 
3 117.9  115.7 Z.Z Z.49 Z.14  9 . 0  5 .4  
4 97.9 95.3 Z.6 1.85 1.54 5.5 Z.8 
5 50.5 47.5 3.0 1.96 1.ZO 7.1 1.6 
6 14.0 10.4 3.6 3.96 1.00 17.Z 1.0 
7 4 . 5  0 .0  4 . 5  
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EXHIBIT 6-7 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
6,5,4,3,Z 1-YEAR REINVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO I 

M A R K E T  V A L U E  D U R A T I O N  
ASSETS LIAB'S S U R P L U S  ASSETS T.T A_B'S 

C O N V E X I T Y  
ASSETS I.T~LB'S 

0 110 .9  1 0 8 . 9  Z.1 4 . 0 1  4 . 5 1  18 .7  ZZ.1 
1 119 .9  117 .7  Z.Z 3 . 5 3  3 . 5 1  1 4 . 4  14 .1  
Z 117.8 115.4 Z.4 Z.88 Z.78 9.6 9.0 
3 107.9 105.4 Z.5 Z.ZI Z.IZ 5.7 5.3 
4 91.0 88.Z Z.8 1.56 1.53 Z.9 Z.8 
5 47.6 44.4 3.Z I.Z5 1.19 1.7 1.6 
6 13.5 9.8 3.7 1.00 1.00 1.0 1.0 
7 4.Z 0.0 4.Z 

TIME 

I N T E R E S T  R A T E  SCENARIO Z 

M A R K E T  V A L U E  D U R A T I O N  
ASSETS LIAB'S S U R P L U S  ASSETS I-IAB'S 

CONVEXITY 
ASSETS T.T~d8'S 

0 110.9 108.9 Z.l 4.01 4.51 18.7 ZZ.l 
1 IZ9.4 IZ8.5 0.9 3.57 3.54 14.7 14.4 
Z 135.0 133.9 1.1 Z.93 Z.83 9.9 9.Z 
3 IZ8.4 IZ6.8 1.5 Z.Z5 Z.17 5.9 5.5 
4 103.6 101.8 1.8 1.57 1.56 Z.9 Z.9 
5 51.8 50.0 1.9 I.Z4 I.ZI 1.7 1.6 
6 1Z.8  10 .8  Z .0  1 . 0 0  1 . 0 0  1 . 0  1 .0  
7 Z.0 0.0 Z.0 

TIME 

INTEREST RATE SCENARIO 3 

M A R K E T  VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS I.TAB'S 

C O N V E X I T Y  
ASSETS T.TAB'S 

0 110 .9  1 0 8 . 9  Z.1 4 . 0 1  4 . 5 1  18 .7  ZZ.1 
1 11Z.4  1 0 9 . 4  3 . 0  3 .51  3 . 5 0  14 .3  14 .1  
Z 1Z7.4  1Z3.8  3 . 6  Z .90  Z .79  9 . 7  9 .1  
3 13Z.0  1Z6.8  5 .Z  Z.Z7 Z .17  6 . 0  5 . 5  
4 100 .Z  9 5 . 3  4 . 8  1 .58  1 . 5 4  3 . 0  Z .8  
5 4 9 . 4  4 4 . 4  5 . 0  1 .Z6 1 .19  1 .8  1 .6  
6 16.4 10.4 6.0 1.00 1.00 1.0 1.0 
7 6.5 0.0 6.5 

-Zl  1- 



EXHTRIT 6-7 
(Continued) 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
6,5,4,3,Z I-YEAR PWNVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 4 

MARKET VALUE DURATION 
ASSETS T.TAJ3'S SURPLUS ASSETS T.TA.B'S 

CONVEXITY 
ASSETS LIAB'S 

0 
1 
2. 
3 
4 
5 
6 
7 

110.9 108.9 2,.1 4.01 4.51 18.7 ZZ.1 
141.3 14Z.Z -0 .9  3.63 3.60 15.1 14.7 
1ZZ.8 1Z3.8 -1 .0  2,.89 Z.79 9.7 9.1 
104.1 105.4 -1 .3  Z.18 Z.1Z 5.6 5.3 
94.1 95.3 -1.3 1.53 1.54 Z.8 Z.8 
18.5 50.0 -1.5 1.Z0 1.Z1 1.6 1.6 
8.9 10.4 -1.5 1.00 1.00 1.0 1.0 

-i.7 0.0 -1.7 

TIME 

INTEREST RATE SCENARIO 5 

M A R K E T  VALUE D U R A T I O N  
ASSETS T.TA..B'S SURPLUS ASSETS T-TAB'S 

co]N-~xrrY 
ASSE'rS I,IA.B'S 

0 110.9 108.9 Z.1 4.01 4.51 18.7 ZZ.1 
1 117.9 115.5 Z.4 3.5Z 3.51 14.4 14.1 
Z 114.Z 111.5 Z.6 Z.87 Z.77 9.6 8.9 
3 113.6 110.4 3.2, Z.ZZ Z.13 5.7 5.3 
4 99.3 95.3 4.0 1.57 1.54 Z.9 Z.8 
5 53.Z 48.7 4.5 1.Z6 1.2,0 1.8 1.6 
6 15.8 10.8 5.0 1.00 1.00 1.0 1.0 
7 5.1 0.0 5.1 

TIME 

INTEREST RATE SCENARIO 6 

MARKET VALUE DURATION 
ASSETS T-T~B'S SURPLUS ASSETS LIAB'S 

CONVE3,~-'I'Y' 
ASSETS T-T-~fLB'S 

0 110.9 108.9 Z.1 4.01 4.51 18.7 Z2,.1 
1 132,.Z 131.7 0.5 3.58 3.56 14.8 14.4 
Z 140.1 139.5 0.6 Z.95 Z.85 10.0 9.3 
3 1Z1.5 1Z1.1 0.5 Z.Z3 Z.16 5.8 5.4 
4 95.8 95.3 0.4 1.55 1.54 Z.8 Z.8 
5 46.3 45.9 0.5 1.Z1 1.Z0 1.6 1.6 
6 10.3 9.8 0.5 1.00 1.00 1.0 1.0 
7 0.6 0.0 0.6 
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EXHIBIT 6-7 
(Continued) 

MARKET VALUES, DURATIONS, AND CONVEXITIES 
6,5,4,3,Z 1-YEAR REINVESTMENT STRATEGY 

TIME 

INTEREST RATE SCENARIO 7 

MARKET VALUE DURATION 
ASSETS T-TAB'S SURPLUS ASSETS LIAB'S 

CONVEXITY 
ASSETS LIAB'S 

0 110.9 108.9  Z.1 4 .01  4 .51  18.7 2,Z.1 
1 119.9 117.7 Z.2, 3 .53  3 .51  14.4  14.1 
Z 117.8 115.4  Z.4 Z.88 Z.78 9 .6  9 .0  
3 107.9 105.4  Z.5 Z.Zl  Z.12, 5 .7  5 .3  
4 93 .5  90 .5  3 .0  1.56 1.53 Z.9 Z.8 
5 49 .9  4 6 . 4  3 .5  1.Z5 1.ZO 1.8 1.6 
6 14.3 10.4 3.9 1.00 1.00 1.0 1.0 
7 4.3 0.0 4.3 

"rIME 

INTEREST RATE SCENARIO 8 

MARKET VALUE DURATION 
ASSETS T.TAB'S SURPLUS ASSETS T.T-Aj]'S 

CONVEXITY 
ASSETS TJ/~B'S 

0 110.9 108.9 2.I 4.01 4.51 18.7 ZZ.1 
1 129.4 IZ8.5 0.9 3.57 3.54 14.7 14.4 
2 135.0 133.9  1.1 Z.93 Z.83 9 .9  9 .Z 
3 128.4 126.8 1.5 ?,.25 Z.17 5.9 5.5 
4 101.Z 99.6 1.6 1.57 1.55 2.9 2,.8 
5 50.0 48.3 1.7 1.Z3 1.2,0 1.7 1.6 
6 12.2, 10.4 1.8 1.00 1.00 1.0 1.0 
7 1.9 0.0 1.9 

TIME 

INTEREST RATE SCENARIO 9 

MARKET VALUE DURATION 
ASSETS LIAB'S SURPLUS ASSETS T.TAB'S 

CONVEXITY 
ASSETS T-T~,.B'S 

0 110.9 108.9 Z.1 4.01 4.51 18.7 ZZ.1 
1 1Z4.0 1ZZ.3 1.7 3.54 3.5Z 14.5 14.Z 
Z 1Z5.7 1Z3.8 1.9 Z.89 Z.79 9.7 9.1 
3 117.9 115.7 Z.Z Z.ZZ Z.14 5.8  5 .4  
4 97.9 95.3 Z.6 1.56 1.54 Z.9 Z.8 
5 50.3 47.5 Z.8 I.Z4 I.ZO 1.7 1.6 
6 13.5 10 .4  3 .1  1 .00 1.00 1.0  1 .0  
7 3.4 0.0 3.4 
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L e t ' s  suppose we all a g r e e  t h a t  rap id  u p / d o w n  and rap id  down/up  scenar ios  a re  

p robab ly  implaus ib le ,  and should  no t  be i nc luded  in t he  analys is .  Suppose t h e n  

t h a t  we cross those  s cena r io s  out ,  so t h a t  t he  new un ive r se  of  scenar ios  inc ludes  

Scenar ios  1, 7, 5, 6, 7, 8 and 9 in e a c h  of  t he  e x h i b i t e d  i n v e s t m e n t  s t r a t e g i e s .  

With  th is  new un iverse ,  t he  wors t  case  is s t i l l  Scena r io  Z under  the  c o n s t a n t  1- 

y e a r  r e i n v e s t m e n t  s t r a t e g y ,  and now is Scenar io  Z under  t he  5 -yea r  s t r a t e g y  as 

we119 bu t  is i t  Scenar io  6 under  bo th  the  10 -yea r  and the  6,5,4,3,7 1-year  

r e i n v e s t m e n t  s t r a t e g i e s ?  

I don ' t  wan t  to  m a k e  too m u c h  of  the  wors t  p a t h  a m b i g u i t y  in this  example .  But,  

one th ing  we can conc lude  unambiguous ly  f rom this  e x a m p l e  is t h a t  the  asse t s  

a r e  too  shor t  for  t he  l i ab i l i t i es .  The  way to see  t h a t  is to look a t  e v e r y  pair  of 

s cena r ios .  Look  a t  1 a n d Z  as a p a i r .  Or look a t  3 a n d 4  as a pair ,  and 5 and 6, 

and  so on. You' l l  see  t h a t  wi th  the  e x c e p t i o n  of  the  pa i r  of  Scenar ios  1 and Z for  

t h e  10 -yea r  s t r a t e g y ,  you  ge t  a h igher  t e r m i n a l  surplus  on a s cena r io  t h a t  s t a r t s  

up t h a n  on one t h a t  s t a r t s  down. Tha t ' s  a s t rong  i n d i c a t i o n  t h a t  the  asse t s  are  

too  shor t  fo r  the  l i ab i l i t i es .  N e v e r t h e l e s s ,  i t 's  u n f o r t u n a t e  to have  to  look a t  a 

t a b u l a r  a r r a y  in order  to  m a k e  t h a t  conclus ion .  I 've seen  a lo t  of  ana lyses  of 

a c t u a l  i n su rance  c o m p a n y  po r t fo l io s  whe re  this  t y p e  of  ana lys i s  does no t  y i e ld  

u n a m b i g u o u s  resu l t s .  

Looking  a t  some  r e i n v e s t m e n t  s t r a t e g i e s  and some  pairs  of scenar ios ,  one can 

conc lude  t h a t  a s se t s  are  too  shor t .  Looking  t h e n  a t  o t h e r  s t r a t e g i e s  and o t h e r  

pa i rs  of  scena r ios ,  one can  conc lude  t h a t  a s se t s  a re  too long. Well,  t h e y  can ' t  be 

b o t h  too shor t  and too long! They  are  one or t he  o the r .  Maybe  the  a m b i g u i t y  is 

r e s o l v e d  by say ing  t h a t  a s se t s  and l i ab i l i t i e s  a re  a c t u a l l y  p r e t t y  well  ba l anced .  If  
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i n d e e d  tha t ' s  the  c a s e  (and it  n e e d  not  be),  i t 's  a r a t h e r  s t r a n g e  way  to  a r r ive  at  

t h a t  conc lus ion .  One  wou ld  idea l ly  l ike much  c l e a n e r  m e t h o d s  for  u n d e r s t a n d i n g  

wha t  is going on. 

A n o t h e r  e l e m e n t  I'd l ike to  e x a m i n e  in Exh ib i t s  6-4 t h rough  6-7 is the  r ange  of 

v a r i a t i o n  of  t he  r e s u l t s  ove r  t he  s c e n a r i o s  fo r  any g iven  r e i n v e s t m e n t  s t r a t e g y .  

Fo r  e x a m p l e ,  if  y o u  look  a t  t he  c o n s t a n t  1 - y e a r  s t r a t e g y ,  you ' l l  s e e  t ha t  t he  

r a n g e  is f rom minus  $Z.7 mil l ion under  S c e n a r i o  Z to  plus  $6.1 mil l ion under  

S c e n a r i o  1. Now do this s imi l a r ly  fo r  the  o t h e r  r e i n v e s t m e n t  s t r a t e g i e s .  You' l l  

f ind  t h a t  t he  t i g h t e s t  r ange  of  t e r m i n a l  surplus  c o m e s  f rom t he  6,5,4,3,Z, 1 - y e a r  

s t r a t e g y .  We'l l  s ee  why in a m o m e n t .  In f a c t ,  if  y o u  pu t  equa l  p r o b a b i l i t y  

w e i g h t s  on all s c e n a r i o s  ( there ' s  no v e r y  good  r e a s o n  for  doing t h a t  bu t  if  y o u  do 

i t  anyway) ,  t he  a v e r a g e  t e r m i n a l  surplus  l ies  b e t w e e n  $3 mil l ion and $4 mil l ion.  

R e m e m b e r  t h a t  n u m b e r  as we con t inue  this  ana lys is .  

What r d  l ike  to  do now is to s t a r t  a new top ic .  Exh ib i t s  6-4 th rough  6-7 a l so  

p r o v i d e  i n f o r m a t i o n  of  a kind no t  u sua l l y  l o o k e d  a t  b y  a c t u a r i e s  in a s s e t / l i a b i l i t y  

s tud i e s .  For  e a c h  r e i n v e s t m e n t  s t r a t e g y ,  e a c h  s c e n a r i o  shows  the  m a r k e t  va lues  

of  a s se t s ,  l i ab i l i t i e s ,  surplus ,  and n u m b e r s  c a l l e d  "dura t ions . "  I have  u sed  t he  

M a c a u l a y  du ra t i on  m e a s u r e ,  t he  de f in i t i on  is in Exhib i t  6-8.  The  c o n v e x i t y  

n u m b e r  shown is e x a c t l y  t he  s a m e  as Dz,  t h e  s e c o n d  m o m e n t  u sed  b y  R e d i n g t o n  

and Vande rhoof .  I ts  de f in i t i on  a lso  appea r s  in Exh ib i t  6-8.  
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EXI4TSIT 6-8 

INTEREST SENSITIVITY INDEXES FOR FIXED 
AND CERTAIN CASH FLOW STREAMS 

CF(T) = C A S H  F L O W  O C C U R R I N G  A T  TIME T 

B(T) = P R I C E  O F  Z E R O - C O U P O N  B O N D  M A T U R I N G  A T  TIME T 

MARKET VALUE = SUM CF(T)x B(T) 
T 

DURATION = (SUM T x CF(T)  x B (T1) .~ M A R K E T  V A L U E  
T 

C O N V E X I T Y  = (SUM T-SQUARED x CF(T) x B(TI) .* MARKET VALUE 
T 

NOTE: 

THE DEFINITIONS OF DURATION AND CONVEXITY GIVEN ABOVE ARE 
BASED ON RIGID (SHAPE-PRESERVING) SHIFTS OF THE TERM STRUCTURE 
OF INTEREST RATES. SUCH A MODEL OF INTEREST RATE MOVEMENTS 
CANNOT REPRESENT REALITY BECAUSE IT LEADS TO THE POSSIBILITY OF 
RISKLESS ARBITRAGE. NEVERTHELESS, THESE MACAULAY/REDINGTON 
FIRST- AND SECOND-ORDER INTEREST SENSITIVITY MEASURES ARE VERY 
USEFUL TO UNDERSTANDING INTEREST RATE EXPOSURE AND TO 
EXECUTING ASSET/LIABILITY MANAGEMENT STRATEGIES. THEY ALLOW 
IMMUNIZATION AGAINST ANY COMBINATION OF CONSTANT AND 
PROPORTIONAL SHOCKS (IN OTHER WORDS, ANY LINEAR SHOCKS) 
ACROSS THE INTEREST RATE TERM STRUCTURE, AND THUS PROTECT 
AGAINST CHANGES IN THE LEVEL AND SLOPE OF THE TERM STRUCTURE. 
EXPOSURE TO CHANGES IN THE TERM STRUCTURE'S CURVATURE AND 
OTHER HIGHER-ORDER SHAPE CHARACTERISTICS CANNOT BE 
IMMUNIZED BY STRATEGIES UTILIZING DURATION AND CONVEXITY 

ALONE. 
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EXHIBIT 6-8 
(Con t inued)  

OBSERVATIONS 

. TH E C H O I C E  OF REINVESTMENT S T R A T E G Y  DOES NOT A F F E C T  THE 
M A R K E T  VALUE SURPLUS POSITION AT THE END OF THE F IRST  
YEAR.  

Z. FOR ANY GIVEN SCENARIO, THE MARKET VALUE SURPLUS POSITION 
AT THE END OF THE FIRST YEAR CAN BE COMPUTED QUITE 
ACCURATELY FROM THE ASSET AND LIABILITY MARKET VALUES, 
DURATIONS, AND CONVEXITIES AT THE START OF THE PROJECTION 
PERIOD. 

. THE CHOICE OF REINVESTMENT STRATEGY DOES AFFECT THE 
ULTIMATE MARKET VALUE SURPLUS POSITION BECAUSE IT AFFECTS 
THE SUCCESSIVE ASSET/LIABILITY DURATION AND CONVEXITY 
MISMATCHES. 

. THERE IS AN ORDERLY PATTERN OF MARKET VALUE SURPLUS 
ACCUMULATION WHEN IMMUNIZING CONDITIONS ARE MET (OR 
NEARLY MET). HOWEVER, THE PATTERN OF SURPLUS 
ACCUMULATION SHOWS CONSIDERABLE VARIABILITY WHEN THERE 
ARE SIGNIFICANT MISMATCHES IN DURATIONS AND CONVEXITIES 
BETWEEN ASSETS AND LIABILITIES. 

CONCLUSION 

THE OBSERVATIONS SUGGEST THAT MARKET VALUE SURPLUS AND ITS 
DURATION AND CONVEXITY CONTAIN THE ESSENTIAL INFORMATION 
ABOUT THE ECONOMIC VALUE OF A PORTFOLIO, AND THAT DETAILED 
PROJECTIONS ALONG SEVERAL DIFFERENT YIELD CURVE SCENARIOS ARE 
NOT NECESSARY TO UNDERSTANDING THE NATURE OF C-3 RISK WHEN 
ALL THE RELEVANT CASH FLOWS ARE FIXED AND CERTAIN. NAIVE 
'STATIC' REINVESTMENT STRATEGIES CAN LEAD TO AN INCOMPLETE (AND 
SOMETIMES AMBIGUOUS) CHARACTERIZATION OF C-3 RISK, WHILE THE 
MODELING OF 'DYNAMIC' MATCHING STRATEGIES ALONG DIFFERENT 
SCENARIOS MERELY PROVES THAT MODERN IMMUNIZATION THEORY 
WORKS. 
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Notice that the market value of surplus, in Exhibits 6-4 t,hrough 6-7, at times is 

zero. In other words, today's valuation is $Z.1 million in each and every case. 

This is independent of investment strategy, it is independent of scenario. It's 

independent of everything else. It is the answer. 

Where  does  the  $~.1 mi l l ion  c o m e  f r o m ?  It  c o m e s  f r o m  tak ing  the  d i f f e r e n c e  

b e t w e e n  the  m a r k e t  va lue  of  a s se t s  and t h e  m a r k e t  va lue  of  l iab i l i t ies .  He re  we 

have  a v e r y  s imple  e x a m p l e  of  f ixed  and c e r t a i n  cash - f low s t r e a m s  wi thou t  

opt ions .  There  a re  no i n t e r e s t - r a t e  f l u c t u a t i o n s  in t he  cash  f low s t r e a m s ,  t h e r e  

a r e  no laspe  r a t e s ,  t h e r e  a re  no r e o c c u r r i n g  depos i t s ,  t h e s e  a re  j u s t  bu l l e t  GICs. 

This is t he  s imp le s t  of  all s i t ua t ions .  In this  case  (and I 'm assuming  no c red i t  

p rob lems  on the  assets) ,  the  asse t  cash  f lows a re  f i xed  and ce r t a i n .  To ge t  t he  

m a r k e t  va lue  of  asse t s ,  one can  m e r e l y  use  t he  i n t e r e s t  r a t e s  imp l i c i t  in today ' s  

y i e l d  curve  to d i scount  t he  cash  f lows back  to  the  p r e sen t .  One can do the  s ame  

c a l c u l a t i o n  for  t he  l i ab i l i t i es .  Now obvious ly  t he  a s se t  and  l i ab i l i ty  m a r k e t  

va lues  de r ived  f rom such a c a l c u l a t i o n  are  no t  a f u n c t i o n  of  how one r e inves t s  in 

t h e  f u t u r e .  The m a r k e t  va lues  c o m e  f rom a s t r a i g h t  f o r w a r d  d i scoun t ing  

c a l c u l a t i o n .  They  a re  no t  a f u n c t i o n  of  whe re  i n t e r e s t  r a t e s  a re  going to  go in 

the  f u t u r e .  The d i scoun t ing  c a l c u l a t i o n  uses  only  today ' s  i n t e r e s t  r a t e s .  I n e e d  

only  today ' s  y i e ld  cu rve  b e c a u s e  I have  f ixed  and c e r t a i n  cash  f lows here .  

So one th ing  I would  say  abou t  Exhibi ts  6-4 t h r o u g h  6-7 is t h a t  t h e y  give me  

t h r e e  v e r y  use fu l  numbers :  the  $110.9 mi l l ion  m a r k e t  va lue  of a sse t s ,  the  $108.9 

mi l l ion  m a r k e t  va lue  of  l i ab i l i t i es  and the  SZ.1 mil l ion m a r k e t  va lue  of surplus.  
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Should I f ee l  c o m f o r t a b l e  t h a t  this  is the  t rue  e c o n o m i c  surplus  pos i t ion  of the  

c o m p a n y ?  Well  yes  I should,  bu t  u n f o r t u n a t e l y  i t  is s u b j e c t  to  changes  in i n t e r e s t  

r a t e s .  

The d u r a t i o n  for  t he  asse t s  is 4.1 yea r s ,  and for  the  l i ab i l i t i e s  the  d u r a t i o n  is 4.5 

yea r s .  There ' s  n e a r l y  a h a l f - y e a r  m i s m a t c h .  This te l l s  us unambiguous ly  t h a t  

a s se t s  a re  s h o r t e r  than  l i ab i l i t i e s  and t h a t  t he  p o r t f o l i o  is vu lne rab l e  to a drop in 

i n t e r e s t  r a t e s .  I t  does no t  have  to be a sudden  or a big drop,  i t  can  deve lop  

s lowly  over  the  pe r iod  of  a y e a r ,  bu t  the  p o r t f o l i o  is exposed  to a drop in i n t e r e s t  

r a t e s .  

One can  use f a i r l y  s imple  f o r m u l a s  based  on a Tay lo r  ser ies  expans ion  of the  

m a r k e t  va lue  surplus f u n c t i o n ,  up to s econd  order ,  to  d e t e r m i n e  how big a shock  

the  po r t fo l i o  can  w i t h s t a n d  g iven  this  d u r a t i o n  m i s m a t c h ,  b e f o r e  the  surplus is 

d r iven  down to zero .  This is a ve ry  s imple  c a l c u l a t i o n .  A c o m p l i c a t e d  c o m p u t e r  

p r o g r a m  is no t  n e e d e d  to ob t a in  the  answer .  T h a t  is one of the  a d v a n t a g e s  of 

focus ing  on these  six numbers :  t he  m a r k e t  va lues  of  a s se t s  and l i ab i l i t i es ,  the  

du ra t i ons  of  asse t s  and l i ab i l i t i es ,  the  s econd  m o m e n t s  or convex i t i e s .  

I'm no t  going to spend too  much  m o r e  t i m e  on this .  What  I would  l ike to do is go 

back  to  Exhib i t  6-7, t he  m a r k e t  value ,  d u r a t i o n  and c o n v e x i t y  de t a i l  by  s c e n a r i o  

for  t he  i n v e s t m e n t  s t r a t e g y  6,5,4,3,Z l - y e a r .  I c o n s t r u c t e d  this  as a t e a c h i n g  

example .  I w a n t e d  to  be able to model  a d u r a t i o n  and c o n v e x i t y  m a t c h i n g  

s t r a t e g y  w i thou t  working  v e r y  hard .  B e c a u s e  t h e r e  is an in i t i a l  h a l f - y e a r  

m i s m a t c h  b e t w e e n  asse t s  and l iab i l i t i es ,  and  b e c a u s e  i n t e r e s t  r a t e s  can change  

under  t he  n ine  s cena r io s  dur ing  the  f i r s t  y e a r ,  we should  e x p e c t  a shock  to  occur  
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to market value surplus. We should not expect an immunized surplus position. 

And9 in fact~ as you look through the various scenarios you generally see a shock 

to surplus over the first year. In Scenario 1, the shock is mild. It goes from Z.1 

to Z.Z. None of us would really view that as much of a shock. Under Scenario Z, 

it goes from Z.1 down to 0.9. That's a fair shock. The move from Z.1 to 3.0 in 

Scenario 3 is a favorable shock, but still a shock. Then the move from Z.I to -.9 

in Scenario 4 is really quite a shock. There will be shocks to surplus over the 

first year~ which is not surprising because the portfolio is mismatched and thus 

exposed to changes in interest rates. Many of the scenarios exhibit a fairly 

dramatic change in interest rates over the first year. 

Under  this r e inves tmen t  strategy~ all excess  cash flow at the end of the f i rs t  

yea r  is inves ted  in a s ix -year  bond tha t  ma tures  at  the  inves tment  horizon. For 

this pa r t i cu la r  example ,  the por t fo l io  is then essent ia l ly  cash flow matched.  If 

you look at the durat ion and convexi ty  columns s ta r t ing  f rom year  two and 

running through the  end of seven years ,  you'll no t ice  tha t  asset  and liabili ty 

numbers  are very  close. They are a lmost  ma tched .  Asset  and l iabil i ty durat ions 

are  a lmost  equal. Asset  and l iabil i ty convexi t ies  are  a lmost  equal. This follows 

f rom the  nea r  cash flow match .  

If immuniza t ion  works, you should no t ice  that9 a f t e r  the f i rs t  year ,  the  marke t  

value surplus grows in a s table  fashion throughout  the  ba lance  of the projec t ion  

period. If the surplus posit ion at the  end of the f i rs t  yea r  is negat ive ,  the  growth 

is r ea l ly  a smooth  decl ine.  
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Under this reinvestment strategy, asset and liability characteristics- duration, 

convexities, and so o n -  are matched after the first year. This immunization 

leads to development of stable market value surplus. The reason one didn't have 

stable development from the beginning is that the portfolio carried an initial 

mismatch through a shock in interest rates, before it was rebalanced to 

eliminate the mismatch. 

The one th ing  I would l ike to c o m m e n t  on b e f o r e  I pass  a long to  the  second  pa r t  

of  my  p r e s e n t a t i o n  is the  n o t e  in the  midd le  of  Exhib i t  6-8. The re  has been  a lo t  

of  t a lk  r e c e n t l y ,  and t h e r e  have  been  a n u m b e r  of  pape r s  l a t e l y ,  c a s t i ng  

aspers ions  on the  va lue  of  M a c a u l a y  du ra t i on ,  p a r t i c u l a r l y  on c o n v e x i t y  b e c a u s e  

c a l c u l a t i o n  a s sumes  pa ra l l e l  sh i f t s  in the  t e r m  s t r u c t u r e  of i n t e r e s t  r a t e s .  I 

th ink  t h a t  too  much  is m a d e  of  t h a t  poin t .  L e t  me  t r y  to  exp la in  why. 

One of  the  s t a t e m e n t s  made  is t h a t  b e c a u s e  t hese  c a l c u l a t i o n s  of f i r s t  and 

second  m o m e n t s  are based  on a r ig id  ( shape-preserv ing)  shock  to the  y ie ld  curve  

or t e r m  s t r u c t u r e ,  t h e i r  use mus t  imply  t h a t  this  is the  way the  world  behaves .  

Well ,  in f a c t  we know (as c o r r e c t l y  p o i n t e d  out  in one TSA paper)  t h a t  the  wor ld  

does  no t  o f f e r  m e r e l y  pa ra l l e l  sh i f t s  in all i n t e r e s t  r a t e s .  I f  i t  worked  t h a t  way,  

t h e r e  would  be  r i sk less  a r b i t r a g e  o p p o r t u n i t i e s  all  over  t he  m a r k e t p l a c e .  We 

know the  wor ld  doesn ' t  work t h a t  way -- a t  l e a s t  no t  for  v e r y  long! 

So we know t h a t  t he  wor ld  doesn ' t  m o v e  in r igid,  pa r a l l e l  shock  fash ion .  One can  

s imp ly  e x a m i n e  y ie ld  curve  m o v e m e n t s  over  the  l a s t  f ive ,  t en  or f i f t e e n  y e a r s  to  

a s c e r t a i n  t h a t  f a c t .  Howeve r ,  b e c a u s e  t h e  world  behaves  d i f f e r e n t l y  does no t  

m e a n  t h a t  you  can ' t  c a l c u l a t e  s e n s i t i v i t y  ind ices  as if only pa ra l l e l  sh i f t s  took 
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place.  However ,  because  it doesn' t  ac tua l ly  work tha t  way a single sens i t iv i ty  

index -- in o ther  words jus t  the  dura t ion  index - -  isn't going to cap tu re  the whole 

s tory.  In fac t ,  durat ion and convex i ty  aren ' t  going to cap tu re  the  whole s to ry  for 

big shocks or wild changes in the  shape of  the  yield curve,  but  they  cap tu re  

impor t an t  pa r t s  of the  s tory.  

An analogy f rom probabi l i ty  theory  might be to  look at  moments  of a probabi l i ty  

d is t r ibut ion and no t i ce  tha t  if you def ine  things proper ly ,  you  don't need  more  

than two p a r a m e t e r s  to spec i fy  the  normal  dis t r ibut ion.  But if you chose a 

d i f f e r en t  way  of  ca lcula t ing  moments ,  a d i f f e r en t  basis  if you will, you might 

need  an infini te  number  of p a r a m e t e r s  to c h a r a c t e r i z e  the normal distr ibution.  

(They'd be  highly independent ,  of course.) The prob lem in por t fo l io  management  

is t an t amoun t  to choosing a se t  of measur ing s t icks.  Macaulay  durat ion and 

Macaulay  convexi ty ,  the  D1 and DZ measures ,  are  very  useful  measuring st icks.  

They do not imply tha t  the world must  work in a paral lel ,  r igid-shock fashion, 

and they  rea l ly  are qui te  useful .  You can work through some of these  ideas 

yourse l f .  I wan ted  to s tand up in public and s t a t e  for  the record  that  a lot  of 

things being said about  these  measures  are vas t  o v e r s t a t e m e n t s  of thei r  

d isadvantages .  

Moving on to the next  par t  of the p resen ta t ion ,  the  subs tance  of the  l i fe  

insurance  indust ry  is cash flows that  are  i n t e r e s t - r a t e  sensi t ive,  not ones tha t  

are f ixed  and cer ta in .  Looking back  in his tory ,  I be l i eve  if i t  had been  possible at  

an ear l ie r  point  in t ime to proper ly  and fa i r ly  discount  a s t r eam of i n t e r e s t - r a t e  

sens i t ive  cash flows, I suspec t  tha t  much of what  the Socie ty ' s  C-3 Risk Task 

F o r c e  has done over  the las t  th ree  or four years  would not  have been  necessary .  
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I do no t  m e a n  to imply  t h a t  t he  work on t h a t  t a sk  f o r c e  is use less  or t h a t  one 

does  no t  gain  a lo t  of  ins igh t  by doing s i m u l a t i o n  s tud ies .  One su re ly  does.  In 

f a c t ,  I know of  no way to gain  more  ins ight  t han  by p lay ing  a round  wi th  

s i m u l a t i o n  models .  But  t he  poin t  is, i f  we did know how to d i scoun t  in a v e r y  

s imple  fash ion ,  we p robab ly  would have  r e a l i z e d  t h a t  we n e e d e d  to m a k e  

a s sumpt ions  only about  t he  n a t u r e  and e x t e n t  of  i n t e r e s t - r a t e  f l u c t u a t i o n s ,  and  

t h e n  apply  this  g rand  m e t h o d o l o g y  to c o m e  up wi th  an answer .  And we could 

have  worked  wi th  j u s t  t h a t  answer .  In o t h e r  words,  we could  h a v e  m a r k e t - v a l u e d  

l i ab i l i t i es .  I n s t e a d  we have  a c rude  t r ia l  and  e r ro r  approach  using d i f f e r e n t  

r e i n v e s t m e n t  s t r a t e g i e s  and mode l ing  to t r y  to guess  a t  wha t  t h e  m a r k e t  va lue  of 

l i ab i l i t i e s  r e a l l y  is. 

What  I 'm going to t a lk  abou t  now is a t h e o r y  t h a t  can  be p rope r ly  v i ewed  as an 

e x t e n s i o n  of  t he  t h e o r y  of  i n t e r e s t .  I t  is i n t e n d e d  to d i scount ,  f a i r l y  and  

properly~ a s t r e a m  of  i n t e r e s t - r a t e  s ens i t i ve  cash  f lows.  You m a y  wonder  why 

r m  going to  ta lk  about  new and d i f f i c u l t  th ings  when  the  c o n v e n t i o n a l  C-3 r isk  

t h e o r y  is a l r e a d y  qu i te  c o m p l i c a t e d .  The r ea son  is to  a t t e m p t  to  m a k e  some  

sense  out  of  a c o m p l i c a t e d  s i t u a t i o n .  The t a sk  f o r c e  m e m b e r s  a re  t ry ing  to  

e l i m i n a t e  the  pape r  b l i z za rd  t h a t  the  c o n v e n t i o n a l  a p p r o a c h e s  t end  to  bring.  We 

are  t r y ing  to  m a k e  s e n s i t i v i t y  ana lyses  more  s t r a i g h t f o r w a r d .  We a re  t r y i n g  to 

br ing  a c t u a r i e s  up to  speed  on concep t s  and t e c h n i q u e s  t h a t  a re  h igh ly  usefu l ,  

and are  u sed  e v e r y w h e r e  e lse  in t h e  f i nanc i a l  m a r k e t p l a c e .  These  app roaches  

apply  w i th  equal  f o r c e  to the  l i fe  i n su rance  business~ even  though  i t  is m u c h  

m o r e  c o m p l i c a t e d  t h a n  any  o t h e r  f i n a n c i a l  s e rv i ce  business .  
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The  whole  pu rpose  of  this  p a r t  of  m y  p r e s e n t a t i o n  is to e x t e n d  the  t h e o r y  of  

i n t e r e s t  to  i n t e r e s t - r a t e  s e n s i t i v e  cash  f low s t r e a m s ;  to  show t h a t  g iven  a s e t  of  

a s s u m p t i o n s ,  wh ich  inc ludes  an a s s u m p t i o n  a b o u t  t he  v o l a t i l i t y  of  i n t e r e s t  r a t e s ,  

one  can  d i s coun t  the  cash  f low s t r e a m  to  a un ique  m a r k e t  va lue .  One can  

a c t u a l l y  do t ha t .  Then  one can  c a l c u l a t e  wha t  t he  m a r k e t  va lue  b e c o m e s  a f t e r  a 

shock  to  i n t e r e s t  r a t e s ,  and thus  c a l c u l a t e  t h e  i n t e r e s t  s e n s i t i v i t y  of  the  cash  

f l ow  s t r e a m .  Tha t ' s  wha t  d u r a t i o n s  a re  all abou t .  If  one c a l c u l a t e s  the  m a r k e t  

va lue  in t h r e e  d i f f e r e n t  i n t e r e s t  r a t e  e n v i r o n m e n t s  m today ' s  r a t e s ,  today ' s  r a t e s  

w i th  a shock  up, t oday ' s  r a t e s  wi th  a shock  down - -  one  can  pu t  the  r e su l t s  

t o g e t h e r  and c a l c u l a t e  a s e c o n d  m o m e n t  or c o n v e x i t y .  And by  r e p e a t i n g  those  

c a l c u l a t i o n s  in d i f f e r e n t  s t a r t i n g  i n t e r e s t - r a t e  e n v i r o n m e n t s ,  one can  t hen  

c a l c u l a t e  du ra t ions  and c o n v e x i t i e s .  

This  m e t h o d  of  d i scoun t ing  cash  f low s t r e a m s  mus t  be  done in a manne r  

c o n s i s t e n t  wi th  c o n c e p t s  in t he  m o d e r n  t h e o r y  of  f i nance ,  n a m e l y ,  t e r m  

s t r u c t u r e  t h e o r y  and op t ion  pr ic ing  t h e o r y .  

My m a t e r i a l  is p r a c t i c a l ,  and no t  j u s t  t h e o r e t i c a l .  I will  end my  p r e s e n t a t i o n  

wi th  r e s u l t s  of  a $ P D A  ana lys i s  of  a t y p e  c a r r i e d  ou t  b y  m y  f i rm for  s e v e r a l  

c l i en t s .  I use  t h e s e  t e c h n i q u e s  e v e r y  day.  This is m y  a p p r o a c h  to  t he  C-3 r i sk  

p r o b l e m  for  s ingle  p r e m i u m  p r o d u c t s .  I t  is a c t u a l l y  m y  a p p r o a c h  for  all t y p e s  of  

bus iness ,  bu t  r y e  only w r i t t e n  w h a t  I cons ide r  f a i r l y  c o m p l e t e  s o f t w a r e  for  the  

SPDA p r o b l e m .  

R e m e m b e r  tha t  I d e f i n e d  the  surplus  cash  f low s t r e a m  to  be  the  d i f f e r e n c e  

b e t w e e n  a s s e t  and l i ab i l i ty  cash  f low s t r e a m s  for  t he  i n - f o r c e  bus iness .  This n e t  

-ZZ4- 



cash  f low s t r e a m  is i n t e r e s t - r a t e  s ens i t i ve  in a c t u a l  po r t fo l i o s .  So when  i n t e r e s t  

r a t e s  r i se ,  t h e r e  t ends  to be d i s i n t e r m e d i a t i o n ,  and  t h e r e  t ends  to be an 

a c c e l e r a t i o n  of  l iqu id i ty  p rob lems  to c u r r e n t  t i m e  or to  the  ea r ly  p a r t  of  the  

p r o j e c t i o n  per iod .  The oppos i t e  happens  when  i n t e r e s t  r a t e s  fa l l .  Then  t h e r e  a re  

p r e p a y m e n t s  and  cal ls  on the  asse t s .  

The d i l e m m a ,  then ,  is to  d i s t ingu ish  cash  f low behav io r  as e i t he r  f ixed  and 

c e r t a i n  or i n t e r e s t - r a t e  s ens i t i ve .  The  r isk  c o n t r o l  s t r a t e g y  for  f i x e d  and c e r t a i n  

cash  f lows is obviously  a m a t c h i n g  s t r a t e g y .  A l t h o u g h  i t  p robab ly  is too cos t  

p roh ib i t i ve  fo r  anyone  to do t h a t  and sel l  bus iness ,  fo r  e x a m p l e  in a GIC 

po r t fo l i o ,  a s t r u c t u r e d  s e t t l e m e n t  p o r t f o l i o  or a pens ion  plan c lo se -ou t  portfol io~ 

i t  is, n e v e r t h e l e s s ,  t he  r i sk  con t ro l  bench  mark .  There ' s  no ques t ion  t h a t  cash  

f low m a t c h i n g  provides  ful l  i m m u n i z a t i o n .  Howeve r ,  b e c a u s e  of  the  i n t e r e s t  

s ens i t i ve  behav io r  of  t h e  surplus  cash  f low s t r e a m  t h a t  was  d i scussed  ea r l i e r ,  

m a t c h i n g  cash  f lows c l e a r l y  does no t  work when  the  cash  f lows  are  i n t e r e s t - r a t e  

s ens i t i ve .  So we are  in s e a r c h  of  a way  of  solving t h e  p rob lem of  i n t e r e s t - r a t e  

s ens i t i ve  cash  f lows t h a t  will be h ighly  e f f e c t i v e ,  w h e t h e r  the  cash  f low s t r e a m  

is f i xed  and c e r t a i n  or i n t e r e s t - r a t e  s ens i t i ve .  

The so lu t ion  is to focus  on the  p r e s e n t  va lue  of the  surplus  cash f low s t r e a m ,  

and,  as I sa id  a f ew m o m e n t s  ago,  the  ques t i on  is w h a t  t e chn ique  to  use to 

d i scoun t  t h a t  cash  f low s t r e a m  to a unique p r e s e n t  va lue  i n d e p e n d e n t l y  of  where  

i n t e r e s t  r a t e s  m a y  wander .  Once  t h a t  can  be done ,  i t  is possible  to  c o m p u t e  t h e  

s e n s i t i v i t y  of  the  p r e s e n t  va lue  to  changes  in i n t e r e s t  r a t e s .  If  the  c a l c u l a t i o n  is 

done for  today ' s  i n t e r e s t  r a t e  e n v i r o n m e n t ,  one s imp ly  shocks  today ' s  i n t e r e s t  

r a t e  e n v i r o n m e n t  a l i t t l e ,  and  then  con t inues  the  c a l c u l a t i o n  to d e t e r m i n e  wha t  
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t h e  s e n s i t i v i t y  o f  the  p r e s e n t  va lue  is to  the  c h a n g e  in i n t e r e s t  r a t e s .  Then  

th rough  d u r a t i o n  and c o n v e x i t y  matching~ in o t h e r  words ,  th rough  i m m u n i z a t i o n  

e x t e n d e d  to  this m o r e  c o m p l i c a t e d  s i tuat ion~ one  can  con t ro l  the  s e n s i t i v i t y  

c h a r a c t e r i s t i c s  of  t he  cash  f low s t r e a m .  This was  done  in the  6,5~4,3~Z 1 - y e a r  

r e i n v e s t m e n t  s t r a t e g y  in the  GIC e x a m p l e  w h e r e  t h e r e  was  good con t ro l  ove r  the  

e v o l u t i o n  of  m a r k e t  v a l u e  su rp lus  a f t e r  t he  f i r s t  yea r .  

Why is m a r k e t  va lue  surp lus  i m p o r t a n t ?  A f t e r  all9 i t  is y e t  a n o t h e r  s e t  of books9 

and no one l ikes  m o r e  work  than  n e c e s s a r y .  I t  is i m p o r t a n t  b e c a u s e  i t  p o r t r a y s  

the  t rue  f inanc ia l  cond i t ion .  As a m a t t e r  of  fact9 t r a d i t i o n a l  C-3 r isk 

m e t h o d o l o g y  is a s o m e w h a t  c rude  w a y  of  m e a s u r i n g  m a r k e t  va lue  surplus .  And 

we  know tha t  t he  whole  r e a s o n  for  doing C-3  r isk c a l c u l a t i o n s  is to ge t  a handle  

on t h e  t r u e  e c o n o m i c  p i c t u r e .  M a r k e t  va lue  surp lus  a lso  tu rns  out  to  be  a l ead ing  

i n d i c a t o r  of  book  earn ings .  A t  the  end of  the  p r o j e c t i o n  period~ w h e t h e r  one 

ca shes  out  t he  r e m a i n i n g  p o r t f o l i o  a t  m a r k e t  va lue  or  ju s t  runs out  r e m a i n i n g  

cash  f lows  on a l eve l  p a t h  of  i n t e r e s t  rates~ one  ends  up wi th  r e su l t s  t ha t  are~ 

essent ia l ly9  f inanc ia l ly  e q u i v a l e n t .  This is t he  c a s e  r e g a r d l e s s  of  w h e t h e r  one 

b o r r o w s  n e e d e d  funds  or l i qu ida t e s  assets~ e v e n  though  in one ca se  t h e r e  is an 

i m m e d i a t e  r e a l i z a t i o n  of  c a p i t a l  e f f ec t s~  and in the  o t h e r  the  i m p a c t  e m e r g e s  

o v e r  t i m e  as changes  in b o o k  earnings .  M a r k e t  va lue  surplus  is, in an i m p o r t a n t  

sense~ a l ead ing  i n d i c a t o r  o f  book  earn ings .  The re fo re9  it is obv ious ly  a key  to  

u n d e r s t a n d i n g  p r o d u c t  e c o n o m i c s .  As we  will  s e e  soon~ i t  also responds  to  r i sk-  

c o n t r o l  t e chn iques .  In o t h e r  words~ du ra t i on  and c o n v e x i t y  m a t c h i n g  c o n t r o l  t he  

v o l a t i l i t y  of  m a r k e t  va lue  surplus .  
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The b a s i c  m e t h o d o l o g y  invo lves  fou r  s t eps .  In S t ep  #1 ,  c r e a t e  the  y i e ld  c u r v e  

l a t t i c e ,  I'll e x p a n d  on t h a t  in a m inu t e ,  b u t  fo r  now you  can  th ink  of  this  s t e p  as 

e q u i v a l e n t  to  choos ing  a u n i v e r s e  of  i n t e r e s t  r a t e  s c e n a r i o s  ove r  which  to  do the  

ana lys i s .  In S tep  #Z, p r o j e c t  cash  f l ows  on t h e  l a t t i c e .  This  is no th ing  m o r e  t han  

p r o j e c t i n g  ca sh  f lows  ove r  the  u n i v e r s e  of  i n t e r e s t  s c e n a r i o s .  So, t h e r e ' s  no th ing  

p r o f o u n d  in t h e s e  two  s t eps .  These  t w o  s t e p s  co inc ide  e x a c t l y  wi th  wha t  y o u  

mus t  do when using all  t he  o t h e r  t e c h n i q u e s  p r e s e n t e d  a t  this  s y m p o s i u m .  And 

t he  s a m e  kinds of  a s s u m p t i o n s  and m o d e l s  have  to  b e  bu i l t  to  a c c o m p l i s h  t h e s e  

f i r s t  two  s t eps .  The  l a s t  two  s t e p s  a r e  wha t  the  new  m e t h o d o l o g y  is all abou t .  

These  s t e p s  p rov ide  a w a y  to  s u m m a r i z e  t he  i n f o r m a t i o n  r e su l t i ng  f rom the  

p r o j e c t i o n s  ove r  the  u n i v e r s e  of i n t e r e s t - r a t e  s c e n a r i o s ,  a w a y  to  c o n d e n s e  

e v e r y t h i n g  b a c k  to  m a r k e t  v a l u e  n u m b e r s ,  and a w a y  to  c o m p u t e  s e n s i t i v i t i e s  of  

t he  m a r k e t  va lues ,  t h a t  is~ du ra t i ons  and c o n v e x i t i e s .  

I will  e x p a n d  a l i t t l e  on e a c h  of  t he  fou r  s t e p s ,  and t h e n  spend  the  r e m a i n d e r  of  

m y  d i scuss ion  t i m e  on the  n a t u r e  of  t he  d i s coun t ing  c a l c u l a t i o n s .  

C r e a t i n g  t he  y i e ld  c u r v e  l a t t i c e  beg ins  wi th  t he  c u r r e n t  T r e a s u r y  cu rve ,  adding  

to  i t  a q u a l i t y  s p r e a d  a s s u m p t i o n  for  the  mix of  i n v e s t m e n t s ,  and ad jus t ing  t h a t  

q u a l i t y  s p r e a d  a s s u m p t i o n  for  a s s e t  d e f a u l t s  (if no t  m o d e l e d  e x p l i c i t l y  

e l s e w h e r e ) .  Also,  one  should  ad jus t  for  i n v e s t m e n t  e x p e n s e s  if  t hose  a r e  no t  

m o d e l e d  e x p l i c i t l y  as cash  f lows .  F ina l ly ,  one  mus t  m a k e  an i n t e r e s t - r a t e  

v o l a t i l i t y  a s sumpt ion .  R e m e m b e r ,  for  a f i x e d  and c e r t a i n  cash  f low s t r e a m ,  an 

i n t e r e s t  v o l a t i l i t y  a s s u m p t i o n  does  no t  have  to  b e  m a d e .  One  can  use  j u s t  t h e  

c u r r e n t  y i e ld  c u r v e  to  d i scoun t  the  s t r e a m  of f ixed  and c e r t a i n  cash  f lows .  But  

when  t he  cash  f lows  t h e m s e l v e s  d e p e n d  on w h e r e  i n t e r e s t  r a t e s  go in the  f u t u r e ,  
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i t  is n e c e s s a r y  to  m a k e  an a s s u m p t i o n  abou t  how vo l a t i l e  i n t e r e s t  r a t e s  will be .  

Tha t  is one  of  t he  a d v a n t a g e s  of  c r e a t i n g  this  kind of  la t t ice~ b e c a u s e  fo r  t he  

la t t ice~ unl ike  t he  s i t u a t i o n  for  h a n d - f a s h i o n e d  scenarios~ one  a c t u a l l y  has a 

c o n t r o l l a b l e  v o l a t i l i t y  p a r a m e t e r  t h a t  can  be  va r ied .  T h e r e  is a n u m b e r  t h a t  

c h a r a c t e r i z e s  the  v o l a t i l i t y  of  i n t e r e s t  r a t e s .  Look ing  a t  any  of  the  co l l e c t i ons  

of  i n t e r e s t - r a t e  s c e n a r i o s  t h a t  have  b e e n  p r e s e n t e d  dur ing th is  symposium~ I 

r a t h e r  doub t  t h a t  e i t h e r  you  or  I could  c h a r a c t e r i z e  t h e m  by  a s ingle  v o l a t i l i t y  

p a r a m e t e r .  In fact~ I r a t h e r  doub t  t h a t  t he  s c e n a r i o s  w e r e  d r awn  f rom a u n i v e r s e  

c h a r a c t e r i z e d  by  a f i xed  v o l a t i l i t y  a s sumpt ion .  In s e n s i t i v i t y  analysis~ it  is v e r y  

n i c e  to  be  ab le  to  f ind  out  how the  v a l u e s  of  the  c a s h - f l o w  s t r e a m s  change  as 

a d j u s t m e n t s  a r e  m a d e  in a v o l a t i l i t y  p a r a m e t e r .  

P r o j e c t i n g  t he  cash  f lows  on the  l a t t i c e  i nvo lves  making  usual  p r ic ing  

a s s u m p t i o n s  a b o u t  expenses~ m o r t a l i t y  and so on~ and then~ making  a s s u m p t i o n  

a b o u t  i n t e r e s t  rates~ i n c r e m e n t a l  l apse  ra tes~ i n t e r e s t - r a t e  c r ed i t i ng  s t ra tegy~  

bond  calls~ m o r t g a g e  p r e p a y m e n t s  and so on. I concu r  wi th  the  Ti l l inghas t  

o b s e r v a t i o n s  a b o u t  t h e  i m p o r t a n c e  of  v e r y  c a r e f u l l y  mode l ing  the  i n t e r e s t  

c r e d i t i n g  s t r a t e g y .  It  is a much  o v e r l o o k e d  f a c t o r .  

D i s c o u n t i n g  t he  cash  f lows  to  o b t a i n  m a r k e t  v a l u e s  mus t  he  done in a manne r  

c o n s i s t e n t  wi th  t e r m  s t r u c t u r e  and op t ion  p r i c ing  t h e o r y .  I will  s t a r t  o f f  wi th  a 
i 

n o t i o n  t h a t  one  uses  when  d i scoun t ing  f i xed  and c e r t a i n  cash  f lows  b e c a u s e  i t  is 

a l so  n e e d e d  for  i n t e r e s t - r a t e  s e n s i t i v e  cash  f lows .  I will  p r e s u m e  tha t  mos t  of 

y o u  in the  a u d i e n c e  do no t  know w h a t  "spot  r a t e s "  of  i n t e r e s t  are .  T h e s e  a r e  

r a t e s  of  in teres t~  or  y ie lds  to  m a t u r i t y ,  app ly ing  to  z e r o - c o u p o n  bonds ,  bonds  

hav ing  no cash  f low unt i l  t h e i r  m a t u r i t y  da t e s .  I de f ine  a t e r m  to  be  the  p r i c e  of  
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an N-pe r iod  z e r o - c o u p o n  bond. The per iod  can  be months ,  q u a r t e r s  or h a l f - y e a r s ,  

no t  n e c e s s a r i l y  y e a r s  as the  f u n d a m e n t a l  r e v a l u a t i o n  cyc le .  The y i e ld  

co r re spond ing  to the  pr ice  B (N) is r (N) ca l l ed  the  N-pe r iod  spot  r a t e .  I t  is the  

i n t e r e s t  r a t e  used  to d i scoun t  cash  f low occu r r i ng  N per iods  out ,  back  to t oday .  

The r e l a t i onsh ip  b e t w e e n  the  pr ice  of z e r o - c o u p o n  bond and the  spot  r a t e  is 

g iven  as fol lows:  A bond t h a t  m a t u r e s  for  $ i  a t  the  end of  N per iods  has a p r i ce  

of  1 d iv ided  by the  q u a n t i t y  I1 + r (N)] . The i n t e r e s t  r a t e  is c o n v e r t i b l e  eve ry  

per iod .  T h e r e f o r e ,  r (N) would be o n e - h a l f  the  bond equ iva l en t  r a t e  if  I we re  

using h a l f - y e a r  per iods .  I t  would be the  annua l  e f f e c t i v e  r a t e  i f  I were  using 

annua l  per iods .  I t  would be o n e - t w e l f t h  of  a t y p i c a l  m o r t g a g e  equ iva l en t  r a t e  i f  

I we re  using m o n t h l y  per iods .  I don ' t  l ike to c a r r y  a round  a lo t  of divisors  of N, 

so I de f ine  t h e s e  to be p e r - p e r i o d  r a t e s .  

How does one use spot  r a t e s ,  then ,  to  d i scount  a s t r e a m  of f ixed  and c e r t a i n  cash 

f lows?  Le t ' s  look a t  Exhibi t  6-9. The f i v e - y e a r  s chedu l e  of  e n d - o f - y e a r  cash  

f lows is shown. No t i ce  t h a t  t h e y  are  cash  f lows f rom a bond pay ing  annual  

coupons of  $10.65 per  $I00 par  a m o u n t ;  in o t h e r  words  9 a 10.65 p e r c e n t  e f f e c t i v e  

annua l  r a t e .  The spot  r a t e s  co r r e spond  to the  s t a r t i n g  y ie ld  curve  in the  ea r l i e r  

GIC e x a m p l e .  To c o m p u t e  t he  d i s coun t  f a c t o r s ,  or the  p r ices  of the  z e r o -  

coupon bonds,  d iv ide  the  spot  r a t e ,  as a p e r c e n t ,  by  I00 to express  i t  as a 

f r a c t i o n .  Add 1 to t h e  f r a c t i o n  and t a k e  t he  r e c i p r o c a l  of t he  resu l t .  Then ra i se  

t h a t  r e su l t  to  the  N th  power  again,  whe re  N is the  n u m b e r  of  per iods .  These  are  

t he  d i scoun t  f a c t o r s .  Those a re  appl ied  to t he  cash  f lows in d i scount ing .  In th is  

p a r t i c u l a r  example9 the  end r e su l t  is $100 e x a c t l y .  In o the r  words~ this  bond is 

p r i ced  at  par .  Thus~ for  th is  c a r e f u l l y  c o n t r i v e d  e x a m p l e ,  one knows t h a t  the  

f i v e - y e a r  y ie ld  of  a par  i n s t r u m e n t  is 10.65 p e r c e n t .  But  the  spot  r a t e ,  t he  y ie ld  
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EXHIBIT 6-9 

Discounting a Stream of Certain Cash Flows 

I 

L~  
o 

I 

Cash Spot Discount Discounted 
Time Flow Rate Factor Cash Flow 

1 $10.65 8.00% .92593 $9.86 
2 10.65 9.05 .84098 8.96 
3 10.65 9.86 .75419 8.03 
4 10.65 10.42 .67264 7.16 
5 110.65 10.89 .59635 65°99 

$100.00 

Term 
Structure 

Present 
Value 



to  . m a t u r i t y ,  of  a f i v e - y e a r  z e r o - c o u p o n  bond is 10.89 p e r c e n t .  Those  a re  two 

d i f f e r e n t  number s .  Only the  f i v e - y e a r  spot  r a t e  te l l s  one how to  d i scoun t  cash  

f low occu r r ing  a t  t he  end of  the  f i f t h  yea r .  

L e t ' s  move  on to  t he  more  i n t e r e s t i n g  s i t u a t i o n  of  i n t e r e s t - r a t e  s ens i t i ve  cash  

f lows.  Exhib i t  6-10 shows a b inomia l  l a t t i c e .  Tha t  is a f a n c y  way  of  d isp laying  

how a y ie ld  curve  t o d a y  can  move  to one of  two  y ie ld  curves  in t he  n e x t  per iod .  

S t a r t  a t  the  l e f t - m o s t  po in t  on the  v e r t i c a l  i n t e r e s t  r a t e  axis. Tha t  po in t  

r e p r e s e n t s  today ' s  y i e ld  curve ,  or today ' s  spot  r a t e  curve .  One a s sumes  t h a t  over  

t he  n e x t  per iod ,  i n t e r e s t  r a t e s  can  go up or down. E v e r y  poin t ,  or node,  in the  

l a t t i c e  leads  to two nodes  a t  t h e  s t a r t  of  the  n e x t  per iod .  But  this  l a t t i c e  is 

c o n n e c t e d ,  the  poin ts  conve rge .  So t h e r e  a re  only  t h r e e  possible  s t a t e s  of the  

world ,  t h r e e  d i f f e r e n t  t e r m  s t r u c t u r e  curves  a t  t h e  end of  the  second  per iod ,  

four  a t  the  end of  the  th i rd  per iod ,  f ive  a t  the  end  of  the  f o u r t h  pe r iod  and so on. 

In th is  l a t t i c e ,  v o l a t i l i t y  is r e p r e s e n t e d  by the  spac ing  of  the  nodes .  If v o l a t i l i t y  

is high,  t oday ' s  y i e ld  curve  will change  s u b s t a n t i a l l y  to  b e c o m e  t o m o r r o w ' s  y ie ld  

curve .  If v o l a t i l i t y  is low, i t  won ' t  change  v e r y  much .  The a r rows  on the  l a t t i c e  

i n d i c a t e  two possible  i n t e r e s t - r a t e  pa ths  t h rough  t h r e e  per iods :  up, up, up; up, 

up, down.  

L e t ' s  e x a m i n e  the  f u n d a m e n t a l  v e r t e x  in the  l a t t i c e  to  see  i f  we can  u n d e r s t a n d  

how to  d i scoun t  cash  f lows t h a t  migh t  occur  a t  t he  ends of  t he  fork.  

For  this  I will base  my c o m m e n t s  on the  idea  of two f u n d a m e n t a l  d i s c o u n t i n g  

uni t s .  It  is no t  n e c e s s a r y ,  bu t  qu i t e  use fu l ,  to have  a n a m e  for  these  uni ts .  I 

have  chosen  to call  t h e m  "quarks ,"  a t e r m  b o r r o w e d  f r o m  p a r t i c l e  physics .  In 
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phys ics ,  quarks  a re  c u r r e n t l y  t h o u g h t  to  be the  mos t  f u n d a m e n t a l  bui ld ing blocks 

of  m a t t e r .  Molecu les  are  c o m p o s e d  of  a t o m s ,  a t o m s  of  a nuc leus  and  e l e c t r o n s ,  

the  nuc leus  of  n e u t r o n s  and pro tons ,  and n e u t r o n s  and  p ro tons  of quarks .  I t  is the  

bui lding block ana logy  I wan t  to c a r r y  over  to  t he  i n t e r e s t - r a t e  l a t t i c e  and the  

d i scoun t ing  c a l c u l a t i o n s  to be p e r f o r m e d  on the  l a t t i c e .  The key  poin t  is t h a t  i f  

one knows how to p e r f o r m  the  cash  f low d i scoun t ing  c a l c u l a t i o n  for  an e l e m e n t a l  

fo rk ,  t h e n  one lunows how to do i t  for  a l a rge r  l a t t i c e  c o m p o s e d  of  c o n n e c t e d  

forks .  In turn ,  an e l e m e n t a l  fo rk  can  be  c o n s i d e r e d  to  be bui l t  up f rom the  

f u n d a m e n t a l  d i scoun t ing  un i t s  or quarks .  Two f u n d a m e n t a l  quarks  for  a b inomia l  

i n t e r e s t - r a t e  l a t t i c e -  an up quark  and a down quark  - -  a re  i l l u s t r a t e d  in Exhibi t  

0-11. 

The up quark  has  a 1 a t  the  end of  the  up node  and  a 0 a t  the  end of the  down 

node.  It  can  be t h o u g h t  of  as a f i nanc i a l  i n s t r u m e n t  t h a t  p romises  t he  fo l lowing:  

A t  t he  end of  one per iod ,  the  ho lder  of this  i n s t r u m e n t  is pa id  $1 i f  the  up s t a t e  

occurs ,  $0 if  the  down s t a t e  occurs .  What  is t he  f a i r  p r i ce  for  th is  i n s t r u m e n t ?  

Well ,  Prn going to  say  i t  is QU" I wil l  show how to  de r ive  QU in a m inu t e ,  bu t  for  

now i t ' s  jus t  QU" Tha t ' s  t he  fa i r  p r i ce  fo r  th is  i n s t r u m e n t .  I t  is wha t  one would 

pay  fo r  i t  in a f a i r  m a r k e t .  Those  of  you  who know s o m e t h i n g  about  opt ions  will 

r e a l i z e  t h a t  i t  is a ve ry  bas ic  put  op t ion .  If  t he  up s t a t e  r e p r e s e n t s  i n t e r e s t  r a t e s  

r is ing,  t he  op t ion  expi res  in the  money .  If  i n t e r e s t  r a t e s  fel l ,  i t  expi res  out  of 

t h e  money .  The down quark  pays  o f f  $1 i f  t he  down s t a t e  occurs ,  and $0 if  t he  

up s t a t e  occurs .  The f a i r  p r ice ,  in o the r  words  the  p r e s e n t  value ,  one pe r iod  

f r o m  now is QD" 

-Z33- 



EX]h~BI"I" 0-11 

I 

Pricing/Valuation Methodology 
I II L ' I I . . . . .  I I 

FUNDAMENTAL "DISCOUNTING" BUILDING BLOCKS 

I 
b a  

I 

Qu I ~ ~ ~  01" Up 
"Quark" 

Down 
"Quark" 



Knowing  QU and QD te l l s  us how to d i scount  an i n t e r e s t - r a t e  sens i t ive  cash f low 

s t r e a m .  This is de sc r ibed  in Exhibi t  6-1Z. Suppose t h a t  in the  s t a t e  of the  wor ld  

r e p r e s e n t e d  by the  up node  ( r e m e m b e r  this  is jus t  a y i e ld  curve  at  some poin t  on 

some  p a t h  t h r o u g h  the  l a t t i ce )  the  cash  f low is CF U, which  migh t  inc lude  dea ths ,  

expenses ,  lapses  (if i t  r e p r e s e n t s  a l i ab i l i t y  s t r e a m ) ,  or p r inc ipa /  and i n t e r e s t  

p a y m e n t s  (if i t  r e p r e s e n t s  an a s se t  s t r e am) .  The p r inc ipa l  would inc lude  bo th  

s c h e d u l e d  and u n s c h e d u l e d  pr inc ipa l  p r e p a y m e n t s .  

L e t ' s  suppose  we know the  p r e s e n t  va lue ,  MV U of  all  the  f u t u r e  cash  f lows on the  

l a t t i c e  e m a n a t i n g  f r o m  the  up node,  and  also know MV D for  the  down node.  How 

do we f ind out  w h a t  t he  p r e s e n t  va lue  is b a c k  a t  node  0, the  origin of the  fo rk?  

The answer  is p r e t t y  s imple .  D e c o m p o s e  the  cash  f lows  on the  fo rk  in to  two 

p ieces :  the  up quark  and the  down quark  each  s c a l e d  by the  app rop r i a t e  cash  

f lows.  The up quark  is an i n s t r u m e n t  t h a t  pays  $1 in the  up s t a t e  and $0 in the  

down s t a t e .  So sca le  t he  qua rk  va lue  by  CF  U plus MVu,  b e c a u s e  t h a t  is the  fund  

va lue  one mus t  have  in the  up s t a t e  to  pay  o f f  all  ob l iga t ions .  S imi lar ly ,  sca le  

t h e  down quark  by CF D plus MV D. 

I s t i l l  h a v e n ' t  t o ld  you  how to c a l c u l a t e  QU and QD' and you need  to know those  

to c a l c u l a t e  t he  express ion  for  MV 0. 

In t e r m s  of the  l a t t i c e  and the  a l lowable  s t a t e s  of the  world,  cons ider  a cash  

f low s t r u c t u r e  r e p r e s e n t e d  by a one -pe r iod  bond,  s imi la r  to  t h a t  shown in Exhibi t  

6-13. No m a t t e r  which of  the  two s t a t e s  of  the  wor ld  occur,  i t  pays  e x a c t l y  $1. 

I t  m a t u r e s .  I t  pays  $1 w h e t h e r  the  up s t a t e  or down s t a t e  occurs .  What ' s  the  

value  of  t h a t ?  We11, we can  use the  equa t i on  we ju s t  de r ived  to f ind  out .  The re  
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EXHIBIT 6-13 
PART 1 

Determining the "Quark" Values 

One-Period ~ 1 
Zero-Coupon Bond 1 

I 
l "-  

c,3 
Oq 

I 

B(') = I * Qu + I * QD 0 
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EXHIBIT 6-13 
PART 3 

Determining the "Quark" Values 

Three-Period 
Zero-Coupon Bond 

I 
0'~ 
('~ 
Cq 

I 

B ( 3 )  _(2) ._(2) 
o = l::}u • Q u  -t- t:} o • QD 



are  no cash flows beyond the f irst  per iod because  this is a one-per iod bond, so 

the  p resen t  value is simply 1 t imes  QU plus 1 t imes  QD" But the pr ice  of a one-  

per iod zero-coupon bond is also B~01).'- And we know that  pr ice  today,  because  we 

know today's  yie ld  curve.  In this equation,  we know B(01) value, not  the QU or 

QD" 

You may not think of a two-per iod  zero-coupon bond in t e rms  of the p ic ture  

shown in Exhibit 6-139 but tha t  is exac t l y  what  the cash flow s t ruc tu re  

represen t s .  For the  sake of comple teness  I probably should have marked  the zero 

cash flows9 which occur  eve rywhere  excep t  at  the t e rmina l  nodes of the  two-  

per iod la t t i ce ,  where  all the cash flows are  $1. So all possible s ta tes  in this 

pa r t i cu la r  l a t t i c e  would pay $1 at the  end of two periods, with no cash flows 

be fo re  then.  

To ca lcu la te  the value of this cash flow pa t t e rn ,  when the bond matures ,  we 

apply the  technique  recurs ively .  Let 's  discount the upper two end nodes back one 

period. We d e t e r m i n e  tha t  to be the pr ice  of a one-per iod bond at the  up node. 

In o ther  words, tha t  is B (1). Similarly, BD(1)is the pr ice  of the fu tu re  cash flow 

a s s o c i a t e d  wi th  t h e  down  n o d e  N o w  we  d i s c o u n t  and back  o n e  perio  

That  involves the  QU and QD" This leads us to consider  the  equat ion shown in 

Exhibit  6-13 for the two-per iod  zero-coupon bond. What do we know from the 

equat ion shown? We know the  l e f t -hand  side f rom today's  yield curve~ and by 

cons t ruc t ion  of the l a t t i c e  (although the re  are  some const ra in ts  on the 

construct ion) .  We can assume tha t  we know what  the  one-per iod yields are  in 

the  up and down s ta tes .  
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We have  de r ived  two equa t ions  in the  two unknowns,  QU and QD" One may  th ink  

t h a t  one can jus t  solve the  equa t ions  to ge t  the  answers .  Ac tua l ly  t ha t  is r ight .  

The whole s to ry  is t ha t  s imple .  

The b o t t o m  of Exhibi t  6-13 con ta ins  an equa t ion  for  the  p r ice  of a t h r e e - p e r i o d  

ze ro -coupon  bond, de r ived  by applying the  s a m e  p r o c e d u r e s  as be fo re .  It  

involves  the  s a m e  QU and QD as in the  equa t ion  for  the  two-pe r iod  ze ro -coupon  

bond.  And if we wen t  out  four  per iods ,  we would ge t  ye t  ano the r  equa t ion  

involving the  s a m e  quan t i t i e s .  In o the r  words,  if I r ep l ace  the  supersc r ip t  3 on 

the  l e f t - h a n d  side with an N, and the  supe r sc r ip t s  Z on the  r i gh t -hand  side wi th  

N- l ,  the  equa t ion  will hold for all N on the  y ie ld  curve .  So the re  are a lot  of 

equa t ions  and only two unknowns.  That ' s  no t  as bad  as i t  looks. What i t  rea l ly  

means  is t ha t  for the  l a t t i c e  to be a rb i t r age  f ree ,  in o the r  words, for all bonds to 

be fa i r ly  p r iced ,  one can ' t  al low any a rb i t r a ry  y i e ld - cu rve  evo lu t ion  th rough  the  

l a t t i c e .  These  equa t ions  are  used no t  only to f ind QU and QD' but  also to  spec i fy  

how the  yie ld  curves  at  t he  up and the  down nodes  mus t  be r e l a t e d  to the  

s t a r t i ng  y ie ld  curve .  

Now le t  me  def ine  some  new n o t a t i o n ,  a p robab i l i ty  PU 

cor responding  PD in t e r m s  of QD' as shown in Exhibi t  6-14. 

p rope r t i e s :  

(1) 

in t e rms  of QU and 

Not ice  the  fol lowing 

PU plus PD equals  1. Why is t ha t ?  Look back  at  the  one -pe r iod  

bond  exam ple  of  Exhibi t  6-13. Look at  t he  equa t ion  for the  

p r i ce  of the  , ,°ne-peri°d bond. It  implies1, t ha t  PU plus PD equals 

1, b e c a u s e  B~ ~) is t he  r ec ip roca l  of l+r~ D. 

(z) PU and PD are  pos i t ive .  This is because  QU and QD are 

pos i t ive  (no one would sell  an i n s t r u m e n t  t ha t  pays $1 in one 

s t a t e  and $0 in the  o the r  s t a t e  for a nonpos i t ive  amount) .  
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EXHIBIT 6 -14  
P A R T  Z 

Simulation Approach 
to 

Determining Market Values 

MVo = [CFu + MVu] = Qu + [CFD + MVD] ° QD 

[CF u + MVu] [ CFD + MV D ] 
= ° + P D • (1) 
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So, a t  e v e r y  node  in the  l a t t i c e  t h e r e  are  two {dif ferent)  numbers ,  PU 

which  sum to  one, and are  b o t h  pos i t ive .  

t h e m  as p robab i l i t i e s .  In f a c t ,  t he se  

p robab i l i t i e s "  in p r ic ing  opt ions .  

and PD'  

I can  t h e r e f o r e  choose  to i n t e r p r e t  

can be i n t e r p r e t e d  as " a r b i t r a g e  

Why do I wan t  to  i n t e r p r e t  PU and PD as p robab i l i t i e s?  The r ea son  is ve ry  

s imple .  In t h e  r ea l  world,  t h e r e  a re  p a t h - d e p e n d e n t  cash  f lows.  Think of a 

GNMA or th ink  of  a SPDA. I'll b r i e f l y  desc r ibe  how it  works wi th  each  one, f i r s t  

t h e  SPDA. W h e t h e r  i n t e r e s t  r a t e s  go up, t h e n  down,  or down and then  up, one 

m i g h t  th ink  one has  a r r ived  a t  the  s a m e  s t a t e  of the  world. A f t e r  all~ the  

b inomia l  l a t t i c e  is c o n n e c t e d .  But ,  even  though  one has a r r ived  a t  t he  s a m e  

i n t e r e s t - r a t e  s t a t e  of the  world,  one sure ly  a r r ives  wi th  a d i f f e r e n t  book of 

bus iness  t h a n  one b e g a n  wi th .  The i n - f o r c e  bus iness  is qu i te  d i f f e r e n t .  If r a t e s  

go up f i r s t  and then  down, business  is lost  t h rough  cash  sur renders .  Maybe  a lot  

of  i t .  If  r a t e s  go down and t h e n  up, a d i f f e r e n t  a m o u n t  of  business  is lost .  Thus,  

the  cash  f lows are  p a t h  d e p e n d e n t .  The s a m e  is t rue  for  GNMAs. If i n t e r e s t  

r a t e s  go down and t h e n  up, one ge t s  a lo t  of  p r e p a y m e n t s .  If i n t e r e s t  r a t e s  go up 

and then  down, p r e p a y m e n t s  drop,  and  then  m a y  c o m e  back  to the  prev ious  level .  

In gene ra l  wi th  p a t h - d e p e n d e n t  cash  f lows,  one can ' t  "solve" t he  l a t t i c e  t he  way I 

did for  the  z e r o - c o u p o n  bonds - -  by  moving  b a c k w a r d s  r e c u r s i v e l y  f r o m  the  end 

to t h e  beginning.  A l though  the  l a t t i c e  appears  c o n n e c t e d ,  the  cash  f lows depend  

on the  p a r t i c u l a r  p a t h  t h rough  the  l a t t i c e .  So, t he  p robab i l i t i e s  tu rn  out  to  be 

ve ry  use fu l .  Those  a l low us to r e w r i t e  the  f u n d a m e n t a l  d i scoun t ing  equa t ion  in a 

w a y  to  p rocess  the  l a t t i c e  f o r w a r d  f r o m  the  beg inning  to the  end. 
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The equat ion  at the b o t t o m  of Exhibit  6-14 gives the marke t  value at the 

s ta r t ing  node in t e rms  of the  marke t  values and the cash flows at the up and 

down nodes. Subst i tu t ing PU and PD for QU and QD respec t ive ly ,  an equivalent  

equat ion  for  MV 0 resul ts .  One can a t t a c h  a n ice  se t  of words to this equation:  

The marke t  value at  node 0, the  origin of the l a t t i ce ,  is equal to the probabi l i ty  

of  going to the up node mult ipl ied by the cash flow plus marke t  value at  the up 

node, plus the probabi l i ty  of going to the down node mult ipl ied by the cash flow 

plus the marke t  value at the down node, with the whole resul t  d iscounted  back  

one per iod at the one-per iod  r a t e  of in te res t .  These  probabi l i t ies  are not 

probabi l i t ies  in the  sense  tha t  they  correspond to e i ther  your  or my sub jec t ive  

views as to the chances  that  the up and down s t a t e s  will occur .  They are 

probabi l i t i es  in the  sense of  path  weights  needed  to p reven t  r iskless a rb i t rage  

oppor tuni t ies  f rom arising. 

The rev ised  equat ion  is cons is tent  with other  discount ing ca lcula t ion  techniques.  

One a t t a c h e s  p robabi l i ty  weights  and then looks at  the  resul t ing cash flows. 

Those are  d iscounted  back  one per iod at the proper  in t e re s t  r a t e  for tha t  period.  

And, lo and behold,  the  right answer  emerges .  Armed  with this in tu i t ive  

in t e rp re ta t ion ,  we now see how the process  the whole l a t t i c e  goes forward.  By 

cons t ruc t ion  of  the  l a t t i ce ,  we know the  (different)  values  of QU and QD at  

eve ry  node. There fore ,  we know PU and PD at eve ry  node. For any pa th  through 

the l a t t i ce ,  the cash f lows can be  p r o j e c t e d  jus t  as in any of  the other  models  

you heard about  at  this symposium.  The probabi l i t ies  for all the various pa th  

s egmen t s  can be  mult ipl ied to ge t  an overal l  pa th  probabi l i ty .  The cash flows 

can be d iscounted  back  to the beginning of the l a t t i ce ,  one per iod at a t ime,  

using success ive  one-per iod  spot ra tes .  This resul t s  in the  cont r ibut ion  of tha t  
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p a t h  to the  overa l l  m a r k e t  va lue  resu l t .  If  this  c a l c u l a t i o n  is done for  e v e r y  p a t h  

in the  l a t t i c e ,  t he  r e su l t s  can  be s u m m e d  to ge t  the  c o r r e c t  answer .  

U n f o r t u n a t e l y ,  one canno t  solve a r e a l - w o r l d  l a t t i c e  by e n u m e r a t i n g  all  pa ths .  In 

a b inomia l  model  where  e a c h  s t a t e  leads  to two  o t h e r  s t a t e s ,  le t  us suppose we 

a re  mode l ing  q u a r t e r l y  cash f lows over  a t w e n t y - y e a r  p r o j e c t i o n  period~ t h e r e  

would be e i g h t y  per iods  and Z80 pa ths .  Tha t  is an awfu l  lot  of  pathM It 's  m o r e  

t h a n  all the  C r a y  c o m p u t e r s  in the  world  all working t o g e t h e r  could solve in our 

l i f e t i m e s .  So wha t  one has to do is draw a sample  of  p a t h s -  do a Monte  Car lo  

ca l cu l a t i on .  This t echn ique  is s t a r t i n g  to sound l ike the  C-3 risk m e t h o d o l o g y .  

One chooses  i n t e r e s t - r a t e  s cena r ios ,  and e s t i m a t e s  t he  m a r k e t  va lue  of  surplus 

using t h a t  s ample  of  scenar ios .  If a p p r o p r i a t e  v a r i a n c e  r e d u c t i o n  t echn iques  are  

used,  in o t h e r  words,  t h e  s amp le  of  pa ths  is chosen  c a r e f u l l y ,  answers  fo r  

r e a s o n a b l y  i n t e r e s t - r a t e  s ens i t i ve  cash f low s t r e a m s  are  ob ta inab le ,  a c c u r a t e  to 

abou t  1 p e r c e n t .  

What  I wan t  to  do now is give you  a r e f r e s h e r  course  on dura t ion .  Most  of you  

know s o m e t h i n g  about  du ra t ion ,  bu t  you  p robab ly  know it  in t e r m s  of  a t yp i ca l  

M a c a u l a y  de f in i t ion ,  as the  t i m e - w e i g h t e d  p r e s e n t  va lue  of a s t r e a m  of cash  

f lows.  And you  p robab ly  th ink  c o n v e x i t y ,  or t he  s econd  m o m e n t  m e a s u r e s  the  

t i m e - s q u a r e d - w e i g h t e d  p r e s e n t  va lue .  Those are  val id  de f in i t i ons  for  a s t r e a m  of 

f ixed  and c e r t a i n  cash f lows,  but  we n e e d  to g e n e r a l i z e  the  de f in i t i ons  so we can  

use  t h e m  for  s i t ua t i ons  involv ing  i n t e r e s t - r a t e  s ens i t i ve  cash  f lows.  The old 

de f in i t i ons  make  no sense  he re ,  b e c a u s e  a s ingle  t i m e  l ine canno t  be d rawn  wi th  

un ique ly  m a r k e d  cash f lows for  d i scount ing .  You migh t  th ink  t h a t  I could use the  

a r b i t r a g e  p robab i l i t i e s  to  we igh t  t he  M a c a u l a y  du ra t ions  for  each  pa th ,  but ,  
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be l i eve  me,  you  ge t  the  wrong answer .  So, we n e e d  a b e t t e r  d e f i n i t i o n  of  

du ra t ion .  If we s t a r t  wi th  a f ixed  and c e r t a i n  s t r e a m  of cash f lows and the  

M a c a u l a y  d e f i n i t i o n  of du ra t ion ,  we can der ive  a use fu l  p r o p e r t y  of dura t ion .  

Then we can  tu rn  a round  and adopt  t h a t  p r o p e r t y  as a f u n d a m e n t a l  de f in i t i on  of  

du ra t ion ,  v iewing  the  or ig ina l  d e f i n i t i o n  as a spec ia l  p r o p e r t y ,  one t h a t  makes  

sense  only  for  f ixed  and c e r t a i n  cash f lows.  This is the  app roach  r m  going to 

use. 

The new d e f i n i t i o n  is: D u r a t i o n  is a m e a s u r e  of the  s e n s i t i v i t y  of the  p r e s e n t  

va lue  of  t he  cash  f low s t r e a m  to  changes  in i n t e r e s t  r a t e s .  I t  measu re s  how the  

p r e s e n t  va lue  of  the  cash  f low s t r e a m  changes  for  a g iven shock  in i n t e r e s t  r a t e s .  

In Exhibi t  6-15, th is  d e f i n i t i o n  is exp re s sed  in an equa t ion .  We c h a r a c t e r i z e  the  

c u r r e n t  i n t e r e s t - r a t e  e n v i r o n m e n t  by some  b e n c h  m a r k  i n t e r e s t  r a t e  I, and the  

p r e s e n t  va lue  of  the  cash  f low s t r e a m  (f ixed and c e r t a i n  or i n t e r e s t  sens i t ive ,  a 

GNMA wi th  all i ts  impl i c i t  opt ions  or a nonca l l ab l e  bond w i thou t  any) by PV. 

Then we shock  the  i n t e r e s t  r a t e  e n v i r o n m e n t .  In o t h e r  words,  we make  a pa ra l l e l  

shock  to the  t e r m  s t r u c t u r e  of  I and r e c a l c u l a t e  the  p r e s e n t  value .  We will see 

t h a t  i t  b e c o m e s  PV plus PV. 

m e t h o d o l o g y  I desc r ibed  ear l ier . )  

g iven by the  r a t i o  of  ( PV/PV) to  

(One c a l c u l a t e s  PV and PV using t h e  

Dura t ion ,  e x p r e s s e d  as a p r ice  s e n s i t i v i t y  is 

I. The minus  sign appears  in the  f o r m u l a  by 

c o n v e n t i o n  so t h a t  bonds have  pos i t ive  du ra t i on  n a m e l y ,  bonds d e p r e c i a t e  in 

va lue  as i n t e r e s t  r a t e s  go up, and a p p r e c i a t e  in va lue  as i n t e r e s t  r a t e s  go down. 

So a minus sign is needed .  We would ob ta in  a n e g a t i v e  du ra t i on  for  a bond 

o the rwi se .  The (1+I) f a c t o r  r e c o v e r s  t he  M a c a u l a y  d u r a t i o n  for  a s t r e a m  of f ixed  

and c e r t a i n  cash  f lows.  If a con t inuous ly  compound ing  r a t e  is used, t h a t  is, all 

r a t e s  a re  expressed  as f o r c e s  of  i n t e r e s t ,  t h e n  the  (l+I) f a c t o r  is no t  used.  
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ExHrRr r  6-15 
PART 1 

What is Duration? 
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Interest 
Rate 

Current  
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" S h o c k e d "  
Env i ronment  I +  AI 

Present 
Value 
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( A PV)/PV 
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EXHIBIT 6-15 
P A R T  Z 

What Is Convexity? 

A MEASURE OF THE RATE OF DURATION DRIFT 
DUE TO CHANGES IN INTEREST RATES 

I 
o~ 

f 

Convexity = -(1 + I) x ( A [PV x D])/PV 

A! 



EXHIBIT 6-15 
P A R T  3 

Pricing/Valuation Methodology 

I 

o 
I 

CALCULATE INTEREST SENSITIVITY CHARACTERISTICS 

D = -(1 + I ) x  (A MV)/MV 
AI 

C = - ( 1  + |) x 
(A [MV x D])/MV 

AI 



The e s sence  of  the  d u r a t i o n  f o r m u l a  is in h a v i n g / ~ P V  divided by PV in the  

n u m e r a t o r  a n d / ~ I  in t he  d e n o m i n a t o r .  A PV d iv ided  by PV is the  f r a c t i o n a l  

change  in the  p r e sen t  va lue  a s s o c i a t e d  wi th  the  change  in the  i n t e r e s t  r a t e s A I .  

F o r g e t t i n g  fo r  t he  m o m e n t  t h a t / ~  I should  pe rhaps  be smal l ,  so t h a t  the  

equa t ions  involve  d e r i v a t i v e s  r a t h e r  t han  n u m e r i c a l  app rox ima t ions ,  w h a t  it  

r e a l l y  says  is t h a t  if  a 100 basis  po in t  i n t e r e s t - r a t e  change  c a u s e s  the  p r e s e n t  

va lue  of  t he  cash  flow s t r e a m  to change  by 5 percent~ then  the re  is a f i v e - y e a r  

du ra t ion .  There  is a 5 p e r c e n t  change  in p r e sen t  va lue  d iv ided  by a 1 p e r c e n t  

change  in i n t e r e s t  r a t e .  T h a t  is f ive  yea r s .  I t  is an index number .  I t  i n d i c a t e s  

how sens i t i ve  the  cash  f low s t r e a m  is to  changes  in i n t e r e s t  r a t e s .  If the  cash  

f low s t r e a m  is also f ixed  and ce r t a i n ,  the  s a m e  answer  is ob t a ined  by pu t t i ng  

t i m e  we igh t s  on all t he  cash f lows and doing the  d i s coun t ing  c a l c u l a t i o n  using the  

usual  M a c a u l a y  fo rmu la .  But  if  i t ' s  no t  f ixed  and certain9 and  a l a t t i c e  is used  to  

c a l c u l a t e  the  PVs, the  r e su l t  is s t i l l  a n u m b e r  t h a t  m a k e s  sense.  So th ink  of  

d u r a t i o n  as an index  n u m b e r  t h a t  m e a s u r e s  the  s e n s i t i v i t y  of  p r e s e n t  va lues  to 

changes  in i n t e r e s t  r a t e s .  D u r a t i o n  is no t  all t he  s a m e  th ing as matur i ty~ in mos t  

cases .  In Exhibi t  6-16~ four  i n s t r u m e n t s  are  compared .  All have  t e n - y e a r  

m a t u r i t i e s  bu t  o t h e r w i s e  have  d i f f e r e n t  p rope r t i e s ,  obvious ly  the i r  dura t ions  a re  

d i f f e r e n t .  N o t i c e  also t h a t  the  du ra t ions  are  a f u n c t i o n  of  the  i n t e r e s t - r a t e  

e n v i r o n m e n t .  More i n t e r e s t i n g  is t he  g raph  in Exhib i t  6-17 t h a t  t r a cks  a s se t  and  

l i ab i l i t y  du ra t ions  aga ins t  i n t e r e s t  r a t e s  for  t h r e e  d i f f e r e n t  i n s t r u m e n t s :  an 

SPDA9 a pu tab l e  bond 9 and a c u r r e n t  GNMA. The SPDA shown he re  provides  a 

s e v e n - y e a r  g u a r a n t e e  of i n t e r e s t ,  no t  the  annual  r e s e t  t ype  in which the  insure r  

has the  r i gh t  to change  the  c r e d i t e d  r a t e  e v e r y  y e a r .  As i n t e r e s t  r a t e s  fal l ,  t he  

po l i cyho lde r s '  cash su r r ende r  r igh t s  lose e c o n o m i c  va lue  and the  SPDA behaves  

l ike a GIC h e n c e  the  l e n g t h e n i n g  du ra t ion .  As i n t e r e s t  r a t e s  r ise ,  the  
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EXHIBrF 6-16 
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EXHIBrr 6-17 

I 

Duration 

6 -  

_ 

a m  

3 -  

_ 

_ 

Asset and Liability Durations 

/ ~ . . . . ~ _ . ~ _ ~ ~  ~ Current GNMA 

• - /  - ~ . ~  Putable Bond 

%% 

~%~SPDA 

I I I I I 
8% 10% 12% 14% 16% 

Yield 

I 
c,3 
Lt3 

I 



policyholders' cash surrender rights become very valuable and the duration of the 

SPDA shortens considerably. The policyholders' surrender rights can be viewed 

as a put option that the insurer has granted. It is not surprising then that the 

duration curve for this SPDA product looks very much like the duration curve for 

the putable bond. The putable bond i11ustrated has a ten-year maturity and a 

right to put the bond back to the issuer at par at the end of five years. 

The mos t  i n t e r e s t i n g  d u r a t i o n  curve  is t h a t  for  the  GNMA. D u r a t i o n  does not  

m e r e l y  d e c r e a s e  as i n t e r e s t  r a t e s  go up as i t  does  for  mos t  bonds. I t  i nc reases ,  

for  a while,  as i n t e r e s t  r a t e s  go up. And why is t h a t ?  P r e p a y m e n t s  f rom the  

GNMA dry  up as i n t e r e s t  r a t e s  go up. I t ' s  n o t  f i n a n c i a l l y  a d v a n t a g e o u s  t o  

r e f i n a n c e  a h o m e  as i n t e r e s t  r a t e s  a re  going up. It  is to a h o m e o w n e r ' s  

a d v a n t a g e  to r e f i n a n c e  as i n t e r e s t  r a t e s  a re  going down. Thus,  as i n t e r e s t  r a t e s  

go up the  e c o n o m i c  c o m p o n e n t  of the  p r e p a y m e n t  r a t e ,  which  can be  r e f e r r e d  to 

as an SMM or a C P ~  (single m o n t h l y  m o r t a l i t y  or cond i t i ona l  p r e p a y m e n t  ra te )  

d e c r e a s e s .  I t 's  the  oppos i te  of  a lapse  r a t e  i n c r e a s i n g  as i n t e r e s t  r a t e s  go up. 

This causes  t he  GNMA to f i r s t  i n c r e a s e  as i n t e r e s t  r a t e s  r ise .  The curve  tops  out  

and begins  to d e c r e a s e  when  the  i n t e r e s t - s e n s i t i v e  c o m p o n e n t  of  the  p r e p a y m e n t  

r a t e  is p r e t t y  m u c h  zero ,  l eav ing  only  t he  n o w - i n t e r e s t - s e n s i t i v e  d e m o g r a p h i c  

c o m p o n e n t .  

Why should one use durations? Because duration captures, in a single index, the 

essence of interest-rate exposure. One probably ought to expand that to say that 

duration captures the essence of interest-rate exposure in a few indexes, but for 

many situations duration gives the most important part of the story. Duration, 

as a risk-management tool, permits a consistent quantification of surplus 
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r e q u i r e m e n t s  a m o n g  var ious  l ines  of business .  If  this  m e t h o d o l o g y  is used  to 

c a l c u l a t e  m a r k e t  va lues  and du ra t ions  of  a sse t s ,  l i ab i l i t i e s  and surplus,  t he  

m a r k e t  va lues  can be w e i g h t e d  by the  du ra t i on  indexes  by l ine of business  to 

ob ta in  a m a r k e t - v a l u e - w e i g h t e d  d u r a t i o n  for  t he  whole  company .  Al though  it  

doesn ' t  solve the  c o m b i n a t i o n  of r isks p rob lem for  C - l ,  C-Z and  o the r  kinds of 

r isks,  i t  does al low p u t t i n g  the  C-3 r isk exposures  t o g e t h e r  for  ve ry  d i f f e r e n t  

l ines  of  business .  D u r a t i o n  provides  a use fu l  t a r g e t  for  asse t  manage r s .  I have  

n e v e r  m e t  a p o r t f o l i o  m a n a g e r  who l ikes hundreds  of  pages  of  c o m p u t e r  ou tpu t .  

When he asks wha t  to do wi th  the  po r t fo l i o ,  he can be to ld  wha t  the  l i ab i l i ty  

d u r a t i o n  t a r g e t  is. If the  c o m p a n y  doesn ' t  w a n t  to  m a t c h  asse t  and l i ab i l i ty  

du ra t ions ,  bu t  wan t s  to  t i m e  the  m a r k e t  to  t ake  a bi t  of a m i s m a t c h ,  a t  l e a s t  the  

r isk  con t ro l  b e n c h  m a r k  is known.  D u r a t i o n  also a l lows one to s t a n d a r d i z e  t he  

compar i son  of  var ious  i n v e s t m e n t  s t r a t e g i e s  and tools .  

Once  one u n d e r s t a n d s  wha t  t he  r i s k - n e u t r a l  d u r a t i o n  t a r g e t  is, the  i n v e s t m e n t  

s t r a t e g y  b e c o m e s  one of  p u t t i n g  the  c h e a p e s t  cos t  p o r t f o l i o  t o g e t h e r  t h a t  m e e t s  

t he  chosen  and /o r  c o n v e x i t y  c o n s t r a i n t s .  One does  no t  have  to  build a s i m u l a t i o n  

mode l  t h a t  can handle  e v e r y  t y p e  of a s se t  t h a t  Wall S t r e e t  has ever  c r e a t e d .  

Even  if  t h e r e  were  such a mode l ,  i t  would be no good  t o m o r r o w  because  people  

on Wall S t r e e t  a re  v e r y  busy.  A s imple  index  such as d u r a t i o n  al lows compar i son  

of  i n v e s t m e n t  s t r a t e g i e s  w i t h o u t  fu l l -b lown s imu la t ions .  

U n f o r t u n a t e l y ,  du ra t i ons  t e n d  to move  as i n t e r e s t  r a t e s  change .  Dura t i on  gap, 

shown in Exhib i t  6-18, t ends  to d r i f t  over  t i m e  and as i n t e r e s t  r a t e s  change ,  and 

c o n v e x i t y  can  be i n t e r p r e t e d  as a m e a s u r e  of how f a s t  du ra t i on  d r i f t s  for  

changes  in i n t e r e s t  r a t e s .  
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EXHIBIT 6-18 
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Rather than actually examining the convexity formula to illustrate this, I will 

draw another analogy from physics. If you toss a ball or launch a projectile, you 

can define the whole trajectory of its motion by position, speed and acceleration 

(assuming no air resistance). Knowledge of those variables at a particular point 

on the trajectory allows you to map out the entire trajectory. In much the same 

way, the market value of a stream of cash flows along with its duration and 

convexity allow you to map out the trajectory of the cash flow stream, the path 

taken by the present value of the cash flows as interest rates change. It can be 

said that the asset-liability matching process is one of arranging asset and 

liability trajectories through interest-rate space to more or less track each 

other. If assets and liabilities start off in a proper relationship, they should stay 

that way. Convexity measures how fast duration changes, much the way that 

acceleration measures how fast speed changes. 

In Exhib i t  6-19, we e x a m i n e  a SPDA p o r t f o l i o  w i th  f ive  h o m o g e n e o u s  blocks  of 

business .  A cel l  (a b lock  or a pool) of  bus iness  is d e f i n e d  to  be a group of SPDA 

pol ic ies  hav ing  m u c h  the  s a m e  c h a r a c t e r i s t i c s .  If  you  a n a l y z e  your  i n - f o r c e  

po r t fo l i o ,  you  will f ind seve ra l  f a c t o r s  t h a t  d i s t ingu i sh  one b lock  of  pol ic ies  f r o m  

a n o t h e r ,  for  examp le ,  d i f f e r e n t  po l icy  fo rms ,  d i f f e r e n t  c r e d i t i n g  r a t e s ,  d i f f e r e n t  

l a p s e - r a t e  behav ior ,  and so on. The idea  is to mode l  the  i n su rance  po r t fo l i o  to 

b r e a k  i t  in to  h o m o g e n e o u s  pools.  In this  e x a m p l e  t h e r e  a re  f ive  pools.  The d a t a  

in the  two co lumns  fo l lowing  the  b lock  n u m b e r  a re  de r i ved  f r o m  an i n v e n t o r y  of 

t h e  i n - f o r c e  business .  The re  a re  f ive  groups  of  po l ic ies  a t  t h e s e  f ive  d i f f e r e n t  

c r e d i t e d  r a t e s  on the  va lua t i on  da te ,  and  the i r  a g g r e g a t e  a c c u m u l a t i o n  values  

a re  as shown.  
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EXKIBrr 6-19 
PART 1 

SPDA Liability Valuation Report 
i i  , 

I 
b...) 
L r l  
CO 

I 

Accumulat ion Market 
• Block Rate Value Value 

I i i  I 

1 13.25% $65.3 MM $69.7 MM 

2 12.75 37.1 38.3 

3 12.00 59.0 59.2 

4 11.50 14.6 14.4 

5 10.50 92.8 89.2 

Totals 
Averages 11.86% $268.8 MM $270.8 MM 

Duration 

5.4 Years 

4.3 

4.7 

3.9 

3.1 

4.1 Years 



EXHIBIT 6-19 
PART Z 

SPDA Asset/Liability Example 

CURRENT INTEREST RATES 

Assets 

Liabilities 

Market 
Value 

$281.7MM 

$270.8 MM 

Duration 

5.2 Years 

4.1 Years 

I 

£,q 

I 

Surplus $ 10.9 MM 32.5 Years 



Given  a se t  of a s sumpt ions  as to  i n t e r e s t - r a t e  v o l a t i l i t y  and i n t e r e s t - s e n s i t i v e  

lapse  r a t e s ,  t he  l a t t i c e  m e t h o d o l o g y  can be used  to p l ace  a m a r k e t  va lue  on each  

b lock  of  business .  The model  c a l c u l a t e s  m a r k e t  va lues  for t he se  blocks of 

l i ab i l i t i es .  And by r e p e a t i n g  the  m a r k e t  va lue  c a l c u l a t i o n  in a changed  i n t e r e s t -  

r a t e  e n v i r o n m e n t ,  we can  c a l c u l a t e  dura t ions .  M a r k e t  values  and du ra t ions  a re  

shown for  e a c h  of  the  f ive  blocks.  Exhib i t  6-19 con ta in s  t he  a g g r e g a t e  m a r k e t  

va lue  of  the  l i ab i l i t y  p o r t f o l i o  and i ts  m a r k e t - v a l u e - w e i g h t e d  dura t ion .  Once we 

know t h e  du ra t ions  fo r  each  of  the  blocks ,  we s imply  weigh t  t h e m  by the  

co r r e spond ing  m a r k e t  va lues  to c o m p u t e  the  overa l l  ( to ta l  averages)  dura t ion .  

Thus,  t h e  4.1 y e a r s  r e su l t  is equal  to  (69.7 t i m e s  5.4) plus (38.3 t i m e s  4.3) and so 

on, all d iv ided  by 370.8. 

Now) by i t s e l f  the  l i ab i l i t y  va lua t i on  r epo r t  doesn ' t  t e l l  us ve ry  much.  I t  m a y  be 

surpr i s ing  to n o t i c e  t h a t  the  m a r k e t  va lue  of  t he  l i ab i l i t i e s  ( their  r ea l  worth)  is 

more  than  the  a c c u m u l a t i o n  va lue .  Is the  line of  bus iness  in bad  shape?  Is t h e r e  

a SZ mi l l ion  d e f i c i t  b e c a u s e  t h a t ' s  t he  d i f f e r e n c e  shown? No, not  a t  all. We 

h a v e n ' t  even  looked  a t  the  o the r  side of  the  b a l a n c e  shee t .  We m i g h t  a c t u a l l y  

have  to a n a l y z e  t he  a s se t s  in mode l ing  the  l i ab i l i t i es ,  b e c a u s e  t he  SPDA c r e d i t e d  

r a t e s  could be t i ed  to the  asse t  po r t fo l io ' s  e a r n e d  r a t e .  W h e t h e r  or not  t h a t  is 

t he  case ,  only  t he  l i ab i l i ty  number s  have  been  d i sp layed  so far .  It  m a y  happen  

t h a t  t h e  asse t  p o r t f o l i o  has  a p p r e c i a t e d  much  m o r e  than  the  l i ab i l i t i e s  have .  In 

o t h e r  words,  while  t he  p o r t f o l i o  was m i s m a t c h e d ,  i n t e r e s t  r a t e s  could have  

m o v e d  the  r igh t  way,  w i th  a consequen t  s t r e n g t h e n i n g  of  m a r k e t  va lue  surplus.  

In Exhibi t  6-19) asse t  d a t a  is pa i r ed  wi th  t h e  l i ab i l i ty  number s  jus t  d iscussed.  

The e x a m p l e  does not  show any de t a i l s  of  the  asse t  po r t fo l io .  One puts  a m a r k e t  

-Z60- 



va lue  on the  asse t s  and c a l c u l a t e s  a d u r a t i o n  index acco rd ing  to the  m e t h o d s  

d i scussed  ea r l i e r .  Exhib i t  6-19 d isp lays  t he  snapsho t  r e p o r t  card .  In th is  

examp le ,  t h e r e  is a pos i t ive  surplus on a m a r k e t  va lue  basis.  I t 's  qu i te  smal l  

when c o m p a r e d  in r a t i o  fo rm to  e i t h e r  a s se t s  or l i ab i l i t i e s  and should  no t  be 

quibbled  about .  Anybody  who m a n a g e s  a SPDA p o r t f o l i o  and has t rue  pos i t ive  

surplus  ought  to  be f a i r l y  p leased .  

I t  m a y  also appear  as i f  t h e r e  is no t  much  of a du ra t i on  m i s m a t c h .  A f t e r  all, 4.1 

y e a r s  for  t he  l i ab i l i t i e s  is p r e t t y  close to 5.Z y e a r s  for  the  asse ts .  But  t h e r e  is 

a n o t h e r  n u m b e r  i nd i ca t i ng  the  d u r a t i o n  of surplus  to be 3Z.5 yea r s .  How do we 

ge t  3Z.5 y e a r s  f rom jus t  a 1.1 y e a r  m i s m a t c h ?  What  does t he  3Z.5 y e a r  n u m b e r  

m e a n  a n y w a y ?  R e m e m b e r  t h a t  we have  de f i ned  d u r a t i o n  to m e a n  the  i n t e r e s t -  

r a t e  s e n s i t i v i t y  of  a s t r e a m  of cash  f lows.  So, d u r a t i o n  of  surplus  m e a s u r e s  how 

sens i t i ve  m a r k e t  va lue  surplus is to changes  in i n t e r e s t  r a t e s .  What  3Z.5 y e a r s  

m e a n s  is t h a t  m a r k e t  va lue  surplus  behaves  in i t s  p r i ce  m o v e m e n t  as if i t  were  a 

l i t t l e  longer  than  a 30 -yea r  z e r o - c o u p o n  bond.  If i n t e r e s t  r a t e s  go up 100 basis  

poin ts ,  m a r k e t  va lue  surplus will dec l ine  by abou t  30 p e r c e n t .  Tha t ' s  no t  a lot  in 

mi l l ions  of dol lars .  Changes  in a c t u a l  dol lar  a m o u n t s  a re  as i m p o r t a n t  as 

p e r c e n t a g e  changes ,  and one shouldn ' t  f o r g e t  t h a t .  But  d u r a t i o n  does  te l l ,  on a 

p e r c e n t a g e  basis ,  w h a t  the  s e n s i t i v i t y  is. 

Now do we ge t  to  3Z.5 yea r s ,  g iven all the  o t h e r  n u m b e r s ?  Once  aga in  a va luab le  

p r o p e r t y  of  d u r a t i o n  is t h a t  i t ' s  add i t ive .  In th is  case  surplus equals  a s se t s  minus  

l i ab i l i t i es .  So, we ge t  3Z.5 by the  fo l lowing  c a l c u l a t i o n :  

(Z81.7 x 5.Z) - (Z70.8 x 4.1) .~ (281.7 - Z70.8) 
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The  du ra t i on  of  m a r k e t  va lue  surplus  is so l a rge  b e c a u s e  t h e r e  is a lot  of  

l e v e r a g e .  Dol la r  surp lus  is small~ and as a d e n o m i n a t o r  in the  c a l c u l a t i o n  it  

m a g n i f i e s  the  smal l  d i f f e r e n c e  in a s se t  and l i ab i l i t y  dura t ions .  By this las t  

e x a m p l %  I 've shown t h e  v e r y  f e w  n u m b e r s  n e e d e d  to  s u m m a r i z e  exposu r% in a 

SPDA por t fo l io~ in r e l a t i o n  to  changes  in i n t e r e s t  r a t e s .  Since I d e v e l o p e d  a lo t  

of  m a t e r i a l  t h a t  is q u i t e  d i f f e r e n t  f r om wha t  m a n y  of  y o u  in t he  a u d i e n c e  have  

s e e n  before~ t h e r e  m a y  b e  s o m e  ques t ions .  

F R O M  THE F L O O R :  What  is you r  v i ew on r e a s o n a b l %  p laus ib le  and imp laus ib l e  

c h o i c e s  fo r  i n t e r e s t - r a t e  v o l a t i l i t y ?  

MR.  TILLEY:  Tha t  is a v e r y  good  ques t ion .  T h e r e  a re  a f e w  things  you  can use  

as a gu ide  fo r  mak ing  cho ices .  One  is to  d e t e r m i n e  wha t  v o l a t i l i t y  the  m a r k e t  

impl i e s  in the  p r ic ing  of  f inanc ia l  ins t ruments~  a s s e t s  t ha t  a re  t r a d e d  in the  

m a r k e t p l a c e  by  t he  d e a l e r  banks .  In o t h e r  words~ look a t  ca l l ab le  bonds~ look a t  

GNMAs~ and you  can  d e t e r m i n e  how the  m a r k e t  p r i c e s  vo la t i l i t y .  Tha t ' s  one 

u s e f u l  guid% bu t  as wi th  sp r eads  o f  c o r p o r a t e  bonds  to  T r e a s u r y  bills~ s i t ua t i ons  

s o m e t i m e s  o c c u r  in which  the  m a r k e t  a c t s  in a s t r a n g e  fashion.  The re  a re  no 

ha rd  and f a s t  s c i e n t i f i c  answers .  T h e r e  is a b i t  o f  a r t  invo lved .  In a s s e t / l i a b i l i t y  

planning~ t he  c o l l e c t i v e  j u d g m e n t  of  m a n a g e r s  can  be  used9 if  giving h e a v y  

c r e d e n c e  to  t h e  v i ews  of  i n v e s t m e n t  o f f i c e r s  a b o u t  r e a s o n a b l e ,  l o n g - t e r m  

v o l a t i l i t y .  A n o t h e r  a p p r o a c h  is to g r ade  the  v o l a t i l i t y  a s s u m p t i o n  down ove r  the  

long run.  Use  a h igher  v o l a t i l i t y  ea r ly  in t he  p r o j e c t i o n  p e r i o d  and less  l a t e r .  

Vo l a t i l i t i e s  for  s h o r t - t e r m  i n t e r e s t  r a t e s  a re  much  h igher  than  for  l o n g - t e r m  

i n t e r e s t  r a t e s .  If  y o u  look at  t he  l o n g e s t  p a r t  of  t he  y i e ld  cu rve ,  vo l a t i l i t i e s  on 

the  o rde r  of  10 to  1Z p e r c e n t  a re  r e a s o n a b l e  choices~ if i n t e r e s t  r a t e s  a re  at  10 
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p e r c e n t .  A v o l a t i l i t y  of  10 to 1Z p e r c e n t  impl ies  a s t a n d a r d  dev i a t i on  of r a t e  

m o v e m e n t s  b e t w e e n  100 and lZ0 basis  po in t s .  Tha t  m a y  be a l i t t l e  low 

c u r r e n t l y ,  bu t  for  a l o n g - t e r m  view t h a t  m a y  be a l i t t l e  high. 

FROM THE FLOOR:  Can  t a x e s  be i n c o r p o r a t e d  in to  th is  m e t h o d o l o g y ?  

MR. TILLEY: F rank ly ,  any  ana lys i s  a t t e m p t i n g  to t a k e  ful l  and proper  a ccoun t  

of  t a x e s  is e x t r e m e l y  d i f f i c u l t .  I t e m s  such as c a r r y  backs ,  c a r r y  fo rwards  and 

w h e t h e r  you can jus t  l i f t  out  one l ine of  bus iness  f rom the  whole c o m p a n y  m a k e  

t axes  ha rd  to i n c o r p o r a t e  in to  any  model .  If you  m a k e  the  s a m e  kind of  

s impl i fy ing  a s sumpt ions  t h a t  mos t  people  do, such  as ignor ing  cap i t a l  gains and 

losses,  c a r r y  fo rwards ,  and c a r r y  backs ,  and deal  only  wi th  s ingle  t ax  r a t e s  such  

as 36.8 p e r c e n t ,  also f o r g e t t i n g  the  add-on  t ax  for  a m u t u a l  company ,  t hen  you 

can  use  t he  s a m e  m e t h o d o l o g y  to c o m p u t e  t he  indexes  based  on a f t e r - t a x  cash  

f lows  and  a f t e r - t a x  i n t e r e s t  r a t e s .  I t  can  be done.  Howeve r ,  when  you s t a r t  to  

put  all t he  c o m p l e x i t i e s  of  r e a l - w o r l d  t a x e s  b a c k  in to  t h e s e  ca l cu l a t i ons ,  i t ,  l ike 

e v e r y  o t h e r  C-3 r isk mode l  I know of,  does  not  do a ve ry  c o m p e t e n t  job.  As was 

p o i n t e d  out  by a n o t h e r  speake r  a t  this  sympos ium,  i t 's  no t  jus t  a ques t ion  of  

m e t h o d o l o g y .  What  t ax  law will we be dea l ing  wi th  over  the  long t e r m ?  I neve r  

look a t  a f t e r - t a x  f igures  b e c a u s e  of  t he  u n c e r t a i n t y  of  t he  t ax  s i tua t ion .  

FROM THE FLOOR:  How does  you r  m a r k e t  va lue  surplus  de f in i t i on  square  wi th  

Mr. Mate ja ' s  d e f i n i t i o n  of  cash  f low surplus?  

MR. TILLEY: R e a s o n a b l y  well .  Under  his de f in i t i ons  you  ge t  a d i f f e r e n t  cash 

f low surplus  n u m b e r  for  e v e r y  i n t e r e s t  r a t e  pa th .  The r ea son  he ge t s  a d i f f e r e n t  
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number  for each  path  is essent ia l ly  tha t  his r e i nves tmen t  s t r a t egy  does not fully 

control  i n t e r e s t - r a t e  risk, in o ther  words, it is not  an immunizing s t r a t e g y  

throughout  the pro jec t ion  period.  If he knew, for any par t icu la r  scenario ,  what  

the  fully immunizing dynamic s t r a t e g y  was, he would, in fac t ,  find that  all his 

cash f low surplus numbers  discount to an unique number  at the valuat ion date.  

The reason  there ' s  a dispersion to his cash flow surplus numbers  has most ly  to do 

with the  choice of a s ta t i c ,  nonimmunizing r e inves tmen t  s t r a t egy .  

Not ice  in my 

assumption.  

the  l a t t i ce .  

throughout .  

l a t t i c e  me thodo logy  I made no expl ici t  r e inves tmen t  s t r a t e g y  

In fac t ,  though, you could de te rmine  it  by looking at the solutions to 

You would see tha t  it is a dynamic r e inves tmen t  s t r a t e g y  

Also, you would see  that  my marke t  value surplus number is the 

amount  that ,  if r emo v ed  from (if MVS is posi t ive)  or if added to (if MVS is 

negat ive)  initial  funds~ still ensures  tha t  exac t ly  no asse ts  are l e f t  over at the 

end of  the p ro jec t ion  per iod when all the  remaining l iabi l i t ies  have been paid off .  

This is t rue  pa th  by path.  You don't  get  pos i t ive  residual  amounts  in some cases  

and nega t ive  in others ,  you get  zero  on every  path.  Given the i n t e r e s t - r a t e  

sens i t iv i ty  assumptions,  t he re  is a unique marke t  value surplus number.  

FROM THE FLOOR: Do you rea l ly  get  the  same  marke t  value surplus number  

for each path?  Surely surplus does develop d i f f e r en t ly  along each path. In some 

scenarios ,  lapses are high and the in - fo rce  decl ines  rapidly. In others ,  lapses are  

low and there  is a large amount  of business in - force  at the end of the pro jec t ion  

period.  How can the same MVS apply to each path?  
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MR. TILLEY: The answer  is, yes ,  you  do ge t  d i f f e r e n t  va lues  for  d i f f e r e n t  pa ths .  

Fo r  a g iven  se t  of  a s sumpt ions  - -  t h e  i n t e r e s t - r a t e  v o l a t i l i t y  r e p r e s e n t e d  by t h e  

l a t t i c e ,  the  i n t e r e s t - r a t e  s ens i t i ve  cash f low as sumpt ions  r ega rd ing  lapse  r a t e s ,  

t he  i n t e r e s t - c r e d i t i n g  r a t e s  - -  the  m e t h o d o l o g y  gives  you  a unique  answer ,  the  

f a i r  p r i ce  of  the  l a t t i c e  p a t t e r n  of  cash  f lows.  This new m e t h o d o l o g y  has 

e l i m i n a t e d  some  of t he  fuzz ines s  in C-3 r isk  ca l cu l a t i ons .  But  i t  does not  help 

you  choose  a s sumpt ions .  If you  m a k e  a d i f f e r e n t  v o l a t i l i t y  a s sumpt ion  or i f  you  

m a k e  a d i f f e r e n t  l a p s e - r a t e  a s sumpt ion ,  you  will g e t  d i f f e r e n t  m a r k e t  va lue  

surplus  answers ,  bu t  a t  l eas t  you  know your  answer  is c o n s i s t e n t  wi th  a p p r o p r i a t e  

f i nanc i a l  t heo ry .  So using the  new m e t h o d o l o g y ,  you  can  do good, c l ean  

s e n s i t i v i t y  ana lys is .  

F R O M  THE FLO OR:  What  is a p roper  i m m u n i z i n g  cond i t ion?  What  is a p roper  

r e l a t i o n s h i p  b e t w e e n  d u r a t i o n  of  asse t s  and l i ab i l i t i e s?  Is i t  p rope r  to  make  the  

d u r a t i o n  of  the  a s se t s  sho r t e r  t h a n  the  d u r a t i o n  of  the  l i ab i l i t i e s?  

MR. TILLEY: Well ,  i t ' s  a m a t t e r  of  wha t  you  are  t r y i n g  to i m m u n i z e .  If  you  a re  

t r~ ing  to  i m m u n i z e  dol lar  surplus  over  s o m e  s p e c i f i e d  hor izon ,  you  can  d e t e r m i n e  

the  i m m u n i z i n g  cond i t ion  to be t h a t  of m a i n t a i n i n g  e q u a l i t y  b e t w e e n  the  r a t i o  of  

asse t  to l i ab i l i ty  du ra t ions  and the  r a t i o  of l i ab i l i t i e s  to  a s se t s  on a m a r k e t  va lue  

basis .  So, i f  m a r k e t  va lue  surplus is pos i t ive ,  and you  wan t  to  i m m u n i z e  dol la r  

surplus,  t hen  asse t s  should be an app rop r i a t e  a m o u n t  sho r t e r  in du ra t i on  than  

l iab i l i t i es .  But ,  if  you  wan t  to  i m m u n i z e  t he  r a t i o  on a m a r k e t  va lue  basis  of  

a s se t s  to  l i ab i l i t i e s  or a s se t s  to surplus or l i ab i l i t i e s  to  surplus,  t he  p roper  

i m m u n i z i n g  condi t ion ,  r ega rd l e s s  of  s t a r t i n g  o f f  wi th  pos i t ive  or n e g a t i v e  

surplus,  is to  m a i n t a i n  the  d u r a t i o n  of the  a s se t s  as equal  to  the  du ra t i on  of the  

-Z65- 



l iabi l i t ies .  That  point  is not  well apprec ia ted .  Most people  blindly assume tha t  

dura t ion  of asse ts  equal to durat ion of l iabi l i t ies  is the  proper  immunizing 

condit ion.  It is not necessar i ly .  If you look back  at the GIC example,  to 

immunize  tha t  s ta r t ing  surplus of $2.1 million over  the  s even-yea r  period,  you 

should set  the initial  dura t ion  of surplus equal to seven years .  That  will 

immunize  marke t  value surplus over  the  s e v e n - y e a r  period.  
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