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Dear Sir,

Exposed—to-risk considerations based on the Balducci assumption and

other assumptions in the analysis of mortality.

In a paper called "Estimation of the rate of mortality in the nresence
of in-and~out movement' which appeared on pp. 41-56 in the 1978.2 ARCH issue,
T. N. E. Greville described concepts of "exposure' which have grown up around
the assumption of a uniform distribution of deaths, the Balducci assumption,
and the assumntion of a constant force of mortality, called assumptions A, B,
and C, respectively. The purpose is to estimate a.. and Greville's starting
point is a set of three moment relations, one for each mortality assumption,
based on the consideration that "expected deaths" should be equal to aggregate
actual deaths. The three relations, called (A), (B), and (C), had been picked
up from two Society of Actuaries text-books on the measurement of mortality.

I should like to point out that

0

1 the argument for the three relations seems to be less than completely

accurate, and that

0 . . .
27 . procedures based on correct reasoning can be devised on the basis

of straightforward, non-subtle statistical theory.

The upshot of the following substantiation is that there can be no
reason to prefer the Balducci assumption (or the assumption of a uniform distri-
bution of deaths for that matter) to the assumption of a constant force of mor-
tality.

To argue these points, let n independent lives contribute to our infor-
mat ion about the apge interval (x,x+1), and let the observation of individual no.

i actually start at age x + s, and end at X+t.. Assume that each individual can
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only contribute a single interval of this kind. Of course, s = 0 for those
under observation right from the outset (at age x), and L, = 1 for those present
at age x+1. For later entrants, 0 <s. <1, while for exitants and for those who
die, 0 §si <ty <1. Let Di =1 if individual no. i dies under observation, Di =0
otherwise, and D = ZDi' Then all the three formulas mentioned can he written

in the form '

A
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which essentially is based on the argument that the general term on the left here

is the '

‘expected” number of deaths for individual no. i. But how can that be true?
Assume that (here is some external mechanism which determines some maximal age
x+1, under exposure for individual no. i. Then T is unknown to the actuary when

individual no. i enters the cohort, and it is observed to be
equal tot, if t, <1 and D, = 0,
i i : i
larger than t, < 1 if Di =1, and
equal to 1 if ti =1 (in which case Di = 0).
Thus, the precise value of T gets to be known (and to equal t.) if Di = 0, other-

i
wise not. For simplicity, let us argue as if T = 1 when Di = 1. Then

T = ti + (1-ti)Di . (2)
Whether we use this formula or not, the expected number of deaths to.individual

no. i (for the Laplacian demon who knows the value of Ti) is
q 4 -

- P
LLmn. KN, T=u.'x#+8, 1 ,=8, " xtx, 1=-1, .
P i i i [ i i i

(»

at entry. This resembles the general term in (1) but does not coincide with it.

We easily see that (2) makes 1-g. 947, = 1—t.qx+t.(1_ni)’ so if one is willing

.1 i i i .

to take 1.-g.P to be approximately equal to 1, then perhaps one might say
i1

X+s
that the peneral term in (1) is approximately OK under (2). But its acceptance
restsonastretch of imagination.

This seems to bring out a similar fault in Greville's argument for (U)
on page 44. In both cases, the error consists in treating exitants on a par with
entrants {except for a change of sign in mt) and thus disregarding the fact that
one must be an entrant (possibly at age x) before one can ever become_an exitant.

By writing L Dt’ he argues conditionally on the fact that the individua
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is alive at age x+t, but for a potential exitant, the fact that he will survive
to some time of exit is not known at his time of entry. To get a moment relation
of the kind soupht, one must treat all lives equivalently, for instance by only
conditioning ovn survival until age at entry. Instead of his LR l)‘.
what one pets is then my (3) above. By reorpanizing that relation, we have

[P O B .(lxﬂi
[}

M T )

from which whotly correct moment relations may he derived. Under Assumption B,

for instance,

i - - *
i1 1 Ti)qx

If we use (2), this becomes

(t.=-s.) + (1-t.)D.
£ ——2 — at-D, (5)
i1- (1-ti)(1-Di)qx

which, in principle, is a replacement for (B). Perhaps the correspondence with
(B) i8 scen more clearly if we note that (t-si) + (1-t‘.)l)i = ‘1-5i if ti =1 or

I)i - 1, whivh enables us to write the teft hand side of (%) as

N (1—:¢-l)q; + 1 (_1_'5")'(1"[~\)

l\:tiw1 or ni-ﬂ (1:ti<1 and l)i-0)1 —(1_ti)q;

. (6)

Thus, the inaccuracy in (B) stems from replacing (1-t:i)q;‘(l by 0 in the second
member here for each individual i who exits alive before age x+1. I guess the
problem of solving (5) for q; has the same not overwhelming level of diffi~
culty as that of solving Greville's (A).

Under Assumption A, p{x+t) = qu_th)' which makes

- Aot N
1-ex+¢ i -th 9 -
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By (4), this makes

Apprepat lon results in the tollowing moment

(1.
1

A decomposition ot

like this:

1-s,
¥ —_—L g
i:t.= = -s.q*
{1-ti Tor D, 11 1 s;q}

This may of course be written as

T1-s.
4.‘,}f,q* _ ¥
i 1-s.q* ¥ i:individual
alive before

Again, the inaccuracy in (A) stems from
before age x+1, in that in (A), siq; is

the second sum of (9).

{i:t.<1 and D,=0}
1 1

relat ion when we use (2):

(8)

the tett hand side of (8) corresponding to that of (6) looks

(1-Si) ‘(1'ti)
L ———————~—:T~—— q;
1—Siqx

1-t.
1

; (9)
i exits} 1—5iq;
age x+1

the treatment of those who exit alive

replaced by t.q* in the denominator of
1%

Although the moment relations (5) and (8) have been derived by an

accurate argument,

there is still the remaining difficulty that we have used

(2) as a kind of practical approximation. By contrast, maximum likelihood

extimation bypasses even this minor hurdle. The likelihood is

n

t.
A= expl- 1 Jsl w{x+u)dul

no (et i
1 1 )

i=1

t,
[By the way, note that Zi Islu(x+u)du = jg h(x+u)u(x+u)du, and compare this
with formula (5) on Grevillé's page 51.} Under Assumption A, the log-likelihood

becomes
InA=DlIngq + Zi(1_Di) 1n(1—tiqx) - Ziln(1—siqx) ,

50 the likelihood equation may be written

A A
(1-D.)t.g s.,q
y, P VX _ g LX _p, (10)
S ' 1-s.9
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or

A
t.-s. q
g - o) X o (10)
il 4 g i) o, A
i9x i

which is reminiscent of (8) but does not coincide with it.

Under Assumption B, the log-likelihood becomes
InA=D In qQ - Zi (1+Di) 1n{1~(1—ti)qx) + Zi ln{1-(1-si)qx} ,

and the likelihood equatiomn is

(-s)q, . 0 =604,

5 PO A D,
1-(1-si)qx 1—(1-ti)qx
or
A
fiTSi A
Zi{—————————-— Di(1-ti)} =D, (1)

1-(1-s 0, 1-(1—:i)ax
which looks much like (10), and which is not all that much different from (5).
Either of these relations must be solved by numerical iteration. Assump-
tion C notably does not lead to any of this trouble. For all practical purposes,
it seems superior to Assumptions A and B. I do not know whether there is an a
priori theoretical reason to prefer auy particular one of these assumptions;
they all look like they have been introduced to simplify matters, and only
Assumption C seems to really do so. In addition, Assumption B implies a force
of mortality like u(x*t)-qx/[1—(1-t)qx] which decreases when t increases, and
that must be a counterargument against the Balduccl assumption in its own right.
Thus, | am reinforced in my couviction that the piecewise constant force assump-
tion is the sensible one to make in the circumstances discussed in Greville's

paper.
YQurs reszctful ly,

«

an M. Hdem
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