ON THE NUMERICAL EVALUATION OF SURVIVAL PROBABILITIES

W. Santermans and M. J. Goovaerts

INTRODUCTION

In his book I Il H. Seal pointed out a new direction for evaluating
numerically survival probabilities.

Let Pn ©®© ({Sprob N(t) « n}) denote the probability that N(t) claims,
with N(t) - 0,1,2..... occur in an interval of time extending from
now to epoch t, which according to H. Seal is written as (0,t).

Let further B(y) denote the distribution function of a claim

size Y. In his book H. Seal deals with the following special
choices of Pn ®

» P® me -—r (fﬁﬁlwoisson case) @.1.)
i) P_(D » (h +7 D (tVv L) (F+h) (the negative
n " t+h t+h binomial case)(1.2.)
r(p +hr(p +k  Mn@n .
il) Pn(® “ r(pj r(p +h + ® +h+ k)n nf @-3.)
h “ at
k - bt
pmct+ 1 with ab » ¢

(the generalized Waring case)

The last two special cases can be considered as a weighted Poisson
process with an infinitely divisible mixing distribution. This
property is well known for the negative binomial case (ganma mixing
distribution).

Recently this property was derived for the generalized waring dis-

tribution (generalized gamma mixing distribution) (see ref [2])
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In order to be able to test his numerical procedure the following

claim size distributions are considered by H. Seal

i) b(x) (F15°(x)) “ & X (the exponential case) (1.4.)
| ?
il I>(xl - (ewimm j)." rxp (- v J'A) (111,- inv.-r.if norm.-11)
“h\ I x

Till- equation satisfied by the probability U(w,t) surviving at least
t timo intervals given that the company has a risk reserve of w at

the beginning of the interval (0,t) can be written down as follows

UW,®) « Fw + @+ mt,t) - @ +n /qU @, t-1) Ff @+ @+ n)T,x)dT
(1.6.)

were one assumes that risk loading on the pure unit bevel annual
premium, payable continuously throughout the year is 100n %@ In

addition to following notations have been introduced

©

fxD= 2 P (@® bn*x) @.7)
n=1

FOMOD = 2 P(@® B~ @.8)

2) SOME COMMENTS

In case Pn(t) is a mixed Poisson process with an infinitely divi-

siblo mixing distribution one has

u<"t>=0-h)T SO +n)tF(y.ody @.1)

Hence, because of the result obtained in ref [2] formula (2.1.) also

applies in the case of a generalized Waring claim number process.
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As is pointed out in ref. 1 the generalized Waring distribution

is obtained by taking a mixture of

-Au xn
PnUu) me nt
with mixing distributions
) e"hX Xh_1 0< X< “>,h>0 @.2.)
and
rp + k) .-k k-l .. u-(p +Kk
r(Pr(k) h  u  u +P . k>0,p>0 @2-3.)

In the case of an exponential claimsize distribution (2.2.) can
be verified to hold by evaluating (o,t) and UG (o,t), where
Uw (o,t) 1is obtained by taking a mixture of

G 1nyt SO * n)t F(y'xu)dy <2-4->

with mixing distributions (2.2.) and (2.3.) (F(y,Xu) denotes the
distribution function of the total claim amount based on a Poisson
process with parameter Xu). On the other hand U,, (0,t) is ob-
tained by evaluating the r.h.s of (2.1.) for F (y,t) denoting the
total claim amount based on a generalized Waring distribution.

An elementary calculation shows that UG (o,t) - Uw (0o,t) which
proves that for an exponential claimsize distribution formula
(2.1.) holds also in the generalized Waring case. Consequently
the algorithm of H. Seal based on Laplace inversion can be ap-

plied, rather than first solving the integral equation

U@ - FE@+mt,) - A +n /q u@,t - XFC + n)T,T)dt

@2.5.)
55



Obtained by putting w - 0

in (1.6.),~- In f*t the numerical solution
of (2.5.)

is a ralll.er diflio. It task.

The accuracy of the numeri
cal results obtained

in this way seems to be rather insufficient,
on the other hand the al&orithm based on the Laplace aversion

seen.s to he very accurate. To illustrate both .fact, w* recall the

results for the Poisson and negative binomial distribution also

obtained by H. Seal (ref. [II) both in case of an exponential

and an inverse normal claimsize distribution. We also add now

the results for the generalized Waring case based on the algorit

of H. Seal by means of the Laplace inversion. In order to show

the insufficient accuracy of the method obtained by solving the

integral equation (2.5.) we add table 2
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Table 11, U (o,t) and U (10,t) calculated using H. Seal®s method for solving

an integral equation.
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