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A Bavesian Approich to Persistency Rates

when Projecting Retirement Costs

ty

Arncld F. Shapiro

«esit is almost inccrceivabtle that anybcdy
could be in the positicn of having no a rpriori
knowledge whatever reqarding mcrtality. =~ E. T.

Whittaker

Introducticn
Fension actuaries long have re¢alized that pensicn cost
proiecticns provide valuable insight into the cash flow

characteristics of rension plans,! Fecause of this, the more

1Cne of the first rublished accounts of the growth of a
pensicn fund was James J. 4'Lauchlan, "The Fundamental Prin-
ciples of Pensior Funds," IFA, Vcl. IV (19C8), pp. 195=-227.
In that article M'Lauchlan illustrated the necessity of
accumrulating large investpent funds during the early years
of a fund's existence so a3 tc prcvide for the heavy liabil-
ity which ultimately will be maturing for payment.
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elaborate pension plan proposals and valuaticns typically
append a pension cost proijecticn to their rercrt, These
range, depending on the size of the rlan, from simple pro-
jections which assume a closed grcur with no terminations
other than for retirement2 tc more scrhisticated models
which introduce th2 full spectrum cf pension flan parame-
ters.?

while this practice has much tc ccmmend it, providing
as it does valuable insight into the cash flcw cf a pension
plan, it suffers at l=2ast two serious shortccmings. First,
it prcvides no mechanism for inccrrcrating the actuary's
"faelings" reqgarding his confidence in underlying assump-
tions, Perhaps the most important attribute cf an experi-
enced pensicn actuary is his intuitive notion of what should
be, and, ideally, there shculd be scme vehicle fcr injecting

- - -t S = O - s

2This type of projection is mcst ccmmonly asscciated
with the valuation of small gensicn rlans. See, for exan-
ple, Calculating Auxjlliary Fund Leposits for the Small Pep-
sion Plan. Chicaqo, Ill.:A. A. Beaven & Company, Inc.,
1975,

3Articles which discuss this tyge of proijecticn include
Robert J. Mvyers, "Some Ccasideraticns in Pensicr Fund valu-
ations," TASA, Vecl. XLVI (1945), pp. £1-58, A. M. Niessen,
"Projections -- Hcw to Mak2 Them and Hcw to Use Them," ISA,
Vol. II (195C¢), pp. 235-2%53, Charles L. Trowbridgqe, "Funda-
mentals c¢f Fensicn Funding," TSA, V¥cl. IV (1952), rp. 17-43,
and Frank L. Griffin, Jr., "Ccncepts of Adeguacy in Pension
Plans," JI1SA, Vol. XVIII (136€), rr. U46-€3,
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3
this intuiticn into pensicn cost rrcyections. Second, since
projecticns invariably are based cn expected value models,
they rrovide no mechanism for intrcducing credibility.*
Ideally, attached to any estimate cf prciected pensicn costs
should be a statement of the actuary's confidence in that
estimate.

It eight be arqued that this deqree of refinement of
pensicn cost projections is not warranted., Prorcnents of
this view reason that pemnsion costs are funded sequentially
cver a number of yvears and that rpericdic actuarial valua-
tions will uncover underfunding rrcblems before they can
materially affect the sclvancy of a rlan. The implication
being that ex ante fpensicn cost prcjections should be viewed

strictly as rouqh (albeit best) estimates of ultimate pen-

43, Guy Shannon Jr., in Eepnsicp Jopics, Study Note
71-22-76 of tha Society c¢f Actuaries, p. 10, for exanmple,
remarked:

Invariably, projecticns are Ltased cn expected
value mcdels and seldom is there a guaptified
statement of the actuary's confidence in the prc=-
jection. Ideally, the2 individuval assumpticns and
the composite results of the valuation should be
viewed as the mean cf the universe frce which the
experience of that reasion rlan will ke drawn.
The measurement of liabilities soculd ke acccmpa=-
nied by a set of confidence limits based on the
ccmkined effect of the entire set of assumpticns,
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sion plan costs. The fact that such projections may not
convey an accurate ricture c¢f ultisate cost is regarded as
only marginally relevant,

This proposition, hcw2ver, disreqards the question of
wvhether a particular plan or plan literalization would have
been introduced initially had the plan sponscr realized that
actual ccst miqht be considerably in excess of the prciected
costs, Furthermore, this view presvmes that the rlan sron-
sor will be able to fund any deficiencies which arise,

These considerations have beccme increasingly important in
light of the liabilitv ERISA imprcses on plan sponsors, $
Thus, while ex pcst reconciliaticn cf rension cost estimates
remains an important facet of rensicn cost funding, there
are ccerelling arquments for develoring techniques to mea-
sure the variability of.ex ante rension cost frojections.

Thase obsarvations suqgest the need for a stochastic
model for proi=cting pensicn ccsts. A straiqht fcrward
procedure wculd be to base such a mcdel on direct or deduc-
tive protabilities. 9One cculd assuce, for example, that the
number of particirants who succumb tc a particular decrement
is bincmially distributed and tased upcn a prcbability of

SUnder ERISA, Section 4062 (b), an emplover's liakility
may ke as high as thirty psrcent cf its net wcrth.
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5
decrement which is ccnstant or is given ty a degenerate dis-
tribution. This assumpticn of an underlying degenerate dis-
tribution, however, is questionakle in actual practice.
Probatilities of decr2ment, for exasrle, are cbtained either
from interccmrany experience, which, at best, may cnly
approximate the actual experience c¢f a particular firm, or
else it is derived from th2 firm's cwn experience, which,
for the majority of firms, is not very credible. Thus, what
is needed is a mcdel in which underlying parameters also may
take on protability distributicns.,

These additional considerations lead naturally to a
Bavesian aprroach to stochastic rension cost proijections.
Under this arrroach, not only are pension ccst determinants,
such as the number of decraments due tc a given cause and
the fund accumulaticn factor, assuced to be stochastically
distributed, but the parameters upcn which these determi-
nants depend are themselves assuced to be stochastically
distributed.

This article uses a Bavesian approach to persistency to
explcre rensicn ccst projection variability.® The aralysis

- 0w - -

épersistency is not the cnly scrtrce cf variability in
pension cost projections, of course., Deviations resulting
from such things as shifts in the distribution of salaries
or returns on assets are also extremely important sources of
variation. Fcr the purpcse cf the present study, hovever,
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is divided irto two parts. In the first portion the speci-
ficaticns of the model are develéped. The second portion
shows how the model might be used tc generate ccnfidence
intervals fcr pension cost proijecticns.

The article ends with a ccmment on the use of stochas-
tic models and suqgesticns for further study.

Stochastic Pension Ccst Models

Veryvy few articles hava dealt specifically with the
development of a stcchastic mcdel cf rensicn costs. Stone?
investigated the impact cf mortality fluctuations on pen-
sions paid to pensioners. The mair thrust of that study was
the use of probability gen2rating functions to develcp prob-
abilities, at various durations after employvyees had kegqun to
retire, that th2 total actual rensicn rayments would differ
from the expected total rayments, 'Iavl.or8 investiqated the
size of the contingency reserve rneeded to insure, with a

given prcbability, that tha funds cn hand would be suffi-

factors unrelated tc persistency are assumed to be invari-
ant.

7Cavid G. Stone, "Actuarial Ncte: Mortality Fluctuations
in Srall Self-Insured Persion Flans," TASA, Vecl. XLIX
{1948y, rp. B82-91.,

8Robert ., Tavlor, "Th2 Prcbatility Distribution of Life

Annuity FReserves and Its Aprlicaticn tc a Pension Systenm,™
PCARPP, Vecl. II (1952), pp. 100-150,
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cient to pay all promised pensions. Bcth these studies
dealt exclusively with the retired populaticn, under the
assumption that the number of retireas was known.

Articles which considﬁred variakility in pension cost
estimates for active plan participants included the studies
of Seal,?® Knopf,!'Y and Shapirc.t! Seal investigated the
impact of death benefits ia a trusteed plan using a normal
approximation to the bincmial distributicn to introduce var-
jance epirimization into the design cf pension plans. Knopf
investiqated the feasibility of fully trusting small pensicn
plans using a simplified monte carlc approach. Shapiro ccn-
sidered the credibility cf projected rpensicn costs using a
model based on the direct applicaticn of a conditional Ber-
noulli process.

0f course, to the =xt2nt that pensions may te reqgarded

as annuities, there have been a considerable number cf other

-t = > > - -

9Hilary L. Seal, "The dathematical Risk of Lupp~-Sum
Death Benefits in a Trustesd Pensicn Plan," ISA, Vol. V
‘1953)' ED. 135"1“2.

toMyrra Knopf, "A Practical Demonstration of the Risk Run
by a Very Small Ccmpany with a Trusteed Pensicn Plan,"
PCAEP, Vol. 6 (1S56-7), pp, 230-4:.

11Arncld Shapiro, "The Relevance cf Expected Persistency

Rates when Projecting Persion Costs," JkI, Vol. XLIV, No. 4
(Decemter,1977), pp. 623-€38.
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relevant studies. Piper,!2 for example, developed contin-
gency reserves fcr life annuities btased on the mean and var-
iance associated those annuities., HNenge,’? and later Hick-
man,!* elaborated on the Piper article: Menge using discrete
functions and Hickman uéinq continucus functions. Hickman's
article, in additicn, extended the development to include
loss functioos and a probabilistic ccnsideration of multiple
decrement theory. The latter, cf ccurse, is directly appli-
cable to pension rorulatioas,

Althouah it is clear that tte numkter of lives which
persist to a qiven age frcm an iritial qrour cf lives is
qenerated by a Bernculli process, tte complexity of this
process resulted in the develcrment cof various aprroximatiocn
methcds. Hence, Firper assumed a larce group of lives and
used a normal distribution, as did cSeal; Taylor suggested
fittina a Pearson Type III distribution to the total present

value of life annuity costs; Bcerseester!s arrlied a Mcnte

12gkenreth B, Piper, "Ccntingency Geserves for Life Annui-
ties," TASA, Vol. XXXIV (13933), rp. <40-249,

13§, C. Menge, "A Statistical Treatszent cf Actuarial
Functions,"™ RAIA, Vol. XXIVI (1%37), rp. 65-88,

14James C. Hickman, "A 3tatistical Approach to Premiusms

and Reserves in Multiple Decrement Theory," IS3, Vol. XVI
(1964), ctp. 1-16.
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Carlo aprroach to the prcblem as did Knopf; Fretwell and
Hickman!é investiqated ugpar bcunds for the cost using the
inequalities of Tchekychef and Usgpensky; and Bowers!? inves-
tigated the use c¢f the Ccraish-Fisher expansicn tc develop
probabhilities of sufficient reserves, based cn correction
factors applied to a standard normal table,

These studies generally relied cn distributions whose
underlving parameters were given., This study explores the

use of a less constrained distrikuticn.

The Probability of a Given Numker of Particirants
at each agqe

The number cf participants at ace x¥ in a pension plan
mavy te reqarded as a randca variable, l;‘ say,18 that

depends cn the number cf particirpants at the previous age,

- b . - - - - - -

15J, M, Boermeester, "Frequéncv Distributicn cf Mcrtality
Costs," ]SA, Vol. VIII (15%56), pp. 1-S.

t6 Robert L. Pretwell and James C. Hickman, "Apfrroximate
Probability Statements About Life 2nnuity Costs," IS3, Vol.
XVI (1S64), pp. 55-60.

17N, L. Bowers, "An Approximaticn to the Distribution of
Annuity Costs," ISA, Vol. XIX (1¢68), pp. 295-309.

18Thrcuqhout this article standard actuarial nctation is
adhered to, as far as rossible. See the outline cf Interna-
tional Actuarial Notation, with revisicrs, TASA, Vol. 48
(3947), rp. 166- 176.
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19
lff;, which is also a random variatle, except at the entry
age. Let

k£;¢=(Rl:ft:t=0.1,...,x-a)' (n
where a is the entry age, denote a vectcr of 1i?¥ values
consistent with a final value of 1:“, and call this vector a
feasitle lt“ array. Assuming that there are K distinct
feasible 1:“ arravs, the protability that T:“ takes on scme
particular value, is qivif by
prlz*=18%) =2 = £ 1%, (@

k=l t=0
wvhere £ denotes the prokability that exactly 1ii£partici-
pants will rersist through age x-t-1, consistent with 1;‘
rarticirants p2rsisting through age x.
D Conditional prckabjlity Distributicn Functicn feg 1%

In crder to implement equaticn 2 it is necessary to
specify the probability distributicn function. Onder the
assumption that valuations are based cnly on curtate ages,
the number of e2mrloyees who persist thrcugh a given age may
be thouaht of as pbeinqg gqenerated by a Bernculli process
under which emplovees eithar persist as active members or

leave the active group.!? It follows that a ccnditional dis-

. |, a. . . . e . .
tribution of 1:,t qiven pii_lxs specified by the bincmial

19Howard PRaiffa and Robart Schlaifesr, Applied Statistical
Decisiop Theory (Boston: The M.,I.71. Press, 1968), Chapter 9.
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mass functicn29

ao aa aa
fpllue 1Pppas lagay ) 3)

aa paqt an /eo::- -p%
o (P-t-t - (1’fx—f‘1> oA St
In Fiqure 1 the bincmial distrituticn is used to pro-
ject tte distribution of the numker of plan participants at
each agqe through aqe 65, assuming there are 100 entrants at
age 20, The protabilities of persisting are based on mor-
tality rates from the 1971 Group Annuity Mortality Table;2t
disability rates used in the 1970 Civil Service Pension val-
uation:; and Turnover Table III qiven by McGinn.22 This data
base, which is used for illustrative purposes, vill subse-
quently te referred to as "the decrerent data." The curve

to the far right regrresents the distribution of participants

- - > - - - wn w - o

2vIbid., pP. 213. For an aprlicaticn of this distribution
to the problem of prcijecting pensicn cost see Shapirc, gp.

cis.

21See Harold K. Gr2enlez2, Jr., and Alfonso D. Keh, "The
1971 Group Annuity Mortality Table,"™ 1SA, Vcl. XXIII (1972),
pp. S83=-CEl,

22panjel F. M¥cGinn, "Indices to the Cost cf Vested Pen-
sion Benefits,"™ 1SA, Vcl. XVII (1S€€), Frp. 23%-6. If vest~-
inqg were the topic of this study, todily shifts in the rates
of withdrawval subsequent to a vesting liberalization would
be an important additicnal scurce cf variaticn., Since this
study deals scla2ly with retirement tenefits, however, this
complication is nct intrcduced.
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FIGURE 1

DISTRIBUTION OF NUMBER OF PARTICIPANTS
AT AGES 21 THROUGH 65, GIVEN THAT THEY

ARE BINOMIALLY DISTRIBUTED

—
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Data base: 1971 GAM, rates of disability from the 1970
Valuation of the Civil Service Retirement System,

and McGinn“s Turnover Table III.
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13

at age 21, The curve tc tne far left represents the distri-
bution cf the number of participants who will retire at age
65, The intermediate curves are asscciated with partici-
rants at intermediate ages.

It is aprarent from these curves that, even under con-
diticns cf perfect information, the actual number of parti-
cipants at a given aqge may vary ccnsiderably frcm the best
estimate of the number of participants. While this is not
surprising, what is interesting 1s tke considerable dispar-
ity which is likely to occur. 1In the qraph the lccus of the
modes of the distributicn of rparticirants is convex. The
age at which the lccus attains a mipimum value represents
the age at which the distribution cf particirants is most
nearly symmetrical. Below this aqe the distribution of par-
ticirants is neqatively sk2wed ard akove this age the dis-
tributicn of participants is pcsitively skewed.

It is important to recoqnize that the bincmial mass
function is arprorriate cnly under the assumrtion that the
exact probtabilities of persisting are known. This assump-

ticn, however, is generally not valid. Although it is true

o.a,

that estimates of P

are cften available, thece estimates

may or may not be valid for the particular pension plan
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14
under consideration, Ftrthermcre, the bincmial mass func-
tion rrovides no mechanism for the actuary to indicate the
intensity with which he views the credibility of the esti-
mated value p:“. These criticisms suggest the need for a
more general protability distributicr function. F&hat is
needed is a distribution which is nct conditional upcn a
degenerate D:“, that is, an unconditiénal distribution,

An Uncopditional Probability Cistritution for 1%

Baves' theorem may be used tc transform the conditional
probability of lﬁ“ individuals persisting to an uncondi=-
tional probabilitv.23 According to Eayes' theorem, if y has
the protakbility density functicn fity), and the ccnditional
probability distribution fuanction c¢f x, given vy, is h{xly),
then thé joint distributicn of x and v, f{(x,v), is given by

f(x,v)=h(x]y) £, (9

23For discussions of Eayesian analysis with insurance
applications see Arthur L., Bailey, "Credibility Procedures,®
PCAS, Vol. XXXVII (1$5)), pp. 7-23, Andrew R. Davidscn and
A, R. Reed, "On the Calculaticn cf Rates of Mortality," TEFA,
Vol. XI (1227), pp. 183-212, James C. Eickman and Fokert E,.
Miller, ®"Notes on Bavesian Gracuaticn,"™ TSA, Vcl. XXIX
(1977)y, pp. 7-21, Donald A. Jones, "Payesian Statistics,"
ISA., Vel., XVII (1565), pp. 33-%57, Allen L. Mayerscn, "A
Bavesian View of Credibility,"™ PCAS, Vecl., LI (1564), pp.
85-104, wiltred Perks, "Some Otservations on Inverse Proba-
bilities Including a ¥ew Indiffererce Fule," JIA, Vol. 73
{1947), pp. 285-310, and E. T. Whittaker, "Cn Scme Disputed
Questicns of Protability,™ TFA, Vcl. VIII (1S2Z9), bpp.
163=-206.
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15
If v has a continuous distritution, it fcllows that the mar-
ginal distribution cf x, f5(x), is
£, (x)= ff (x,v)dy (3)
= fh(xiv) £ () dy
which is independent of y.2*

From the previous section we kncw the ccnditional dis-
tribution of exactly l:flives persisting through age x. If
we can assume that the probability cf persisting, p:“, is a
random variable frcm a nondegenerate distribution, the
unconditional prcbability of 13~ lives rersisting can be
deternined.

Certain propertias cf pﬁ“ seemr evident, Pirst,
0¢p2® <1, so that the distribution frcm which pé% is drawn,
generally referred to as the "rrior" distribution, must be
distributed over this ranga. Seccnd, the probability of
persisting may take any value in this dcmain, so that p:“
has a continucus distribution. Finally, for any gqiven age,
the probability of persisting may be concentrated at at most

one value, so that the distribution cf p:“ has a single

24p mcre general formulaticn would give the marginal of x
in terms cf a gqeaneralized iemann-Stieltdjes integral with
respect to y. However, siance tte cdistributicn cf the proba-
bility of persistinag is ccatinuous this complication need
not be introducad.
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16
mode,2% It is assumed that any protatility density function
that is chosen to represent the protability of persisting
must exhibit these rroperties.

In addition to the empirical rrcperties merntioned
above, another desirable property stems frcm the fact that
it may be impossible to specify tke distribution of p:“
exactly, due to a scarcity of relevart data. The distribu-
tion that is used to characterize the probability of per-
sisting should lend itself to urdating as more sarrle infor-
mation becomes available,2¢

A convenient choice fcr tte pricr distribution of p:“.
from an urdating roint of view, is the teta distribution is
the form

2SWhile this ccnstraint seems cenerally arrrorriate, it
has teen arqued that it may not ke a necessary or desirable
one, G, E. Lidstone, in his discussion of Whittaker, op.
cit., pP. 196, for example, sujgested the possibility of
using U~shaped curves in those instances when hiqh probabil-
ities occur in the upper or lower tcunds of the distriku-
tion., Such a pricr was suktsequently develcped for the bino-
mial distribution by Perks, op. g¢it., tas=d on hypothesis
that p,-dx«dx/0¢ , wvhere d, is the larqe sample standard
error of x, a parameter in a fprotatility law.

26Tt is important frcm the roint cf view of pensicn plan
valuation, i.e., the qcing ccrncern analysis, to ke atle to
update estimat2s cf pension populaticn parameters as more
data becomes available. The develcroent of a stochastic
pensicn valuation model which incorgpcrates this facility is
currently under investigaticn ty thke author, and will fornm
the basis fcr 1 sequel to the present study.
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fg(pir,n)=p™? (1=t JR(r,a-n)  (6)
vhere
a(r,n-r)=r(r) r(n-r)/r(n) .
This follows since the updated, cr "rosterior," distribution
would also be a beta distribution.27?

The beta Jdistribution satisfies all the empirical
requirements mentioned akove except that it is nct necessar-
ily unimcdal. This requirament is met, howvever, if r and n
are restricted to positive values and max{r,n-r} exceeds
unity.2®

Given that p:‘ has a beta distritution as srecified
above, the uncorcditional distrikbution of the nuwmber cf
enplovees who persist through age x-1 is given by

5 W““Ip.-\,ﬂ:‘.“)ﬂ(wlr-.,nx..) d e -

_( ““) B(*Q + 1, uQ;—: ,0 TPy Teoy) ,p,M:oi... [y

331 x-1
b

B(Yx-d.’ =1 x-:.) Nyg-1”Yyey >0

MaAx Yoy 0,0 0ees 7

27See Raiffa and Schlaifer, or. cit., p. 263, It is
interesting to ncte that Sir G. F. Hardy alluded to this
distribtution in the fcrm x"(1-x)% in a corresrcndence
regarding a Bayesian aprroach to mcrtality. Insurance
Regord Vvecl. XXVII (October,188¢) ff. 433, It is not clear,
hovever, whether Hardy recommended the method fcr practical
use. See Lidstone's discussion of Cavidson and Reed, 9p.

Cit., p. 225.

28The beta distributicn is timcdal if maxf{r,n-r} is less
than one, in which case it has a U-shape. It was this dis-
tribution, in the fcrm n=2r=1 that was developed Ly Perks,
Qp. cit., p. 298,
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This distribution is appropriately called the beta-binomial
distritution, and its protability distribution function is
denoted Ly 955(1;a'rx-1'"x~x'l:ﬁL)-2°
As a consequence of the foregoing, it fcllows that an
unconditional prcbability of exactly 1;“ emrloyees persist-

ing tc age x is

K w-a-1
R,aa oo, R atind
Rzl go fan O hump P by o0 pog v Lycgog ) o (8)

The remainder of this parper assures the beta distribu-
tion adeguately describes the distritution of the prcbabil-
ity of persisting, and that the teta-bincmial distribution
appropriately describes tha distritution of the number of

participants at a given age.

Estimating th: Parameters r and n
In crder to utilize the beta-tincrial distritution the
parametars r and n be either known cr estimated, 1In prac-
tice, of course, it is urlikely that the exact value of
these parameters are Xnown, sc it is necessary to estimate
them. In this section the method cf mcments in conjunction

with subjective djudgement is used to develcr an arprcach for

29Raiffa and Schlaifer, op. cit., p. 237.
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estimating thess parameters, 30

Let the tabular protability of persistency, for scme

. . N aa. . Aby o .
particular aae, ke denoted by Fu Since E(p‘ )-rx/nx,J! it
follows that if cne assumes that the tabular proktability of
persisting is approximately e€qual tc the probability of per-
sistinag, then

A
2 aq, c
Lo =00 By {<)
Furthermcre, since the variance of the Lbeta distribution
is32
ady = aa -V %
Ve IM =E(p2™) E(1=-p2%) /(ng+ ), (10)
it follows that
aa, 2Aaqa _Aaa
VP, M1=pRE (1=-p ) /oy ¢ e (1)

It is clear that ttke 2stimated variance cf the prior
distribution cf the probability of persisting will be
inversely proporticnal to the size cf the n, fFarameter that

is chosen. The grzatar the ccnfidence in the tatular per-

39There are, cf course, more scrphisticated metbods for
develcring sample estimates of r and n, such as the method
of maximum likelihood. Sesz, for exasfple, S. W. Charmadhi-
kari. "A Simple Mcdification cf tte Bincmial Distribution,”
JIASS, Vecl. 15 {1960), pr. 436-444, However, the simplicity
of the approach used in the text is a strong arqument in its
favor, rarticularly as a m2thcd of fcrming an ipitial rrior.

31See Raiffa and Schlaifer, or. cit.

327bjd., r. 213,
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sistency rate the greater the value c¢cf n that shculd be
chosen, that is, the smaller shculd t2 the estimated vari-

ance. Once an agpropriate n_ is chcsen, r, is determined by

X X

. . . A .
solving equation 9. Dencting ty r, and A, the estimated

K
parameters of the prior distributicn, the unccnditional dis-

. . o
tribution of 1.% tecomes

ao A A as
fan {1y ¢ IDyigoq /Byopog elxcgoa)e  (12)

Ibe Insplementation 9f the Poregcing Prggedure
Tables 1 and Fiqures 2 and 3 exemplify the mechanics cf

the foreqoina prccedure by showing Lcw cne might determine a

aa
20°

N
data, the tabular value cf pﬁf’is £.318247. 1Table 1 which

subjective prior distribution for ¢ Given the decrement
was develcpad by subkstituting this value into equaticn 11,
shows the trend of the estimated variance for various
choices cf ﬁzo. As indicated ttereir, an acttary whc feels
extremely ccnfident in the tabular persistency rate might
choose an 320 of 130 or more. This wculd result in a rrior
distritution for p;: which has a variance of .000007%5 or
less, This distribution would, fcr all intent and purgoses,
be degenerate, and a bincmial distritution might be used in
this case. Cn the cther hand, an actuary may be satisfied
that ,918247 reprasents a gjood estinate of the mean cf the

prior, but may, at the same time, feel that ttere is a con-
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TABLE 1

IMFACT OF n CN VARIANCE CF THE
PRIOR 22TA DISTRIEUTICN, GIVEN
A MEAN GF 0.918

Prior
Value
of njyg Variance
1+ .C35935C=
i .025C2:1
100 .2CC75C7
500 .00C1501
10000 .33CCCTS
oo .CCCo000

*Actual Valua of n is 1.(89+, which is the
smallest value of n which is consistert
with a unimodal beta distribution

ao

siderable possibility that 320

may take cn scme cther value.
In an extreme situation c¢f this kind, the actuary may be so
uncertain of the outccme that he might choose to introduce

considerable variability. This cculd be dcne by chocsing an
320 equal to two; a distribution with a mean cf .S18247 and
a variance of approximately .025 wculd result. Apny distri-

bution between these two extremes wculd alsc be available,

. . . . A
Fiqure 2 shows the impact of various choices cf N ©N
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FIGURE 2
EFFECT OF THE CHOICE OF n ON THE
BETA PROBABILITY DENSITY FUNCTION
GIVEN A MEAN OF 0.¢18
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the prior beta distributica of p:g. 3 choice cf 320 equal
to 1,000 results in an almost syrmetric distribution about
the mean. At the othar extreme, a checice of ﬁzo equal to
tvo results in a distributicen for p?: vhich is hiqhly skewed
tovards the oriqgin and has a maximup value at unity.

Fiqure 3 shows the probability cf a given number of
particirants rersisting to age twenty-one given 1CC entrants
at age tventy, basz2d on scme of the distributions qgiven in
Fiqure 2. The expected number of rparticipants at age twen=
ty-one is 91.82, It is apparent that as the variance cof the
distribution of the probability cf rersisting tends zero.,
the distribution c¢f the number of employees tends to its
limiting distribution, the curve lateled 'n=o00', which is
based on a bincmial mass function. This is as would be
expected since, in the limit, the Leta=-bincmial distribution
tends to the bincmial distributicn,33 Cnce again, if 320 is

equal to two a hyperbolic curve results.,

33Tntuitively, the fact that, in the limit, the beta-bin-
omial distrituticn tends to the tincezial distribution fol-
lows fros the observation that the tinomial distributicn
obtains when the prior becomes degenerate.
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FIGURE 3

EFFECT OF THE CHOICE OF n ON THE
DISTRIBUTION OF EMPLOYEES AT AGE
21, GIVEN A PROBABILITY OF 0.818
OF PERSISTING
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Dats bese: 1971 GAM, rates of dissbility from tha 1970
Valuastion of the Civil Service Retirement System,
and McGinn’s Turnover Tabla III.
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The Implications of the GChoice of tite Rarameters r and n
Before rroceeding it is aprrcrriate to menticn the
implications cf a particular choice cf the parameters r and

n. The choice of a small pricr n is tantamount tc the
assumpticn that the estimated prokakility of rersisting at a
given aqe, although the Lbest availatle estimate, is ques-
tionable. There is a rezsonatle charce, based on the sub-
jective judgement of the actuary, that the rrobability of
persisting will take scme value mcre or less than the best
availakle estimate, On tbe ctker hand, the choice of a
larqe n is tantamount *o the assumpticn that the test avail-
able estimate of the prokability of persisting is represen-
tative c¢f the actuary's subjective evaluation of what that
protability should be.

It also should be nct2d that the variance associated
with the distribution cf p:“ need nct te the same for each
age. The variance may, for examrle, ke somevhat larger for
the ages in the vicipity of the initial or full vesting
ages, where an actuary migaot be unsure of his best estimate
of p%*. For other ages, where tle isfact cf vesting sight
be sligqht, an actuary may have ccnsiderable ccnfidence in

his estimate, and he might chose a scmewhat smaller variance
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for the distributicn of ::“.

The Probability of the Projected Number of Particigants

Although the expected number cf participants at a1 given
agqe 1s the same reqardless of the assunmption concerning the
prior distributicn of the probability of persisting, this is
not the case for the prctapility that the exrected number cf
participants will obtain. In fact, the probability that the
actual number of rparticipants at a qiven aqge is equal to the
proiected number of participants is very much a function of
the distribution of p:A. Fiqure 4, which was derived using
equaticn 8, exemplifies this characteristic fcr 100 entrants
aged twentvy. The values given are, c¢f course, interrolated
values, since in most cases tke rrojected number of partici-
pants is not inteqral.

As the prior distritution tends towards degeneracy the
probability cf the expectsed number cf participants obtaining
increases. For example, if the pricr distributicn of p:“ is

degqenerate at its mean, that is, if n, is infinitely large,

X
the probability that tke projected rnumber of retirees at age
sixty-five is 0.0962004. This is more than 5 times the
probability oktained using an n, equal tc two, 0.€183437.

Note, however, that even with a degenerate distribution,

that is, with perfa2ct infcrmation, the protakility that the
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FIGURE 4

THE PROBABILITY OF THE EXPECTED
NUMBER OF PARTICIPANTS GIVEN 100
ENTRANTS AT AGE 20 AND VARIOQUS
VALUES OF n
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Data base: 1971 CAM, rates of disability from the 1970
Valuation of the Civil Service Retirement System,
and McCinn’s Turnover Table IIIL.
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expected number cf participants will ottain at any age is
relatively small.

While the probability of the prcjected numker of parti-
cipants at age x varies directly as the size cf n parameter
of the prior distribution, it varies inversely as the size
of the active porulaticn. Other things beinq equal, the
larqer the size of th2 rpopulation, the smaller the likeli=-
hood that the actual number of particirants at a given agqge
will equal the projected number of participants at that aqe,
This follows directly frcm ccnsidering the ispact cn equa-
tion 2 as the number of entrants tends to zero.

Fiqure 5 exemplifies the fcregcing observaticn Lty show-
ing the rroktakility that the prciccted number of rpartici=-
rants obtains at each aqe, given various numbers cf entrants
at age twenty and a degenerate pricr. Cf particular note is
the result that, for 50 entrants at aqe twenty, the fproba=-
bility that the number that retire will be equal to the pro-
jected number, 0.134825G, is aprrcximately twice the proba-
bility that the rrojacted number will retire given 200
entrants at age twenty, 0.06€E4788. Thus, although a large
data tase acts to increase the crediktility associated with
probabilities of decrement, one rust not make tke ristake cf
attrituting a higher ccnfidence tc a larqe exrosure €stimate

of the Yexpected number® of particirpants at a given age,
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PROBABILITY OF EXPECTED PARTICIPANTS

FIGURE S

THE PROBABILITY OF THE EXPECTED
NUMBER OF PARTICIPANTS, GIVEN A
DEGENERATE PRIOR AND FROM 50 TO
200 ENTRANTS AT AGE 20
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The Projected Number cf Retirees

Consider now the aprlication of the beta-bincmial mass
functicn to the prcblem of projecting the distributicn of
retirees. Fiqure 6 shows the distrikution participants at
age sixty-~five resulting frcm 10C ertrants at aqe twenty,
given the decrement data and varicus precision parameters.
The proijected numter of retirees is 21.38. It is aprarent
that as the probability c¢f persisting at each aqe tends to
degeneracy the distribution of retirees tends to its limit-
ing distribution., It shculd alsc ke noted that the 1less
credible the rrior distributicn of the probakility of per-
sisting, the qreater the prcbakility that the proijected num-
ber of retirees will exceed the actual numkter of retirees.

Under a condition cf consideratle uncertainty, a preci-
sion rparameter equal to two fcr all ages, the prchbability
that the actual numter of retirements will be exceeded by
the projected number is 59.88 rercent. This is due to the
extreme skew2d nature of the distribution of retirements
under a condition of high uncertainty. Attrituting a high
uncertainty tc the estimatad value cf the rrokability cf
persisting is tantamcunt to assuming that the fprctabilities
of decrerent may be higher than their test esticates indi-
cate, Thus, there is ccnsiderable likelihccd that the

actual number of retirz2es will ke exceeded by the estimated
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FIGURE ©

EFFECT OF THE CHOICE OF n ON THE
DISTRIBUTION OF RETIREES AT AGE 65
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number of retirees. Under a conditicn of high certainty, on
the otter hand, a precisicn raraseter arprcaching infinity
for all ages, the probability that the actual numter of
retirements will be exceeded ty the proijected nusber is
52.03 percent.
Projected Retiremert Costs

Turn now to the develcpment cf projected retirement
costs,.,3* This d2velorment prcceeds in three stages. First,
the concept of a select group is extended toth to generalize
the model and to simplify notaticn. Next, the prcbability
that projected retirement costs exceed actual retirenment
costs 1is developed. Finally, a ccntingency charge is intro-

duced.

To facilitate the develorment of the model it is con-
venient to seqreqate pensicn porulations by qualification
ages. Tc accomplish this, the types cf qualification ages
first are isclated. He2nce, all rossiktle entry ages are

34gltimately, studies of the stcctastic nature of pension
costs will encomrass all elements cf such costs, including
suck trings as vesting and early retirement. These refine-
ments ai<€ beyond the scope c¢cf the fpresent rarer.
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aqrouped, all possible initial vesting ages are qrouped, and
so on. Then, each type c¢f qualificaticn agqe is partitioned
by aqe. For example, thera may te ten different entry ages,
ten different initial vesting aqes, and so on. Given this
classification scheme, a rlan participant may be assigned to
a unique qrour based on thé ages wten he or she gualifies
under each plan provision. Let each such group of partici-
pants be defined as a "tctal attriktute" qroup, that is, a
group having all qualification ages in ccmmon, and let "C®
denote the set of all tctal attriktute groups,3S

An example of a total attribute gqroup vould ke those
active participants with an entry aqe cf 25, an initial
vesting agqe and initial disability qualification age of 30,
an early retirement age of 55, a ncrmal retirement aqe of
65, and a mandatcry r=2tirement age cf 7C. This particular
total attribute qroup wotld e denoted by the six-turle

(25,20,3C,55,65,70).

. - - - - -

351t should be mentioned that the "uniqueness" of the
qualification ages is to bs interrreted in a computational
sense. Hence, fcr examfrle, tvwo emrloyees wvwhose entry age
nearest tirthday is tventy might bcth be gqiver an entry age
of tventy for comrutaticnal purpcses, even though they vere
not, in fact, the exact csame aqe. Ancther ccmputaticnal
convenience that is often used is tc classify entry aqes
into quinquennial age qroupings. Upnder this fprocedure each
guinquennial age would ccnstitute a unique entry age.
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The concept cf a tctal attrikbute qroup has seen gener-
ous implementation in the fpensicn literature, albeit in a
somewhat disquised form. Many articles, for example, have
used "select" groups, wher= the ccomon attribute has been
the 2ntrv age. However, in mcst of the articles the other
gualification ages were th= same fcr each memkter of a select
gqroup. This meant that each select crcup had all gqualifica-
tion ages in ccmmon and was, in fact, a total attribute

gqroup.

Actual Retirement Costs

The retirement cost asscciated with any particular

total attribute group is

£aa <cBorr

lr . jl’ «CEC, {14)
where ceé?' represents the present value, at the age of
; : . eB.rr
retirement, age r, of the rension Lenefits. a, \1is

assumed to be qiven.36 The proltatility that the rrojected
retirement cost for this grcup e€xceeds the actual rension
cost is equal to

c-ar cB_rr_cvan cBoyr

pri{ l, - a, 2 1, a, Y, (15)

38The retired life anruity could also could also te
regqarded as a randcm variatle., See Firer, Qr. cit. For the
purpose cf this study, hcwaver, arnpuities are assumed to be
purchased at an annuity purchase rate cf 5:r.
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which reduces to37?
prifIp®yT2% . (16)
In view cf the inteaqral properties cf the functicnclﬁa, this
latter probabkility beccmes?®
[ciraa.]
Pri1;*y  (17)

< poa,
-
=

Most pension plans, of course, have entrants at more
than one age, so it is arpropriate tc extend the foreqoing
analysis to recoqnize this situaticn.

In general, the prokability that the total prciected

retirement cost exceeds tha total actual retirement cost is

pry SeI2%. 832, TN By (19
~ <

The solution to equation 18 is facilitated by defining
two arrays: a retirement benefit array and a feasitle

retirement array. Let

€37 1ceC)  (19)

-vrr
3 =(

~v

be defined as the retirement kenefit array associated with

37Note that for a qiven tctal attriktute qrcup, the prota-
bility that tha expectzd pensicn ccst will be adegquate is
independent of the bena2fit functicn defined ty the plan.

38The function (n) represents the larqest inteqer in m.
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the pension plan under consideraticp, that is, the array
vhose elements are the present value cf the retirement bene-
fits, at retirament, associated with each total attritute
group. Additionally, let

"15%= 1% eyt (20
te defined as a feasible retirement array, that is, an array
wvhose elements are cempossd cf pcssiktle numbers of partici-
pants whe reach their ncrmal retirement age frcm each total
attritute group, and which satisfy ttke condition
:'5;‘3‘:“.‘33:". (21)

Assuming that there are N distirct feasible retirement

lnlq.m)'f 83

~r -~

arrays, it fcllows that the probatility that the total
expected retirement costs Wwill exceed the total actual

retirement cost is

N
> el 22
nz1i

However, since tle rrctatkility of a given feasible retire-
ment array is simply the product cf the protatilities of the
joint occurrence of each element cf the array, the probabil-

ity that the total rprojected cost %ill exceed the tctal

actual cost Lbecowmes
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Ihe Contingency Chazge

The determination of the contingency charqe needed to
increase the protability of adequate funds to a given level
fcllows immediately from the foreqoing analysis. The cnly
chanqge being that instead of definina a feasible array in
terms of projected cost, one would define a ccntingent feas-
ible arrav in terms of scme multiple cf the rrcjected cost.
Por examgple, one might define a contingent feasible retire-
ment array as a feasible retirement array which satisfies
the condition

(n}‘:o.)\' Bé:\'s (1+m) ;c-i:.& . <35:r' (24)

vhere the factor (1+m) defines the multiple of the prciected
cost which is to be funded, and where the product of m and
the projected cost represents the ccntingency charge.

In rractice the factcr ({1+m) wculd be determined such
that the rrobability of adaquate funds obtains scme desira-

ble level,

Working Fcrmulae for the Deterrination of the Frobable
Adequacy of Frojected Fetirement Costs

Given that the number of particirants at a given age
has a specified distribution, it is a simple matter to set
dovn a working formula fcr the prctable adequacy cf the pro-

jected retirement cost. FPor a specific total attribute
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group, the probability that the prciected retirement cost

exceeds the actual retirement cost is

]
r K xa-1 R. 04 <. aa

2, > TRt h, s

epor, Rt *

=
obtained by substituting equaticn 2 into equation 17, To

. . . . . a .
incorporate a beta-bincmial distributicn, f(kl:_rlclia) is
replaced by equaticn 7. On the cther hand, the probability

that the total prcijected ratirement cost exceeds the total

actual retirement cost is

N K(e) crg-q "

ao. nG oo
20T 20 WOt amt, e
nsL © gray 10

cbtained by substituting eguation Z into equation 23, A
wvorking forroula fcr the protatle adequacy cf scre nultirle
of the projected cost is similarly defined.

The final section of this paper deals vith the applica-

tion of these formulase.

Estimating the Adequacy cf Prcjected Pensicn Costs

Turning now to the develofrment cf estimates cf the ade-
gquacy of projected retirement costs, ccnsider first the
probability that the prcjected cost will exceed the actual

cost, qgiven a specific total attritute qroup. Fiqure 7



FIGURE 7

THE PROBABILITY OF ADEQUATE FUNDS
-— SINGLE ENTRY AGE CASE
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shows this probability for 100 entrants at aqe twenty and
various deqrees cf confidence in the decrement data. Tvo
observations are apparent. First, if the accumulated funds
are less than the rrojected cost, the greater the variabil-
ity assumed fcr the prcbability cf fpersisting, the gqreater
the probability that the rrojected funds will be adequate.
The crrosite is true if the funds are greater than the pro-
jected cost. Once again, this is caused by the skewness of
the beta-binomial distribution under a conditicn cf uncer-
tainty.

As a second examrle of the implementaticn of the beta
binomial distributicn, consider the determinaticn cf the
contingency charge for a rlan as a whcle, For the purrose
of example, assume that entry takes rlace quinguennially
from ages twventy through forty, inclusive, with the fpropor=-
tion cf entrants at each age being .28, .24, .18, .12, and
+08, respectively. Assume, also, that the tctal number of
entrants is chosen so that, if entry were to take rlace
annually, an ultimate porulation of aprroximately twc thou-
sand emplovees wculd result, In ac¢diticn, the benefit func-
tion is based on two percent of final salary for each yvear

of service, using Salary Scale 3 cf the Actuary's Pecrsion
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Handbogk.

Figqure 8 shcws the results cf this analysis. Once
again, the probatility that the rrcijected cost will te ade-
quate is qreatest under a condition of high uncertainty
regardina the prckability of persisting., This is shcwn by
the curve labeled "n=2.'" However, as a contingency charge
is added, its impact is directly rrcrcrtional to the confi-
dence in the pricr distribution of the persistency rate,

The greater the deaeneracy of the prior distributicn the
swmaller the contingency chirge needed to okttain a given
probability of adequate funds., This is shcwn by the curve
labeled "n=oo."

Note that, cn the tasis of tke decrement data, even
with perfect infcrmation a contingency charqge cf 40 percent
of projected cost would bte required tc attain a 99 percent
nrobability cf adequate funds.39 Ncte, also, under a condi-
tion of Lkigh uncertainty a ccntingency charqe of 100 perceht

P e L T T T TP Y

39Tt right be arqued that a ninety=-nine percent ccnfi-
dence interval is toc high tc re realistic. However, a ccn-
ment by Piper in his discussion of Menge, op. cit., p. 699,
bears rereating. Piper, ia discussing a 99.9 percent confi-
dence interval, cbtserved that

It would be possible for fluctuaticns during the
early yvears of observaticn to exhaust the ccntin-
gency reserve and ccmpel torrcwing frcm scme unde-
fined R.F.C. which is assumed to Le ready tc lend
its funds at 4 percent interest. A satisfactcry
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FIGURE 8

THE PROBABILITY OF ADEQUATE FUNDS
-— MULTIPLE ENTRY AGE CASE
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of projected cost would ke needed to raise the rrobability

of adequate funds to 99 percente.

Comment

It is hoped that the model which was developed in this
paper will be instrumental in stimulating both theoretical
and empirical research into the stcchastic nature of pension
costs. As reqards the fcrmer, there are many refinements
that might be incorrorated intc the nmodel, includind such
things as a stochastic accumulation cf funds and a stochas-
tic retirement annuity. As regards the latter, althcugh
this paper did attempt to obtain certain specific results,
these results were intended primarily as exanmples of the
implementaticn of the model, and, as such, were far frco
exhaustive. Future researchers shculd find the ewmpirical
study of the stochastic nature of fension costs a fruitful
area for exploration, particularly if they have at their
disposal an accommodatinc computer facility.

ansver in statistical terms to the retention gues-
tion would require, it seems tc me, a calculaticn
of the contingency reserve, which would at no time
exhaust the availatle funds.

It is to be hoped that a further investigation can
be made along this line, for a rational solution
to the problem of retention limits is extremely
important tec companies of szall tc medium size.
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