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1. Introduction

The classical approach to life contingencies has treated actuarial functions
as fixed quantities. As examples, consider the following actuarial functions

(Jordan (1967)):

o t
a = v p
Xin t=1 t x
-
e = L P
X t=1 t x
® +1
A = 3 vt q
X t=0 t X

In point of fact, these functions really represent the mean or expected values

of random variables which are functions of the length of time to death of a

life aged x. By considering only the mean of these random variables, information
is lost on other aspects of the probability distribution of actual benefits
received on various life insurance contracts, such as the variability of actual
benefits paid out.

The work of Menge (1937), Pollard and Pollard (1969), Pollard (1976) and
Taylor (1976) discuss various aspects of this problem. Fibiger and Kellison
(1971) review some of this literature and Boyle (1974) and Hickman (1964) discuss
applications arising from this approach.

In this paper, we will present some examples of this approach. In Section
2, we consider the length of time to death as a discrete random variable and
compute the mean and variance. In Section 3, we consider the case of a whole
life policy and life annuity with annual payments. In Section 4, we consider
the length of time to death as a continuous random variable and compute its
mean and variance. In Section 5, we consider the Endowment Insurance Policy and

the term annuity with continuous payments.
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2., The Number of Years to Death as a Discrete Random Variable

Let T be defined as the number of full years to death of a randomly selected

person aged x. Let f(t) be the probability function, It follows that:

£(t) = Pr[T=t] = |q =d /Qx fort =0,1,2,... 2.1)
t' x xtt

@«
It is easy to show that 3 f£(t) = 1 and £(t) > 0 for all t. By definition:
t=0

E(T) = ; t £(t)

t=0
Thus:
o
E(T) = £t* |q (2.2)
t=0 t X
o
= t d
:=ZO x+t:/,Qx
or

n

E(T) %

tzﬁ l;+t/1/x =e

Consequently, the mean of this random variable is e as is to be expected. Now:

2
o, = V(D = £1)) - (BT
or
o=V = £l |q - o 2.3)
T t=0 t' x x

To get an idea of how variable the distribution is, let us assume DeMoirre's

Law (Jordan (1967)) with ¢ = 100, Thus:

q = u = 1/(100 - x).

X - thx
Hence, from (2.2) and (2.3):

E(T) =e = (99 - x)/2
x

(99 - x)(101 - x)/12,
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Thus the coefficient of variation gT/uT is approximately 1/g = .577, except for

ages near the terminal age of 100. This implies that the standard deviation is
relatively high, approximately 58% of the mean. As an example for life aged 50,
the value of e, is 24.5 years but the standard deviation about the mean is 14.43

years.

3. Whole Life Insurance and Immediate Life Annuity with Annual Installments

Suppose we consider an whole life policy on a life aged x where benefits
are paid at the end of the year of death. The benefit paid on this policy
is a random variable, denoted as L, which depends upon the random variable T
of the previous section.

If a life aged x has exactly T full years to death, he will die between
ages X+ T and X + T + 1. Hence, the present value of the benefits received is:

L=v 3.1

W) =&V 1= pv la =4 (3.2)

2T+2 2
which is as expected. The variance of x is E(Lz) - [E(L)]2 = E[v T 1-4A.
b3

2 t+l 2
Thus, g = z(vz) |q - A or
tl'x X
2 2
g =A' - (A) 3.3)
L x x
2
where A' is calculated at interest rate i' = (14+i) - 1.

x
Suppose we consider an immediate life annuity with annual payments. Let
the random variable Y be the present value of all payments actually made for a

life annuity on a randomly selected life aged x. Hence:



T
Y 1l-v (.4)
= a = .
ﬂ i
From (3.1), it is evident that:
1-(1+i)L
Y = —m—— (3.5)
) i
Thus, from (3.2):
1 141
E(Y) = — - —= E(L
Y) n i (L)
= l’. - E_i A
i i x
=l oa-ay)
i i
1 1]
==T1 -
L [ ax 1]
or E(Y) = a .
x
From (3.3) and (3.5): 2
2 Al - (A
R e (3.6)
Y X 2
d
If we assume DeMoirre's Law with 1 = ,03, i' = ,0609, we have that:
A =a / (100-x) 3.7
X 100-x}
a =[1- (1414 /1 (3.8)
X x
From (3.3):
2 i' 2
¢ = a / (100-x) - A 3.9
L 100- x
and
2 2,2 3.10)
UY = o /d ( .
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Using equations (3.7), (3.8), (3.9) and (3.10), the values of Ax, a, and the

corresponding standard deviations were computed and tabulated in Table 1 for
various ages x. As can be seen, the coefficient of variation increases for
the life annuity random variable and decreases for the life insurance random

variable. We do not imply that this happens under all mortality experience.

4, The Number of Years to Death as a Continuous Random Variable

Suppose we define T as the number of years to death of a randomly life
aged x. It follows that:

F(t) =Pr[T <st]=1- p %.1)
] t x

Thus, the probability density function of T is:

f =F'(t) = f 0 .2
3] (t) P B or t 2 4.2)

If we compute the mean, we obtain:

©
E(T) = J‘ te Py Boye dt “.3)
0

Using integration by parts, we can show that:

@
E(T) = p dt = e 4.4)
f t x X ¢
0
2
2
= E(T) ~e
% N
<2
= I t P u dt - e
t x xtt X
0 |
“
2 2 = 2
Thus, = = t 2 dt - e 4.5
u GT 1, g ot % 4.5)
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or

2
o = =X -e (4.6)

where Y 1is defined by Jordan (1967).
x

If we assume DeMoirre's Law with:

2 =100 - x - t for 0 <t ¢ 100-x
xtt
1 _—i__ for 0 <t 100
= - orx -X
tpx 100-x =

in equations (4.4) and (4.5), we obtain:

n E(T) = e = (100-x)/2
T x

2 2

of = (100-x) /12

T

Hence, the coefficient of variation OT/u is exactly equal to 1//5.
T

5. Endowment Policy and Term Annuity with Continuous Installments

Suppose we consider an n year endowment policy where benefits are paid
at the moment of death., Let L be the random variable which denotes the
actual payment made on this policy issued on a randomly selected life aged x.
This implies that:
T
v
| _p on (5.1)

where T is defined in Section 4, By (4.2):

E(L) t dt + T d
= v v t
tPx Bere IV e e

Ce, s

n



Thus:
— n —
E(L) = A . +v p =A (5.2)
x: T} n x x:n
and
2 2 2
o = E(L) - [E(L)]
n ® 2
2 —
=T t p woode+ [ " o de - A
0 t x xtt n t X x+t x:nl
or
2 i — 2
o = A.wm - (Ax:?ﬂ) (5.3)

If we define Y to be the actual payments made on an n year term annuity with

continuous installments on a randomly selected life aged x, then:

Y=a for T <n
Tl (5.4)

for T >n

n
o

For (5.1), we have that:

Y = (1-L)/§ (5.5)

Since Y is a linear function of L, we have that:

E(Y) = (1-E(L))/s
= (1-A
( Ax:m)/s
or
E(Y) = a 5.6)
( ax:?ﬂ (
2 2
. o =ols 5.7
. e Y L
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7. Summary

In this paper, we have attempted to describe several basic actuarial
functions as random variables. We have shown that their expected values are
exactly the same expression as are given in standard actuarial texts [see
Jordan (1967)]. By considering the corresponding random variables, more
information can be obtained concerning such aspects as the variability of
benefits which are actually payable. This information is extremely useful
for some aspects of risk theory. The new actuarial textbook being jointly
written by Bowers, Gerber, Hickman and Jones and Nesbitt (1978) is adopting
this random variable approach.

The material presented here is not intended to represent all of the
actuarial functions possible. TFor example, we have not considered the idea
of reserves as the expected value of a loss function. We have attempted to
present the flavor of this approach. For further development, the reader

is referred to the bibliography.
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TABLE 1

Values of Ax’ ax and the Standard Deviations

o, and o, under DeMoivre's Law
Coefficient’ Coefficicent
Age (x) A a of a [ of
X y Variation X L Variation
20 3775 .2468 .654 20.37 8.475 416
30 4160 .2403 .578 19,05 8.250 433
40 4613 ,2303 499 17.50 7,906 452
50 L5146  ,2159 419 15,67 7.405 473
60 5779  .1949 .337 13.49 6.693 496
70 .6533 .1661 L2246 10.90 5.702 .523
80 L7439 1264 .170 7.79 4.340 .557
90 .8530 .0724 . 085 4,05 2,485 614
99 .9709 0 -~ 0 0 --
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