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Exposed-to-risk considerations based on the Balducci assumption and 

other assumptionp, in the analTsis of mortal.it 7. 

In a paper called "Estimation of the rate of mortality in the presence 

of in-and-out movement" which appeared on pp. 41-56 in the 1978.~ ARCH issue, 

T. N. E. Greville described concepts of "exposure" which have grown up around 

the assumption of a uniform distribution of deaths, the Baldueci assumption, 

and the assumption of a constant force of mortality, called assumptions A, B, 

and C, respectively. The purpose is to estimate qx' and Greville's startin Z 

point is a set of three moment relations, one for each mortality assumption, 

based on the consideration that "expected deaths" should be equal to aggregate 

actual deaths. The three relations, called (A), (B), and (C), had been picked 

,p from two Society of Actuaries text-books on the measurement of mortality. 

1 s h o u l d  l i k e  t o  p o i n t  o u t  t h a t  

l °. the argument for the three relations seems to be less than completely 

accurate, and that 

2 ° . procedures based on correct reasoning can be devised on the basis 

of straightforward, non-subtle statistical theory. 

The upshot of the following substantiation is that there can be no 

reason to prefer the Baldueci assumption (or the assumption of a uniform distri- 

bution of deaths for that matter) to the assumption of a constant force of mor- 

tality. 

To a r g u e  t h e s e  p o i n t s ,  l e t  n i n d e p e n d e n t  l i v e s  c o n t r i b u t e  t o  o u r  i n f o r -  

mat  i o n  a b o u t  t h e  a g e  i n t e r v a l  ( x , x + l ) ,  a n d  l e t  t h e  o b s e r v a t i o n  o f  i n d i v i d u a l  n o .  

i a c t u a l l y  s t a r t  a t  a g e  × + s.t  a n d  e n d  a t  x + t  i .  A s s u m e  t h a t  e a c h  i n d i v i d u a l  c a n  
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only contribute a single interval of this kind. Of course, s i g- 0 for those 

under o b s e r v a t i o n  r i g h t  f r o m  t h e  o u t s e t  ( a t  a g e  x ) ,  and  t i = 1 f o r  t h o s e  p r e s e n t  

at age x + l .  For later entrants, O < s .  < 1 ,  while for exitants and for those who 
I 

die, O_-<s. <t. < I. Let D. = 1 if individual no. i dies under observation, D. = 0 
1. 1 1 l 

o t h e r w i s e ,  ~llld l) = [ D . ,  T h e n  ~ i l l  t h e  t h r e e  [ o l - i l i l i l d s  m e n t i o n e d  ¢;-Iii he  w r i l ~ t e n  
I 

ill t i l t '  tol-m 

) - I i _ ~ . ' l x + s .  - . ( 1 )  
i I I l _ t . q x + l  ( 1 - 1 1 i ) l  = II  , 

I 1 

w h i c h  e s s e n t i a l l y  i s  b a s e d  on t h e  a r g u m e n t  t h a t  t h e  g e n e r a l  t e r m  oll t h e  l e f t  h e r e  

i s  t h e  " e x p e c t e d "  m u n b e r  o f  d e a t h s  f o r  i n d i v i d u a l  n o .  i .  Bu t  how c a n  t h a t  b e  t r u e ?  

A s s u m e  t h a t  l h e r e  i s  some  e x t e r n a l  m e c h a n i s m  w h i c h  d e t e r m i n e s  some  m a x i m a l  a g e  

x + a .  u n d e r  e x p o s u r e  f o r  i n d i v i d u a l  n o .  i .  T h e n  ~.  i s  u n k n o w n  t o  t h e  a c t u a r y  when  
1 1 

i n d i v i d u a l  n o .  i e n t e r s  t h e  c o h o r t ,  a n d  i t  i s  o b s e r v e d  t o  b e  

e q u a l  t o  t .  i f  t .  < 1 and  D. = O, 
1 1 1 

l a r g e r  t h a n  t .  < 1 i f  D. = 1 ,  a n d  
1 1 

equal to I if t. = I (in which case D. = 0). 
I 1 

Thus, the precise value of T i gets to be known (and to equal t i) if D i = O, other- 

wise not. For simplicity, let us argue as if T. = 1 when D. = 1. Then 
i i 

T i = t i + (1-ti)D i • (2) 

Whether we use this formula or not, the expected number of deaths to.individual 

n o .  i ( f o r  t h e  L a p l a c i a n  demon who knows  t h e  v a l u e  o f  ~ i )  i s  

q - - p (3) 
. - s .  s ~ s .  1 - : ~ . q x + s .  z . - s .  x + s .  1 - , . q x + ' l .  
I I I I I I I I I I 

a t  e n t r y .  T h i s  r e s e m b l e s  t h e  g e n e r a l  t e r m  i n  ( [ )  b u t  d o e s  n o t  c o i n c i d e  w i t h  i t .  

We e a s i l y  s e e  t h a t  ( 2 )  m a k e s  I _ ~ . q x + T  " = l _ t . q x + t . ( 1 - D i ) ,  SO i f  o n e  i s  w i l l i n g  
• I I i 

to take ~._s.Px+s. to be approxlmately equallto I, then perhaps one might say 
i k I 

that the ~eneral term in (I) is approximately OK under (2).. But its acceptance 

restsonastretch of imagination. 

This seems to bring out a similar fault in Greville"s argument for (U) 

on page 44. In both cases, the error consists in treating exitants on a par with 

entrants (except for a change of sign in m t) and thus disregarding the fact that 

one must be an entrant (possibly at age x) before one can ever become an exitant. 

By writing m t l_tqx+ t = Dt, he argues conditionally on the fact that the individua 
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is alive ;it age x+t, but for a potential exitant, the fact that he will survive 

to slime time of exit is not known at his time of entry. To get a moment relation 

o[ the kind sou~tht, one must treat all lives equivalently, for instance by only 

c o n d i t i o u i l q :  ozl s u r v i v a l  u n t i l  agt, at  e n t r y .  [ n s t e a d  of  h i s  m t l _ t q x +  t = D t , 

what  oue  gt, t s  i s  t h t ' n  my ( l )  abovt , .  By r e o r g a n i z i n g  t h a t  r e l a t i o l ~ ,  we have  

q 
1 - s .  x ~ s .  1-1 . q x * t  . 

I I I I 
q . . . . . . . . .  , 

~ i - s i  x+s i  . . . . . . . . .  I-'2-I--,.qx+,. 
I I 

(4) 

f rom w h i c h  w h o l l y  c t , r r e c t  moment rt, l a t i o n s  may bt, d e r i v e d ,  l l ude r  A s s u m p t i o n  B, 

l u r  i IiS [ illlt't,, 

I . - -  S , 
l 1 

" c . - s . q x + s .  qx ' 
t 1 i 1 - ( 1 - T i ) q x  

which, by aggregation, leads to 

"[ . - S .  * = D 
T 1 1 q x  ' 

i I - ( 1 - T i ) q ~  

I f  we u s e  ( 2 ) .  t h i s  becomes  

( t i - s  i )  + ( 1 - t i ) D  i 

i 1 - " x ( 1 - t i ) ( 1 - D i ) q *  
* = D (5) qx 

w h i r ' h ,  i n  p r i n c i p l e ,  i s  a r e p l a c e m e n t  f o r  ( B ) .  P e r h a p s  t h e  c o r r e s p o n d e n c e  w i t h  

(8 )  i s  s e e n  more  c l e a r l y  i f  we n o t e  t h a t  ( t - s i )  + ( 1 - t l ) D  i = 1 - s  i i f  t i - 1 o r  

D. - 1. wh ivh  p, i lhl t ' .~  u~ to  w r i l t ,  t i le l e f t  hand  s i d e  o f  (5 )  a~ 
I 

• ( 1 - S [ ) t l ~  + I ( l - s  i )  - ( 1 - t . ) t  , ( 6 )  
l i : t . - 1  o r  D . - 1 }  ( i : t . < l  and I ) .=O)  q x  " 

, t l t 1 - ( 1 - t l ) q x *  

T h u s ,  t h e  i n a c c u r a c y  in  (B) s t e m s  f r o m  r e p l a c i n g  ( 1 - t i ) q ~  by  0 i n  t h e  s e c o n d  

member  h e r e  f o r  e a c h  i n d i v i d u a l  i who e x i t s  a l i v e  b e f o r e  age  x + l .  I g u e s s  t h e  

* has the same not overwhelming level of diffi- problem of solving (5) for qx 

culty as that of solving Greville's (A). 

Under Assumption A, U(x+t) = qx~1-tqx), which makes 

1-t 
1-tqx+t = ~ qx " (7) 
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By ( 4 ) ,  t h i s  makes 

~ i - s i  

T i - s i q x ÷ s i  1 - s . q  
~ x 

qx 

A g g r e g a t  i,,n r e s u l t s  in  tht.  t o l  l o w i n g  m, mlt, nt r~. l , * t  i on  whet~ we use (2~ : 

( l i - n  i )  ÷ { 1 - t l ) l ) ,  t 

. . . . . . . . . . .  I x 
i 1 - "~i q *  x 

A d , ' , ' , , m l ~ s i l i o n  ,,t tht,  l~ , l l  haml s i d e  o f  (8 )  c , , r r e s p , m d i n g  to  t h a t  o f  (6 )  l o o k s  

l i k e  t h i s :  
1 - s .  ( 1 - s . )  - ( 1 - t . )  

I l , + [ 1 "t , 
- -  qx qx " 

{ i : t . = l o r  D. =1} 1 - s i q :  { i : t . < l  and D.=O} 1 - S i q ;  
1 i i I 

This may of course be written as 

I -s. I -t. 
- -  * ( 9 )  l 1 * - l- 1 qx - -  q x  

i 1-Siqx* f i : i n d i v i d u a l  i e x i t s l  1 - s i q  ~ 
" a l i v e  b e f o r e  age x÷l"  

Aga in ,  t h e  i n a c c u r a c y  in  (A) s t ems  from t h e  t r e a t m e n t  of  t h o s e  who e x i t  a l i v e  

b e f o r e  age x + l ,  in  t h a t  in  (A) ,  s i q  ~ i s  r e p l a c e d  by t l q  ~ in  t h e  d e n o m i n a t o r  o f  

the second sum of (9). 

Although the moment relations (5) and (8) have been derived by an 

a c c u r a t e  a r g u m e n t ,  t h e r e  i s  s t i l l  t he  r e m a i n i n g  d i f f i c u l t y  t h a t  we have used  

(2)  as  a k ind  of  p r a c t i c a l  a p p r o x i m a t i o n .  By c o n t r a s t ,  maximum l i k e l i h o o d  

e ~ t i m a t i * , ,  bvpass t .s  t, v e ,  t h i s  m i n o r  h u r d l e .  The l i k t ,  l i h o o d  i s  

| • n 

A ~ e x p [ -  I Js I. ~ i ( x+u )du |  II l l ~ ( x + t i ) I D i  . 
i l i=1 

t .  
[By the way, n o t e  that I i fs1~(x+u)du = 10 h(x+u)~(x+u)du, and compare this 

with formula (5) on Grevill~'s page 51.] Under Assumption A, the log-likelihood 

becomes 

In A = D In qx + Ei(1-Di) in(1-tiqx) - liln(1-Siqx) ' 

so the  l i k e l i h o o d  e q u a t i o n  may be w r i t t e n  

A ^ 
( 1 - D i ) t i q  x s i q  x 

I .  E. 
l - t i q x  1 - s i  x 

50 

- -  - D , (10) 



o r  

^ 

i t - ,  1 1 I 

~-i 1 - S i ~ x  - D i t  i 1 - t i ~ x  - D . 

which  i s  r e m i n i s c e n t  o f  (8) bu t  does  no t  c o i n c i d e  w i t h  i t .  

Under  Assumpt ion  B. t he  l o g - l i k e l i h o o d  becomes 

(10)  

in A= D It-t qx - Z i (I+D i )  l n { 1 - ( 1 - t i ) q  x} + Z i 

and t h e  L i k e l i h o o d  e q u a t i o n  i s  

o r  

( 1 - s i ) ~  x 
Y .  - T .  

t l _ ( l _ s i ) ~ x  1 

(I÷D i) (1-ti)~ x 
= D , 

1-(1-ti)~ x 

A 

,.-s.1 1 t qx 
~-i - ( 1 - s  ) ^  D i ( 1 - t i )  

i qx 1 - ( 1 - t i ) ~ x  

l n { 1 - ( 1 - s i ) q  x)  , 

D , ( l l )  

which  looks  much l i k e  ( 1 0 ) ,  and which  i s  no t  a l l  t h a t  much d i f f e r e n t  f rom ( 5 ) .  

E i t h e r  o f  t h e s e  r e l a t i o n s  must  be s o l v e d  by n u m e r i c a l  i t e r a t i o n .  Assump- 

t i o n  C n o t a b l y  does  not  l e a d  to  any o f  t h i s  t r o u b l e .  For  a l l  p r a c t i c a l  p u r p o s e s ,  

i t  seems s u p e r i o r  to  A s s u m p t i o n s  A and B. I do no t  know w h e t h e r  t h e r e  i s  an a 

p r i o r i  t h e o r e t i c a l  r e a s o n  to  p r e f e ~  a~ty p a r t i c u l a r  one o f  t h e s e  a s s u m p t i o n s ;  

t h e y  a l l  look  l l k e  t h e y  have been  i n t r o d u c e d  to s i m p l i f y  m a t t e r s ,  and o n l y  

A s s u m p t i o n  C seems to  r e a l l y  do so .  In  a d d i t i o n ,  Assumpt ion  8 i m p l i e s  a f o r c e  

of  m o r t a l i t y  l i k e  ~ ( x + t ) - q x / [ 1 - ( 1 - t ) q x ]  which d e c r e a s e s  when t i n c r e a s e s ,  and 

t h a t  mttst be a c o u n r e r a r g u m e n t  ~lgainst  t he  8 : l lducc i  aSSUl,pt ion in i t s  own r i g h t .  

Thus .  I am r e i n f o r c e d  in my t ' onv i~ ' t i on  t h a t  th,.  p i e c e w i s e  c o n s t a n t  f o r c e  a s sump-  

t i o n  i s  t he  s e n s i b l e  one to  make in t he  c i r c u m s t a n c e s  d i s c u s s e d  in G r e v i l l e t s  

p a p e r .  

Yo,.urs r e s p . ~ c t  fu I l y ,  

~ a n  H .  H ~ e m  
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