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Abstract  

 
This paper addresses the allocation of solvency capital in multi- line financial businesses.   
Although this paper is uniformly applicable to financial enterprises of all types, the 
terminology in the paper is mainly that of insurance.  The TailVaR risk measure is 
extended in a natural way to allocating capital to each of the business units.   This method 
of allocation allocates capital in a way that is invariant over the method of decomposing 
the enterprise into business units.  Analytic results are derived in the case of multivariate 
Normal risks.  The key result of this paper is that the TailVaR-based proportional 
allocation of total required capital is identical to that based on mean-variance 
considerations analogous to the CAPM in the case of the multivariate Normal 
distribution.  The allocation methodology results are then applied to a real bancassurance 
portfolio of 10 lines of business to illustrate the various concepts discussed in the paper. 
 
 
 
 
 
 
 
   
An earlier version of this paper was presented at the AFIR/ICA conference in March 
2002 in Cancun, Mexico. 
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1.  Introduction 
 
The subject of the determination of risk capital has been of active interest to researchers, 
of interest to regulators of financial institutions, and of direct interest to commercial 
vendors of financial products and services. 
 
At the international level, the actuarial and accounting professions and insurance 
regulators through the International Accounting Standards Board, the International 
Actuarial Association, and the International Association of Insurance Supervisors are all 
active in developing a framework for accounting and capital requirements for insurance 
companies.  Similarly, the Basel Committee, and Bank of International Settlements have 
been developing capital standards for use by banks. 
 
The concept of Value-at-Risk (VaR) has become the standard risk measure used to 
evaluate exposure to risk.  In general terms, the VaR is the amount of capital required to 
ensure, with a high degree of certainty, that the enterprise doesn’t become technically 
insolvent.  The degree of certainty chosen is arbitrary.   In practice, it can be a high 
number such as 99.95% for the entire enterprise, or it can be much lower, such as 95%, 
for a single unit within the enterprise.   This lower percentage may reflect the inter-unit 
diversification that exists. 
 
The promotion of concepts such as VaR has prompted the study of risk measures by 
numerous authors (e.g. Wang, 1996, 1997).   Specific desirable properties of risk 
measures were proposed as axioms in connection with risk pricing by Wang, Young and 
Panjer (1997) and more generally in risk measurement by Artzner et al (1999). 
 
In this paper, we consider a random variable  Xj  representing the negative of the possible 
profits, i.e. the possible losses, arising from a business unit1 identified with subscript  j.  
Then the total or aggregate losses for  n  units combined is simply the sum of the losses 
for all units 
 

X = X1 + X2 + …+ Xn.   
 
The probability distribution of the aggregate losses depends not only on the distributions 
of the losses for the individual business units but also on the inter-relationships between 
them.  Correlation is one such measure of inter-relationship.  Correlation is, however, a 
simple linear relationship that may not capture many aspects of the relationship between 
the variables.  However, it does perform perfectly for describing inter-relationships in the 
case where the losses from the individual business units form a multivariate Normal 
distribution.  Although the Normal assumption is used extensively in connection with the 
modelling of changes in the logarithm of prices in the stock market, it may not be entirely 

                                                 
1 At this point it is not necessary to identify what an appropriate “business unit” should be.   It could be 
anything from a single insurance policy to an entire book of insurance business.    
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appropriate for modeling many processes including insurance loss processes2.  However, 
for financial models and applications, where most theory is based on Brownian motion 
resulting in Normal distributions, the Normal distribution model serves as a benchmark 
and provides insight into key relationships. 
 
There are two broad approaches to the application of risk measurement to complex 
organizations such as insurance companies and banks.  One approach is to develop a 
mathematical model for each of the risk exposures separately and assign a capital 
requirement to each exposure based on the study of that risk exposure.  This is often 
called the risk-based capital (RBC) approach in insurance.  The total capital requirement 
is the adjusted sum of the capital requirements for each risk exposure.  Some offset may 
be possible due to the recognition that there may be a diversification or hedging effect of 
risks that are not perfectly correlated.  The second approach uses an integrated model of 
the entire organization (the internal model approach).  In this approach, a mathematical 
model is developed to describe the entire organization.  The model incorporates all 
interactions between business units in the company.  In either approach, an allocation of 
the total capital back to the units is necessary for a variety of business management or 
solvency management reasons.  This paper focuses on that allocation. 
 
We do not separate what actuaries traditionally consider valuation margins from capital 
requirements.3   Both exist for the protection of the company from insolvency.    In this 
paper, we think of the required capital as the required “total balance sheet requirement” 
encompassing both margins and specific additional capital. 
 
The reader is cautioned that the methods in this paper are not meant to be used directly 
for rewarding executives.  This is discussed at the end of the paper.  
 
2.  Risk Measures 
 
A risk measure is a mapping from the random variables representing the risks to the real 
line.  A risk measure gives a single number that quantifies the risk exposure in a way that 
is meaningful for the problem at hand.  The standard deviation of a distribution is such a 
measure of risk. One of the other most commonly used risk measures in the fields of 
finance and statistics is the quantile or Value-at-Risk.  This risk measure is the size of 
loss for which there is a small (e.g. 1%) probability of exceedence.  For some time, it has 
been recognized that this measure suffers from serious deficiencies if losses are not 
Normally distributed. 
 
Following Artzner et al. (1999), a coherent risk measure is defined as one that has the 
following four properties for any two bounded loss random variables X  and  Y.  

                                                 
2 The Normal distribution follows from the Central Theorem which can apply in the case where the loss for 
a business unit can be considered as the sum of a large number of individual items;e.g., a block consisting 
of a large number of insurance policies. 
3 In theory, systematic risk is included in valuation margins while non-systematic risk is  included in 
additional capital requirements.   



 3 

Throughout this paper, the risk measure is denoted by the function ρ(.).  For this paper, it 
is convenient to think of  ρ(X)  as the amount of solvency capital required for the risk  X.4 
 

1. Subadditivity:  
ρ(X + Y) ≤ ρ(X) + ρ(Y) 

 
This means that the capital requirement for two risks combined will not be greater 
than for the risks treated separately.  This is necessary, since otherwise companies 
would have an advantage to disaggregate into smaller companies.   

 
2. Monotonicity: 

If X ≤ Y for all possible outcomes, then  ρ(X) ≤ ρ(Y). 
 

This means that if one risk always has greater losses than another risk, the capital 
requirement should be greater. 
 

3. Positive Homogeneity: 
For any positive constant  λ ,  ρ(λX) = λρ(X). 

 
This means that the capital requirement is independent of the currency in which the 
risk is measured. 
 

4. Translation invariance 
For any positive constant  α , ρ(X + α) = ρ(X) + α. 

 
This means that there is no additional capital requirement for an additional risk for 
which there is no uncertainty.  In particular, by making  X  identically zero, the total 
capital required for a certain outcome is exactly the value of that outcome. 
 

Risk measures satisfying these criteria are deemed to be coherent.  There are many such 
risk measures.  The classical VaR does not satisfy these criteria. 
 
The q-quantile or VaR  
 
The q-quantile, xq , is the smallest value satisfying 
 

{ } qxX q −=> 1Pr . 
 
As a risk measure,  xq  is the Value-at-Risk and is used extensively in financial risk 
management of trading risk over a fixed (usually relatively short) time period.  It is not a 
coherent risk measure (see Artzner et al, 1997) 
 
TailVaR 

                                                 
4 We do not specifically incorporate a time horizon for the losses of the company.  The random variables 
can be considered as representing the present value of losses over and specifed time horizon.   
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The Tail Value at Risk (TailVaR) is defined as   
 

[ ]qxXX >E . 

 
See Tasche (2001, 2002) and Acerbi and Tasche (2002) who refer to it as expected 
shortfall.  This is called conditional tail expectation by Wirch (1997) and TailVaR by 
Artzner (1999).   It can be seen that this will be larger than the VaR measure for the same 
vale of q described above since it is the VaR  qx   plus the expected excess loss; i.e., 

 
 

[ ] [ ]qqqq xXxXxxXX >−+=> EE  
 

TailVaR is a coherent measure in the sense of Artzner et al (1997).   ).  See Wirch and 
Hardy (1999).  The papers by Artzner (1999) and Wirch and Hardy (1999) on coherent 
risk measures are potential sources of ideas for the application of this kind of risk 
measure.   
 
The TailVaR risk measure is closely related to the Expected Policyholder Deficit (EPD) 
risk measure attributed to Butsic (1994) by Lowe and Stanard (1997)5.  EPD is defined as 
 

( )[ ]
+

− qxXE  

 
which is the unconditional expectation of excess losses, taking the value zero when losses 
are less than the quantile.  In insurance terms, it is the expected loss under a stop- loss 
contract with attachment point  qx . 
 
Note that the EPD and the TailVaR risk measures are simple related through the equation 
 

[ ] [ ]
( )[ ].E/1

EE

+
−⋅+=

>−+=>

qq

qqqq

xXqx

xXxXxxXX
 

 
Overbeck (2000) also discusses VaR and TailVaR as risk measures.  He argues that VaR 
is an “all or nothing” risk measure, in that if the extreme event causing ruin occurs, there 
is no capital to cushion losses.  He also argues that TailVaR provides a definition of “bad 
times” which are those where losses exceed some threshold, not using up all available 
capital.  TailVaR the provides the expected excess loss over that threshold, when the 
threshold has been exceeded.  One can define the threshold  xq   as we have done above in 
the definition 

 

                                                 
5 Lowe and Stanard also suggest that the concept of EPD can be traced back to a paper in the German 
literature in 1867. 
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[ ]qxXXEX >=)(ρ  . 
 
Alternatively, one can define the threshold by first establishing the quantity )(Xρ by any 
method, and then solve to determine the threshold qx  which defines the “bad times” of 
Overbeck (2000). 
 
3.  Allocation of Capital 
 
Consider now the random variable  X  and the question of the allocation of capital to the 
individual risks  X1 , X2 , …, Xn  when the capital requirement  ρ(X)  has been determined 
for the total risk  X.  Denault (2001) addresses this question by defining a set of desirable 
properties for an allocation methodology.  He defines a coherent allocation method as 
one that possesses these properties. 
 
Let  K = ρ(X)  represent the risk measure for the total risk  X .  Let  Ki  denote the 
allocation of K to the i-th risk.  The properties are: 

 
1.  Full allocation 

K1 + K2 + … + Kn = K 
 
This means that all of the capital is allocated to the risks. 
 
2.   No undercut 

 
Ka + Kb + … + Kz  ≤  ρ( Xa + Xb + … + Xz) 

 
for any subset {a,  b, …,z} of {1, 2, … , n}. 
 
This means that any decomposition of the total risk will not increase the capital from 
that if the risks stood alone. 
 
3.  Symmetry 
 
Within any decomposition, substitution of one risk  Xi  with an otherwise identical 
risk   Xj   will result in no change in the allocations. 
 
4.  Riskless allocation 

 
The capital allocation (in excess of the mean) to a risk that has no uncertainty is zero. 
 

These properties seem to be reasonable and intuitive requirements for an allocation 
method.   They are, however, not sufficient to characterize a single allocation method. 
 
 
4.  TailVaR Allocation 
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Overbeck (2000) discusses a natural extension of TailVaR, among other methods, as a 
basis of allocating capital to the blocks or lines of credit risk.  Denault (2001) briefly 
mentions TailVaR as well, but focus on game-theoretic methods of allocating capital.   
 
TailVaR allocation is based on the idea that the capital for each risk should be based on 
the contribution of the specific risk to the total capital, that is 

 
[ ]qjj xXXEK >= . 

 
This formula is not only simple; it is also intuitive.  The capital required for each risk is 
precisely the expected contribution to the shortfall when a shortfall occurs.  Overbeck 
(2000) calls this the “contribution to shortfall” method.   This allocation method satisfies 
the four desired properties in the last section.  Although Overbeck (2000) and Denault 
(2001) consider other plausible methods, this one seems to have the greatest natural 
appeal when the risk measure for the total of all risks is based on TailVaR. 
 
 
5.  Application to Multivariate Normal Risks 
 
The Normal distribution is used extensively in financial applications.  It arises naturally 
in connection with Brownian motion forms the basis of many economic models.  In this 
section, we use the Normal distribution to model the distribution of the present value of 
losses for a risk.   The risk could be an entire company, such as an insurance company or 
other financial institution, or it could be a much smaller unit such as a block of insurance 
policies.   
 
Consider the aggregate risk  

X = X1 + X2 + …+ Xn 

 
where the  Xjs form a multivariate Normal distribution.  Note that  X  itself also follows a 
Normal distribution.  Denoting its mean and variance by  µ  and  σ , it is straightforward 
to show that the TailVaR can be written as 
 

[ ] 2σµ axXXEK q +=>=  
 
where   

)(1

)(

q

q

xF

xf
a

−
=  

 
and f(.) and  F(.) are the probability density function and the cumulative distribution 
function of the Normal distribution with mean  µ  and standard deviation σ .   
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To consider the individual allocations, it is sufficient to consider only the case with  n = 2  
by isolating one random variable (say X1) and combining all the risks, except X1, into the 
random variable  X2.  This will simplify the notation considerably. 
 
So consider the aggregate risk  

X = X1 + X2 
 
In this case, with a bit of calculation, one finds the allocation to risk 1  
 

[ ] )1(
1

2
2,1

2
1111 σ

σ
ρσµ ++=>= axXXEK q . 

where  2,1ρ   represents the correlation coefficient between  X1  and  X2. 
 
Table 1 illustrates how the allocation works for different combinations of parameters.  
The column headings in Table 1 are as follows: 
 
  Mean1      Mean of  X1 

  StdDev1   Standard deviation of  X1 
  Mean2   Mean of  X2 
  StdDev2   Standard deviation of  X2 
  Corr   Correlation coefficient between X1 and X2 

  Prob   Cumulative probability value 
  TailVaR  Value of TailVaR  
  Pr(TailVaR)  Cumulative probability value at TailVaR  
  Alloc1   Allocation to risk 1 
  Pr(Alloc1)  Cumulative probability at this allocation for risk 1 
  Alloc2   Allocation to risk 1 
  Pr(Alloc2)  Cumulative probability at this allocation for risk 2 
 
Consider line of business F in Table 1.   There are two lines of business, each with 
expected losses of amount zero.   The standard deviation of the first line has value 1 
while that of the second has value 2.   Thus the second line is “riskier” than the first.  The 
correlation coefficient of losses of the two lines has value 0.5.  The TailVar at the 99% 
quantile is 7.05.  This is the capital (in excess of the mean of zero) required for both lines 
combined.  The allocation formula gives 29% of the required capital (7.05 in this case) to 
line 1, the less risky line and 71% to line 2, the riskier line.   The 71% allocation to line 2 
corresponds to a quantile of 99.4% for line 2 on a stand-alone basis.  Similarly, the 29% 
allocation to line 1 corresponds to a quantile of 97.8% to line 1.  The difference in 
quantile and the larger allocation to the second line of business are direct consequences of 
the allocation formula recognizing that the second line is much more likely to be the 
cause of the insolvency. 
  
For the bivariate Normal model considered here, the size of the TailVaR for the total risk 
is, of course, dependent on the correlation coefficient.    
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If the two risks are uncorrelated, the capital allocation for each risk is of the same form as 
the TailVaR for each of the risks taken separately on a stand-alone basis except that the 
factor  a  is based on the distribution of the sum of the two risks.   
 

TABLE 1 
Allocation of capital to two risks – 11 cases 

CaseMean1 StdDev1 Mean2 StdDev2 Corr  Prob TailVaR Pr(TailVaR) Alloc1 Pr(Alloc1) Alloc2 Pr(Alloc2) 

A 0 1 0 1 0 0.99 3.77 0.996 50% 0.97 50% 0.97 

B 0 1 0 1 0.5 0.99 4.62 0.996 50% 0.99 50% 0.99 

C 0 1 0 1 1 0.99 5.33 0.996 50% 0.996 50% 0.996 

D 0 1 0 1 -0.5 0.99 2.67 0.996 50% 0.909 50% 0.909 

E 0 1 0 1 -1 0.99 0 0.5 50% 0.5 50% 0.5 

F 0 1 0 2 0.5 0.99 7.05 0.996 29% 0.978 71% 0.994 

G 0 1 0 4 0.5 0.99 12.21 0.996 14% 0.959 86% 0.995 

H 0 2 0 4 0.5 0.99 14.1 0.996 29% 0.978 71% 0.994 

I 0 1 0 2 -0.5 0.99 4.62 0.996 0% 0.5 100% 0.99 

J 0 1 0 4 -0.5 0.99 9.61 0.996 -8% 0.959 108% 0.995 

K 0 2 0 4 -0.5 0.99 9.23 0.996 0% 0.978 100% 0.99 
 
 
If the two risks are identical, the proportion allocated to each risk is always 50% of the 
total allocation independent of the correlation (see cases A to E in Table 1).  In general, 
this should also hold for any multivariate distribution with identical marginals.   
 
A negative correlation will decrease the required capital to each risk compared to the case 
of independent risks. Compare case A and D or cases F and I or cases G and K in Table 
1. 
 
It is interesting to note that the total capital allocated to risk 1 can be less than the mean. 
The second to last line (case J) in Table 1 illustrates this point.  This can only occur in the 
situation where the correlation coefficient is negative and satisfies  
 

.
2

1
2,1 σ

σ
ρ −≤  

 
This means that in the usual situation where the standard deviation of the risk 1 is small 
relative to the standard deviation of the sum of the other risks (represented collectively by 
risk 2), if the correlation coefficient is sufficiently negative, any hedging provided by the 
risk will result in credit being given to that risk for hedging. 6  
 

                                                 
6 See the last paragraph of this paper for a cautionary note on the use of this method of allocation for 
rewarding managers. 
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When the above inequality is replaced by equality, as in the last line (case K) in Table 1, 
the allocation to risk 1 is exactly zero. 
 
 
6.  Allocation and the CAPM in the Multivariate Normal Case 
 
We now revert back to the original notation involving all  n  risks.  The subscript  j  refers 
to the  j-th risk while the negative subscript  -j  refers to all but the j-th risk so that 
  

X-j = X1 + X2 + … + Xj-1 + Xj+1 +…+Xn . 
 
Then, by replacing subscript  1  by  j  and subscript  2  by  -j , the allocation formula can 
be rewritten as  

 
Now, denoting the correlation coefficient and the covariance between the j-th risk 
represented by  Xj  and the sum of all risks represented by  X , by the symbols  Xj ,ρ   and  

Xj ,σ   respectively, and recognizing that 

jjj

n

i
jiXj −

=

+== ∑ ,
2

1
,, σσσσ  

and 
,2 ,

222
jjjjjjX −−− ++= σσρσσσ  

it is easily shown that 

 
 
With a simple substitution, the capital allocation (in excess of the mean) to the j-th risk 
can be written in terms of the total capital requirement (in excess of the mean) for the 
sum of all risks as 

 

).()(
2

,
, µ

σ

σ
µ

σ

σ
ρµ −=−=− KKK

X

Xj

X

j
Xjjj  

By letting 

2
,

,
X

Xj

X

j
Xjj σ

σ
σ
σ

ρβ ==
 

denote the “internal beta,” the allocation formula reduces to 
 

[ ] ).1( ,
2

j

j
jjjjqjj axXXEK

σ

σ
ρσµ −

−++=>=

[ ] ., Xjjqjj axXXEK σµ +=>=
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).( µβµ −=− KK jjj  

The internal beta plays the same role as the “beta” in the capital asset pricing model 
(CAPM).   In our case, the beta represents the proportion of the total capital allocated to 
the specific risk, noting that the “proportion” could be positive or negative, but that the 
sum of the proportions is exactly 1.   This method of allocation is sometimes referred to 
as “covariance-based” allocation, without specific reference to CAPM; although, the 
connection with the CAPM is apparent. 
 
One can also consider the “solvency price of risk” measuring the amount of capital 
required per unit of risk taken, analogous to the market price of risk in the CAPM 
framework.  In the case of the Normal distribution, the relevant measure of risk is the 
standard deviation.   Thus the solvency price of risk for risk  j  is given by  
 

X
Xj

j

jj KK

σ
µ

ρ
σ

µ )(
,

−
=

−
 

 
demonstrating that the appropriate price of risk could be negative in the case where the 
specific risk acts as a natural hedge against movements in the sum  X ; i.e., where the 
correlation coefficient is negative. 
 
It is interesting that, at least in the case of the multivariate distribution, the allocation 
formula derived by starting with the TailVaR risk measure is identical to that of the 
CAPM, which is usually derived based on mean-variance considerations with no 
reference to VaR or TailVaR.   At this point, it remains unknown how these results can 
be generalized to other distributions. 
 
7.  Application to a Real Bancassurance Company 
 
In order to provide some more insight into actuarial application of the above 
methodology, we have applied it to actual company data7.  The are 10 business units 
(lines of business),  representing a range of insurance and other related financial products.  
The ten relevant random variables are present values of the amounts necessary to assure 
solvency over a fixed time horizon with a confidence level of 99.865%, corresponding to 
three standard deviations above the mean for a Normal model.  The joint distribution of 
these ten random variables is developed using a complex simulation model incorporating 
a variety of sources of variation.  The correlation matrix of ji ,ρ , and standard deviations 
of loss ratios (ratio of losses to premiums) are given in Table 2.   
 
It is interesting to note from Table 2 that, while correlations are generally small, there are 
numerous negative correlations.  In particular, lines of business 6 and 9 have a correlation 
of  -0.46, the largest (in absolute value) correlation between any two lines of business.   
In Table 2, the line labeled “Corr. With Sum” contains the correlation coefficients  Xj ,ρ   

                                                 
7 With thanks to Stuart Wason, MMC Enterprise Risk Consulting  Ltd. 
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between the individual lines and the company as a whole (the sum of the ten random 
variables).   Note that lines of business 8 and 9 are negatively correlated with the 
company as a whole, while line 2 is strongly positively correlated with the company as a 
whole due to its dominant size as measured by premium income. 
 
 

TABLE  2 
Correlations and standard deviations - 10 lines of business 

         Correlation matrix       

Line of Business 1 2 3 4 5 6 7 8 9 10 

1 1 -0.00 0.12 -0.02 0.18 -0.26 -0.12 0.11 0.08 -0.03 

2 -0.00 1 0.05 0.27 0.02 0.08 0.16 -0.21 -0.17 -0.15 

3 0.12 0.05 1 0.01 -0.11 0.10 0.03 -0.12 -0.09 -0.12 

4 -0.02 0.27 0.01 1 0.22 0.05 0.09 -0.11 0.13 -0.23 

5 0.18 0.02 -0.11 0.22 1 -0.11 0.01 -0.03 0.14 -0.01 

6 -0.26 0.08 0.10 0.05 -0.11 1 0.07 -0.09 -0.46 -0.16 

7 -0.12 0.16 0.03 0.09 0.01 0.07 1 -0.25 0.08 0.14 

8 0.11 -0.21 -0.12 -0.11 -0.03 -0.09 -0.25 1 -0.16 -0.16 

9 0.08 -0.17 -0.09 0.13 0.14 -0.46 0.08 -0.16 1 0.21 

10 -0.03 -0.15 -0.12 -0.23 -0.01 -0.16 0.14 -0.16 0.21 1 

Corr. with Sum 0.25 0.69 0.09 0.36 0.16 0.40 0.39 -0.18 -0.07 0.18 

StdDev (Loss Ratio) 7.47% 3.73% 16.12% 2.51% 82.14% 8.05% 3.36% 11.85% 12.29% 5.17% 

Premium in$MM $36.00 $120.40 $1.30 $52.42 $0.70 $48.09 $47.40 $8.08 $8.64 $50.15 

StdDev  in $MM $2.69 $4.49 $0.21 $1.32 $0.57 $3.87 $1.59 $0.96 $1.06 $2.59 

 
 
 
The mean and 99.865% quantile of the loss distributions for each of the ten lines of 
business are given in Table 3.  The difference between these is the capital (in excess of 
the mean) required using the 99.865% quantile when treating each line as a separate 
company on a stand-alone basis.   The sum of these capital amounts is $62.02 million.   
When the ten lines are combined into one company the resulting corresponding capital 
requirement is $27.24 million, reflecting a significant benefit gained by pooling risks. 
 
 

TABLE 3 
Required capital for stand-alone and combined lines 

 
      Line     Mean      99.865%     Capital 

1       25.69         33.75           8.06  
2       37.84          51.30         13.46  
3         0.85            1.48           0.63  
4       12.70          16.65           3.95  
5         0.15            1.87           1.72  
6       24.05          35.67         11.62  
7       14.41          21.73           7.32  
8         4.49            8.24           3.75  
9         4.39            8.11           3.72  



 12 

                      10         9.56          17.35           7.79  
            Sum     134.13        196.15        62.02 

       Combined     134.13                 161.39        27.24  
 
The TailVaR allocation method developed in this paper is used to allocate the $27.24 
million of capital.  The values of the proportion allocated to the ten lines (the values of 
the beta) are given in Table 4.  Note that both lines of business 8 and 9 have a negative 
allocation and that the allocation to line 2 is by far the largest.  Table 4 also gives the 
correlations of each line of business with the total company.  To obtain the values of beta, 
the correlation coefficients are scaled down by the ratio of the standard deviation of the 
line to the standard deviation of the total company. 
 

TABLE 4 
Allocation percentages 

Line 1 2 3 4 5 6 7 8 9 10
Beta 10.13% 45.95% 0.29% 6.97% 1.36% 22.85% 9.16% -2.56% -1.16% 7.02%

Corr. 25.37% 68.96% 9.17% 35.67% 15.94% 39.73% 38.67% -18.04% -7.34% 18.23%  
 
It is interesting to compare this method of allocation with other more naïve methods.  
Table 5 gives results when the total required capital for the combined company is 
allocated in proportion to the TailVaR, the variance and the standard deviation for each 
line considered on a stand-alone basis.  None of these methods can give a negative 
allocation.  Table 5 shows that line 2 has a much greater allocation than by using any of 
these naïve methods.   This is due to the high positive correlation between this line and 
the total company.  None of the other methods involves correlation or other interaction. 
 
 
 

TABLE 5 
Comparison of allocation methods 

Line 1 2 3 4 5 6 7 8 9 10
Beta 10.13% 45.95% 0.29% 6.97% 1.36% 22.85% 9.16% -2.56% -1.16% 7.02%

Prop. to TailVaR 12.96% 36.10% 0.08% 3.10% 0.59% 26.88% 4.56% 1.64% 2.02% 12.07%
Prop. to Var 13.00% 21.70% 1.02% 6.37% 2.78% 18.73% 11.80% 6.05% 6.00% 12.56%
Prop. to SD 13.89% 23.18% 1.08% 6.80% 2.97% 20.00% 8.24% 4.95% 5.49% 13.40%

 
It is also interesting to examine the “solvency price of risk for each line” both on a stand-
alone basis as well as on a combined basis.  These are given in Table 6.  Note that the 
solvency price of risk on a stand-alone basis is about 3 for seven of the ten lines of 
business.  This suggests that the marginal distribution for these risks is close to the 
Normal distribution, since the price of risk was defined to be exactly 3 based on the 
99.865% quantile being exactly 3 standard deviations beyond the mean for the Normal 
distribution.  Lines of business 7, 8 and 9 are somewhat skewed since the solvency price 
of risk exceeds 3 significantly.   This empirical observation suggests that further study of 
allocation methods under non-Normal assumptions is likely warranted. 
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TABLE 6 
Solvency price of risk 

Line 1 2 3 4 5 6 7 8 9 10
Stand Alone 3.00 3.00 3.01 3.00 3.00 3.00 4.59 3.92 3.50 3.00
Combined 1.03 2.79 0.37 1.44 0.64 1.61 1.56 -0.73 -0.30 0.74  

 
Table 6 also illustrates the reduction in the solvency price per unit of risk that results 
from diversification when the 10 lines of business are combined.  The “Stand Alone” row 
in the table gives the solvency price of risk for each of the lines of business when the 
lines are considered as separate enterprises with no opportunity for diversification.   The 
“Combined” row in the table gives the net solvency price of risk after diversification 
effects are recognized.  Note the significant reduction for most lines of business.  
Note particularly that two of the three skewed distributions actually have a negative net 
price of risk (due to the negative correlation) when combined with the entire company.  
This suggests that the skewness of those two lines may actually work in favour of the 
company, from a solvency perspective rather than against it. This is somewhat counter-
intuitive. 
 
 
8.  Observations and Conclusions  
 
TailVaR is only one of many possible coherent risk measures.  However, it is particularly 
well suited to solvency applications.  Historically, solvency analysis has been frequently 
focused on the quantile, whether using “probability of ruin” or VaR; that is, focused only 
on the extreme tail, intentionally ignoring the shape of the distribution.  The quantile 
methods have been shown to be inadequate in many ways.  The simple extension to 
TailVaR retains the focus on the tail and adds one element of the shape of the tail in 
excess of the quantile, namely, the mean excess or shortfall. 
 
The TailVaR-based allocation using the average contribution to the shortfall seems to be 
a natural method in the sense that it fairly allocates solvency costs to the sources of those 
costs.  In the case where a line of business is negatively correlated with the company as a 
whole, the line will receive a “credit” in its allocation as a “reward” for providing a 
partial hedge.  This method satisfies desirable properties for a coherent allocation.  In 
particular, the method will allocate to any business unit an amount of allocated capital 
that does not depend on the way in which the organization is decomposed into smaller 
and smaller units. 
 
The key result of this paper is that in the case of the multivariate Normal distribution, the 
percentage allocation to each line of business using this method of allocation is the same 
as would be obtained by using a covariance-variance-based approach, as in the CAPM.  
The multivariate Normal distribution serves as a benchmark in many finance and 
insurance applications. 
 
The numerical example of the company with 10 lines of business illustrates some of the 
key concepts.  One observation arising from the example is that some distributions may 
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depart significantly from the Normal distribution, but that this departure may work either 
for or against the company as a whole depending on the sign of the relevant correlation 
with the company as a whole. 
 
As a final note, the reader is cautioned that this measure of risk allocation should not be 
used directly to measure return-on-equity or to reward managers of the individual 
business units.  The reward for hedging and diversification across business units (the 10 
lines in the example) should belong with the manager of these unit managers.  The 
managers of each business unit should be rewarded on the basis of the pooling of the sub-
units within the business unit.  For example if units A1 and A2 are subunits of unit A, 
then the manager of subunit A1 should be compensated on the basis of the capital 
required when A1 is treated as a stand-alone unit; i.e., an independent company.  
Similarly for subunit A2.   Now the capital required for unit A (consisting of subunits A1 
and A2) will have a capital requirement that is lower than the sum of that of each of the 
subunits.   The savings in capital requirement by combining the subunits into unit A is 
attributable to the manger of unit A, and not to the managers of A1 and A2.  In the case 
of subunits serving as hedges or insurances for each other, it is entirely reasonable that an 
allocation of the capital for unit A back to subunits can result in a negative allocation.  In 
this case, the capital requirement for unit A is actually less than that for one of the 
subunits A1 or A2, illustrating that there is a hedging gain.      
 

 
References 

 
Acerbi, C. and Tasche D. (2002)  “On the coherence of expected shortfall”, J. of Banking 
and Finance, 26, 1487-1503. 
Artzner, P., Delbaen, F., Eber, J.M., and Heath, D. (1999), “Coherent Measures of Risk”, 
Mathematical Finance, 9, 203-228. 
Artzner, P. (1999), “Application of Coherent Risk Measures to Capital Requirements in 
Insurance,” North American Actuarial Journal,  3, 11-25.   
Butsic, R. (1994) “Solvency Measurement for Property-Liability Risk-Based Capital 
Applications,” Journal of Risk and Insurance, 61, 4, 656-690.  
Denault M. (2001) Coherent Allocation of Risk Capital, Working Paper, ETH RiskLab, 
Zurich.  
Lowe, S. and Stanard, J. (1997) “An integrated Dynamic Financial Analysis and Decision 
Support System for a property catastrophe insurer,” ASTIN Bulletin 27, 339-371. 
Overbeck, L. (2000) “Allocation of Economic Capital in Loan Portfolios,” Measuring 
Risk in Complex Systems, Franke J., Haerdle W. and Stahl G. (eds), Springer. 
Tasche, D. (2001) “Expected shortfall and beyond,”  Working Paper , ETH RiskLab, 
Zurich.  
Tasche, D. (2002) “Expected shortfall and beyond,” J. of Banking and Finance, 26, 1519-
1533. 
Wang, S. (1996) “Premium calculation by transforming the layer premium density,”  
ASTIN Bulletin 26, 71-92.  
Wang, S. (1997) “Implementation of PH transforms in Ratemaking,” Proc. Casualty 
Actuarial Society .  



 15 

Wang, S., Young V.  and Panjer H. (1997) “Axiomatic characterization of insurance 
prices,” Insurance: Mathematics and Economics, 21, 173-183. 
Wirch, J., and Hardy, M. (1999) “A Synthesis of Risk Measures for Capital Adequacy,” 
Insurance: Mathematics and Economics, 25, 337-348. 
 
 
 


