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1. 1Introduction

All net premium calculatlion methods are the end result of
an estlmatlion procedure. In the particular case of an immedi-
ate life annuity, the goal is to estimate the value of E[a%]]
where T 1s a random variable equal to the number of full years
lived by an annultant from issue to death. If the one-year sur-
vival probabilities are known for the population of annultants,
then E[dT]]= dﬂ]qu +63]2]qx+"' =a& for policies 1ssued at
age x. S8Since the survival probabilities are unknown, estimates
of thelr values must be used. The resulting annuity value is
thus an estimator of dx and the standard deviation of thls esti-
mator provides a measure of 1ts accuracy. This paper will con-

slder the calculation of this standard deviation.

2. Definitions and qualifications

It will be assumed that the estimates of Py have been ob-
tained from a graduated mortality table. The study whlch pro-

duced these values had ny independent observations at age vy
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and the observations at different ages are nlso assumed to be
independent At each age y there were ay oLserved deaths
and a crude survival rate of 5y =1 —ey/ny. The crude rates

themselves provide an estimator 5& =v§x +v226x + .-+ of d%.

Most graduation methods involve a linear transformation of
the crude rates. If é is a column vector of the crude rates
then the graduated rates will be §==24-Bé where a and B
are a vector and matrix of known values, respectively. This
scheme includes graduation by interpolation, moving-weighted-
average, Whittaker-Henderson and Bayesian approaches. The post-
graduation estimator is 2; =v5; +v225X + -

There are two matters that will not be addressed by this
paper. One 1s the lack of independence between observations 1n
most mortality studles. It should be noted that the method pro-
posed in the next section will still work if the estimates 5y

and 5 are correlated, but the correlation would have to be

y+l
known. The second concerns other sources of error. This paper
considers only sampling error. There 1is also a possibility of
error due to sampling from the wrong population. This 1is most
always the case as the "true" a& actually depends on mortality

rates which apply at some future time while the sampling must be

from a current or past population.

3. The Standard Deviation

The standard deviation of 5& was obtalned by Tinner (JIA

LVI pp. 301-308) in 1925. He found E[&xj=ax and
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51 = t 2
var[d ] = T v pl(1+2a,, )[(1+a,)(l+a , ) -+ (L+a , 1)-1]

nr1g

t=1

where ay =qy/nypy. If all ny -+ then clearly VarL&%] +0
(provided Var[&x]<'m for some set of sample sizes) and so &k
1s a conslstent estimator of G&. Although Var[&k] cannot be
directly calculated, a reasonable approximation can be obtalned
by using 5y in place of py or by obtaining the py from a
standard table.

It 1s unusual for the crude rates to be used in the evalua-
tion of actuarilal functions. A linear graduation procedure will
produce smoother and more representative survival rates. It is
believed that the graduated rates provide better estimates of
the population rates and so ax should be a better estimator
of dx. This should be reflected by a reduced variance. As the
graduated estimators of py are no longer independent, calcula-
tion of Var[ﬁx] will be a more complex problem.

Instead of Var[?x], E[ai] will be obtailned.
E[Z)1 = E( L v' 3 )21 =6 L L5 51
X o t¥x t

t-1
- = ~2 x t+r ~2 ~
= E voUE[ 1+2 § v E[.p, t—rpx+r]'

Also, E[E&] =t:1vtE[t5x]. Using the exact distributions would

make evaluatlon of the required moments extremely difficult. To
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avoild some of the problem, a lognormal approximation will be
used. Assume En(g) ~N(y,A). The values of y and 4 will
be obtailned by the method of moments. From the lognormal dis-

tributl E[p. ] =ex +6 2) = where & repr nts a
on, [py] p(vy yy/) by xy prese n

r~ o7
element of A and Covay,pZ] exp(vy+vz+6yy/2+ézz/2+6yz)
- = . At the same time E[p_]= Var[p 1= 1-

HyHy =Yy, [py] Py> [py] py( py)/ny
= oyy and Cov(py,pz) =0 =°yz for y#z. Let I be the matrix

contalning the oyz' Since p =a+Bp, EEE]:E"'BR:E. and

Var[§]=BZB’=I‘ with Yyz being the elements of TI'. With

and I’ known it 1s possible to solve for v and A:

(o]
il

n( sz/“y“z”‘)

<
It

in -8 2.
py yy/

For calculating the moments, note that all the needed mom-

Fx Sx+l
ents are of the form E[px Pyt «ee]

r'y Zry+l' The expectatlion can be written as

with ry=0,l or 2 and

© r w r @
E[ygxpy ] = Elexp(n ygxpy i E[exp(yéxry £n py]

E[eXP(}:" in (E)) = MLI'I(E) (.I:.)

n

exp(r'v+r'ar/2).

M(r) 1s the moment generating function of the random variable

in(p).
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4. An Example

The 1deas in the preceding section will be Illustrated
with a small example. Consider the crude rates for termina-
tions due to death or recovery on group long-term disability
cases (TSA 1976 Reports, pp. 137-139) for ages U40-49 (Table 1).
The graduated rates were obtained by a Whilttaker-Henderson
Type B formula wlth second differences, a smoothing coefficent

of 5000, and exposures as welghts.

Table 1
duration (y) Ny By I;y By cyy(x105)

0 6625 1311 .8o21 L7946 2.396
1 Lo88 823 .7987 .8218 3.933
2 2498 349 .8603 .8591 4,811

1724 135 .9217 .8975 4,186
4 1131 58 .9u87 .9286 4,327
5 764 46 -9398 .9524 7.405
6 L8y 26 .9463 -9737 10.499

For the crude rates and v =.95, Z=3.2316 and
St Dev(&) = .0345 using ﬁy for Py- Ir 5y is used for Py
then St Dev(&)= .0352. From the Whittaker-Henderson graduation,
the relevant matrices may be found in Tables 2-4 and an 1llustra-
tion of the calculation of & and E[&] (using D for p) 1is

Presented in Table 5. The two values are nearly identical as
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their ratio 1s similar to

of

Al

.8356
.3322
.0U65

18.

.0752
.1101
.1091
.0986

1u7
.929
497
.287
.189
.156
.827

exp[sum of above diagonal elements

which turns out to be very close to

B matrix for the Whittaker-Henderson graduation

.2050
.3948
.3131
.1830
.0711
-.0187
-.0989

matrix for variance of graduated rates

9.929
10.818
9.098
6.012
2.854
- 037
-2.778

.0175
.1913
. 3419
.2895
L1834
.0729

0344

Table 2

0196

L0772
.1998
.3113
L2746
.1901
.0964

Table 3

-.0188

.0197
.0831

.1801

.2782

.2825

.2615

(all elements are x106)

3.

9

11.

10.

497
.098
543
303
.304
.800
.208

10.

11.

10.

96

.287
.012
303
548
520
.503
.164

-2

2.
7.
10.

12.

14

15.

.189

854
304
520
624

.071

186

1.

-.0126 -.0072
-.0035  -.0117
.0223  -.0067
.0843 .0271
.1908 L1119
.3213 .2610
L4120 L4621
(I =BIB’')
-3.156 -3.827
-.037 -2.778
3.800 .208
8.503 6.164
14.071  15.186
20.319  26.640
26.640  39.014



Parameters

-.2300 -.

29.219 15.
15.204 16.

5.123 12.
-.403 8.
-2.967 3.
-4.171 -
.97 -3,

duration (y)

~N O U =W N

Table 4

for the lognormal random variable v Vvector

1962 -.1519 -.1082 -.0742 -.0488 -.0268
A matrix
(all elements are x 10°)
204 5.123 -.403 -2.967 -4.171 ~4.947
017 12.886 8.151 3.741 -.047 -3.473
886  15.640  13.364 9.157 b.s4s .2b9
151 13.364 14.339 12.626 9.949 7.054
741 9.157 12.626 14.643 15.913 16.799
.047 4.645 9.949 15.913 22.402 28.731
473 .2hg 7.054 16.799  28.731  41.159
Table 5
Calculation of & and E[J]
vy £ vyy'f5 E(,P] vyE[y'ﬁ]
.95 L7946 .T549 .7946 .7548
.9025 .6530 .5893 .6530 .5894
.8574 .5610 L4810 .5610 .4810
.8145 .5035 L4101 .5035 .h1o1
7738 L4675 .3617 L4675 .3618
.7351 .4453 3273 L4453 .3273
.6983  .4336 _.3028 -4336 _.3028

a=3.2272 E[&] =3.2273
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T..e standard dev’'ation of & turns out to be .0345. This
shows that, at least in this example, the graduaticn had very
little effect on the varlance. It 1s much mdre sensitive to
the cholce of values used for py than it 1is to the graduation
induced dependence. Of course, no general conclusions can be

made from the analysis of an 1solated example such as the above.

5. Conclusions

Calculation of the standard deviation of an estimator of
dx can serve at least four useful purposes. It first provides
a measure of the success of a graduatlion procedure. Secondly,
it can be used prior to a mortality study to determine adequate
sample sizes. A third use would be for setting margins on mor-
tality tables. Instead of analyzing the rates themselves, 1t
may be more appropriate to deal with the actuarial functions that
are actually used. A final use was demonstrated by Jenklins and
Lew in creating the 1949 Annuity Tables (TSA I, p. 4U42). The
final table was 1ntended to be used for all types of annuities. ‘
To determine if thls table would be useful for a specific type
of annulty, &; based on a study only of that type of annultant
was obtained and then 1ts difference from &x in units of i
Var[&x] was measured where ﬁ; was based on the complete
experlence table If this distance was smalil (e g., less than 2)i
then the table would bte nccepntable for that type of annulty. i

For example, experience under immediate refund annuities was I
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worse at a level of 7 standard deviations at issue age 60.
The standard deviations were calculated using Steffensen's
approximation which is always conservative.

Although computation of the standard deviation by the above
method 1s not difficult for a computer, it would be convenient
to have an approximation which gives quick but reasonably accu-
rate results. It would also be helpful to know if the level of
dependence Introduced by the graduation 1s significant enough
to warrant the use of this method. Experience with larger
studies than that used In this paper may provide some enlighten-

ment.
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