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C h a p t e r  II 

METHODS OF ANALYZING CASH FLOWS TO 
TEST F O R  RESERVE A D E Q U A C Y  

S e c t i o n  I :  I n t r o d u c t i o n  

In the  f inal  ana lys is ,  r e s e rve  c e r t i f i c a t i o n  is a sub j ec t i ve  a s se s smen t .  The 

va lua t ion  a c t u a r y ,  knowing e v e r y t h i n g  he or she knows about  the  business  and,  

e spec ia l ly ,  t he  sens i t iv i t i e s  of  bo th  asse t s  and l i ab i l i t i e s  to var ious  i n t e r e s t  r a t e  

condi t ions ,  c e r t i f i e s  t h a t  the  asse t s  back ing  the  r e se rve s  as s t a t e d  in the  

insurer ' s  annual  s t a t e m e n t  can m a t u r e  the  company ' s  c o n t r a c t u a l  ob l iga t ions  a t  a 

ve ry  high p robab i l i t y  level .  A l though  the  p ro fess ion  has not  y e t  ag reed  as to  

w h e t h e r  this  p robab i l i t y  level  should be 90, 95, or 99 p e r c e n t ,  i t  s eems  c lea r  t h a t  

i t  is m e a n t  to  be much  h igher  t h a n  50 p e r c e n t ,  and t h a t  i t  c anno t  be 100 p e r c e n t .  

As deve loped  in the  nex t  sec t ion ,  du ra t i on  s t a t i s t i c s ,  while useful ,  canno t  

a lone  provide  this unde r s t and ing  of i n t e r e s t  r a t e  s ens i t i v i t i e s  t h a t  is so c ruc ia l .  

In s t ead ,  the  va lua t ion  a c t u a r y  will have  to e x a m i n e  var ious  i n t e r e s t  r a t e  

s cena r io s  and use c o m p u t e r  models  to s i m u l a t e  the  behav ior  of  asse t s  and 
! 

l i ab i l i t i es  in the  d i f f e r e n t  scenar ios .  Such model ing  can provide  the  va lua t ion  

a c t u a r y  wi th  a good u n d e r s t a n d i n g  of the  condi t ions  where  losses may  develop,  as 

well  as how seve re  the  losses can be. The purpose  of this  c h a p t e r  is to cons ider  

some  bas ic  tools  for  working with ,  unde r s t and ing ,  and s u m m a r i z i n g  the  d a t a  

de r ived  f rom such model ing .  
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Sect ion  Z: Basic  Tools  for Analyz ing  Ce~h F lows  

Macaulay  Duration: 

R e p r e s e n t  a v a l u a b l e  tool  for  s u m m a r i z i n g  the  i n t e r e s t  r a t e  s e n s i t i v i t y  of  a 

s t r e a m  of  cash  f lows .  C o n s e q u e n t l y  9 it  is i m p o r t a n t  for  the  va lua t ion  a c t u a r y  to  

u n d e r s t a n d  the  mean ing  of  du ra t i on  9 to  be  ab le  to i n t e r p r e t  du ra t ion  s t a t i s t i c s  

for  a s s e t s  and liabili t ies~ and e s p e c i a l l y  to  u n d e r s t a n d  the  s h o r t c o m i n g s  of  

dura t ion .  In p a r t i c u l a r ,  i t  is c r i t i c a l  to u n d e r s t a n d  t ha t  i t  is g e n e r a l l y  

i n s u f f i c i e n t  to  j udge  r e s e r v e  a d e q u a c y  so le ly  us ing du ra t i on  s t a t i s t i c s .  

D u r a t i o n  is the  w e i g h t e d  a v e r a g e  of  the  t i m e  to each  f u t u r e  cash  f low.  

The we i gh t s  a re  the  p r e s e n t  va lue  of  the  co r r e spond ing  cash  f lows.  In symbols ,  

Dura t i on  (D) = 7.  t v t C F t / P  , w h e r e  
t 

P = ~ v t C F  t. 
t 

Thus  du ra t ion  p rov ides  us wi th  a sense  of  the  a v e r a g e  " length" of  an a s se t  

or l i ab i l i ty .  The n o t a t i o n  D or D 1 is u sed  for  this  f i r s t  m o m e n t  of  the  p r e s e n t  

t 

va lue  func t ion .  

The second moment, or "spread" 

defined as follows: 

D Z = ~ t Z v t c F t / P .  
t 

or " convex i ty , "  of  the  cash  f lows  is 
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Let  the superscr ipt  A r e f e r  to the assets  and liabilities, respect ive ly .  If at 

cur ren t  in te res t  ra tes ,  and assuming a f la t  yield curve,  the following conditions 

are  sat isf ied,  

1. pA = pLy 

Z. D A = D L, 

L 3. D A ~Dz, 

then pA ~ pL for all o ther  in te res t  r a t e s  (again, assuming a f lat  yield curve). 

As descr ibed in Appendix 1, conditions Z and 3 are r e l a t ed  to calculus. In 

par t icu lar ,  if f(i) is def ined  as pA _ p L  DA _ D L = 0 is equivalent  to f'(i) = 0, and 

D z _ D  Z A  L =  0 is equivalent  to the second der ivat ive  of f(i) exceeding 0. Thus, 

with these conditions sa t is f ied  at  i, f(i) r ep resen t s  the minimum point (or at  least  

a local minima) of the present  value function.  

If, as is normal ly  the case, pA exceeds  p L  and conditions Z and 3 are 

satisfied~ then the ra t io  of surplus to l i ab i l i t i e s - - tha t  is, ( p k _  P I 0 / p L ,  is 

immunized.  In o ther  words, at all o ther  in te res t  ra tes ,  the surplus rat io is at 

least  as great .  

If one wants to immunize  the dollar amount  of surplus (that is, so that  the 

dollar amount  of surplus is at least  as g r ea t  in o ther  in te res t  environments) ,  then 
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the  ba s i c  du ra t i on  cond i t ions  a re  m o d i f i e d  as fo l lows:  

Z. D A D L = x p L / p A .  

A L 
3.  D Z  = D Z  x p L / p A  

A use fu l  r e l a t i onsh ip  t ha t  is used  to  d e r i v e  t he se  m o d i f i c a t i o n s  of  s t a n d a r d  

du ra t ion  t h e o r y  and is u s e f u l  for  c o m p u t i n g  dura t ions  for  c o m b i n a t i o n s  of a s se t s  

or  l i ab i l i t i es  is as fo l lows.  L e t  X and Y d e n o t e  t wo  s e p a r a t e  a sse t s .  The 

du ra t i on  of  the  c o m b i n e d  a s se t ,  D X + Y, is 

= x p X  p X  + + x + . 

Appendix  1 con t a in s  s e v e r a l  e x a m p l e s  to i l l u s t r a t e  t h e s e  re la t ionsh ips .  

r~urat ion can  also b e  used  to a p p r o x i m a t e  changes  in p r e s e n t  va lue  for  

smal l  changes  in i n t e r e s t  r a t e s ,  using the  fo l lowing  fo rmula :  

/ ~  p - - ] ~ i  x D x P .  

(l+i) 

In f a c t ,  this r e l a t i onsh ip  can be  used  to c o m p u t e  dura t ion .  This is 

p a r t i c u l a r l y  u se fu l  when c o m p u t i n g  du ra t ions  on a pe r sona l  c o m p u t e r  using 

s p r e a d s h e e t  p a c k a g e s  such  as LOTUS.  Fo r  v e r y  smal l  / ~  i {for example ,  

0 .000001),  the  fo l lowing  f o r m u l a  p r o v i d e s  v e r y  good  resu l t s :  

A D ~- - P x P  (1 + i )  

Ai 
As n o t e d  ea r l i e r ,  t h e r e  a re  a n u m b e r  of  s h o r t c o m i n g s  of  du ra t ion  tha t  make  

du ra t ion  s t a t i s t i c s  of  l i m i t e d  u s e f u l n e s s  in a c t u a l  p r a c t i c e .  These  s h o r t c o m i n g s  

a r e  a s  f o l l o w s :  

1. For  i m m u n i z a t i o n  to be  a c h i e v e d  wi th  dura t ion ,  the  cash  f lows mus t  be  

f ixed,  and not  s ens i t i ve  to i n t e r e s t  r a t e s .  If the  cash  f lows  shi f t  as i n t e r e s t  

r a t e s  sh i f t ,  as is o f t e n  the  case ,  i m m u n i z a t i o n  canno t  b e  ensured .  
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Z. A l though  the  p r e s e n t  va lue  and du ra t i on  f u n c t i o n s  can  be d e f i n e d  to r e f l e c t  

a given y ie ld  curve ,  i m m u n i z a t i o n  is only  ensu red  for  pa ra l l e l  sh i f t s  to  the  

y ie ld  curve .  In o t h e r  words,  if  i n t e r e s t  r a t e s  move so t h a t  the  shape and 

slope of the  i n t e r e s t  r a t e  y ie ld  curve  a re  the  s a m e  a f t e r  as b e f o r e ,  t hen  

i m m u n i z a t i o n  works.  If  the  y ie ld  curve  sh i f t s ,  all  be t s  a re  of f .  Gene ra l ly ,  

if the  y ie ld  curve  s t eepens ,  losses will develop .  

. Ma tch ing  du ra t ions  only ensures  i m m u n i z a t i o n  ( ignoring 1 and Z) a t  the  

point  in t i m e  when dura t ions  a re  m a t c h e d .  However ,  as t i m e  passes ,  the  

d u r a t i o n  c h a r a c t e r i s t i c s  of  asse t s  and l i ab i l i t i es  may  sh i f t  by d i f f e r e n t  

a m o u n t s ,  so t h a t  if i n t e r e s t  r a t e s  sh i f t  a t  some  l a t e r  poin t ,  losses m a y  

O C C u r °  

. When du ra t ions  do no t  m a t c h  a t  a p a r t i c u l a r  i n t e r e s t  r a t e ,  one m a y  

m i s i n t e r p r e t  the  imp l i ca t i ons .  For  e x a m p l e ,  if  D A exceeds  D L (assets  

l a rge r  t h a n  l iabi l i t ies) ,  one would e x p e c t  losses to develop  if  i n t e r e s t  r a t e s  

i nc r ea sed .  This is g e n e r a l l y  t rue  but  is no t  n e c e s s a r i l y  so. (See the  

exan~ple in Appendix 1). 

One p a r t i a l  so lu t ion  for  the  th i rd  p rob lem is to  m a t c h  cash f lows p r e c i s e l y  

for  the  n e x t  n yea r s ,  while  also m a t c h i n g  the  du ra t i on  s t a t i s t i c s  at  p r e sen t .  

Under  this  condi t ion ,  i t  can be shown t h a t  i m m u n i z a t i o n  is s t i l l  a c h i e v e d  

(ignoring 1 and Z) for  all i n t e r e s t  r a t e  sh i f t s  t h r o u g h o u t  the  f i r s t  n yea r s .  

F u r t h e r m o r e ,  as new business  is added,  i n v e s t m e n t s  can  be m a n a g e d  to  p re se rve  

the  cash flow m a t c h i n g  over  the  nex t  n yea r s .  
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In gene ra l ,  M a c a u l a y  du ra t ion  can  be  a use fu l  tool  for  unde r s t and ing  the 

r i sk  p ro f i l e  o f  a s se t s  and l i ab i l i t i e s  and for  deve lop ing  s o m e  f ee l  for  how a s s e t  

and l i ab i l i ty  va lues  will l ike ly  sh i f t  for  d i f f e r e n t  i n t e r e s t  r a t e  sh i f t s .  H o w e v e r ,  i t  

is c r i t i c a l  t h a t  t he  v a l u a t i o n  a c t u a r y  u n d e r s t a n d  the  l im i t a t i ons  of  M a c a u l a y  

dura t ion ,  and e s p e c i a l l y  u n d e r s t a n d  the  f a c t  t ha t  cash  f low sh i f t s  and y ie ld  cu rve  

sh i f t s  can  l ead  to  r e s e r v e  i n a d e q u a c y  d e s p i t e  t he  m o s t  idea l  M a c a u l a y  du ra t ion  

r e l a t i onsh ips .  

O p t i o n  T h e o r y  Dttrat icm 

It  was  n o t e d  p r e v i o u s l y  t h a t  M a c a u l a y  du ra t ion  canno t  be  c o u n t e d  on when 

cash  f lows  t h e m s e l v e s  a r e  s e n s i t i v e  to i n t e r e s t  r a t e s .  A p romis ing  r e c e n t  

d e v e l o p m e n t  tha t  a d d r e s s e s  this s h o r t c o m i n g  is in r e sponse  to this p rob l em,  an 

1 
e x t e n s i o n  of  du ra t i on  using op t ion  p r i c ing  theo ry .  The bas i c  idea  is to  v iew 

du ra t ion  as an i n d i c a t o r  of p r i ce  s e n s i t i v i t y  to  i n t e r e s t  r a t e  change.  Thus, we  

s t a r t  wi th  du ra t i on  d e f i n e d  as: 

A P  

Ai 
P (1+i) 

C o n c e p t u a l l y ,  we  wan t  to  m e a s u r e  how p r i c e  changes  for  a smal l  change  in 

i n t e r e s t  r a t e s ,  w h e r e  the  change  r e f l e c t s  b o t h  the  d i f f e r e n t  d i scoun t  r a t e  and the  

An o v e r v i e w  of the  t h e o r y  was  p r e s e n t e d  by  J o s e p h  J.  Buff .  " C o r p o r a t e  
Model ing  and F o r e c a s t i n g :  P r a c t i c a l  A s p e c t s  fo r  the  Valua t ion  A c t u a r y . "  
P a n e l  d i scuss ion  at  the  c o n v e n t i o n  of  the  S o c i e t y  of A c t u a r i e s ,  Aust in ,  May  
1986. 
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a s s u m e d  change  in cash f lows .  The m e c h a n i c s  of  the  c a l c u l a t i o n  involve  an 

a p p l i c a t i o n  of  op t ion  pr ic ing  t e c h n i q u e s  to  d e v e l o p  t w o  "pr ices"  of  the  i n t e r e s t  

s ens i t i ve  a s se t  (or l iabi l i ty)  a t  a s t a r t i ng  r a t e  i and at  i + / ~ i .  The above  f o r m u l a  

is then  used  to c o m p u t e  dura t ion .  

U n f o r t u n a t e l y ,  the  c a l c u l a t i o n  is f a i r ly  invo lved  and r e q u i r e s  s o m e  

k n o w l e d g e  and e x p e r i e n c e  wi th  op t ion  p r i c ing  t e chn i ques .  At  this s t age ,  i t  is 

p r o b a b l y  b e y o n d  the  capab i l i t i e s  of  m o s t  v a l u a t i o n  a c t u a r i e s .  This may  change  in 

the  nea r  f u tu r e ,  if  the  c o n c e p t  p r o v e s  va luab le  and if  s o f t w a r e  p a c k a g e s  b e c o m e  

ava i l ab le .  

While this m e a s u r e  appea r s  to r e p r e s e n t  a s u b s t a n t i a l  i m p r o v e m e n t  ove r  

t r ad i t i ona l  dura t ion ,  m a t c h i n g  "opt ion  pr ic ing"  du ra t i ons  of  a s s e t s  and l i ab i l i t i e s  

s t i l l  does  not  assure  i m m u n i z a t i o n .  Losses  could  deve l op  if  i n t e r e s t  r a t e s  p r o v e d  

m o r e  vo la t i l e  than  a s s u m e d  in the  op t ion  pr ic ing  m o d e l  a n d / o r  if  the  c o m p a n y  

does  no t  con t inua l ly  r e b a l a n c e  the  p o r t f o l i o s  to m a i n t a i n  the  du ra t ion  ma tch .  

Scena r io  Tes t . h~  

G iven  the se  s h o r t c o m i n g s  of t r ad i t i ona l  dura t ion ,  and the  d i f f i cu l t i e s  of 

c o m p u t i n g  "opt ion  theo ry"  dura t ion ,  t he  v a l u a t i o n  a c t u a r y  will n o r m a l l y  n e e d  to 

r e ly  on mode l ing  of  a s s e t s  and l i ab i l i t i e s  under  va r ious  i n t e r e s t  r a t e  scena r ios .  

The d e v e l o p m e n t  of  the  s c e n a r i o s  will depend  on the  n a t u r e  of  the  bus iness .  For  

e x a m p l e ,  if  the  va lua t i on  a c t u a r y  f inds  tha t  r e s e r v e s  a re  a lways  a d e q u a t e  in 

d e c r e a s i n g  scena r io s ,  he will want  to focus  g r e a t e r  a t t e n t i o n  on increas ing ,  and 
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possibly up and down or down and up, scenarios. In general, enough scenarios 

must be examined to give the valuation actuary a thorough understanding of 

what  t y p e  of cond i t ions  will cause  r e se rves  to be i n a d e q u a t e .  This is obviously 

c r i t i c a l  to  provide  t he  va lua t ion  a c t u a r y  wi th  a sound basis for  r e s e r v e  

c e r t i f i c a t i o n .  

Basically~ t h e r e  a re  two ways to q u a n t i f y  the  r e su l t s  of each  scenar io :  the  

a c c u m u l a t i o n  app roach  and  the  p r e s e n t  va lue  approach .  Both  approaches  a re  

d i scussed  in g r e a t e r  de t a i l  and i l l u s t r a t e d  in Sec t ion  3. 

A c c , ! , ~ , l ~ t i o n  Approach  

Under  the  a c c u m u l a t i o n  approach~ mode l s  are  used  to p ro j ec t  asse ts  and 

l i ab i l i t i e s  for  n yea r s ,  as well  as to  d e t e r m i n e  w h e t h e r  and how much asse t s  are  

l e f t  a t  the  poin t  where  t he  las t  l i ab i l i ty  b e n e f i t  p a y m e n t  was made .  If  b e n e f i t  

p a y m e n t s  s t r e t c h  out  for  a v e r y  long t i m e  (for example~ 30 or 40 yea r s  or 

longer) ,  i t  is g e n e r a l l y  no t  n e c e s s a r y  or des i rab le  to run the  model  all the  way  to  

t he  las t  b e n e f i t  p a y m e n t  da t e .  In this  case~ one m a y  l imi t  the  p ro jec t ion  per iod  

to  a sho r t e r  period~ say~ 20 yea r s .  One would then  c o m p u t e  the  asse t  m a r k e t  

va lue  and l i ab i l i ty  m a r k e t  va lue  a t  the  end of  the  p r o j e c t i o n  period~ assuming 

t h a t  the  i n t e r e s t  r a t e  a t  t h a t  point  under  the  s cena r io  being cons ide red  r ema ins  

l eve l  f rom t h a t  po in t  forward9 and s t i l l  use a p r o j e c t i o n  of  asse t  and l i ab i l i ty  

cash  f lows for  the  l a t e r  yea r s .  C o m p a r i n g  asse t  and l i ab i l i ty  m a r k e t  values  a t  

t he  end point  provides  a m e a s u r e  of  r e s e r v e  adequacy .  

A l though  these  a re  t e r m e d  e c o n o m i c  t e s t s ,  b e c a u s e  t h e y  ignore  s t a t u t o r y  

gains and losses t h roughou t  the  p r o j e c t i o n  per iod ,  one canno t  ignore earn ings  
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c o m p u t a t i o n s  a l t o g e t h e r .  At  the  ve ry  l eas t ,  the  model  mus t  develop y e a r - b y  

- y e a r  t axab le  income so t h a t  FIT can be c o m p u t e d  for  each  yea r .  FIT can be a 

c r i t i c a l  cash  flow r e q u i r e m e n t  t h a t  should be cons ide red  t o g e t h e r  wi th  the  bas ic  

a s se t  and l iab i l i ty  cash flows. 

Prespnt Value A l ~ r o a c h  

The p r e sen t  va lue  approach  r equ i re s  g r e a t e r  ca re  in d e v e l o p m e n t  t han  the  

a c c u m u l a t i o n  approach ,  but  i t  also provides  more  r e l e v a n t  da t a .  In p a r t i c u l a r ,  if  

the  d i scount ing  is done p roper ly ,  one can d e t e r m i n e  for  each  scena r io  how much  

cash can be r e m o v e d  (or needs  to be added) so t h a t  the  r e m a i n i n g  asse t s  can 

p r ec i s e ly  m a t u r e  the  l iab i l i t i es  (assuming e x p e r i e n c e  unfo lds  e x a c t l y  as a s sumed  

in the  ca l cu l a t i on  wi th  t h a t  scenar io . )  This a m o u n t  of  cash t h a t  can be r e m o v e d  

has  been  de f ined  as CFS, or cash  f l ow-based  surplus.  Appendix Z fu l ly  develops  

the  t heo ry  of  CFS, including spec i f i c  gu idance  on i t s  c o m p u t a t i o n  and though t s  

on its use and meaning .  The fo l lowing is a r e l a t i v e l y  b r i e f  overv iew.  

CES can be d e t e r m i n e d  by "b ru te  fo rce"  by applying the  a c c u m u l a t i o n  

mode l  i t e r a t i v e l y  wi th  d i f f e r e n t  s t a r t i n g  a s se t  values ,  un t i l  the  amoun t  of in i t ia l  

asse t s  t h a t  develops  0 ending y e a r  s u f f i c i e n c y / d e f i c i e n c y  is d e t e r m i n e d .  Z 

The d i f f e r e n c e  b e t w e e n  a c t u a l  in i t i a l  a s se t s  and r equ i r ed  asse t s  is no t  CFS; 
s ince  CFS is de f i ned  as "cash ,"  th is  d i f f e r e n c e  mus t  be c o n v e r t e d  to m a r k e t  
value.  
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A more  r e f i n e d  and d i r ec t  approach  involves  d i scount ing  the  various cash  

f lows.  In d i scoun t ing  cash  f lows in non leve l  i n t e r e s t  r a t e  scenar ios ,  it  is c r i t i c a l  

t h a t  the  d i scount ing  process  r e c o g n i z e  the i n t e r e s t  r a t e  scena r io  and the 

r e i n v e s t m e n t  assumpt ions .  By de f in i t i on ,  the  p r e sen t  va lue  of $1 n yea r s  f rom 

the  p r e s e n t  is t ha t  amoun t  t ha t ,  i nve s t ed  a t  p resen t ,  will a c c u m u l a t e  to $1 in n 

yea r s .  Obviously ,  this  a c c u m u l a t i o n  is a f unc t i on  of the  asse t s  a c t u a l l y  i nves t ed  

in, of f u t u r e  r e i n v e s t m e n t  assumpt ions ,  and of the c u r r e n t  and fu tu r e  i n t e r e s t  

r a t e  a ssumpt ions .  The process  of  deve lop ing  such p r e s e n t  values  is desc r ibed  in 

Sec t ion  3 of  this  C h a p t e r .  However~ Sec t ion  3 ignores  the  e f f e c t s  of FIT. 

The  t r e a t m e n t  o f  FIT is an i m p o r t a n t  cons ide r a t i on  in d i scount ing  cash 

f lows.  We have  found,  l a rge ly  t h rough  t r ia l  and error ,  t h a t  p r e s e n t  values  must  

be c o m p u t e d  

Using a f t e r - t a x  i n t e r e s t  r a t e s ,  

Adjus t ing  each  as se t  and l i ab i l i ty  cash f low for i ts  e f f e c t  on taxes ,  

I n t roduc ing  as a cash  flow the  t ax  e f f e c t s  of  n o n - c a s h  flow i tems ,  

For  th~ asse t  cash f lows,  r e f l e c t i n g  only the  cash f lows f rom the  or iginal  

a s se t s  ( tha t  is, ignor ing cash f lows f rom r e i n v e s t m e n t ) .  

This s e e m s  much  more  c o m p l i c a t e d  than  one would th ink necessa ry .  In 

p a r t i c u l a r ,  one would th ink  t h a t  p r e s e n t  valuing as se t  cash f lows less l iab i l i ty  

cash  f lows less FIT cash  f lows,  using a f t e r - t a x  i n t e r e s t  r a t e s ,  would be s u f f i c i e n t  

to ge t  the  des i red  q u a n t i t y .  As deve loped  in Appendix Z, this  is no t  the  case .  
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Instead, rather than reflect the FIT cash flow directly, it must be handled 

by tax-effecting various cash flow and non-cash flow items. 3 

Consider  the example  t h a t  is used in Appendix 3 involving a 4 - y e a r  

compound  GIC wi th  an i n t e r e s t  g u a r a n t e e  of 13 p e r c e n t ,  where  new money  r a t e s  

r e m a i n  level  a t  14 p e r c e n t  and where  the  in i t ia l  a s se t  is a 14 p e r c e n t  bond with  

annual  coupons t h a t  m a t u r e  in four  yea r s .  The cash f lows are  as shown here:  

Summary of  Cash F lows  
Annua l  Sha reho lde r  Div idend  Pa id  

Shareho lder  
Year Asse ts  L iab i l i t y  FIT Dividend 

1 $ 140 - $ 3 . 6 8  $ 6 .3Z 
Z 140 - 4.16 7.14 

140 - 4.70 8.07 
4 1 , 1 4 0  $1,630.47 5.31 9. IZ 

PV-AFIT $1,167.47 $I, 161.53 $ 14.3Z $ Z4.59 

Note  t h a t  if we m e r e l y  deduc t  the  l i ab i l i ty  and FIT p r e s e n t  values  f rom the  

asse t  cash f low p re sen t  value,  we ge t  the  nonsens ica l  answer  of -$8.38.  CFS, 

p roper ly  

The bas ic  d i f f e r e n c e  in the  approaches  is t h a t  the  s imple  approach ,  in e f f e c t ,  
r e f l e c t s  the  FIT f rom i n v e s t m e n t  i ncome  on asse t s  de r ived  f rom r e i n v e s t m e n t  
a c t i v i t y .  However ,  the  p r e sen t  value of asse t  cash  f lows cor responding  to  the  
asse ts  he ld  on the  va lua t ion  d a t e  should only r e f l e c t  cash  f lows a s soc i a t ed  wi th  
those  asse ts .  Thus,  a n o t h e r  t echn ique  for  p rope r ly  compu t ing  CFS would be to 
take  the  p r e s e n t  va lue  of  asse t  cash  f lows less l i ab i l i ty  and FIT cash f lows,  and 
then  adjus t  for  FIT e f f e c t s  f rom i n v e s t m e n t  i ncome  on r e i n v e s t e d  assets .  
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computed ,  equals the present  value of shareholder  dividends. Note  that  this 

re la t ionship has in tui t ive  appeal,  s ince the cash flows that  remain a f t e r  all 

l iabi l i t ies  (including FIT payments)  have been discharged would logically belong 

to shareholders .  

As jus t  discussed,  one solution for computing CFS is to t a x - e f f e c t  the 

t ransac t ions  tha t  a f f e c t  the tax  l iabil i ty.  For example ,  the in te res t  coupon of 

$140 is mult ipl ied by the complement  of the tax r a t e  of 36.8 pe r cen t  to yield a 

net  a f t e r t a x  cash flow of $88.48. On the l iabil i ty side, by credit ing in teres t  at  

13 pe rcen t ,  there  is a reduct ion  in the tax l iabi l i ty of 36.8 pe rcen t  t imes the 

c red i ted  in te res t .  Although this does not  appear  as a separa te  cash flow, it does 

o f f se t  the cash flow that  would o therwise  be paid on the asset  side (that is, if the 

l iabi l i ty i tem did not  exist). 

The a d j u s t e d - f o r - t a x  cash flows and present  values are thus as follows: 

CFS Basis 

Cash Flows Adjusted for Tax 

Year  Assets  Liabil i t ies 

1 $ 88 .48  $ (47.84)  
Z 88.48 (54.06)  
3 88 .48  (61.09)  
4 1 ,000 .00  1 ,630 .47  

PV-AFIT $ 1 ,000 .00  $ 975.41 

Deduct ing  $975.41 from $1,000.00 yields $Z4.59, which does equal the present  

value of shareholder  dividends. 
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A l t e r n a t i v e l y ,  we can c o m p u t e  CFS as the  p r e s e n t  va lue  of the  a c t u a l  

p r e t a x  a s se t  ( c o r r e s p o n d i n g  to  t he  in i t i a l  asset)  and l i ab i l i ty  cash  f lows less t h e  

e x c e s s  of  a c t u a l  FIT ca sh  f lows  o v e r  FIT  on r e i n v e s t e d  asse t s .  This is shown 

he re :  

Y e a r  NII f r om  R e i n v e s t m e n t  X = 36 .8% AFIT=PV 

1 0.00 0.00 Assets $ 1,167.47 
Z 18. Z0 6.70 - Liabilities 1,16 I .  53 
3 38.77 14.Z7 - FIT 14.3Z 
4 6Z.01 ZZ.8Z + FIT on reinvestment 3Z.97 

PV-AFIT 89.59 3Z. 97 $ Z4.59 

By w h a t e v e r  m eans  one  chooses  to  c o m p u t e  CFS,  it  should be c l ea r  t h a t  

c a r e  is r e q u i r e d  in the  c o m p u t a t i o n .  This is f u r t h e r  i l l u s t r a t e d  in the  fo l lowing  

s e c t i o n .  

Sect ion  3: Discount ing  Cz-qh F lows  

As a c t u a r i e s  we have  f r e q u e n t l y  used  d i s coun t ing  and p r e s e n t  va lues  to  the  

po in t  wh4re  t h e y  h a v e  b e c o m e  s e c o n d  n a t u r e  to  us. R e c e n t  v a l u a t i o n  d e v e l o p -  

m e n t s  h a v e  f o r c e d  me  to  s t ep  b a c k  and e x a m i n e  d i s coun t ing  and the  mean ing  of  

i ts  r e su l t s .  

The  v a l u a t i o n  d e v e l o p m e n t s  I r e f e r  to  a re  t hose  e m a n a t i n g  f r o m  t h e  New 

Y ork  I n s u r a n c e  D e p a r t m e n t  in c o n n e c t i o n  wi th  GICs and annu i t i e s  unde r  t he  

D y n a m i c  Va lua t ion  Law.  New York 's  ve r s i on  of  the  D y n a m i c  Va lua t i on  Law 
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p e r m i t s  the  more  f avo rab l e  (higher) va lua t ion  i n t e r e s t  r a t e  if  the  a c t u a r y  can 

d e m o n s t r a t e  t h rough  a good and s u f f i c i e n t  t e s t  (which t akes  in to  a c c o u n t  the  

r e l a t ionsh ip  b e t w e e n  a s se t s  and l iabi l i t ies)  t h a t  the  r e su l t i ng  r e se rves  are  

a d e q u a t e .  

In o rde r  to  d e m o n s t r a t e  such adequacy ,  one approach  would be to p ro j ec t  

a long seve ra l  possible  f u t u r e  i n t e r e s t  r a t e  pa ths  the  cash f low of  bo th  the  

c o n t r a c t  l i ab i l i t i es  of  the  book of  business  in ques t ion  and the  asse t s  t h a t  suppor t  

the  r e se rves  being t e s t e d .  The n e t  cash  flow s t r e a m s  for  a given i n t e r e s t  r a t e  

p a t h  could t hen  be c o n v e r t e d  to a single value  th rough  d iscount ing  or 

a ccumula t i ng -  A pos i t ive  value  would d e m o n s t r a t e  a d e q u a c y  for  t h a t  pa th ;  a 

n e g a t i v e  value,  i nadequacy .  (Let  me duck the  issue of the  ne t  book value of the  

business  in ques t ion  going n e g a t i v e  s o m e w h e r e  in the  pa th  even though  the  ne t  

cash  f low single value  is posi t ive.)  

Under  a leve l  i n t e r e s t  r a t e  p a t h  assumpt ion ,  t r a d i t i o n a l  d i scount ing  and  

a c c u m u l a t i n g  a t  the  a s sumed ,  s ingle  i n t e r e s t  r a t e  a re  val id and p roduce  

m e a n i n g f d l  resu l t s .  But wha t  about  non leve l  i n t e r e s t  r a t e  pa ths?  One has to 

ques t ion  the  mean ing  of  the  r e su l t s  in these  cases  i f  a s ingle i n t e r e s t  r a t e  is used  

for  d i scoun t ing  or a c c u m u l a t i n g .  (More on this  la ter . )  One can also ques t ion  the  

mean ing  of  the  resu l t s  of  an approach  w h e r e b y  the  a c c u m u l a t i o n  or d i scount  

f a c t o r s  a re  der ived  by s imply  "s t r ing ing  t o g e t h e r "  the  appl icable  new m o n e y  

i n t e r e s t  r a t e s  of  t he  i n t e r e s t  r a t e  p a t h  in ques t ion .  (More on this ,  too,  la ter . )  

My th inking  on d i scoun t ing  and a c c u m u l a t i n g  under  a nonlevel  f u tu r e  

i n t e r e s t  r a t e  a s sumpt ion  has led me  to conc lude  t h a t  wha t  is t h e o r e t i c a l l y  ca l l ed  

for  is a type  of i n v e s t m e n t - y e a r  m e t h o d  t h a t  t akes  in to  accoun t  an a s sumed  
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r e i n v e s t m e n t  s t r a t e g y .  (I am using the  word  r e i n v e s t m e n t  to  apply  to  cash  f low 

f rom " insurance  ope ra t i ons "  as wel l  as " i n v e s t m e n t  opera t ions . " )  The a s s u m e d  

r e i n v e s t m e n t  s t r a t e g y  needs  to be  d e f i n e d  for  e ach  f u t u r e  y e a r  of a g iven 

i n t e r e s t  r a t e  pa th  and r e p r e s e n t s  the  s t r a t e g y  t ha t  would  a c t u a l l y  be  e m p l o y e d  

to  handle  the  cash  f low tha t  would e m e r g e  each  yea r ,  i f  in f a c t  t ha t  i n t e r e s t  r a t e  

pa th  w e r e  to  m a t e r i a l i z e .  The r e i n v e s t m e n t  s t r a t e g y  app l i cab le  to  any g iven  

y e a r ' s  cash  f low could  be  a func t i on  of  wha t  has  t r a n s p i r e d  to  date~ but ,  of  

course~ we canno t  p e e k  a h e a d  to  ge t  a g l impse  of  the  f u t u r e  i n t e r e s t  r a t e s  the  

p a t h  has in s to re .  Thus, t w o  i n t e r e s t  r a t e  pa ths  tha t  run i d e n t i c a l l y  th rough  y e a r  

m and d ive rge  t h e r e a f t e r  would  have  to  have  the  s a m e  a s s u m e d  r e i n v e s t m e n t  

s t r a t e g i e s : t h r o u g h  y e a r  m. 

An a s s u m e d  d i s i n v e s t m e n t  s t r a t e g y  (for e x a m p l e ,  se l l ing c e r t a i n  a s se t s ,  

b o r r o w i n g  shor t  t e rm)  is a lso n e e d e d  to dea l  wi th  the  s i t u a t i o n  of  n e g a t i v e  cash  

f low.  For  the  r e m a i n d e r  of this discussion~ the  d i s i n v e s t m e n t  s t r a t e g y  is 

c o n s i d e r e d  m e r e l y  a p a r t  of the  overa l l  r e i n v e s t m e n t  s t r a t e g y .  

An e k a m p l e  be s t  i l l u s t r a t e s  how the  i n v e s t m e n t  y e a r  app roach  might  

o p e r a t e  in the  a c c u m u l a t i o n  or d i scoun t ing  p r o c e s s .  A s s u m e  a s imple  book  of  

bus iness  cons i s t ing  of  (1) a $1,000 depos i t  a t  t i m e  0 t h a t  is g u a r a n t e e d  to be  

r e p a i d  wi th  i n t e r e s t  a t  the  r a t e  of  9 p e r c e n t  pe r  annum a t  the  end of  3 y e a r s  and 

(Z) a $1,000 bond,  bough t  at  pa r  at  t i m e  0, pay ing  annual  coupons  of $90 and 

m a t u r i n g  a t  t he  end of  y e a r  4. 

A s s u m e  we are  holding a r e s e r v e  of $1,090 (equal  to the  a c c r u e d  c o n t r a c t  

l i ab i l i ty  and s u p p o r t e d  by  the  $1,000 bond  and f i r s t - y e a r  coupon) a t  the  end of  

y e a r  1, when  i n t e r e s t  r a t e s  a re  10 p e r c e n t ,  and t ha t  we wan t  to  p e r f o r m  wi th  
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r e s p e c t  to t h a t  r e s e rve  a good and s u f f i c i e n t  t e s t  t h a t  t akes  bo th  asse t  and 

l i ab i l i ty  cash f lows in to  accoun t .  F u r t h e r  assume t h a t  one f u t u r e  i n t e r e s t  r a t e  

p a t h  to be t e s t e d  has a 1Z p e r c e n t  p reva i l ing  r a t e  at  the  end of  y e a r  Z, 14 

p e r c e n t  a t  the  end of  y e a r  3, and 16 p e r c e n t  a t  the  end of  y e a r  4. 

The assumed  r e i n v e s t m e n t / d i s i n v e s t m e n t  s t r a t e g y  for  this  i n t e r e s t  r a t e  

p a t h  is as fol lows.  Each  y e a r  any n e t  pos i t ive  cash  f low is to  be r e i n v e s t e d  in 

annua l  coupon bonds a t  the  p reva i l ing  r a t e  to m a t u r e  a t  the  end of y e a r  4 

(assume a f l a t  y ie ld  curve) .  Borrowing on m i r r o r - i m a g e  t e r m s  will be a s sumed  to 

cover  any  n e g a t i v e  cash f low, excep t  t h a t  any  i n v e s t m e n t s  exis t ing  at  the end of 

y e a r  4 will be sold a t  m a r k e t  va lue  to m in imize  any bor rowing  a t  t h a t  point .  The 

p r o j e c t e d  cash flow f rom asse t s  ex is t ing  as of the  end of y e a r  1 (before 

r e i n v e s t m e n t  of  the  f i r s t - y e a r  $90 coupon) and f rom c o n t r a c t  l iabi l i t ies  and the i r  

n e t  sum is as fol lows:  

Y e a r - e n d  Cash F l o w  

Year  

1 Z 3 4 

Asse ts  $90 $90 $ 90 .00  $ 1 , 0 9 0 . 0 0  
L iab i l i t i e s  0 0 ( 1 ~ Z95 • 03 ) - 
Ne t  (before  r e i n v e s t m e n t )  $90 $90 $ ( I , Z 0 5 . 0 3 )  $ 1 , 090 .0 0  

The ques t ion  now is how to  d i scount  or a c c u m u l a t e  these  ne t  cash  f lows.  

T h r e e  possible approaches  t h a t  use the  i n v e s t m e n t  y e a r  t echn ique  are  (1) 

p rogress ive  a c c u m u l a t i o n ,  (Z) a c c u m u l a t i o n  f a c t o r s ,  and (3) d i scount  f ac to r s .  
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Progressive Accumulation Approach 

The progress ive  accumula t ion  approach is the most  natural  approach and 

presen ts  the eas ies t  way to unders tand the dynamics  involved. The mechanics  of 

this approach are i l lus t ra ted  here  and are as follows. First ,  invest  the (as ye t  

uninvested) $90 net  cash flow at the end of year  1 according to the assumed 

r e inves tmen t  s t r a t egy  for year  end 1. 

cash flows to r e f l e c t  the re inves tment .  

and subsequent ly  at the end of year  3: 

Next ,  modify  the subsequent  years '  ne t  

R e p e a t  the process  at  the end of year  Z 

Assets 

Liabilities 

Net (before reinvestment) 
Year 1 reinvestrnent at 10% 

Year Z reinvestment at 1Z% 

Year 3 borrowing at 14% 
t 

1 

$90 

0 

$90 
/ 

Year-end C ~ h  Flow 

Year 
Z 3 4 

$90 $ 90.00 $ 1,090.00 

0 (1 tZ95 .03)  

$90 $ (1,Z05.03) $ 1,090.00 
9 9 .00  99.0O 

$~9 $ ( 1 , 1 9 6 . 0 3 )  $ 1 , 1 8 9 . 0 0  
/ 11.88 110.88 

$ ( 1 , 1 8 4 . 1 5 )  $ 1 ,Z99.88  
I " ~  (11349.93)  / 

$ (s0.0s} 

The end result shows that reserves of $1,090 as of year end I, supported by 

the original asset and its first coupon, were deficient for this particular interest 

rate path by $50.05 (valued at the end of year 4). 
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' ~efore  moving  to the  s e c o n d  approach ,  i t  m a y  be  i l lumina t ing  to  see  the  

earn ings  and b a l a n c e s h e e t  f igures  this e x a m p l e  p roduces .  They  are  as fo l lows:  

Year 1 Z 3 4 

Earnings  

I n v e s t m e n t  i n c o m e  $ 90 $ 9 9 . 0 0  $ 110 .88  $ 110 .88  
I n t e r e s t  c r e d i t e d  90 9 8 . 1 0  106 .93  - 
D e b t  i n t e r e s t  pa id  - - - 165 .78  
Ne t  $ 0 $ .90  $ 3 . 9 5  $ ( 5 4 . 9 0 )  

B a l a n c e  Sheet 

Assets $ 1,090 $ 1,189.00 $1,189.00 $ 0.00 
Liabilities: 

Contract balance 1 ,090  1,188.10 0.00 0.00 
Debt - - I~184.15 (50.05) 

$ 0 $ .90 $ 4.85 $ (50.05) 

A c c u m u l a t i o n  F a c t o r  Approach 

U n d e r  the  a c c u m u l a t i o n  f a c t o r  approach ,  a c c u m u l a t i o n  f a c t o r s  a re  de r i ved  

and app l ied  d i r e c t l y  to  the  p r o j e c t e d  ne t  cash  f low b e f o r e  r e i n v e s t m e n t .  The 

r e q u i r e d  a c c u m u l a t i o n  f a c t o r s  a re  de r ived  using the  p rog re s s i ve  a c c u m u l a t i o n  

a p p r o a c h  Co a c c u m u l a t e  $1, s e p a r a t e l y  f rom each  y e a r  end to  the  end of  y e a r  4, 

t ak ing  in to  a c c o u n t  the  a s sume d  r e i n v e s t m e n t  s t r a t e g y .  The fo l lowing are  the  

f a c t o r s  so de r ived  and the  a c c u m u l a t e d  va lue  t h e y  p r o d u c e  when appl ied  to the  

e x a m p l e :  

Year Net Cash Flow Accumulated 
End Accumulation Factor before Reinvestment Value 

1 1 .3397  x $ 90 = $ 1Z0.57  
Z 1 .Z568  x 90 = 113 .11  
3 1 .1400  x ( 1 , Z 0 5 . 0 3 )  = ( 1 , 3 7 3 . 7 3 )  
4 1.0000 x 1,090 = It090-00 

$ ( 5 0 . 0 5 )  
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N o t e  t h a t  (1) no t  surpr is ingly ,  cons ider ing  the  c o n c e p t u a l  e q u i v a l e n c y  wi th  the  

p r o g r e s s i v e  a c c u m u l a t i o n  approach ,  this  m e t h o d  p r o d u c e s  the  s a m e  $(50.05) 

a c c u m u l a t e d  va lue ,  and (Z) use  of  the  fo l lowing  a c c u m u l a t i o n  f a c t o r s  would  be  

i n a p p r o p r i a t e  ( that  is, p r o d u c e  r e su l t s  o f  q u e s t i o n a b l e  meaning) :  

Yea r  Ne t  Cash  F low A c c u m u l a t e d  
End A c c u m u l a t i o n  F a c t o r  b e f o r e  R e i n v e s t m e n t  Value 

1 (1 .10) (1 .12) (1 .14)  or 1 .4045  x $ 90 = $ 126 .41  
Z (1.1Z)(1.14) or  1 .Z768 x 90 = 114 .91  
3 (1.14) or 1.14 x (1,205.03) = (1,373.73) 

4 (I.00) or I .  O0 x 1 ,090  = I t 090.  O0 
$ (4Z.4Z)  

Discount Factor Approach 

D e v e l o p m e n t  of  a d i s c o u n t e d  p r e s e n t  va lue  t ha t  has  mean ing  in r e l a t i on  to 

the  pu rpose  of  the  t e s t i ng  r equ i r e s  s o m e  c a r e f u l  de l ibe ra t i on .  The de f in i t ion  of  

p r e s e n t  va lue  t ha t  is n e e d e d  mus t  invo lve  f u t u r e  a c c u m u l a t i o n  va lues .  The 

e s s e n c e  of  the  de f in i t ion  is t ha t  two  things  will  b e  d e e m e d  e q u i v a l e n t  t o d a y  if  

t h e y  u l t i m a t e l y  end up e q u i v a l e n t  in the  fu tu re .  More  s p e c i f i c a l l y ,  the  de f in i t ion  

is as fo l lows:  
t 

The c a s h - e q u i v a l e n t  p r e s e n t  va lue  of s p e c i f i e d  cash  f low emerg ing  in 

s o m e  f u t u r e  y e a r  is t he  a m o u n t  of  c u r r e n t  cash  n e e d e d  to  p r o d u c e  

u l t i m a t e l y ,  ove r  the  i n t e r e s t  r a t e  p a t h  be ing  t e s t e d ,  the  s a m e  

a c c u m u l a t e d  va lue  t h a t  t he  s p e c i f i e d  cash  f low in ques t i on  would  

u l t i m a t e l y  p roduce ,  p rov ided  t h a t  b o t h  the  c u r r e n t  cash  and the  

s p e c i f i e d  cash  f low are  r e i n v e s t e d  in a c c o r d a n c e  wi th  the  a s s u m e d  

r e i n v e s t m e n t  s t r a t e g y  for  t ha t  i n t e r e s t  r a t e  pa th .  
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The c a s h - e q u i v a l e n t  p r e s e n t  va lue  of  an i n v e s t m e n t  is s imply  the  sum of 

the  c a s h - e q u i v a l e n t  p r e s e n t  va lues  of  the  cash  f low e x p e c t e d  to be  g e n e r a t e d  by  

t he  i n v e s t m e n t  ove r  the  g iven  i n t e r e s t  r a t e  pa th .  

N o t e  t h a t  this  de f in i t ion  of  p r e s e n t  va lue  is a f unc t i on  of  b o t h  fu tu re  

i n t e r e s t  r a t e s  and the  a s s u m e d  r e i n v e s t m e n t  s t r a t e g y .  N o t e  a lso tha t  f u t u r e  

i n t e r e s t  r a t e s  can add i t iona l ly  a f f e c t  t he  p r e s e n t  va lue  by  a f f e c t i n g  the  e x p e c t e d  

cash  f low of  t he  i n v e s t m e n t  (and also of  the  l iab i l i ty ,  for  t ha t  m a t t e r ) .  

By this  def in i t ion ,  t he  d i scoun t  f a c t o r s  can  be  de r i ved  as fol lows.  (The 

" u l t i m a t e "  va lue  of  $1 of  cash  f low e m e r g i n g  a t  e ach  y e a r  end, including t ha t  at  

t he  end o f  y e a r  l ,  was  p rev ious ly  ca l cu la t ed . )  

U l t i m a t e  
Value  

of  $1 C a s h  F low U l t i m a t e  Ne t  Cash  
Y e a r  I n v e s t e d  a t  Value of  D i s c o u n t  F low  b e f o r e  P r e s e n t  
End Y e a r  End $1 C u r r e n t ~  Cash  F a c t o r  R e i n v e s t m e n t  Values  

1 $1.3397 / $1.3397 = 1 .0000 x $ 90 = $ 90 .00  
Z 1.Z568 / 1 .3397 = 0 .9381 x 90 = 84.43 
3 1 .1400 / 1.3397 : 0 .8509 x ( 1 , Z 0 5 . 0 3 )  = ( 1 , 0 Z 5 . 3 6 )  
4 1 .0000  / 1 .3397  = 0 . 7 4 6 4  x 1 ,090  = 813 .58  

$ (37.35) 

aAt  the  end of  y e a r  1. 

N o t e  t ha t  (1) as a p p r o p r i a t e ,  $(37.35) x 1.3397 = $(50.05), t he  a c c u m u l a t e d  

va lue  p r e v i o u s l y  c a l c u l a t e d ,  and (Z) t h e  fo l lowing  d i scoun t  f a c t o r s  would  be  

i n a p p r o p r i a t e :  
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Year  Ne t  Cash  Flow P r e s e n t  
End Discount  F a c t o r  b e f o r e  R e i n v e s t m e n t  Value 

1 1.00 or 1 . 0 0 0 0  x $ 90 = $ 9 0 . 0 0  
2 1/(1.10) or 0 .9091 x 90 = 81.8Z 
3 1/(1.10)(1.1Z) or 0 .8117  x (1 ,ZOS.03)  = (978.1Z)  
4 1/(1.10)(1.1Z)(1.14) or 0 .7120  x 1 ,090 = 776 .08  

Valuation Considerat ions  

$ ( a o . z z )  

Given t h a t  the  $1,090 r e s e r v e  is i n a d e q u a t e  in this  example ,  how much  

addi t iona l  r e s e rve  would be needed  to be he ld  in order  to  make  the  t o t a l  r e s e r v e  

a d e q u a t e  for  the  sample  i n t e r e s t  r a t e  pa th?  The answer  depends  upon the  

spec i f i c  (addit ional)  asse t s  t h a t  would be suppor t ing  the  add i t iona l  r e se rve .  If 

cash  is ava i lab le  and, in a c c o r d a n c e  wi th  the  y e a r  end  1 r e i n v e s t m e n t  s t r a t e g y ,  a 

3 - y e a r  bond is pu rchased ,  t hen  the  a m o u n t  of  the  add i t iona l  r e se rve  would be 

$37.35, suppor t ed  by a 3 -yea r  bond wi th  a book value  (also a m a r k e t  value) of  a 

like amoun t .  

If more  bonds i den t i ca l  to  the  ex i s t ing  $1,000 bond are  ava i lab le  to suppor t  

this  book of  business  (for example ,  f rom i n v e s t m e n t s  imp l i c i t l y  suppor t ing  e i t h e r  

surplus or r e d u n d a n t  r e s e rve s  of a n o t h e r  book of  business) ,  t hen  the  add i t iona l  

r e se rve  would be $37.35/0.97459,  or $38.3Z. ($974.59 is the  end of  y e a r  1 

c a s h - e q u i v a l e n t  p r e sen t  va lue  of  the ex i s t ing  bond, exc lus ive  of the  f i r s t - y e a r  

coupon.  Thus, $974.59 = (0.9381)($90) + (0.8509)($90) + (0.7464)($1,090). The 

a m o u n t  of add i t iona l  a sse t s  of  this  t ype  would have  a book (and par) va lue  of  
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$38.3Z. Note  that  the marke t  value of this addit ional  asse t  would exceed  $37.35 

if such marke t  value were  de te rmined  by simply discounting the bond's cash flow 

at  10 percen t .  

Using the progress ive  accumula t ion  approach,  one can show the augmented  

rese rve  as of  year  end 1 to be jus t  adequa te  for  the sample  in te res t  r a te  path: 

Y e a r - e n d  C~,-~h F l o w  

Y e a r  
1 Z 3 4 

$ 1 ,090 .00  
41.77 

$ 1 ,131 .77  
99.00 

$ 1 ,Z30.77 
114.74 

Original asset  
Addit ional  asset :  $38.32 
Liabil i t ies:  $1,000 
Net  (before  re inves tment )  

Year  1 r e inves tmen t  at  10% 

Year  Z r e inves tmen t  at  12% 

Year  3 borrowing at 14% 

$90 $ 90 .00  $ 90 .00  
- 3 .45  3 .45  

0 0 .00  1~Z95.03 
$~0 $ 93 .45  $ (1 ,Z01 .58)  

[ 9 .00  9 .00  
$ 102.45 $ (1 ,19Z.58)  

I " ~  12.29 
f $  (1 ,180 .29 )  

I 
$ 1 ,345 .51  

/ ( l t 3 4 5 - 5 3 )  
( .0Z) 

(Rounding error) 

As one more example ,  assume tha t  8 pe rcen t  annual bonds previously 

purchased  at par  and matur ing at the end of year  5 are  avai lable to support  the 

addit ional  reserve .  If tha t  type  of  asset  is "assigned" to support  the addit ional  

reserve ,  then pursuant  to the r e inves tmen t  s t r a t egy ,  it will be sold at  the end of 

year  4. Its marke t  value at that  t ime,  taking the p resen t  value of its cash flow 

at  16 pe rcen t  to be a c lose proxy, would be $931.03 per  $I ,000 par value. The 

bond's cash-equ iva len t  p resen t  value would be  $80 (0.9381 + 0.8509) + ($80 + 

$931.03){0.7464) = $897.75. The amount  of addit ional  r e se rve  and the amount  of 

this bond neces sa ry  to support  it would be $37.35 / 0.89775, or $41.60. 
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Check ing  this  r e s u l t  th rough  p r o g r e s s i v e  a c c u m u l a t i o n  y ie lds  the  fo l lowing:  

Y e a r - e n d  C~-qh F l o w  

Year 

1 Z 3 4 5 

Original  a s s e t  $ 90 $ 9 0 . 3 3  
Addi t iona l  a s se t :  $41.60 - 3 . 3 3  
L iab i l i t i e s  0 0.  O0 
N e t  ( be fo r e  r e i n v e s t m e n t )  ~ 90 $ 9 3 . 3 3  

Y e a r  1 r e i n v e s t m e n t  a t  10% 9 . 0 0  

Yea r  Z r e i n v e s t m e n t  a t  IZ% 

Y e a r  3 b o r r o w i n g  a t  14% 

Y e a r  4 a s s e t  sa le  a t  16% 

$ IOZ.33 

$ 90.00 $ 1,090.00 $ - 
3.33 3.33 44.93 

(I~Z95.03) - - 
$ (I,Z01.70) $ 1,093.33 $44.93 

9.00 99.00 - 
$ (I,19Z.70) $ 1,19Z.33 $44.93 

IZ.Z8 114.61 - 
$ (I,180.4Z) ~ 1,306.94 $44.93 

(It345.68) - 
$ (38.74) ~'4-4.93 

38.73 
$ (.01) 

(Round ing  e r ro r )  

C o m m e n t s  

How does  t r ad i t i ona l  d i scoun t ing  wi th  a s ingle  l eve l  i n t e r e s t  r a t e  r e l a t e  to  

the  i n v e s t m e n t  y e a r  a p p r o a c h  p r e v i o u s l y  de f i ned  and i l l u s t r a t e d ?  There  a re  a t  

l e a s t  t h r e e  i n t e r p r e t a t i o n s  or u se s  of  such  t r ad i t i ona l  d i scount ing ,  which  a re  
t 

b r i e f l y  d i scussed  he re .  They  all have  t r a i t s  t h a t  make  t h e m  g e n e r a l l y  u n s u i t a b l e  

for  the  r e s e r v e  t e s t i ng  under  cons ide ra t i on .  

In t e rna l  R a t e  of  R e t u r n  (IRR). If  the  m a r k e t  va lue  of  an i n v e s t m e n t  is 

de r i ved  by  s t r a igh t  d i scoun t ing  of the  ca sh  f low,  then  under  this  i n t e r p r e t a t i o n ,  

the  d i scoun t  r a t e  r e p r e s e n t s  the  i n t e rna l  r a t e  of r e t u r n  of  the  i n v e s t m e n t .  The 

c r i t i c a l  word  h e r e  is in te rna l .  I n t e r e s t  p a y m e n t s  and p r inc ipa l  r e p a y m e n t s ,  a f t e r  

be ing  m a d e  and d i scoun ted ,  a re  then  c o n s i d e r e d  to be  ou t s ide  the  ca lcu la t ion .  

Tha t  is to  say ,  t he  I R R  i n t e r p r e t a t i o n  is bl ind to  w h a t e v e r  a c t u a l  r a t e s  will  
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prevai l  at  the t imes the cash flow emerges  and blind to what is done with the 

cash flow t h e r e a f t e r  (that is9 how it is re invested) .  Under this interpretat ion~ 

then~ the traditional~ single ra te  discount approach is genera l ly  inappropria te  for 

our r e se rve  tes t ing  purposes,  since it ignores subsequent  economic  e f f e c t s  of 

emerging cash flow. (If you in te rp re t  IRR as impl ic i t ly  assuming level  fu ture  

in te res t  r a tes  equal to the  IRR~ see  "Level  Fu tu re  In te res t  Rates"  la ter .  

Re tu rn  on Inves tmen t  (ROD. The ROI in t e rp re t a t ion  of t radi t ional  

discounting has been  applied in the insurance world to eva lua te  the pricing of a 

product  tha t  ini t ial ly c r ea t e s  a s t a t u t o r y  surplus strain and subsequent ly  

produces  a s t r eam of s t a t u t o r y  earnings. 

The ROI is the discount  r a t e  that ,  when applied to the s t r eam of earnings, 

produces  a present  value equal to the init ial  strain.  The ROI is similar to an IRR 

in that  it ignores subsequent  r e inves tmen t  of the earnings and the longe r - t e rm 

economic  e f f e c t s  of such re inves tments .  The ROI di f fers  fundamenta l ly  f rom 

the IRR as previously discussed in that  it deals with surplus changes (strain and 

earnings) tha t  are not genera l ly  synonymous with cash flow. 

Thus, the ROI r e l a t e s  to the investor 's  (insurance company's) expec ta t ion  of 

re turn  on its ven ture  (insurance product)  and not  to the yield on the asse ts  

involved in the product .  As a resul t ,  this i n t e rp re t a t ion  or use of t radi t ional  

discounting is inappropr ia te  for our r e se rve  tes t ing purposes.  

Level  Fu tu re  In te res t  Ra tes .  The key e lement  of the third in te rp re ta t ion  

of single r a t e  discounting is the implici t  or expl ici t  assumption of level in te res t  
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r a t e s  throughout  the ent i re  fu ture  and a r e inves tmen t  s t r a t e g y  tha t  requires  only 

that  emerging cash flow be r e inves t ed  at  tha t  ra te .  (The length of the  

r e inves tmen t  is immater ia l . )  The present  value of the cash flow of an 

inves tmen t  under this i n t e rp re t a t ion  is ident ica l  to the cash-equ iva len t  present  

value for a level  in te res t  r a t e  path. Therefore~ this i n t e rp re t a t ion  of single r a t e  

discounting is appl icable  to our r ese rve  test ing,  but  only for  tha t  level  in te res t  

r a t e  path.  

In tes t ing r e se rves  by the method  descr ibed,  the  ques t ion  arises as to how 

far  the pro jec t ion  period should be  taken.  Although beyond the scope of this 

discussion, the quest ion does raise a re levant  point.  Any assets  or l iabi l i t ies  still 

remaining at the end of the p ro jec t ion  period must  be assigned an economic  

value, which would genera l ly  be d i f fe ren t  from book value. A marke t  value 

approx imated  by the p resen t  value of the remaining cash flow, d iscounted by the 

assumed prevail ing r a t e  at  the end point of the p ro jec t ion  period, might be used. 

In so doing, it should be recogn ized  that  this is equivalent  to extending the 

original p ro jec t ion  period indef ini te ly  with the assumption that  (1) the 

i 

"end-of -per iod"  in t e re s t  r a te  cont inues  indef in i te ly  and (Z) subsequent  

r e inves tmen t  occurs  at  tha t  ra te .  

Discounting,  for example,  end of year  4 cash flow by a f ac to r  of 

I / ( I .10)(I . IZ)(I .14)  would genera l ly  p roduce  a p resen t  value resul t  of  

ques t ionable  meaning for adequacy  tes t ing purposes.  It would have c lear  

meaning if the  r e inves tmen t  s t r a t e g y  always cal led for o n e - y e a r  inves tmen t s  

(and borrowings) and the path's s t a t e d  in te res t  r a t e s  were  one-year  ra tes .  
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The example  used  some  s impl i f i ed  a s sumpt ions  r ega rd ing  the  a s sumed  

r e i n v e s t m e n t  s t r a t e g y ;  t h a t  is, bor rowing  t e r m s  were  the  mi r ro r  image  of  

r e i n v e s t i n g  t e rms ,  and the  y ie ld  curve  was f l a t .  If one or bo th  of these  

a s sumpt ions  did not  hold,  c o m p l i c a t i o n s  would a r i se  in d e t e r m i n i n g  the  amoun t  of  

add i t iona l  r e s e r v e  n e e d e d  if  the  r e se rve  t e s t e d  were  shown to be de f i c i en t .  In 

shor t ,  under  those  c i r c u m s t a n c e s ,  i f  $1 of cash  wi th  an a c c u m u l a t i o n  value  of  a 

is added  to an a s s e t / l i a b i l i t y  po r t fo l i o  having a ne t  c a s h - e q u i v a l e n t  p r e sen t  va lue  

o f  P and an a c c u m u l a t i o n  va lue  of  A, t hen  the  a u g m e n t e d  po r t fo l i o  m a y  well  

have  a p r e s e n t  va lue  and an a c c u m u l a t i o n  value d i f f e r e n t  f rom P + 1 and A + a, 

r e s p e c t i v e l y .  However ,  the  p rogress ive  a c c u m u l a t i o n  approach  applied to the  

a u g m e n t e d  po r t fo l i o  avoids such compl i ca t ion .  

Sect ion 4: Test ing I n t e r e s t - S ~ i t i v e  Ca-~h Flows 

4. I I n t r o d a c t i o n  

Va lua t ion  a c t u a r i e s  are  c o n c e r n e d  about  the  exposure  of c o m p a n y  surplus 

to  the  r isk Of i n t e r e s t  r a t e  vo la t i l i t y ,  ca l l ed  the  C-3  risk.  This r isk is ever  

p re sen t ,  and it can be more  d i f f i c u l t  to q u a n t i f y  for  asse t s  and l iab i l i t ies  whose 

cash f lows are  i n t e r e s t - s e n s i t i v e .  This sec t ion  will discuss an approach  to 

measu r ing  and manag ing  t h a t  risk exposure  based  on m a r k e t  va lue  accoun t ing  

and op t ion  pr ic ing.  The sec t ion  will also show t h a t  M a c a u l a y  du ra t ion  m a y  give 

mis l ead ing  resu l t s  for  C-3  risk con t ro l  under  c e r t a i n  c i r c u m s t a n c e s .  The 

d iscuss ion  will p rovide  some  s e l f - c o n t a i n e d  t h e o r e t i c a l  d e v e l o p m e n t ,  but  on 

occas ion  i t  will make  asse r t ions  t h a t  are  suppor t ed  by the  r ead ing  l is t  given on 

page  ]I-30 or by mode l ing  work p e r f o r m e d  by the  au thor .  

t 

]1-Z6 



Brie f ly ,  C - 3  r isk can  be  q u a n t i f i e d  by  ana lyz ing  a s se t  and l i ab i l i ty  m a r k e t  

va lues .  These  m a r k e t  va lues  can  be  s t u d i e d  even  when  the  a s se t s  and l i ab i l i t i e s  

a r e  i n t e r e s t - s e n s i t i v e ,  by  v iewing  t h e m  as s e c u r i t i e s  involving opt ions  and 

app ly ing  op t ion  pr ic ing  t h e o r y .  C - 3  r isk ex i s t s  b e c a u s e  the  a s se t  and l i ab i l i ty  

m a r k e t  va lues  change  when  i n t e r e s t  r a t e s  change.  The r e l a t i v e  s e n s i t i v i t y  of 

m a r k e t  va lue  to i n t e r e s t  r a t e  l eve ls  is m e a s u r e d  by  "dura t ion ."  D u r a t i o n  

c a l c u l a t i o n s  p rov ide  a q u a n t i t a t i v e  bas is  for  ad jus t ing  i n - f o r c e  a s s e t s  and 

l i ab i l i t i e s  to  i m m u n i z e  p r o f i t a b i l i t y  aga ins t  i n t e r e s t  r a t e  v o l a t i l i t y  or to  

a n t i c i p a t e  p a r t i c u l a r  i n t e r e s t  r a t e  m o v e m e n t s .  

4.Z Market  Va lue  A c c o u n t i n g  

S t a t u t o r y  surplus  is a r t i f i c i a l l y  s t a b i l i z e d  by s o m e  a s p e c t s  of book  va lue  

accoun t ing .  Since surplus  equa l s  a s s e t s  minus l i ab i l i t i es ,  r isk a s s e s s m e n t  can  

f o c u s  on how as se t  and l i ab i l i ty  va lues  m a y  change .  Since a s s e t s  and l i ab i l i t i e s  

b o t h  de r ive  the i r  va lues  f rom the  cash  f lows  t h e y  g e n e r a t e ,  i t  is he lpfu l  to  

c o n c e n t r a t e  on t h e s e  cash  f lows  to m e a s u r e  risk.  E s t i m a t i n g  t h e s e  cash  f lows  

and then  t a l c u l a t i n g  the i r  p r e s e n t  va lues  leads  to what  has  b e e n  ca l l ed  " m a r k e t  

va lue  accoun t ing . "  

H e r e  are s o m e  r ea sons  to cons ider  adding m a r k e t  va lue  a c c o u n t i n g  to  a 

c o m p a n y ' s  m a n a g e m e n t  i n f o r m a t i o n  s y s t e m :  

M a r k e t  va lue  a c c o u n t i n g  g ives  i n f o r m a t i o n  abou t  risk exposu re  tha t  is no t  

p rov ided  by  t r ad i t i ona l  s t a t u t o r y  accoun t ing .  
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O M a r k e t  value a c c o u n t i n g  p r e sen t s  the  r ea l  e conomic  "wor th"  of the  

in su rance  o p e r a t i o n  and shows how t h a t  wor th  can and does  change  when 

the  e x t e r n a l  e n v i r o n m e n t  changes .  This i n f o r m a t i o n  is va luable  on a 

g o i n g - c o n c e r n  basis ,  as well  as on a sa le  or l iquida t ion  basis,  s ince an 

in su rance  company ' s  v i t a l i t y  canno t  be s t a k e d  i n d e f i n i t e l y  on the  bene f i t s  

of  f u tu r e  new business  inf low.  

O Marke t  value a c c o u n t i n g  is a l ead ing  i n d i c a t o r  for  book accoun t ing .  Tha t  

is, loss pos i t ions  i d e n t i f i e d  by m a r k e t  va lue  a c c o u n t i n g  could e v e n t u a l l y  

e m e r g e  on the  s t a t u t o r y  books. P r e s e n t  va lue  ca l cu la t ions  i den t i f y  the  

m a g n i t u d e  of  r isk exposure  or of  e c o n o m i c  loss. 

Marke t  va lue  a c c o u n t i n g  f a c i l i t a t e s  c a l cu l a t i ons  t h a t  bo th  measu re  r isk 

exposure  and sugges t  ways  to con t ro l  and r e d u c e  it .  These  ca lcu la t ions  for  

measu r ing  risk and r educ ing  risk exposure  will be e l a b o r a t e d  on in this  

s ec t ion .  

Re i~ ives tment  r isk and d i s i n t e r m e d i a t i o n  risk a re  two sides to the  problem 

of  i n t e r e s t  r a t e  vo l a t i l i t y .  These  r isks m a n i f e s t  t h e m s e l v e s  in the  d a y - t o - d a y  

and y e a r - b y - y e a r  ope ra t ions  of an insurance  c o m p a n y  by making  some of the  

c r i t i c a l  business  cash  f lows unp red i c t ab l e .  If a sse t  and l iab i l i ty  cash f lows could 

r e m a i n  c lose ly  m a t c h e d  in all i n t e r e s t  r a t e  env i ronmen t s ,  then  C-3  risk would be 

min imized .  But m a n y  asse ts ,  such  as ca l l ab le  bonds or m o r t g a g e - b a c k e d  

secu r i t i e s ,  as well  as m a n y  l iabi l i t ies ,  such as un iversa l  l i fe  or single p remium 

d e f e r r e d  annu i t i e s  (SPDAs), have  cash  f lows whose t iming  and magn i tude  a re  

sens i t ive  to f u t u r e  i n t e r e s t  r a t e s .  When an insurer  has i n t e r e s t - s e n s i t i v e  asse t s  

and /o r  l iabi l i t ies  on i ts  books,  cash  f low m a t c h i n g  b e c o m e s  d i f f i cu l t .  However ,  
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b y  s tudy ing  p r e s e n t  va lues  of the  cash  f lows ,  an app roach  to manag ing  C -3  r isk 

can  be  deve loped .  

4.3  D u r a t i o n  

C - 3  r isk con t ro l  is e f f e c t i v e  if  p r o f i t  is r e l a t i v e l y  in sens i t i ve  to i n t e r e s t  

r a t e  vo la t i l i t y .  Va lua t ion  a c t u a r i e s  might  wan t  to r e v i e w  ways  to " immunize"  

(s tabi l ize)  surplus  aga ins t  i n t e r e s t  r a t e  changes .  The re  a re  a t  l ea s t  two  " t a r g e t  

a c c o u n t s "  t ha t  a c o m p a n y  might  wan t  to  s t ab i l i ze :  

lo 

Z. 

Dol la r  a m o u n t  of  surplus,  on a m a r k e t  va lue  basis .  

R a t i o  of  surplus  to  l i ab i l i t i es ,  on a m a r k e t  va lue  basis .  

In gene ra l ,  t h e s e  two  t a r g e t  a c c o u n t s  canno t  be  i m m u n i z e d  s imu l t aneous ly .  

I t a k e  t h e s e  t a r g e t  a c c o u n t s  on a m a r k e t  va lue  bas is  b e c a u s e ,  as  I wiil  show, 

m a r k e t  va lue  a c c o u n t i n g  s u g g e s t s  e f f e c t i v e  hedging  s t r a t e g i e s ,  and it is the  

m a r k e t  va lues  tha t  r e spond  mos t  d i r e c t l y  to  this hedging.  Some  o t h e r  t a r g e t  

p r o f i t  a c c o u n t s  can  also be  h e d g e d  using c a l c u l a t i o n s  b e y o n d  the  s c o p e  of  this  

d iscuss ion.  ("Hedging" is an i n v e s t m e n t  t e r m  s y n o n y m o u s  in this c o n t e x t  wi th  

immuniz ing  or s tabi l iz ing) .  

R e m e m b e r  tha t  the  M a c a u l a y  du ra t ion  of a bond is the  w e i g h t e d  a v e r a g e  of  

the  t ime  to each  of  the  bond's  cash  f lows ,  w h e r e  the  we igh t s  a re  the  p r i c e s  

(p resen t  values)  o f  the  individual  cash  f lows ,  e a c h  d iv ided  by  the  t o t a l  p r i c e  of 

the  bond.  M a c a u l a y  d e v e l o p e d  this m e a s u r e m e n t  during the  1930s in o rde r  to 

a p p r o x i m a t e  the  change  ( ~ P )  in the  m a r k e t  va lue  (P) of  a bond,  c a u s e d  by  a 

change  in the  yie ld  to  m a t u r i t y  of  the  bond  (AI  p e r c e n t ) .  (All of  the  e q u a t i o n s  
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given  h e r e  will a s s u m e  t h a t / X  I is a change  to con t inuous ly  c o m p o u n d e d  i n t e r e s t  

. r a t e s ,  t h a t  is~ to  f o r c e s  of  i n t e r e s t . )  So long as the  cash  f lows  of  the  bond in 

q u e s t i o n  a re  f i xed  and c e r t a i n  as to t iming  and amoun t ,  M a c a u l a y  dura t ion  (MD) 

s a t i s f i e s  this app rox ima t ion :  

(I) AP---MD xPx.Ol xAL 

Thus,  M a c a u l a y  du ra t ion  g ives  a f i r s t - o r d e r  a p p r o x i m a t i o n  for  the  r e l a t i v e  

s e n s i t i v i t y  of  the  p r i ce  of  a bond  to  i n t e r e s t  r a t e  changes .  

M a c a u l a y  du ra t ion  is no t  r e ad i l y  app l i cab l e  to an a s se t  whose  cash f lows  

d e p e n d  on f u t u r e  i n t e r e s t  r a t e s .  This is b e c a u s e  it  is unc l ea r  how the  w e i g h t e d  

a v e r a g e  t i m e - t o - p a y m e n t  might  be  e v a l u a t e d .  

N o t i c e  t h a t  e q u a t i o n  1 can  be  r e w r i t t e n  as fo l lows:  

(Z) MD = -(l/P) x A P / ( . 0 1  x A I )  

I 

so t ha t  M a c a u l a y  du ra t i on  i t s e l f  can  be  e s t i m a t e d  by  "working b a c k w a r d s "  f rom 

i n f o r m a t i o n  on how p r i c e  changes  when i n t e r e s t  r a t e s  change.  Some  f inancia l  

t h e o r i s t s  in g e n e r a l  de f ine  the  "dura t ion"  (D) of  a s e c u r i t y  whose  p r i ce  (P) is 

g iven  as  a f unc t i on  of  i n t e r e s t  r a t e s  (i) as fo l lows:  

(3A) D =-(l/P) x dP/d/. 

H e r e  dP /d I  is the  d e r i v a t i v e  of  the  p r i c e  func t i on  (P), b a s e d  on a 

o n e - p a r a m e t e r  m o d e l  for  the  v o l a t i l i t y  of  the  con t inuous ly  c o m p o u n d e d  i n t e r e s t  
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r a t e  y ie ld  curve .  If  I is g iven in t e r m s  of  i n t e r e s t  r a t e s  c o m p o u n d e d  M-thly~ use 

this  fo rm of  the  e q u a t i o n  ins tead :  

(3B) D = (I + I/M) x -(I/P) x dP/dI. 

N o t e  t h a t  this  de f in i t i on  of  du ra t i on  does  no t  r e f e r  to cash  f low t iming.  

The p r o b l e m  of  c o m p u t i n g  dura t ion  acco rd ing  to  this de f in i t ion  r e d u c e s  to the  

p rob l em of  be ing  ab le  to  "pr ice"  an i n t e r e s t - s e n s i t i v e  a s se t  or l iabi l i ty .  

In fact~ the  pr ic ing  of  i n t e r e s t - s e n s i t i v e  cash  f l o w s - - b o t h  a s s e t s  and 

l i a b i l i t i e s - - h a s  b e e n  a d d r e s s e d  r e c e n t l y  by  f inanc ia l  t h e o r i s t s .  C o n c e p t s  f rom 

m o d e r n  op t ion  pr ic ing  t h e o r y  a re  d i r e c t l y  app l i cab le .  F inanc ia l  op t ions  a re  

pe rhaps  the  p r o t o t y p i c a l  a s se t s  wi th  i n t e r e s t - s e n s i t i v e  cash  f lows.  R e s e a r c h  in to  

op t ion  pr ic ing  t h e o r y  has  b e e n  a c t i v e  in r e c e n t  y e a r s ,  and the  r e su l t s  have  b e e n  

a d a p t e d  to  the  c o n t e x t  of  i n su rance  c o m p a n y  a s s e t s  and l iab i l i t ies .  

Once  the n e c e s s a r y  pr ic ing  has  b e e n  a c c o m p l i s h e d ,  du ra t i on  can  be  

es t imat :ed  using a n u m e r i c a l  a p p r o x i m a t i o n  ( A P / . 0 1  x AI) to  the  d e r i v a t i v e  of  

the  p r i ce  func t i on  (dP/dI).  This is done b e c a u s e  pr ic ing  f o r m u l a s  for  op t ions  on 

bonds  o f t e n  canno t  be  w r i t t e n  out  in c losed  fo rm su i t ab l e  for  d i f f e r e n t i a t i o n .  (In 

p r a c t i c e ,  the  t e r m  A I  will be  the  p e r c e n t  va lue  of  the  i n s t a n t a n e o u s  shock  to  the  

y ie ld  curve~ which  is f ed  in to  the  o n e - p a r a m e t e r  v o l a t i l i t y  m o d e l  be ing  used.)  

It  can  be  shown tha t  if  the  cash  f lows  do no t  d e p e n d  on f u t u r e  i n t e r e s t  

r a t e s ,  t hen  the  p r i c e - s e n s i t i v i t y  du ra t i on  f rom e q u a t i o n  3A is i den t i ca l  to  

M a c a u l a y  dura t ion .  
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Here  is a b r ie f  reading list for valuat ion ac tuar ies  who want to learn more 

about  pricing and durat ion for i n t e r e s t - s ens i t i ve  cash flows, as well as about  

d i f f e ren t  models  of in te res t  r a te  volat i l i ty:  

J. Buff,  "Corpora te  Modeling and Forecas t ing :  P rac t i ca l  Aspects  for 

the Valuation Actuary ."  Panel  discussion at the Socie ty  of  Actuar ies  

meet ing ,  Boston, May 1986. RSA 1Z, no. Z (also available from the 

author  at  his Yearbook address).  

R. Clancy.  "Options on Bonds and Applicat ions to Product  Pricing." 

TSA XXXVII, and Discussion by J. Tilley, P. Noris, J. Buff,  and 

G. Lord. 

D. Jacob ,  G. Lord, and J. Tilley. Pricingt Durat ion t and Convexi ty  of 

a Stream of In t e r e s t -Sens i t i ve  Cash Flows. Morgan Stanley,  1986. 

P. Milgrom. "Measuring the In te res t  R a t e  Risk." TSA XXXVII, and 

Discussion by J. Buff  and G. Lord. 

An in teres t ing  f e a t u r e  of modern option pricing theory,  as discussed in 

these  r e fe rences ,  is tha t  the option pr ice  does not depend on any par t icular  

i n t e re s t  r a t e  fo recas t .  Ra the r ,  the option pr ice  depends on the in te res t  r a t e  

envi ronment  on the valuat ion date ,  as well as on an assumption about  the degree  

of  vo la t i l i ty  of  fu ture  in t e re s t  ra tes .  Consequent ly ,  p r i ce - sens i t iv i ty  durat ion is 

not  dependent  on any par t icu la r  in te res t  r a t e  scenario.  This general  result  

follows from arb i t rage  pricing theory,  which is beyond the scope of this 

discussion. Fur the r  informat ion  can be found in the works by Clancy and by 
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Jacob ,  Lord,  and Ti l ley.  (Note t h a t  not  all app roaches  to opt ion  pr ic ing  t h e o r y  

t h a t  have  been  publ ished in the  t h e o r e t i c a l  l i t e r a t u r e  a re  based  on the  s a m e  

p r e c e p t s  as the  t heo r i e s  d iscussed in these  two r e f e r e n c e s . )  

4 . 4  U s e f u l e n e s s  o f  D u r a t i o n  

The previous  discussion showed how M a c a u l a y  du ra t i on  can be e x t e n d e d  

in to  a gene ra l  de f in i t i on  of  "dura t ion , "  which m e a s u r e s  the  s ens i t i v i t y  of  an 

asse t ' s  or a l iab i l i ty ' s  m a r k e t  va lue  to changes  in i n t e r e s t  r a t e s .  Because  this  

de f in i t i on  does not  r e f e r  d i r e c t l y  to cash  flow t iming ,  i t  can be appl ied  to 

i n t e r e s t - s e n s i t i v e  cash f lows.  This s ec t ion  will show how c a l c u l a t i n g  dura t ions  

can provide  a p r a c t i c a l  way  to m e a s u r e  and m a n a g e  C-3  risk. 

Dura t ion  s a t i s f i e s  an " a g g r e g a t i o n  p rope r ty . "  Suppose we have  s ecu r i t i e s  A 

and B with  pr ices  PA and PB and du ra t ions  DA and DB, r e s p e c t i v e l y .  L e t  A + B 

be the  s e c u r i t y  whose cash f lows are  the  a r i t h m e t i c  sum of the  cash f lows of A 

and of  B. Then the  p r i ce  of A + B is PA + PB, and i ts  du ra t i on  is given by 

t 

(4) D(A + B) = DA x PA/ (PA + PB) + DB x PB / (PA + PB). 

In o t h e r  words,  the  du ra t i on  of  the  sum is the  w e i g h t e d  a v e r a g e  of  the  

du ra t ions  of  the  addends ,  where  the  we igh t s  a re  the  p r ices  d iv ided by the  t o t a l  

p r ice .  Using this  a g g r e g a t i o n  p r o p e r t y ,  it  is possible  to d e t e r m i n e  the  du ra t ion  

for  an en t i r e  po r t fo l i o  of d i f f e r e n t  a sse t s  or l i ab i l i t i es  once  the  pr ices  and 

dura t ions  for each  s e p a r a t e  va lua t ion  cel l  are  ava i lab le .  In f a c t ,  du ra t ions  of  

s e p a r a t e  p roduc t  l ines can  be combined  this way  to ob ta in  the  du ra t ion  of a 

f i nanc i a l  var iab le  on a c o m p a n y w i d e  basis.  
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Financ ia l  r a t i o s  have  dura t ions .  

l i ab i l i t i e s ,  and S equa l  surplus ,  all 

d i f f e r e n t i a l  c a l cu lus  will show tha t  

For instance, let A equal assets, L equal 

on a market value basis. Then some 

(5A) D(A/L) = D(A) - D(L). 

Using the  a g g r e g a t i o n  p r o p e r t y ,  one f inds t h a t  

(5B) D(S) = (A/S) x D(A) - (L/S) x D(L). 

Now we a re  r e a d y  to  w r i t e  down cond i t ions  on du ra t ion  tha t  a p p r o x i m a t e l y  

i m m u n i z e  the  two  t a r g e t  a c c o u n t s  m e n t i o n e d  above :  the  dol lar  a m o u n t  of  

surp lus  S or the  surplus  r a t i o  S/L. These  cond i t ions  g ive  r e l a t ionsh ips  b e t w e e n  

t he  a s s e t s  and the  l i ab i l i t i e s  tha t  must  be  s a t i s f i e d  fo r  the  g iven t a r g e t  a c c o u n t  

to  b e  s t a b i l i z e d  aga ins t  f u t u r e  i n t e r e s t  r a t e  changes :  

T a r g e t  A c c o u n t  

Dol la r  a m o u n t  of  surplus  (S) 

Surplus r a t i o  (S/L) 

Immuniz ing  Cond i t i on  

D(A) = D(L) x L/A 

D(A) = D(L) 

These  cond i t ions  do i m m u n i z e  t he  t a r g e t  a c c o u n t s ,  s ince  by  equa t ions  5A 

and 5B t h e y  ensure  t h a t  t he  du ra t ion  of  the  t a r g e t  a c c o u n t  is 0. By equa t i on  3A~ 

if t he  du ra t i on  is 0, t hen  d P / d I  is 0, so a t  l e a s t  a p p r o x i m a t e l y  the  t a r g e t  a c c o u n t  

will  no t  change  when i n t e r e s t  r a t e s  change  by  r e l a t i v e l y  m o d e s t  amoun t s .  

D u r a t i o n  s tud ies  show m a n a g e m e n t  how to  p lan  out  a t t a c k s  aga ins t  i t s  

e x p o s u r e  to  i n t e r e s t  r a t e  vo la t i l i ty .  By s t r u c t u r i n g  a s se t s  and l iab i l i t i es  

II-34 



prope r ly ,  so t h a t  the  appropr i a t e  immuniz ing  cond i t ion  is s a t i s f i ed ,  the  chosen  

t a r g e t  a ccoun t  can be r e n d e r e d  insens i t ive  to i n t e r e s t  r a t e  vo l a t i l i t y ,  a t  l e a s t  

a p p r o x i m a t e l y .  If m a n a g e m e n t  p r e f e r s  to bank  on an i n t e r e s t  r a t e  f o r e c a s t ,  

l eav ing  the  t a r g e t  a c c o u n t  unhedged  in hopes  of  i nc reas ing  p ro f i t  should t h a t  

f o r e c a s t  prove a c c u r a t e ,  then  du ra t ion  c a l c u l a t i o n s  are  he lpfu l  for  p roper ly  

a r r ang ing  such an " in t e r e s t  r a t e  be t . "  

These  pr ic ing  and dura t ion  ca l cu l a t i ons  can be used to es tab l i sh  a l ink 

b e t w e e n  i n v e s t m e n t  s t r a t e g i e s  and p roduc t  design and pr ic ing.  This link, in turn ,  

p e r m i t s  the op t imiz ing  of  business  pol ic ies  and ensures  more  e f f e c t i v e  surplus 

m a n a g e m e n t  in t he  f a c e  of C-3  risk. An a d v a n t a g e  of  du ra t ion  ana lys i s  is t h a t ,  

a l t hough  the  ca l cu la t ions  are r e l a t i v e l y  t e c h n i c a l ,  the  ou tpu t  is concise  and 

eas i ly  s u m m a r i z e d .  

As an example ,  l e t  us discuss the  surplus r a t i o  S/L a bit  more .  This p ro f i t  

m e a s u r e  is of  p a r t i c u l a r  i n t e r e s t  because  i t  q u a n t i f i e s  a p ro f i t  marg in  t h a t  

responds  to changes  in the m a g n i t u d e  of the  l iabi l i t ies .  If  m a n a g e m e n t  w a n t e d  

this  r a t io ,  for  some block of business ,  to  be s t ab le  over  t ime  even  though  i n t e r e s t  

r a t e s  migh t  change ,  t h e n  the  c o m p a n y  should a r r a n g e  for  the  du ra t i on  of asse t s  

to equal  the  du ra t ion  of  l iab i l i t ies .  This can be done in seve ra l  ways:  

O Make changes  to the  i n v e s t m e n t s  he ld  by the  b lock of business  in 

order  to a l t e r  the  du ra t ion  c h a r a c t e r i s t i c s  of  the  asse t  por t fo l io .  

O A l t e r  the p roduc t  design,  unde rwr i t i ng ,  or a d m i n i s t r a t i o n  of the  

in su rance  pol ic ies  in order  to  a l t e r  the  du ra t ion  c h a r a c t e r i s t i c s  of t he  

l iabi l i t ies .  
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In gene ra l ,  c o m p a n i e s  t end  to m a k e  a d j u s t m e n t s  to the  a s se t s ,  s ince  the  

l i ab i l i t i e s  a re  o f t e n  a "given."  H e r e  a re  s o m e  ways  in which  a s se t  du ra t ions  can  

b e  ad ju s t ed :  

O Use  i n t e r e s t  i ncome ,  p r inc ipa l  r e p a y m e n t s ,  and cash  f low f rom any 

new  bus iness  to  p u r c h a s e  longer  or  s h o r t e r  a s se t s .  

0 E x c h a n g e  ex i s t ing  long d u r a t i o n  a s s e t s  for  shor t  du ra t i on  ones,  or 

v i ce  ve r sa .  

0 Use  i n t e r e s t  r a t e  op t ions  or f u t u r e s  to  a l t e r  the  a g g r e g a t e  dura t ion  of 

a s se t s ,  when r e g u l a t i o n s  p e r m i t .  

Use  i n t e r e s t  r a t e  swaps  to  s h o r t e n  or l eng then  the  du ra t ion  of  the  

p o r t f o l i o  w i thou t  having to  sel l  o f f  any ex i s t ing  asse t s .  

N o t e  t ha t  d u r a t i o n  is i t s e l f  a f u n c t i o n  of  i n t e r e s t  r a t e s ,  and i t  a lso  changes  

as t i m e  passes .  Thus, a r e g i m e n  for  con t ro l l ing  C - 3  r isk by  du ra t ion  m a n a g e -  

m e n t  works  b e s t  when  the  a s se t  and l i ab i l i ty  du ra t ions  a re  pe r i od i ca l l y  

r e c o m p u t e d  (say, qua r t e r l y )  and a d j u s t m e n t s  m a d e  when  n e e d e d  to  ma in t a in  the  

p r o p e r  ba l ance .  

4 .5  Effectiven_~__ of  Duration M a t c h i n g  

Now we have  d e v e l o p e d  the  t h e o r y  beh ind  an a p p r o a c h  to managing  

i n t e r e s t  r a t e  r isk exposu re .  The t h e o r y  is c o m p l e t e  and cons i s t en t .  It  would  be  

i n t e r e s t i n g  to  t e s t  the  e f f e c t i v e n e s s  of  the  a p p r o a c h  when e x p o s e d  to the  r igors  
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of in te res t  r a te  volat i l i ty .  This was, in fact~ done using t radi t ional  ac tuar ia l  

s imulat ions modeling and some r ep re sen t a t i ve  assumptions.  A few typical  SPDA 

products  were  analyzed~ because  durat ion analysis (as opposed to t radi t ional  

s imulat ions analysis) is more readi ly applied to single premium products .  The 

products  examined did not  have marke t  value adjustments~ so the l iabil i t ies were 

t ruly  in te res t - sens i t ive .  

O The durat ion of  the SPDA l iabi l i ty  was computed  using the 

J acob /Lord /T i l l ey  methodology  (see ear l ier  sugges ted  readings) on 

the issue da te  of  the product .  

O Simulations of the SPDA were  run across  some se ts  of in teres t  r a t e  

scenarios .  The independent  var iable  was the inves tment  s t r a t egy .  

The e f f ec t i venes s  of d i f f e ren t  inves tmen t  s t r a t eg ie s  for controll ing 

C-3 risk was compared  using the var iance of the p ro f i t ab i l i ty  

ou tcomes  across  the scenarios,  p roduced  by each  of the inves tment  

s t ra teg ies .  The lower the var iance,  the less inves tment  risk for tha t  

inves tment  s t r a t egy .  

O The inves tmen t  s t r a t eg ie s  s tudied were  simple ones; in fac t ,  each 

s t r a t e g y  was de te rmined  by speci fy ing a bond t e r m - t o - m a t u r i t y .  In 

each run, bonds were  never  sold b e f o r e  matur i ty .  All investing (or 

borrowing,  when cash flow was negat ive)  was done using bonds with 

the given t e r m - t o - m a t u r i t y .  

O The simulat ions showed that  C-3 risk was minimized when the initial  

single premium deposi t  was inves ted  in a bond whose durat ion 
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m a t c h e d  tha t  of  t he  in i t ia l  p r o d u c t  l iab i l i ty .  Bonds wi th  dura t ions  

s h o r t e r  or longer  than  t h e  l iab i l i ty ' s  du ra t i on  led  to  i n c r e a s e d  C-3 

risk. 

O Since the  i n v e s t m e n t  s t r a t e g i e s  w e r e  s imple ,  and dura t ions  of  a s se t s  

and l i ab i l i t i e s  w e r e  not  d y n a m i c a l l y  r e m a t c h e d  ove r  the  l i fe  of  the  

p r o d u c t ,  as  t h e y  could  be  in p r a c t i c e ,  t w o  va r i a t i ons  of  the  t e s t i ng  

w e r e  also p e r f o r m e d .  In the  f i r s t  va r i a t i on ,  all  bo r rowing  or lending 

a f t e r  i ssue of  the  l i ab i l i ty  was  m a d e  in 3 - m o n t h  bonds.  In the  s econd  

var ia t ion ,  all b o r r o w i n g  or  lending a f t e r  i ssue was  m a d e  in 10 -yea r  

bonds.  In t he se  va r i a t ions ,  t he  d i f f e r e n c e s  b e t w e e n  the  i n v e s t m e n t  

s t r a t e g i e s  w e r e  con f ined  to  the  t e r m  of  the  bond  bought  wi th  the  

in i t ia l  depos i t .  The t wo  va r i a t i ons  c a p t u r e  e x t r e m e s ,  making  this  

overa l l  t e s t i ng  p r o c e s s  m o r e  robus t .  

O In b o t h  va r i a t ions ,  i t  was  a lso  found  t ha t  C-3 r isk was  m i n i m i z e d  

when  t he  in i t ia l  depos i t  was  u sed  to  buy  a bond  whose  du ra t ion  

' m a t c h e d  the  du ra t ion  of  the  p r o d u c t  l i ab i l i ty .  

This t e s t i ng  p r o c e d u r e  v a l i d a t e s  t he  e f f e c t i v e n e s s  of  du ra t ion  ma tch ing  for  

hedg ing  i n t e r e s t  r a t e  risk. It does  so using t r ad i t i ona l  a c t u a r i a l  s imula t ions ,  

which  a re  i n d e p e n d e n t  of  the  c o n c e p t  of  du ra t i on  and the  m e t h o d o l o g y  of  the  

work  by  J a c o b ,  Lord,  and Ti l ley.  

In p r a c t i c e ,  an insure r  t ha t  m a k e s  use  of  du ra t i on  analys is  ought  to t e s t  the  

s e n s i t i v i t y  of  t he  r e su l t s  to the  input  a s sumpt ions .  P a r t i c u l a r l y  i m p o r t a n t  

a s s u m p t i o n s  inc lude  i n t e r e s t  r a t e  vo la t i l i t y ,  po l i cyho l de r  l apsa t ion ,  and the  
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method by which the insurer will credit interest to policyholders over the 

lifetime of the in-force. 

4.6 P i t fa l l s  of  Macaulay  Durat ion 

The discussion so far has shown that with a given set of assumptions, it is 

possible to price an interest-sensitive asset or liability and then find its duration. 

Very briefly, the methodology of Jacob, Lord, and Tilley proceeds as follows to 

determine an insurance product liability duration: 

0 A connec ted  binomial l a t t i ce  of in te res t  r a t e  yield curves is 

gene ra t ed  using today's i n t e re s t  r a t e  envi ronment  as a s tar t ing point 

and applying an assumption about in te res t  r a t e  volat i l i ty.  

O A set of paths through the lattice is chosen using variance-reducing 

statistical sampling techniques. These paths are really specially 

structured interest rate scenarios. The sampling is necessary to keep 

the volume of calculations within reasonable bounds, since the 

insurance cash flow projections will be dependent on each path. 

0 Using assumptions about the insurance product that are essentially 

the same ones needed for a traditional simulations study, periodic 

cash flows for the product are projected along each interest rate 

path. 

0 Using arbi t rage  pricing theory,  the cash flow da ta  are used to 

de te rmine  the pr ice  of the liability. 
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Since these  ca lcula t ions  do produce  a ser ies  of per iodic  cash flows for each 

se t  of  in te res t  r a t e  scenarios)  the da ta  can be  used to compute  Macaulay  

durat ions for each scenario .  One might na tura l ly  think that  the Macaulay  

durat ions of  these  cash flows provide useful  informat ion  about  in te res t  r a t e  risk 

exposure.  Can the durat ion of the l iabi l i ty  be  approx imated  by an average  of the 

se t  of  Macaulay  durat ions? 

The inaccuracy  of Macaulay  durat ion when cash f lows depend on fu ture  

in te res t  r a tes  was po in ted  out by Donald D. Cody) who showed a lgebraical ly  tha t  

Macaulay  durat ion does not immunize  surplus when cash f lows are i n t e r e s t -  

4 sensi t ive.  

It is impor tan t  to s t ress  that  when cash flows are not a funct ion of fu ture  

in te res t  rates)  Macaulay  durat ion is a very  useful  tool; in tha t  case) it is 

ident ical  to the p r ice - sens i t iv i ty  durat ion def ined by equat ion 3A. Examples of 

insurance l iabi l i t ies  for  which Macaulay  durat ion is a ccu ra t e  and e f f e c t i v e  

include some immed ia t e  annuities) s t r u c t u r e d  s e t t l emen t s ,  GICs) and pension 

buyout  products .  Macaulay durat ion is also useful  for asse ts  tha t  have no put or 

call (prepayment)  f e a t u r e s  a t t ached .  

As par t  of the tes t ing of the durat ion analysis concept  descr ibed 

previously) the da ta  were  analyzed to compare  some pr ice -sens i t iv i ty  durat ions 

to a se t  of Macaulay  durat ions per scenar io  based  on the same assumptions.  

4 
Donald D. Cody. "Cont ingency Surplus Needed  for  Risk of Change in In te res t  
R a t e  Environment ."  RSA 7) no. 4 (1981). 
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These  compar i sons  would  pu t  a n u m e r i c a l  va lue ,  in the  c o n t e x t  of  a c t u a l  

i n su rance  bus iness  o p e r a t i o n s ,  on the  i n a c c u r a c y  of  M a c a u l a y  dura t ion .  It was  

found  tha t  the  s imple  a v e r a g e  M a c a u l a y  du ra t ion  e x c e e d e d  the  p r i c e - s e n s i v i t y  

du ra t ion  by  s e v e r a l  y e a r s  for  all o f  the  SPDA c a s e s  t e s t e d .  In a lmos t  e v e r y  ca se  

t e s t e d ,  e v e r y  one of the  p e r - s c e n a r i o  M a c a u l a y  dura t ions  e x c e e d e d  the  SPDA 

p r i c e - s e n s i t i v i t y  dura t ion .  The s imu la t ions  t e s t i n g  p rev ious ly  d e s c r i b e d  s h o w e d  

tha t  if M a c a u l a y  dura t ions  had b e e n  used  to deve l op  i n v e s t m e n t  s t r a t e g i e s  for  

t h e s e  SPDAs,  t hen  C-3 r isk would  no t  h a v e  b e e n  e f f e c t i v e l y  con t ro l l ed .  

The s y s t e m a t i c  e r ror  of  M a c a u l a y  du ra t i on  for  SPDAs w i t hou t  m a r k e t  

va lue  a d j u s t m e n t s  r e su l t s  f rom the  g u a r a n t e e d  cash  va lue  w i t h d r a w a l  p r iv i l ege  of  

this  t y p e  of  p r o d u c t .  This can  be  e x p o s e d  using the  c o n c e p t  of  a pu t  opt ion .  A 

pu t  op t ion  is t he  r igh t  to  sel l  a s p e c i f i e d  bond  for  a p r i ce  t h a t  is f ixed  in 

advance ,  r e g a r d l e s s  of  the  m a r k e t  va lue  of  the  bond  at  the  t i m e  the  op t ion  is 

e x e r c i s e d .  Thus, pu t  op t ions  b e c o m e  m o r e  v a l u a b l e  when i n t e r e s t  r a t e s  r i se ,  

s ince  the  less the  bond  cos t s ,  the  m o r e  the  pu t  op t ion  is wor th .  Thus, a put  

op t ion  has a n e g a t i v e  p r i c e - s e n s i t i v i t y  dura t ion :  p r i c e  r i ses  when  i n t e r e s t  r a t e s  

r ise .  ~u t  it is e a sy  to see  t ha t  any s imu la t i on  model  using a r e a s o n a b l e  rule  

abou t  t iming and m a g n i t u d e  of  the  pu t  opt ion ' s  p a y o f f  will  g ive  a se t  of  cash  

f lows  tha t  l eads  to a n o n n e g a t i v e  M a c a u l a y  du ra t i on  in e v e r y  poss ib le  i n t e r e s t  

r a t e  s cena r io .  Thus, the  M a c a u l a y  du ra t ions  will a lways  be  n o n n e g a t i v e ,  

a l though  the  c o r r e c t  p r i c e - s e n s i t i v i t y  du ra t i on  is n e g a t i v e .  Any  kind of  w e i g h t e d  

a v e r a g e  of  the  M a c a u l a y  dura t ions  will no t  c o m e  c lose  to  the  c o r r e c t  dura t ion .  

The w i t h d r a w a l  p r iv i l ege  of  an SPDA l i ab i l i ty  (wi thou t  a m a r k e t  va lue  

ad jus tmen t )  b e h a v e s  l ike a pu t  opt ion ,  b e c a u s e  it gains  in va lue  when  i n t e r e s t  

r a t e s  r ise.  Thus, in i so la t ion ,  t he  w i t h d r a w a l  p r iv i l ege  has  n e g a t i v e  dura t ion .  
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H o w e v e r ,  a s imu la t ions  mode l  of  an SPDA p r o d u c t  will p r o d u c e  p e r - s c e n a r i o  

M a c a u l a y  du ra t i ons  t ha t  do not  r e f l e c t  this n e g a t i v e  du ra t ion  c h a r a c t e r i s t i c .  By 

the  a g g r e g a t i o n  p r o p e r t y ,  the  n e g a t i v e  du ra t ion  of  the  w i t h d r a w a l  p r iv i l ege  

s h o r t e n s  the  du ra t ion  of  t he  t o t a l  SPDA l iabi l i ty .  This is why  the  p r i c e  

s e n s i t i v i t y  of  an SPDA l iab i l i ty  t ends  to be  s u b s t a n t i a l l y  sho r t e r  than  i n d i c a t e d  

by  M a c a u l a y  dura t ions .  

For  r e p r e s e n t a t i v e  ca l l ab l e  bonds ,  t e s t i n g  has  found  tha t  a v e r a g e  M a c a u l a y  

dura t ions  can  d i f f e r  f rom the  p r i c e - s e n s i t i v i t y  du ra t i on  b y  more  than  1 yea r .  In 

gene ra l ,  t he  s imple  a v e r a g e  M a c a u l a y  du ra t i on  was  found  to be  less  than  the  

p r i c e - s e n s i t i v i t y  du ra t i on  for  t he  t y p i c a l  ca l l ab le  bonds  the  au thor  ana lyzed .  

M a c a u l a y  du ra t ion  does  no t  add re s s  the  q u e s t i o n  of  p r i c e - s e n s i t i v i t y ,  which  

is t he  key  to  i n t e r e s t  r a t e  risk c o n t r o l  for  p r o d u c t s  t h a t  canno t  b e  cash  f low 

m a t c h e d .  Ma tch ing  a v e r a g e  M a c a u l a y  du ra t ions  might  s e e m  to m a t c h  cash  f lows  

"on a v e r a g e "  for  i n t e r e s t - s e n s i t i v e  cash  f lows ,  bu t  this  does  not  e l i m i n a t e  C-3 

risk.  Tha t  is b e c a u s e ,  when  the  m a g n i t u d e s  of  the  cash  f lows  v a r y  wi th  i n t e r e s t  

r a t e s ,  a " t iming m a t c h "  does  not  ensu re  t ha t  a s se t  f lows  will be  a d e q u a t e  to  

c o v e r  l i ab i l i ty  f lows .  Ma tch ing  p r i c e - s e n s i t i v i t y  du ra t ions  ensu res  tha t  a s se t  

m a r k e t  va lues  will be  a d e q u a t e  to  c o v e r  l i ab i l i ty  m a r k e t  va lues .  Under  the  

l a t t e r  approach ,  a s s e t s  can  b e  l i qu ida t ed  as n e e d e d  to  cove r  w h a t e v e r  l iab i l i ty  

cash  f lows  do occu r ,  w i thou t  impa i r ing  m a r k e t  va lue  surplus.  

4.7 Sample Applications of Duration 

This d iscuss ion  will  p r e s e n t  s imple  e x a m p l e s  of how p r i c e - s e n s i t i v i t y  

du ra t i on  can  b e  u sed  to e s t i m a t e  i n t e r e s t  r a t e  r isk exposu re .  Suppose  the  insurer  
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has a b lock  of SPDAs b a c k e d  by ca l lab le  bonds.  L e t  the  r a t i o  of asse t s  to 

l i ab i l i t i es  on a m a r k e t  va lue  basis  be 1.1 ( tha t  is, surplus is 10 p e r c e n t  of  

l iabil i t ies}.  We will a s sume  tile insurer  wants  to i m m u n i z e  the  r a t i o  of surplus to 

l iab i l i t ies  aga ins t  C-3 risk. Suppose a r ea sonab l e  se t  of  a s sumpt ions  p roduced  a 

l i ab i l i ty  du ra t ion  of 3 yea r s .  If the a s se t s  t h a t  b a c k e d  this l i ab i l i ty  were  also to 

have  a du ra t ion  of  3 years~ then  roughly  speaking~ the  surplus r a t i o  would r e m a i n  

a t  10 p e r c e n t  if  i n t e r e s t  r a t e s  were  to r ise or fal l .  This is because ,  f rom 

equa t i on  5, the  du ra t ion  of  the  f inanc ia l  r a t io ,  a s se t s  d iv ided by l iab i l i t ies  would 

be 0. Then the  r a t i o  of a s se t s  to l i ab i l i t i es  would be a p p r o x i m a t e l y  c o n s t a n t  for  

modes t  i n t e r e s t  r a t e  changes~ so the  r a t i o  of  surplus to l iab i l i t i es  would also be 

s t ab i l i zed .  

L e t  us cons ider  ano the r  example  t h a t  i l l u s t r a t e s  the  possible  danger  of 

using ave rage  M a c a u l a y  du ra t ion  to e s t i m a t e  p r i c e - s e n s i t i v i t y  dura t ion .  Suppose 

the  SPDA l iab i l i ty  aga in  has a du ra t ion  of  3 yea r s ,  bu t  the  a v e r a g e  M a c a u l a y  

dura t ion  is 4 yea r s .  Suppose the  asse t s  are  ca l lab le  bonds wi th  a du ra t ion  of  5 

yea r s ,  but  an ave rage  M a c a u l a y  du ra t ion  of  4 yea r s .  (These er rors  are  s imi lar  in 

m a g n i t u d e  and d i r e c t i o n  to those  the  au tho r  found in some t e s t  cases.)  

Since the  ave r age  M a c a u l a y  dura t ions  of the  asse t s  and l iab i l i t ies  are  

equal~ the  insurer  migh t  be l ieve  t h a t  t he  surplus r a t i o  has been  immun ized .  

However~ the  du ra t ion  of asse t s  d iv ided by l iab i l i t i es  is a c t u a l l y  Z y e a r s  9 no t  0 

yea r s .  Suppose i n t e r e s t  r a t e s  r ise  by 1 p e r c e n t .  

We can  now apply a gene ra l  f o r m u l a  t h a t  e s t i m a t e s  how a var iab le  changes  

in value  f rom P0 to P1 when it has a du ra t ion  of  D yea r s ,  if i n t e r e s t  r a t e s  r ise by 

A I  pe r cen t , ( 6 )P l  = P0 x (1 - 0.01 x D x I). 
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This f o r m u l a  is v e r y  s imi la r  to equa t ion  1. I t  fol lows f rom equa t ion  3A by 

no t ing  t h a t  {P1 - P0) / .01 x A I  is a n u m e r i c a l  a p p r o x i m a t i o n  to dP/dI .  

The r a t i o  of  a s se t s  to l i ab i l i t i es  has a du ra t ion  of  Z yea r s  and s t a r t s  out  

equal ing 1.1; we have  a s sumed  i n t e r e s t  r a t e s  r ise  1 p e r c e n t .  Then, using 

equa t i on  6, the  r a t i o  of  asse t s  to  l iab i l i t ies  would become  roughly  1.1 x (1 - 0.01 

x Z x 1), which is 1.078. Then the  r a t i o  of  surplus to l iabi l i t ies  has dropped f rom 

10 to 7.8 p e r c e n t ,  which is a ZZ p e r c e n t  r educ t i on .  

e x p e c t e d  such a loss if  i t  conc luded  f rom the  

du ra t ions  t h a t  i ts  surplus  r a t i o  was immunized .  

M a n a g e m e n t  would no t  have  

m a t c h  of ave rage  Macau lay  

Whenever  a f inanc ia l  va r iab le  has a nonze ro  dura t ion ,  then  i n t e r e s t  r a t e  

m o v e m e n t s  can  cause  gains  as well  as losses,  of  course ,  depending  on whe the r  

the  dura t ion  is pos i t ive  or n e g a t i v e  and on w h e t h e r  i n t e r e s t  r a t e s  r ise  or fal l .  

Using dura t ion  ca l cu l a t i ons  and applying equa t ion  6, m a n a g e m e n t  can e s t i m a t e  

the  e f f e c t s  of f i nanc i a l  p e r f o r m a n c e  of  d i f f e r e n t  i n t e r e s t  r a t e  changes .  By 

f inding the  e f f e c t  on asse t  po r t fo l io  du ra t ion  of a proposed  i n v e s t m e n t  s t r a t e g y ,  

t he  i m p a c t  of  t h a t  s t r a t e g y  on C-3 risk exposure  can be rev iewed .  By f inding the  

e f f e c t  on l i ab i l i ty  po r t fo l io  du ra t ion  of a proposed  p roduc t  design or 

a d m i n i s t r a t i v e  pol icy ,  aga in  the  i m p a c t  on C-3 r isk exposure  can be rev iewed.  

Because  du ra t ion  i t s e l f  is a f unc t i on  of  i n t e r e s t  r a t e s  (it changes  as 

i n t e r e s t  r a t e s  change) ,  equa t ion  6 b e c o m e s  less a c c u r a t e  as A I b e c o m e s  la rger .  

Equa t ion  6 can be e x t e n d e d  to a b e t t e r  e s t i m a t o r  of pr ice  change  using the  

concep t  of  "convex i ty , "  which is de r ived  f rom the  second  de r iva t ive  of  the  pr ice  
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func t ion .  C o n v e x i t y  is b e y o n d  the s c o p e  of  this d iscuss ion.  I n t e r e s t e d  r e a d e r s  

can r e f e r  to the  Mi lgrom pape r  and i ts  d i scuss ion  and to the  work  by  J a c o b ,  Lord,  

and Ti l ley.  

4.8 Limitations o f  Duration Analysis 

D u r a t i o n  ana lys i s  has  s o m e  l i m i t a t i ons  of  which  the  va lua t ion  a c t u a r y  

should  be  aware :  

O Like any o the r  a c t u a r i a l  model ,  du ra t i on  analys is  r equ i r e s  a s sump-  

t ions like i n t e r e s t  r a t e  v o l a t i l i t y  or po l i cyho l de r  l apsa t ion ,  which will 

p robab ly  not  be  c o m p l e t e l y  a c c u r a t e  over  long p r o j e c t i o n  per iods .  

D u r a t i o n  ca l cu l a t i ons  are  more  c o m p l e x  for  r ecu r r i ng  p r e m i u m  

p r o d u c t s  like un ive r sa l  l i fe ,  b e c a u s e  the  l iab i l i ty  du ra t i on  is s ens i t i ve  

to the  f u t u r e  p r e m i u m  p a y m e n t  a s sumpt ions .  Tha t  is, d i f f e r e n t  

fu tu re  p r e m i u m  p a y m e n t  b e h a v i o r  by  today ' s  po l i cyho lde r s  will have  a 

:big e f f e c t  on today ' s  l iab i l i ty  dura t ion .  S imula t ions  models  ge t  

a round this p rob l em.  

O D u r a t i o n  analys is  does  not  d i r e c t l y  add re s s  c e r t a i n  ques t ions  tha t  a re  

b e s t  s t ud i ed  wi th  s c e n a r i o - b y - s c e n a r i o  s imu la t ions  ou tpu t .  These  

inc lude  r e v i e w s  of  surplus  n e e d s  under  e x t r e m e  f u t u r e  bus iness  

condi t ions ,  e spec i a l l y  wi th  r e g a r d  to r isks o t h e r  than  C-3 risk. In 

addi t ion ,  du ra t ions  a re  a lways  for  ex i s t ing  i n - f o r c e  bus iness  as of a 

s p e c i f i e d  va lua t ion  da te .  They  do not  give much  i n f o r m a t i o n  abou t  

the  poss~.ble e f f e c t s  of  f u t u r e  new  bus iness .  
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0 Durations for some classes of assets, such as stocks and real estate, 

are hard to define, because the price volatilities of these investments 

are not directly tied to interest rates the way they are for bonds and 

options on bonds. This is also partly true for high-yield ~unk) bonds, 

whose price changes are not completely correlated with general 

interest rate changes. 

4.9 Advantages of Duration Analysis 

Dura t i on  ana lys is  is a va luable  ad junc t  to  t r a d i t i o n a l  s imula t ions  analysis  

for  the  fo l lowing reasons:  

0 The resu l t s  are  independen t  of i n t e r e s t  r a t e  f o r eca s t i ng .  They  are 

not  d e p e n d e n t  on, or b iased by~ sub jec t ive  views about  fu tu re  i n t e r e s t  

r a t e  m o v e m e n t s .  

The ou tpu t  s u m m a r i z e s  resu l t s  across  many  i n t e r e s t  r a t e  scenar ios  

in to  a concise  index of  i n t e r e s t  r a t e  sens i t iv i ty .  In contra~st, 

t r a d i t i o n a l  s imula t ions  s tud ies  s o m e t i m e s  p roduce  la rge  amoun t s  of 

ou tpu t  t h a t  can be d i f f i cu l t  and t ime  consuming to i n t e r p r e t .  

Once  a t a r g e t  a ccoun t  has been  s e l e c t e d  for  i m m u n i z a t i o n  and 

as sumpt ions  chosen for the  du ra t ion  ca l cu la t ions ,  the  ou tpu t  of  the  

du ra t ion  analys is  gives d i r ec t  and spec i f i c  i n f o r m a t i o n  on what  to do 

to i m m u n i z e  e f f e c t i v e l y .  This i n f o r m a t i o n  is r ead i ly  c o m m u n i c a t e d  

wi th in  the  insurance  company .  
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O D u r a t i o n  t a r g e t s  a re  v e r y  f lex ib le .  For  instance~ a t a r g e t  a s se t  

dura t ion  can  be  a c h i e v e d  by  any c o m b i n a t i o n  of  i n v e s t m e n t s  whose  

a g g r e g a t e  du ra t i on  equa ls  the  t a r g e t .  M a n a g e m e n t  is f r ee  to pursue  

spec ia l  m a r k e t  o p p o r t u n i t i e s  wi th in  v e r y  b road  cons t r a in t s .  

R e g u l a t o r y  res t r ic t ions~ t ax  cons idera t ions~ and t r a n s a c t i o n s  cos t s  

will not  hobb le  the  c o s t - e f f e c t i v e n e s s  of  a du ra t ion  ma tch ing  (or 

i n t en t i ona l  mismatch ing)  p r o g r a m .  

4.10  Conclus ion  

This s e c t i o n  has d i scussed  a gene ra l  t e c h n i q u e  for  measur ing  and managing  

C-3 r isk,  ca l l ed  dura t ion  analysis .  It a l lows  m a n a g e m e n t  to se t  spec i f i c  and 

conc i se  t a r g e t s  for  a s se t  and l i ab i l i ty  por t fol ios~ as wel l  as to i m m u n i z e  

p r o f i t a b i l i t y  e f f e c t i v e l y  aga ins t  i n t e r e s t  r a t e  r isk whi le  p e r m i t t i n g  c o n s i d e r a b l e  

f l ex ib i l i t y  in execu t ion .  D u r a t i o n  ana lys i s  canno t  r e p l a c e  t r ad i t i ona l  s imu la t ions  

analys is  bu t  should be  s een  by  the  v a l u a t i o n  a c t u a r y  as a va luab le  ad junc t .  In 

par t icular~ the  va lua t ion  a c t u a r y  should be  a w a r e  of  the  p i t f a l l s  of  M a c a u l a y  

dura t ion  for  i n t e r e s t - s e n s i t i v e  a s se t s  and liabili t ies~ and he should  make  sure  t ha t  

any  du ra t ion  r e su l t s  he uses  have  a sound t h e o r e t i c a l  founda t ion .  
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